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Exact Modeling of the Voltage Source Converter

P. W. Lehn Member, IEEE

Abstract—A discrete time, linear time varying model of the
three-phase voltage source converter (VSC) is developed. The i a Via f e
model is employed to determine the steady-state operating charac- ——rr e AN——
teristics of a VSC taking all ac—dc side harmonic interactions into Iy Vib VSC y
account. The procedure is based on an exact closed form solution /" W'JV\’_ R C dc
of the system equations and does not rely on iterative techniques. c Vie
The steady-state operating curves from the proposed model are L RVV
compared with those derived from a conventional continuous time

dg-frame model. The accuracy of the conventional continuous vvv
time model is shown to be highly dependent on the converter’s sa sbsc
duty cycle.

Index Terms—FACTS, modeling, power electronics, STATCOM,
steady state analysis, VSC.

Fig. 1. The basic VSC circuit.

models do not account for the effects that harmonics may have
on the fundamental frequency behavior of the VSC. Limitations
2) through 4) are, therefore, not addressed by established time

HE THREE-PHASE voltage source converter (VSC) iSveraged models.

the basic building-block of most new FACTS and custom Thg paper presents a discrete time, linear time varying model
power equipment. The converter may be employed as a shypihe pasic three-phase VSC which avoids the time averaging
compensator, series compensator or a hybrid compensatora&§,mption. Focus is on overcoming both limitations 1) and 2)
is the case with the unified power flow controller (UPFC) anfly, employing an exact analytical solution technique to obtain
the interline power flow controller (IPFC). Independent of thg,e steady-state behavior of the VSC, where all harmonic effects
specific application, modeling is typically performed using agye taken into account. The exact solutions are compared with
approximate continuous time representation of the .convertt.-:‘rtﬂ”é approximate ones as obtained from a continuous time model
the synchronous reference frame [1], [2]. The continuous ting) | is demonstrated that the inclusion of harmonics can result
model of the VSC yields an elegant set of three differential equ@-, significant shift in the fundamental frequency operation of
tions which represent the VSC operation with reasonable acgia converter. Extension of the proposed modeling approach to

racy under most conditions. . ~ address limitations 3) and 4) is under development.
There are, however, several limitations to this modeling ap-

proach. These include the inability to
1) represent the inherent discrete time nature of the VSC
switching, which alone limits the closed loop perfor- Fig. 1 shows the basic three-phase VSC connected through an

I. INTRODUCTION

Il. EXACT LINEAR TIME VARYING MODEL

mance of the VSC; . interface impedance to an infinite bus. This model is sufficient
2) account for the effect harmonics have on the steady-stae representing most VSC applications, be they series, shunt or
fundamental frequency behavior of the VSC; part of a hybrid connected device [1].

3) model resonances, occurring between the ac and dc sideshe VVSC is modeled as a linear network with a topology that
of the VSC, as well as those between the ac system aglthnges depending on the state of the six (ideal) switching de-

the VSC controls; . S vices. The linear time varying modeling techniques used to rep-
4) calculate ac and dc side harmonic injections generatedi@gent the VSC follows from basic theory presented in [5] and
the converter switching. extended in [6]. The modeling approach exploits the fact that

Models based on time averaging theory have been proposed, the system is piecewise linear:
for both motor control and power supply applications [3], [4]. . gyjitchings occur at predefined times as determined by the
These models are exceptionally well suited for the develop- VSC duty cycle and phase commands.
ment of converter controls because of their ability to representConsequently, over each interval during which the switches
the inherent discrete time nature of the VSC switchings. COgs 1ot change their state, the circuit equations may be solved
trary to what the name might imply, however, the time averagggi,; standard linear techniques. Concatenating many such so-
lutions permits the evolution of the state variables to be deter-
mined as a function of the switching times and the circuit’s ini-
Manuscript received April 20, 2000. , ____tial conditions. To employ this solution technique, the system
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Employing these voltage and current relations, a set of linear
i differential equations can be derived for the VSC
d iOé iOé USO(
— | ig | =Asis,s; | ts | TN | vsg (6)
= 0,11 dt v, v, 0
é 0 v dc dc
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Fig. 2. Possible voltage space vectors. -1
I 0
such an approach since thHe-frame equations are not piece- N — 1 ®)
wise linear in nature. Modeling is carried out in thg-frame 0 I
to exploit system symmetry. The transforms used are as follows: 0 0
v ) 1
Yo | _ 20 UZ la | _ 2 LZ 1) There are eight possible A matrices associated with the eight
U I I ig S possible combinations of the gating signdls, S», and Ss.
¢ ¢ A1q; andAg are identical, however, as they are both associ-
:Za _or [ ;a _ o [ia @ ated with the same zero voltage space vector. Over any interval
LT g P T g to < t < t; during which no switchings occur, an exact so-
Ve te lution to (6) exists, but it is difficult to evaluate. Assuming the
where system voltage contains only a fundamental frequency positive
L L sequence component, the disturbance ternandv,s may be
C L =3 =3 3) replaced with an ideal harmonic oscillator. This yields the fol-
* o @ _é lowing augmented set of differential equations
Three unique gating signals control the three upper switches PR As s,s, N x
in a VSC while the lower switches are gated in a complimentary — |z | = 0 —w 2 9)
fashion. The three gating signals define the relationship between dt P 0 4w 0 P
ac and dc side quantities [7].
The ac and dc side converter voltages are related by where the initial conditions on the augmented state variables
g z1 andzy contain the amplitude and phase information of the
Vi | _ 20 Sl 4 system voltage. (Note: the system voltage is related to the addi-
vg| 3 52 Yde ) tional states according fes, wvss]* = [21 22]7.) The aug-
3

mented system equation (9) may be written in terms of an aug-
whereSy, S», andS; represent the gating signals applied to theented state vector and system matrix as
upper three switches. The gating signals are “1” when an upper
switch is conducting and “0” when it is not. The lower switches
are gated in a complementary fashion.

Eight possible gating combinations exist. Fig. 2 depicts the
voltage space vectal, = v, + juvig associated with each of

% =Ags,5.% (10)

Sl

Since the solution of the exact VSC equations depends on
the eight oati binati the switching methodology, a specific switching pattern must
€ eignt gating combinations. be specified before analysis may be carried out. For high-power

To illustrate, .the swﬁphmg f}Jnctlon complnathml, 52, applications two switching strategies are economically feasible:
S3} ={1, 1, 0} is associated with the vector in bold. The value ) L ) ,
» Type-l operation: switching at 3 or 9 times line frequency

of v, may then be read off the-axis and the value of,3 tor ind d lof d | d .
may be read off the beta-axis. As shown in the figure, gating or independent control of d¢ voltage and reactive power

combinations{ S, So, Ss} = {0, 0, 0} and{S;, S2, S3} = compensation_ Ieve_ls; o i
{1, 1, 1} both yield the zero vector. These results are consis- Type-Il operation: line frequency switching, yielding a dc

tent with those obtained from space vector motor control theoryA v?ltqge frerl]att_ard to rleac'uve.povyer comgensau_on Ie¥el. 0
[8]- The ac and dc side currents are related by nalysis o the Type- _opera’uon 's carried out since ype-
operation may be considered a subclass of Type-l operation.

For Type-l operation switching at three times line frequency,

- _ T ia
tae = [S1 52 S3]Cx [LJ ) ®) two possible switching strategies may be selected . To simplify
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Fig. 3. Converter switching functions. Fig. 4. Simulation of the converter in the steady state.

analysis the switching functions used are those shown in Fig. 3. 15
From the diagram it may be observed that Type-Il operation oc-
curs if the switching times; andr are set to the same value. 1t
Fig. 3 is broken into six symmetrical 6Gegments. (Sym-
metry may be identified by the fact that one switching function o5k
always has a notch, or a pulse, in the middle of each interval.)
The symmetry is exploited in the analysis of the converter. Given
the system state values at time- 0, the solution for the states  —

(pu)

over the first sixth period is derived _osk
AT 2
% (5) — $%(0) (11) .
where s 1 -os 0 s 1 15 2
1, (pu)
d = eAno (77/3772)61&000(72 *TI)GAIOOTI' (12)

Fig. 5. Current space vector with one-sixth period symmetry.
Using this formulation, the system may be accurately simu-
lated to obtain the steady-state solution as shown in Fig. 4. Consequently, only a sixth period analysis is required to deter-
mine the steady-state operating point of the VSC. Imposing the

Ill. STEADY-STATE CALCULATION steady-state constraint equation (13) on the dynamic solution
Steady state occurs when all the dc and ac quantities retunfggation (12) yields
their initial values after one period, i.e., (é _ ,1,) %,,(0) =0 (16)
Xss(27) = %45(0). (13) Partitioning this equation gives
This is indicated in Fig. 4 by the “O” markings. The rota- [E F} [XSS(O)} = {0} (17)
g. y gs. G H 2(0) 0

tion of the space vectors can be seen by plotijngersusi.,.
Fig. 5 depicts the trajectory of the current space vector in thgherex,,(0) is the steady-state solution for the three original
steady state. Inspection of the plot shows that no shorter periggtem states to be solved fe(0) is the initial condition

of symmetry shorter than 6xists. Over the 60interval the vector of the harmonic oscillator equations. It is a known vector

steady-state equations can be derived to be which contains amplitude and phase information about the
Nz . system voltage. The steady-state solution may then be found
x (g) = 0x(0) (14)  using standard linear techniques

where® = diag(E, 1, ) andZ is the 60 rotation matrix: x;5(0) = —E7'Fz(0). (18)

1]

| cosw/3 —sinw/3 (15) The steady-state solution gives the values,0t g, andv, at
" |sinw/3  cosw/3 |° the specific time instarit= 0. At time ¢ = 0 the system voltage
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Fig. 6. Exact steady-state operating curves—sampled values. Fig. 7. Exact steady-state operating curves—fundamental components.
is assumed to be in-line with the-axis and have an amplitude IV. FUNDAMENTAL FREQUENCY SOLUTION

V;. This specifies an initial condition vecta(0) = [V, 0]%.

Although the presented analysis may only be carried outAnalysis thus far has supplied curves which express the
in the a3-frame and not thelg-frame, at discrete instants inSteady state in terms of its initial condition; (0). This would
time the two reference frames coincide. This allowggdrame correspond to the set of system state values at time 0

average dc capacitor voltage and the fundamental frequency

component of the VSC current, a Fourier analysis must be
} ; forn=0,1,2.... (19) performed. The Fourier integrals may be solved using the
method presented in [5] and extended in [6]. Over one sixth of

A steady-state operating point may thus be calculated in ter@geriod, the dc voltage may be directly averaged
of familiar d andg¢-axis quantities. Operating points are calcu-

[idss(2mr) } _ [i(yss(2mr)

tgss(2nm) igss(2n7)

lated as a function of the VSC duty cycle and phase angle. These Ve — 3 3
" v T ; == vao(t) dt. (22)
guantities are related to the switching timesandr according T Jo
to
The superscripté” indicates the zeroth harmonic. To determine
D=1_12"7 (20) the positive sequence fundamental frequency component of the
/3 VSC current, a single complex Fourier integral can be evaluated
¢:T2+Tl+z' 21)
2 6 53 /3 )
e / (ia(t) + jig()e 7t dt.  (23)
For STATCOM operation it is primarily the reactive current T Jo

and dc voltage level that are of interest. Thaxis current will i lculated usina th q
simply take on whatever value necessary to compensate Iossa@pera Ing curves are recaiculated using the average dc
tage and the fundamental current. They are plotted in Fig. 7.

occurring within the STATCOM. Associated with each set of°
controllable inputsD and¢, the steady-state dc voltage and ac
currents may be calculated in closed form.

Fig. 6 depicts a family of steady-state operating curves plotted
in the vq.—i, State plane. Each curve corresponds to a fixed The approximate continuous time VSC model typically em-
phase anglé and a varying duty cycl®. At D = 1 pu the dc ployed for both steady-state and dynamic analysis is summa-
voltage takes on its minimum value on the curve, as indicated bged in this section. A more complete discussion may be found
the “X” markings. For eack.1 pu decrement of the duty cyclein [2].
an “O”" is plotted on the curve. Thus fgr= +1° (i.e., lagging The approximate modeling approach neglects all switching
the system voltage) anbd = 0.7 pu, the steady-state operatingpperations occurring within the VSC and represents the
point may be read off the plot to bg = 0.36 pu andva. = 2.7 converter as an ideal, lossless dc to (fundamental frequency)
pu. This point is indicated by an asterisk in Fig. 6. ac converter. Equating real powers on the two sides of the

The system data used to generate Fig. 6, and all other opayaverter and expressing ac side quantities indfreeference
ating curve diagrams, is given in the Appendix. frame yields a set of nonlinear, continuous time differential

V. APPROXIMATE CONTINUOUS TIME MODEL
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TABLE | ¢
INVERTER CONSTANTS FORCOMMON MODULATION SCHEMES 15k (deg)
< © +1.5
Modulation Scheme | Inverter Constant (k)
notched square wave 2/ 1T »
space vector 1/v3
sinusoidal PWM 1/2 05
- & & © © +0.5
equations. (The positivé-axis is along the positive-axis, and 2 o—o 1 0
the positiveg-axis is along the positivg-axis.) <
R k ] -0.5+ & -0.5
—— w —— Dcos ’
. L L ¢ i 1
d | R ko v 4l © i
— | % |= —w - ——Dsing 1 1
dt v L L v 5
dc 3]% 3]% . 1 de *a—a—o .
%Dcosd) %Dsuuf) W -1.5f . . . . . .
de - o o5 1 15 2 25 3 35 4
1 Vde (pu)
— 0 -
+ L Vsd (24)
1 Vsq Fig. 8. Approximate steady-state operating curves.
0 =
L

The two input variables are the firing angle of the converter
¢ and a normalized duty cycl®. k is the inverter constant.

It represents the ratio between the fundamental component of 1t
the line-to-neutral peak ac voltage and the dc voltage when the
duty cycle is unity. The value of the inverter constant depends on
the type of modulation used as indicated in Table I. An inverter
constant oft = 2/ is used to correspond with the notched
square wave gating patterns of Fig. 3 analyzed in the preceding
section.

For Type-l operation, the converter is switched at three times al
line frequency and the duty cycle may be varied between 0 and
1. For Type-Il operation, the converter is switched at line fre- 15}
quency and the duty cycle is held constant at its maximum value. b

Equating the left-hand side of equation (24) to zero and
solving the resulting nonlinear equations as a function of

9| . 9. Steady-state solutions for = 1 pu.
duty cycle and phase angle, yields the system'’s steady—sta?e Y P

solution as a function of the controllable inputs. To simpli o : -
. . f the converter switching is taken into account. This difference
the solution, the system voltage has been assumed to lie algn : .
o results from the presence of harmonic losses in the exact model,
the d-axis (i.e.,v,, = 0) : ) : . :
which are not represented in the approximate continuous time

model. These harmonic losses disturb the delicate energy bal-

15

x  gonfinuous time model
* exact sampled data
o exact fundamental components

15 2 25

Vde

—2R — 3Rq.k>D?sin? ¢

iy
iq | = Ysd | 9L + 3Rack2D? sin ¢ cos ¢ ance across the converter. Particularly when the converter is op-
Vde erated at high dc voltage levels, large harmonics result in the ac

3(wLDsin¢ — RD cos ¢)
A =2R? + 20%L? + 3D*k?Ry..

side current waveforms. These harmonics will cause additional
(25) real power to be dissipated in the interface inductance.

. . For extremely high power converters under Type-Il operation,
From t.he above equations the S.TATC.OM. operating CUNVEYe duty cycle is continuously held at its maximum valué péi.
may easily be drawn. They are depicted in Fig. 8.

Operation of the converter in Type-Il mode may be deduced
from the operating curves by drawing a line through the “X”
markings. Fig. 9 compares the various steady-state solutions
The dg-frame model analyzed in the previous section yieldshenD = 1 pu. Under this mode of operation the approximate
steady-state operating curves assuming ideal ac to dc conwemtinuous time model is seen to produce nearly the same results
sion. This results in total decoupling of the duty cycle and phaas the one derived from fundamental frequency components in
angle. Inspection of Fig. 8 shows that the reactive current levetige exact model. The sample data solution from the exact model
controlled only by variations in the firing angle, while the dutys also included for comparison. The sample data curve yields
cycle controls only the steady-state dc voltage level. much higher dc voltage levels. This is because the samples are
In contrast, the exact fundamental component curves of Figsynchronized with the capacitor voltage harmonics (as seen in
demonstrate that such ideal decoupling does not actually exgy. 4). This curve therefore yields the peak dc voltage, which is

VI. DISCUSSION OFRESULTS
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TABLE I
151 SYSTEM DATA
T Quantity | Value
L 0.20 pu
0.5 R 0.02 pu
C 0.50 pu
Z of w 1.00 pu
Rg,. oc
-0.5F vea(peak) 1pu
_1 - . . . pr
x confinuous fime model sults from the neglected harmonic components that can signifi-
» ct led dat: i i i
15} o o montal somponents ] cantly shift the operating point of the VSC at lower duty cycles.
1.5 2 2.5 3 35 4
Vde APPENDIX
Fig. 10. Steady-state solutions fbr = 0.6 pu. The data used for the calculation of all operating curves is

summarized in Table Il. Individual switch resistances are in-

- . , cluded in the ac side resistance while switch forward voltage
significantly higher than the average dc voltage since a small Sos and switching losses are neglected
side capacitor has been used. The sample data operating curveg '

are also required for the design of high bandwidth digital VSC
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