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1 Introduction

It has long been recognized that many of the dynamical and quantum properties of four
dimensional gauge theories are mirrored in two dimensional quantum field theories. This
includes — among the wealth of phenomena that a four dimensional gauge theory can
exhibit — the remarkable and not yet completely understood physics of confinement and
dynamical generation of a mass gap. Instantons, which mediate non-perturbative effects in
four dimensional gauge theories, are also present in two dimensional field theories, and play
a central role in determining the quantum properties of these theories. While the dynamics
of two dimensional gauge theories is tamer than in four dimensions, few exact results for
correlation functions are available. In most examples, such computations heavily rely on
integrability. Furthermore, given that two dimensional theories share many of the beautiful
phenomena present in four dimensions, it is a desirable goal to attain exact results in two
dimensional quantum field theories.

In this paper we obtain exact results in two dimensional N/ = (2,2) supersymmetric
gauge theories on S2. These results are obtained using the powerful machinery of su-
persymmetric localization [1-3]. We uncover that the partition function of these theories
admit two seemingly different representations.! In one, the partition function is written as
an integral (and discrete sum) over vector multiplet field configurations. This yields the
Coulomb branch representation of the partition function

ZCoulomb (ma 7—) = Z /da ch(a7 B, T) Zone—loop (a’ B, m) .
B t

B is the quantized flux on 52, a the Coulomb branch parameter, m denotes the masses of
the matter fields and 7 are the complexified gauge theory parameters

9
T = Z + ’Lf,
where ¢ and ¥ are the Fayet-Iliopoulos (FI) parameter and topological angle associated to
each U(1) factor in the gauge group. Expressions for Z.(a, B, 7) and Zyne100p(a, B, m) are
given in section 4.

IThis can be enriched with the insertion of supersymmetric Wilson loop operators.
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Figure 1. Higgs vacua. Vortices and anti-vortices on these vacua contribute to Zgiggs(m, 7).

In the other representation, the path integral is given as a discrete sum over Higgs
branches of the product of the vortex partition function [4] at the north pole and the
anti-vortex partition function at the south pole (see figure 2). This gives the Higgs branch
representation of the partition function

ZHiggs(mv T) =

Z ch(’l), 07 T) gg?) [Zone-loop(aa 0; m)] Zvortex(va m, ezﬂiT)Zanti—vortex(Ua m, 6_271—1'%) .

veHiggs vacua

In this formula the residue of the pole of Zyne100p(a,0,m) at the location of each Higgs
branch must be taken.? Equivalently, this expression can be written in a holomorphically
factorized form as a sum of the “norm” of the vortex partition function

iT |2
ZHiggs (m7 T) = Z ch(’l}, 07 T) ég% [Zonc—loop(a7 O) m)] ‘Zvortex(va m, 62 )l

veHiggs vacua

Despite that the expressions for the Coulomb and Higgs branch representations are
rather distinct and involve different degrees of freedom, we show that the two yield identical,
dual representations of the partition function of A" = (2,2) gauge theories on S?

Z = ZCoulomb = ZHiggs .

We have explicitly shown this equivalence for SQCD, with U(NN) gauge group and Np
fundamental and N r anti-fundamental chiral multiplets. The factorization of the Coulomb
branch integral is akin to the one found by Pasquetti [5] and Krattenthaler et al. [6] in
evaluating the partition function of three dimensional N’ = 2 abelian gauge theories on the
squashed S3 [7] and St x §2.3

The fact that a correlation function in a supersymmetric gauge theory may admit
multiple representations can be understood to be a consequence of the different choices of
supercharge and /or deformation terms available when performing supersymmetric localiza-
tion. Different choices may lead to integration over different supersymmetric configurations,
but the localization argument guarantees that all (reasonable) choices must ultimately yield

2A Higgs branch is a solution to the equation a +m =0 (see figure 1).
30ther related works on localization include [8-12].
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Figure 2. Vortex and anti-vortex configurations in the Higgs branch.

ZSQED =

Figure 3. SQED partition function as Toda CF'T correlator.

the same correlation function.* See section 8 for a more detailed discussion. Our choice of
localization supercharge has the elegant feature of giving rise to supersymmetry equations
which interpolate between vortex equations at the north pole and anti-vortex equations at
the south pole while also allowing for configurations on the Coulomb branch.

We demonstrate that the partition function of certain two dimensional NV = (2,2)
gauge theories on S? admits a dual description in terms of correlation functions in two
dimensional Liouville/Toda CFT. This is akin to the AGT correspondence [13] between the
partition function of four dimensional A" = 2 gauge theories on S* and correlators in these
two dimensional CFTs. The key difference is that the correlators in Liouville/Toda CFT
that capture the two dimensional gauge theory partition function on S? involve the insertion
of degenerate vertex operators of the Virasoro or W-algebra at suitable punctures on the
Riemann surface. These insertions have the sought after property of restricting the sum over
intermediate states to a discrete sum of conformal blocks, which precisely capture the sum
over Higgs vacua in the Higgs branch representation of the partition function. Pleasingly,
ZHiggs exactly reproduces the sum over conformal blocks with the precise modular invariant
Liouville/Toda measure by summing over vortices and anti-vortices over all Higgs vacua.

The simplest instance of this correspondence is SQED, described by a U(1) vector
multiplet and Ng electron and Ng positron chiral multiplets. The partition function of
SQED corresponds to the Ay, 1 Toda CFT on the four-punctured sphere with the insertion
of two non-degenerate, a semi-degenerate and a fully degenerate puncture (see figure 3).
The fact that two dimensional ' = (2,2) gauge theories on S? admit a Liouville/Toda
CF'T description with degenerate fields is consistent with the observation that certain half-
BPS surface operators in four dimensional A" = 2 gauge theories on S* are realized by the
insertion of a degenerate field [14].

4In particular we obtain the Coulomb branch representation of the partition function using two different
choices of supercharge.



The correspondence we establish with Liouville/Toda CFT implies that two dimen-
sional N' = (2,2) gauge theories enjoy rather interesting modular properties with respect
to the complexified gauge theory parameters 7. This is a direct consequence of modular in-
variance, which implies that CFT correlators are independent of the choice of factorization
channel (or pants decomposition) used to represent a correlator as a sum over intermedi-
ate states. The moduli of the punctured Riemann surface on which modular duality acts
correspond to the vortex fugacity parameters

z =¥,
It is rather interesting that the partition function of two dimensional N = (2,2) gauge
theories on S? assembles into a modular invariant object.

Another important motivation to study two dimensional N' = (2,2) gauge theories
is string theory. As shown in [15], the Higgs branch of such a gauge theory flows in the
infrared to a two dimensional N' = (2,2) supersymmetric non-linear sigma model with
a Kahler target space. Moreover, with a suitable choice of matter content and gauge
group, the gauge theory flows to an N/ = (2,2) superconformal field theory, which pro-
vides the worldsheet description of string theory on a Calabi-Yau manifold. One can hope
that the exact formulae for the partition function of these gauge theories will provide a
novel way to compute worldsheet instantons in the corresponding Calabi-Yau manifolds,
as well as shed new light into the dynamics of these phenomenologically appealing string
theory backgrounds.

The ultraviolet gauge theory description of these string theory backgrounds provides a
qualitative characterization of the “phase” structure as the Kéahler moduli of the Calabi-Yau
manifold are changed by studying the gauge dynamics as a function of the complexified
gauge theory parameters 7 [15]. An interesting topology changing transition — the so
called flop transition — occurs in some models as the sign of the FI parameter is reversed
& — —&. The string dynamics in the two phases connected by a flop transition are expected
to be related by analytic continuation in 7. Our exact results for the partition function
of N' = (2,2) SQED — which includes the conifold for Np = 2 and higher dimensional
Calabi-Yau manifolds for Np > 2 — demonstrate that the results for £ > 0 and £ < 0
are indeed related by analytic continuation. Given the representation of the partition
function of SQED in terms of a Toda CFT correlator on the four-punctured sphere, the
analytic continuation describing the flop transition admits an elegant realization as crossing
symmetry in Toda CFT

flop transition «— crossing symmetry .

Furthermore, our exact results demonstrate that the geometric singularity as we move from
& > 0 to & < 0 across the singular point £ = 0 can be avoided by turning on a nonzero
topological angle ¥, as anticipated in [15, 17].

Our findings are used to provide quantitative evidence for Seiberg duality [18] in two
dimensions by comparing the partition functions of putative dual theories in various limits
and finding exact agreement. Seiberg duality in two dimensional N' = (2,2) gauge theo-
ries [19] relates theories with Ny > N fundamental chiral multiplets, trivial superpotential



and gauge groups
SU(N) «— SU(Nrp — N).

The conjectured duality was put forward in [19] to give a physical realization of Rgdland’s
conjecture stating that two Calabi-Yau manifolds appear as distinct large volume limits
of the same Kéahler moduli space. Our results, therefore, provide further evidence for
this conjecture.

The plan of the rest of the paper is as follows. In section 2 we explicitly write down
for gauge theories on S? the N = (2,2) supersymmetry transformations of the vector
and chiral multiplet fields and the associated supersymmetric action. In section 3 we
specify a particular supercharge with which we perform the localization computation. We
derive the partial differential equations that determine the space of supersymmetric field
configurations corresponding to our choice of supercharge and show that the system of
equations we get smoothly interpolates between the vortex equations at the north pole
and the anti-vortex equations at the south pole. A vanishing theorem finding the most
general smooth, supersymmetric solutions to our system of supersymmetry equations is
proven. We find that smooth solutions are parametrized by vector multiplet fields and
correspond to Coulomb phase configurations, while singular localized vortices and anti-
vortices, which exist in the Higgs phase, may appear at the north and south poles of the
S2. In section 4 we localize the path integral by choosing a specific deformation term and
show that only Coulomb branch configurations can contribute if we consider the saddle
point equations of the combined action in the limit that the coefficient of the deformation
term goes to infinity. This yields the Coulomb branch representation of the partition
function. Quite remarkably, the integral and sum over the Coulomb branch configurations
can be carried out for arbitrary choices of gauge group G and matter representation. The
resulting expression can be written as a finite sum of the product of a function with its
complex conjugate. We identify this expression as the sum over Higgs vacua of the product
of the vortex partition function at the north pole with the anti-vortex partition function
at the south pole. In section 5 we argue, by first looking at the saddle point equations for
a different deformation term, that the Coulomb branch configurations are lifted and that
vortex and anti-vortex configurations at the poles are the true saddle points of the path
integral in this other limit. This yields the Higgs branch representation of the partition
function. This way of computing the path integral gives a first principles derivation of
the result obtained by brute force evaluation of the Coulomb branch representation of the
partition function. The identification of the partition function of certain two dimensional
N = (2,2) gauge theories with Liouville/Toda correlation functions is uncovered in 6,
and some of their consequences explored. In section 7 we provide quantitative evidence
for Seiberg duality in two dimensions by matching the partition function of Seiberg dual
pairs in various limits. We conclude in section 8 with a discussion of our findings and
future directions. The appendices contain some detailed computations used in the bulk of
the paper.

Note added. While this work was being completed, we became aware of related work [20],
which has some overlap with this paper.



2 Two dimensional N = (2,2) gauge theories on S?

In this section we explicitly construct the Lagrangian of N' = (2,2) supersymmetric gauge
theories on S2. The basic multiplets of two dimensional N' = (2,2) supersymmetry are
the vector multiplet and the chiral multiplet, which arise by dimensional reduction to two
dimensions of the familiar four dimensional N = 1 supersymmetry multiplets. The field
content is therefore ~

vector multiplet: (A;, 01,02, A, A\, D)

_ _ _ 2.1
chiral multiplet: (¢, ¢, 9,1, F, F). 21)

The fields (X, A, 1), 1/_1) are two component complex Dirac spinors,® (¢, ¢, F, F ) are complex
scalar fields while (o1,09,D) are real scalar fields.® The fields in the vector multiplet
transform in the adjoint representation of the gauge group G while the chiral multiplet
fields transform in a representation R of G. The field content of an arbitrary N = (2,2)
supersymmetric gauge theory admitting a Lagrangian description is captured by these
multiplets by letting G' be a product gauge group and R a reducible representation.
While it is well known how to construct the Lagrangian of N' = (2,2) supersymmetric
gauge theories in R? (i.e. flat space), constructing supersymmetric theories on 5?2 requires
some thought, as S? does not admit covariantly constant spinors. Indeed, we must first
characterize the N = (2, 2) supersymmetry algebra on S2. This is the subalgebra of the two
dimensional N = (2,2) superconformal algebra on S? that generates the isometries of S2,
but none of the conformal transformations of S2. The N = (2,2) supersymmetry algebra
on S? thus defined obeys the (anti)commutation relations of the SU(2|1) superalgebra’

. 1 1
{me Jn] = ZEmanp {me Qa] = _5’7771604@5 [Jn% Sa] = _§’Ym6asﬁ (2 2)
1 .
{Sa, QB} = ’YZ,LBJm - gca,BR [R) Qa] = —Qa [R’ Soé] = Sa -

The supercharges @), and S, are two dimensional Dirac spinors generating the supersym-

metry transformations, .J,,, are the SU(2) charges generating the isometries of S? while R
is a U(1) R-symmetry charge. This supersymmetry algebra is the S? counterpart of the
N = (2,2) super-Poincaré algebra in flat space.

Constructing a supersymmetric Lagrangian on S? requires finding supersymmetry
transformations on the vector and chiral multiplet fields that represent the SU(2|1) algebra.
We construct these by restricting the N' = (2,2) superconformal transformations to those
corresponding to the SU(2|1) subalgebra. The N = (2,2) superconformal transformations
on the fields are easily obtained by combining the N' = (2,2) super-Poincaré transforma-
tions in flat space (with the flat metric replaced by an arbitrary metric), with additional
terms that are uniquely fixed by demanding that the supersymmetry transformations are
covariant under Weyl transformations.” Given the SU(2|1) supersymmetry transformations
on the vector and chiral multiplet fields constructed this way and shown below, it is straight-
forward to construct the corresponding SU(2|1) invariant Lagrangian. The supersymmetry

5Our conventions for spinors are listed in appendix A.
5The reality of the auxiliary field D is altered when coupled with matter fields.
"See appendix B for details.



transformations and action may equivalently be obtained by “twisted” dimensional reduc-
tion from three dimensional A = 2 gauge theories on S x S, considered in [12].

Without further ado, we write down the most general renormalizable N' = (2,2) su-
persymmetric action of an arbitrary gauge theory on S?

S = Sv.m. + Stop + SFI + Sc.m. + Smass + SVV . (23)

The vector multiplet action is given by
Sy = 2;2 Cavh T ViV 4 VoV £ D7 1 id (B3 - [o1.3] — i [o2, %))}, (24)
where ‘ 3 .
V' =eYDjoy + D'oy,
V3 = %sijFij +ilo1,00] + %01 . (2:3)

The bosonic part of the action can also be written as

1 1\
@ d?zvh Tr { <Fﬁ + T01> + (Dio'l)Q + (Diaz)Q _ [0'1,0'2]2 + DQ} . (2.6)
In the vector multiplet action g denotes the super-renormalizable gauge coupling,® h is the
round metric on S? and r is its radius.

For each U(1) factor in G, the gauge field action in two dimensions can be enriched by
the addition of the topological term

U
Stop = —Z%/T‘I'F, (27)

and of a supersymmetric Fayet-Iliopoulos (FI) D-term on S?

Spr = —z'g/d?x\/ﬁ Tr (D— 9) . (2.8)

r

The couplings ¥ and & are classically marginal, and can be combined into a complex gauge
coupling

7= % + i€ (2.9)

for each U(1) factor in the gauge group. Quantum mechanically, the coupling 7 depends

on the energy scale, and can be traded with the dynamically generated, renormalization

group invariant scale A.” We will return to this dynamical transmutation in section 4.
The action for the chiral multiplet coupled to the vector multiplet is'®

Sem. = /dzm\/ﬁ {cE <—D?+a%+a%+z'D+z'q

2
7> —2g -
+ FF
r 72 472 )¢

A A (2.10)
— it (B =1 =02y + 307 0+ ihAg ww} .
T

8For a product gauge group, there is an independent gauge coupling for each factor in the gauge group.
9The dynamical scale is given by A% = p0e2™ (") where B(¢) = 20 and p is the floating scale.

- 27
10The representation matrices of G in the representation R, which we do not write explicitly to avoid

clutter, intertwine the vector multiplet and chiral multiplet fields in the usual way.



Here ¢ denotes the U(1) R-charge of the chiral multiplet, which takes the value ¢ = 0 for
the canonical chiral multiplet.!! In a theory with flavour symmetry G, the U(1) R-charges
take values in the Cartan subalgebra of G (see discussion below).

In two dimensions, it is possible to turn on in a supersymmetric way twisted masses
for the chiral multiplet. These supersymmetric mass terms are obtained by first weakly
gauging the flavour symmetry group Gy acting on the theory, coupling the matter fields to
a vector multiplet for G, and then turning on a supersymmetric background expectation
value for the fields in that vector multiplet. For A" = (2,2) gauge theories on S?, unbroken
SU(2|1) supersymmetry (see equations (2.17) and (2.18)) implies that the mass parameters
are given by a constant background expectation value for the scalar field o2 in the vector
multiplet for Gr. This can be taken in the Cartan subalgebra of the flavour symmetry
group Gr. Therefore, the supersymmetric twisted mass terms on S? are obtained by
substituting

o9 = 02+ m (2.11)

in (2.10), with m in the Cartan subalgebra of G

Smass = /dzx\/ﬁ {qb <m2 + 2mog + iq ; 1m> ¢ — wmvgzp} . (2.12)

Likewise, the U(1) R-charge parameters ¢ introduced in (2.10) can be obtained by turning
on an imaginary expectation value for the scalar field o9 in the vector multiplet for Gp.
The corresponding supersymmetric terms in the action are obtained by shifting the action
in (2.10) for ¢ = 0 by

i

. 2.1
5,4 (2.13)

The flavour symmetry Gg is determined by the representation R under which the chiral

o9 — 09 +

multiplet transforms and by the choice of superpotential, as this can break the group of
transformations rotating the chiral multiplets down to the actual Gr symmetry of the
theory. If R contains Ng copies of an irreducible representation r and the theory has a
trivial superpotential, then the theory has U(Np) as part of its flavour symmetry group
and gives rise to Np twisted mass parameters m = (my, ..., my,) and Nr U(1) R-charges
q = (q1,-..,9n;). Occasionally, we will find it convenient to combine these parameters
into the holomorphic combination

1

M =
I m1+2r

ar - (2.14)

Finally, we can add in a supersymmetric way a superpotential for the chiral multiplet

Sy = /d%\/ﬁ {FW + FV—V} : (2.15)

114 also determines the Weyl weight of the fields in the chiral multiplet. The Weyl weight of a field can
be read from the commutator of two superconformal transformations (see appendix B), which represents
the two dimensional N' = (2, 2) superconformal algebra on the fields.



whenever the total U(1) R-charge of the superpotential is —gw = —2. Fyy is the gauge
invariant auxiliary component of the superpotential chiral multiplet.'? Under these con-
ditions, the Lagrangian in (2.15) transforms into a total derivative under the SU(2|1)
supersymmetry transformations below.

A few brief remarks about the N' = (2,2) gauge theories in $? thus constructed are in
order. The action (and supersymmetry transformations) can be organized in a power series
expansion in 1/r, starting with the covariantized N' = (2,2) gauge theory action in flat
space. The action is deformed by terms of order 1/r and 1/r2, with terms proportional to
1/r not being reflection positive. These features are consistent with the general arguments
n [21]. The theory on S? breaks the classical'® U(1)4 R-symmetry of the corresponding
N = (2,2) gauge theory in flat space. This can be observed in the asymmetry between
the scalar fields o1 and o9 in the action on S2, which are otherwise rotated into each other
by the U(1)4 symmetry of the flat space theory. This asymmetry is also manifested in
the twisted masses m being real on S2, while they are complex in flat space.'* The real
twisted masses m on S?, however, combine with the U(1) R-charges ¢ into the holomorphic
parameters M = m + ¢ introduced in (2.14).

The gauge theory action we have written down is invariant under the SU(2|1) super-
symmetry algebra. The supersymmetry transformations are parametrized by conformal

15 ¢ and € on S?. These can be taken to obey

Killing spinors
1 ~
Vie = +2*’Yi’>’3€
17" ) (2.16)
ViE = — -7,
r

where € and € are complex Dirac spinors in two dimensions and r is the radius of the S2.
The spinors ¢, and €, are the supersymmetry parameters associated to the supercharges
Qo and S, respectively. More details about the supersymmetry transformations can be
found in appendix B.

As mentioned earlier, the explicit supersymmetry transformations can be found by
restricting the N = (2, 2) superconformal transformations to the SU(2|1) subalgebra. The
SU(2|1) supersymmetry transformations of the vector multiplet fields are

S\ = (iVyy™ — D) e (2.17)
A= (V7Y™ + D)€ (2.18)
§A; = —% (e7iX + eviX) (2.19)
do1 = % (EX—€eX) (2.20)
dog = —é (Ev3A + ev3A) (2.21)

12T terms of the ¢ chiral multiplet, Fyy = %%F — %%d;w. Invariance of (2.15) under supersymmetry
when gw = 2 follows from equations (2.28) and (2.29).

13This classical symmetry of the flat space theory, being chiral, can be anomalous.

M Where twisted masses correspond to background values of o1, 09 in the vector multiplet for G .

15Thus named since the defining equation V;e = ~;¢€ is conformally invariant.



5D = —%g (ZD)\ F o, N — i [Ug,yf)’AD
Z. ) (2.22)
_ _ . 4~
+ € (ZZ)/\— [o1,A] —i [02,7 /\D ,
with V,,, and Vj,, defined by
. » . 1 . 1
V= EZ]DjO'Q 4+ Doy , V3 = *8”Fij +1 [(71,0’2] + —-01
2 r (2.23)

o . a1, 1
Vi=eUDjoy = Doy, VP=5eVFy —ilon,o2] + Jon.

The transformations of the massless chiral multiplet fields are

5p = & 2.24
5¢ = et 2.25
S =i (W F o1 — igadn® + %mé) ¢+ eF 2.26

S =i (qu + poy + idgagfyé — %&73) E+eF
OF = =i (D7’ + 019 — ioaty + Ao + 507 ) €
OF = =i (Dihy' + o + oy’ — GA — L) e.
The supersymmetry transformations of the theory with twisted masses are obtained from
equations (2.24)—(2.29) by shifting oo — 02 +m as in (2.11).
With these transformations, the SU(2|1) supersymmetry algebra (2.2) is realized off-

shell on the vector multiplet and chiral multiplets fields. Splitting § = d. + dz, we find that
this representation of SU(2|1) on the fields obeys

[0, 0] =0 [0z,0¢] = 0, (2.30)
and!®
[0c, 0¢] = dsu(2)(§) + Sr(a) + 6 (A) + dGp (Am) (2.31)
thus generating an infinitesimal SU(2) X R x G x G transformation. When localizing the
path integral of N = (2,2) gauge theories on S2, we will choose a particular supercharge
Q in SU(2|1). The SU(2) x R x G x G transformation it generates will play an important
role in our computation of the partition function.

The SU(2) isometry transformation induced by the commutator of supersymmetry
transformations is parametrized by the Killing vector field!”

¢ = —iey'e. (2.32)

It acts on the bosonic fields via the usual Lie derivative and on the fermions via the Lie-
Lorentz derivative 1
Le=E"'Vi+ Zvi &Y (2.33)

16The explicit form of the commutator of supersymmetry transformations on the vector multiplet and
chiral multiplet fields can be found in appendix B.

"The fact that £ is a Killing vector, that it obeys V¢ + V€% = 0, is a consequence of the choice of
conformal Killing spinors in (2.16). As desired, it does not generate conformal transformations of S.

~10 -



The U(1) R-symmetry transformation generated by the commutator of the supersym-
metry transformations is parametrized by

a=——e. (2.34)

It acts on the fields by multiplication by the corresponding charge. The U(1) R-symmetry
charges of the various fields, supercharges and parameters are given by:

supersymmetry vector multiplet chiral multiplet
e € Q S |A, o1 o2 A AN D| ¢ P F o F
1 -1 -1 170 0 01 -10|-q —(¢g—1) —(¢q—2) ¢ q—1 g—2

Since the action of R on the fields is non-chiral, this classical symmetry is not spoiled
by quantum anomalies and is an exact symmetry of the NV = (2,2) gauge theories we
have constructed.

The commutator of two supersymmetry transformations generates a field dependent
gauge transformation, taking values in the Lie algebra of the gauge group G. The induced
gauge transformation is labeled by the gauge parameter

A = (ee)o1 — i(ey3e)on + € A; | (2.35)

which acts on the various fields by the standard gauge redundancy transformation laws.
On the gauge field it acts by
0AA; = DA (2.36)

while on a field ¢ it acts by
onp =1iA-p, (2.37)

where A acts on ¢ in the corresponding representation of G.

Finally, in the presence of twisted masses m, a G flavour symmetry rotation on the
chiral multiplet fields is generated by [d¢, de]. The induced flavour symmetry transforma-
tion acts on the chiral multiplet fields in the fundamental representation of Gp, and is
parametrized by A

A = —i(ey3e)m, (2.38)

with m taking values in the Cartan subalgebra of Gp. It acts trivially on the vector
multiplet fields.

3 Localization of the path integral

In this paper our goal is to perform the exact computation of the partition function of
N = (2,2) gauge theories on S2. The powerful tool that allow us to achieve this goal is
supersymmetric localization.

The central idea of supersymmetric localization [22] is that the path integral — pos-
sibly decorated with the insertion of observables or boundary conditions invariant under
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a supercharge @ — localizes to the Q-invariant field configurations. If the orbit of Q in
the space of fields is non-trivial,'® then the path integral vanishes upon integrating over
the associated Grassman collective coordinate. Therefore, the non-vanishing contributions
to the path integral can only arise from the trivial orbits, i.e. the fixed points of super-
symmetry. These fixed point field configurations are the solutions to the supersymmetry
variation equations generated by the supercharge Q, which we denote by

0o fermions = 0. (3.1)

In the path integral we must integrate over the moduli space of solutions of the partial
differential equations implied by supersymmetry fixed point equations (3.1).

Under favorable asymptotic behavior, integration by parts implies that the result of
the path integral does not depend on the deformation of the original supersymmetric La-
grangian by a Q-exact term!'?

LS L+1Q-V, (3.2)

as long as V is invariant under the bosonic transformations generated by Q2. Obtaining a
sensible path integral requires that the action is nondegenerate and that the path integral
is convergent in the presence of the deformation term Q- V.

In the ¢ — oo limit, the semiclassical approximation with respect to heg = 1/t is
exact. In this limit, only the saddle points of Q - V' can contribute and, moreover, the
path integral is dominated by the saddle points with vanishing action. However, of all the
saddle points of Q- V', only the Q-supersymmetric field configurations give a non-vanishing
contribution. Therefore, we must integrate over the intersection of the supersymmetric
field configurations and the saddle points of Q - V. We denote this intersection by F.

Using the saddle point approximation, the path integral in the ¢ — oo limit can be
calculated by restricting the original Lagrangian £ to F,?° integrating out the quadratic
fluctuations of all the fields in the deformation Q -V expanded around a point in F, and
integrating the combined expression over F.2! Of course, even though the path integral is
one-loop exact with respect to ¢, it yields exact results with respect to the original coupling
constants and parameters of the theory.

The final result of the localization computation does not depend on the choice of
deformation @ - V. One may add to Q -V another Q-exact term, and the result of the
path integral will not change as long as the new Q-exact term is non-degenerate, and no
new supersymmetric saddle points are introduced that can flow from infinity. This can be
accomplished by choosing the deformation term such that it does not change the asymptotic
behavior of the potential in the space of fields. We will take advantage of this freedom and
choose a deformation term Q -V that makes computations most tractable.

Since our aim is to localize the path integral of gauge theories, some care has to be
taken to localize the gauge fixed theory. This requires combining in a suitable way the

18By definition of Q-invariance of the path integral, the space of fields admits the action of Q.

199 .V denotes the supersymmetry transformation of V generated by Q (see also (4.1)).

20The deformation term Q - V vanishes on F since it is a linear combination of the supersymmetry
equations.

21The original Lagrangian £ is irrelevant for the localization one-loop analysis.
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deformed action Q-V and gauge fixing terms L ¢ into a 0=0+ @BRsT exact term 0- V,
where V =V + Vehost- This refinement, while technically important, does not modify the
fact that the gauge fixed path integral localizes to F. The inclusion of the gauge fixing
term, however, plays an important role in the evaluation of the one-loop determinants in
the directions normal to F.

3.1 Choice of supercharge

In this section we choose a particular supersymmetry generator Q in the SU(2|1) super-
symmetry algebra with which to localize the path integral of N' = (2,2) gauge theories on
S2. We consider??

Q=5+Q2. (3.3)
This supercharge generates an SU(1|1) subalgebra of SU(2|1), given by

R R

QP =J+ J+ 5,9 =0, (3-4)
2 2

where J is the charge corresponding to a U(1) subgroup of the SU(2) isometry group of the
S? while R is the R-symmetry generator in SU(2|1). In terms of embedding coordinates
where S? is parametrized by

X2+ X2+ X2=12, (3.5)
J acts under an infinitesimal transformation, as follows

X1 —>X1 — EXQ

(3.6)
X9 =5 Xo+eX.

Geometrically, the action of J has two antipodal fixed points on S2, which can be used to
define the north and south poles of S2. These are located at (0,0,r) and (0,0, —7) in the
embedding coordinates (3.5). In terms of the coordinates of the round metric on S?

ds® = r? (d6? + sin® Odp?) (3.7)
the corresponding Killing vector is
0
; 3.8
’La(p ? ( )

with the north and south poles corresponding to 8 = 0 and # = 7 respectively. The
supersymmetry algebra (3.4) is the same used in [3] in the computation of the partition
function of four dimensional N' = 2 gauge theories on S*.

In order to derive the supersymmetry fixed point equations (3.1) generated by the
supercharge Q, first we need to construct the conformal Killing spinors associated to it,

22In section 4 we also analyze localization of the path integral with respect to both Q1 and Q2. The
analysis leads directly to the Coulomb branch representation of the partition function. On the other hand,
this other choice does not allow non-trivial field configurations in the Higgs branch, and therefore cannot
give rise to the Higgs branch representation of the partition function.
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which we denote by eg and €g. The conformal Killing spinors on S? obeying (2.16) are

€ = exp <—i20’yé> exp <Z;073) €o
_ 0 5 P 3\ .
€ = exp —i—;y exp ?*y €o

where €, and €, are constant, complex Dirac spinors. The conformal Killing spinors eg and

explicitly given by?

(3.9)

€o are given by (3.9), with €, and €, being chiral spinors of opposite chirality, that is

3

Y€ = t+€o
. (3.10)

Y€ = —6€o .

Therefore, explicitly
. 0 5
€0 = eie/? exp (—1272> €
(3.11)

. 0 5
€0 = e /2 exp <+2272> €o -

We note that at the north and the south poles of the S? the conformal Killing spinors eg
and €g have definite chirality, and that the chirality at the north pole is opposite to that
at the south pole

Yea(N) = eo(N) Yea(S) = —ea(5S)

N - . o (3.12)
7 €o(N) = —€go(N) 7°€0(S) = €g(S).

As we shall see, the fact that Q is chiral at the poles implies that the corresponding chiral
field configurations — vortices localized at the north pole and anti-vortices at the south
pole — may contribute to the partition function of A" = (2,2) gauge theories on S2.

We note that the circular Wilson loop operator supported on a latitude angle 6,

Wy, = Tr Pexpy{ [—i4;da’ + ir(oy cos b, — ioa)dy] (3.13)
is invariant under the action of Q. Therefore the expectation value of these operators can
be computed when localizing with respect to the supercharge Q.

Given our choice of supercharge Q, we can explicitly determine the infinitesimal J x
R x G x G transformation that Q2 generates when acting on the fields. The spinor
bilinears constructed from eg and €g in section 2 evaluate to**

€g€g = icosf &= —%&p
; (3.14)

EQ’ygeQ:i a:—g,

2311 the vielbein basis ¢! = rdf and e? = rsin 0dy. For details, please refer to appendix C.
24By fixing the overall normalization €€, = i.
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Therefore, in view of (3.6), Q% generates J + R/2, i.e. a simultaneous infinitesimal rotation
and R-symmetry transformation with parameter
€= —, 3.15
- (3.15)

and a gauge transformation with gauge parameter
A =icosboy + o9 — 3Ag . (3.16)
r

On the chiral multiplet fields, Q? also induces a G flavour symmetry rotation parametrized
by the twisted masses m.

3.2 Localization equations

Here we present the key steps in the derivation of the set of partial differential equations
that characterize the vector multiplet and chiral multiplet field configurations that are
invariant under the action of Q. The details of the derivation are omitted here and can be
found in appendix C.

We must identify the partial differential equations implied by (3.1)

SoA =d0oA =0 (3.17)
both = 8g¥ =0, (3.18)

where dg = 0co + 0eq , from the explicit supersymmetry transformations given in equa-
tions (2.17), (2.18) and (2.26), (2.27) for the choice of conformal Killing spinors eg and
€o in (3.11). The moduli space of solutions to these equations, once intersected with the
saddle points of our choice of Q-exact deformation term, determines the space of field
configurations that need to be integrated over in the path integral.

Given a choice of deformation term, in order for the path integral to converge we need
to impose reality conditions on the fields. These reality conditions restrict the contour of
path integration so that the integrand falls off sufficiently fast in the asymptotic region
in the space of field configurations. The residual freedom in the choice of contour i.e.
deformations of the contour which do not change the asymptotic behavior of the integrand,
is then used to make sure that the contour of integration includes the saddle points of the
deformed action.

We are interested in deformation terms that do not alter the asymptotic behavior of
the original action (2.3). We may therefore extract the reality conditions by requiring the
original path integral for some effective couplings to be convergent.

From the kinetic terms in the bosonic part of the action (2.3) we conclude that the
scalar fields 01,09 and the connection A; in the vector multiplet are hermitian while the
chiral multiplet complex scalars ¢ and ¢ satisfy ¢ = ¢'. Next we note that the path
integration over the chiral multiplet auxiliary fields F, F is just a Gaussian integral and
we simply require F = FT. Provided that a Q-exact deformation term contains following
terms

Q-V =5 D? ~iD(66 — ) + -+ (3.19)
QQEH
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one should choose the contour of integration for the auxiliary field D such that D—i—iggﬂ(qﬁq;—
&erl) is hermitian for the convergence of the path integral. In other words

ImD + ggﬁ(w —&erl) =0,

where the explicit form of the coupling constants ggﬁ and & are determined by choice of
Q-exact deformation terms (after taking ¢ — 00).
The supersymmetry fixed point equations for the vector multiplet fields (3.17) are
given by
Dso1 = Doy =0 Djo1 + g2(dd — Lol ) sinf = 0 (3.20)
g —
ReD = [01,02] = 0 Fiy + =+ 92466 — Eorl) cos 0 =0, (3.21)

while the supersymmetry equations for the chiral multiplet fields (3.18) reduce to

0 , 0 q

€08 5 (D +iDs) qﬁ—i—smi <01 — 5) $»=0 F=0 (3.22)
0 0

sini(Di—iDi)qﬁvLcosi(Ul—i—%)qﬁ:O (c24+m)p=0. (3.23)

These differential equations on S? are a supersymmetric extension of classic differential
equations in physics. Our equations interpolate between BPS vortex equations at the
north pole (0 = 0)

(Dj +iDs) ¢ =0 D; (01 +i0o3) =0
Fis + % + 92(¢9 — Eerl) = 0 ReD = [01,09] =0 (3.24)
(Ul—i—%)(ﬁzo (02+m)¢:07

and BPS anti-vortex equations at the south pole (§ = )

(D; —iDs) ¢ =0 D; (o1 +io3) =0
Fiy + 2 — g2n(69 — &) = 0 ReD = [01,05] =0 (3.25)
(0172%4)¢:0 (02 +m) ¢ =

This system of differential equations is akin to the one found in [23] in the localization
computation of four dimensional A = 2 gauge theories on S*. We return later to the study
of the supersymmetry equations at the poles, which play a crucial role in our analysis,
yielding the Higgs branch representation of the gauge theory partition function on S2.

3.3 Vanishing theorem

As explained previously, the path integral localizes to the space F of supersymmetric
field configurations which are also saddle points of the localizing deformation term. In this
section, we consider the supersymmetry equations in the absence of effective FI parameters
and we write down the most general smooth solutions to the supersymmetry equations for
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generic values of the R-charges. These solutions are parametrized by the expectation value
of fields in the vector multiplet, thus, we denote this space of solutions by Fcou. In section 4
we localize the path integral to Fcou and derive the Coulomb branch representation of the
partition function.

With & = 0 and for generic R-charges, the most general smooth solution to the
equations (3.20), (3.21), (3.22) and (3.23) is given by?

B B
A - — — = —— =
5 (k —cosf)dy o1 5 =0 (3.26)

D=0 o2 =a F=0,

where a and B are constant commuting matrices which live in the gauge Lie algebra and
its Cartan subalgebra respectively. The matrix B is further restricted by the first Chern
class quantization to have integer eigenvalues. The constant x parametrizes a pure gauge
background which is necessary in any coordinate patch which includes one of the poles and
can be gauged away in the coordinate patch which excludes the poles.

It is interesting to note that if the R-charge is tuned to be a negative integer or zero,
then there are nontrivial solutions of the form

) A
¢ = ezWB-)¢ (sing) 2 (3.27)

with ¢, being a constant in the kernel of a + m. Imposing regularity at the poles restricts
the allowed value of ¢ and B as follows: ¢ + |B| must be even and non-positive integers.
In such a case, the above field configuration can be written in terms of the magnetic flux

B
B monopole scalar harmonics Y;7, as
b

Po - (3.28)

It is worth mentioning that these field configurations are also supersymmetric configura-
tions in the localization computation of the partition function of three dimensional N = 2
gauge theories on S! x S? [12], which computes the superconformal index of these theories.
In our computations, we can ignore these discrete, tuned solutions to the supersymmetry
equations: for theories flowing to superconformal theories in the infrared, unitarity con-
strains the R-charges to be non-negative. Furthermore, as will be explained in section 4,
these solutions are not saddle points of the localized path integral.

We note that even though our choice of Q breaks the SU(2) symmetry of S2, the Q-
invariant field configurations (3.26) are SU(2) invariant. Later on, we take an alternative
approach in which the Coulomb branch is lifted and the saddle point equations admit
singular solutions at the poles thereby breaking the SU(2) symmetry. We will consider the
physics behind singular solutions localized at the north and south poles of S? in section 5.

25 A detailed derivation of this result is presented in appendix C.
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4 Coulomb branch

In order to evaluate the path integral of an A” = (2,2) gauge theory on S? using su-
persymmetric localization, we must choose a deformation of the original supersymmetric
Lagrangian by a Q-exact term (3.2)

L—L+t5gV. (4.1)

The deformation term dgV defines the measure of integration through the associated one-
loop determinant. In this section we calculate the contribution to the path integral due to
the smooth field configurations (3.26). This yields the Coulomb branch representation of
the path integral, as an integral over the Coulomb branch saddle points Fcoul-

A calculation shows that the vector multiplet action (2.4) and the chiral multiplet
action (2.10) are Q-exact with respect to our choice of supercharge (3.3). Specifically,

(Egy?’eg) G Lom = 090y Tr (;5\73/\ — 2iDogy + ia%) , (4.2)
and
R . B _ i
— (€07°€0) (Lem. + Lumass) = 00z Tr <¢73¢ —26 (o2 +m+il-) o+ T¢¢> . (43)

where dg = dey, + 0y This implies that correlation functions of Q-closed observables in
an N = (2,2) gauge theory on S? are independent of g, the Yang-Mills coupling constant.
Despite being g independent, these correlators are nontrivial functions of the renormalized
FI parameter ey for each U(1) factor in the gauge group, and of the twisted masses m.

We now turn to the choice of deformation term dgV. The most canonical choice would
be to take

Vean = (60N A + (60N X + (300) 0 + (609) " 0. (4.4)

For this choice, the bosonic part of the deformation term dgVeay is manifestly non-negative.
It is therefore guaranteed that all Q-invariant field configurations are the saddle points of
00 Vean with minimal (zero) action. The disadvantage of such a deformation term is that
the resulting action dgVean does not necessarily preserve the SU(2) symmetries of S2, thus
technically complicating the computation of the one-loop determinants in the directions
transverse to the Q-invariant field configurations. But as we argued in section 3, the result
is largely insensitive to the choice of deformation, as long as it is non-degenerate and does
not change the asymptotics of the potential in the space of fields. Therefore, we will instead
use as the deformation term the technically simpler, SU(2) symmetric, vector multiplet and
chiral multiplet actions doV = Ly m. + Lem. + Lmass. Contrarily to the canonical choice
00 Vean, the saddle points of oV do not coincide with the supersymmetric configurations
and thus fully localize the path integral to the intersection. For this choice of deformation,
the effective FI parameter in (3.19) vanishes &g = 0.

It is straightforward to show that all Coulomb branch field configurations in Fcoy are
saddle points of 6oV and must be integrated over. However, the solutions to the vortex
and anti-vortex equations we found at the poles are not saddle points of dgV. This can
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be demonstrated using both the supersymmetry and the saddle point equations at the
poles as follows.?Y Since we are taking the masses to be non-degenerate, it follows from
the equations

(oa+mp)pr =0 (4.5)

that any pair of distinct non-vanishing vectors ¢; and ¢; have to be independent. In
addition, the above equation combined with the covariant constancy of o2 and its equation
of motion imply
> (ar = 1)¢rdr =0, (4.6)
I
while the equation of motion for D yields

iD - ¢rér =0. (4.7)
I

However, since all non-vanishing ¢; are independent, we can conclude?” from (4.6) that
¢rér vanishes for each I. It therefore excludes the aforementioned supersymmetric solu-
tions (3.28) with fine-tuned values of ¢ from the set of saddle points. Combined with (4.7),
it also sets D = 0. Plugging this result in the supersymmetry equations fixes F' = —o1/r =
B/2r? and 09 = a and we recover the Coulomb branch field configurations spanning Fcoul,
thus eliminating the vortex and anti-vortex configurations.

The conclusion that the path integral can be written as a integral over just Fooq can
also be derived as follows. As we remarked earlier, the path integral does not depend
on the choice of supercharge Q used in the localization computation. Therefore, we may
instead try to localize the partition function with respect to the supercharges ()1 and Q.
This, however, requires finding a deformation term which is ¢); and Q2 exact. Such a
deformation term is provided by the following terms in the action

ﬁv.m. + Ec.m. + £mass = 561 562 V/ ) (48)

with V/ = 1/2Tr(A\) + ¢F, which are exact with respect to both supercharges since
[0e,de,] = 0. In this approach the path integral localizes to the @)1 and @2 invariant field
configurations, which are the solutions to the equations

S A = e, A =0
S, = 0,0 =0 (4.9)
5,0 = 0yt = 0.

These equations directly lead?® to the Coulomb branch field configurations (3.26)
parametrizing Fcou while immediately rendering the vortex and anti-vortex configurations

26With some more effort it is possible to prove using only the equation of motion for D that the vortex
and anti-vortex configurations are not saddle points of the action in the limit in which the coefficient of the
deformation term doV goes to infinity.

2TThis step requires us to assume that none of the R-charges is 1.

28Qupersymmetry implies that Vi = Vo = V3 = D = 0. The fact that the solutions to these equations are
the Coulomb branch field configurations (3.26) follows by using the equality of actions in (2.4) and (2.6), de-
rived by integrating by parts. Non-trivial chiral multiplet configuration are manifestly non-supersymmetric.
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non-supersymmetric. Note that this conclusion is reached by considering the supersym-
metry equations alone, contrary to localization with respect to Q, where the saddle point
equations of dgV also need to be invoked to show that vortex and anti-vortex configura-
tions do not contribute. Since the saddle points and deformation term (4.8) are precisely
the same as the one for Q, this guarantees that we obtain the same Coulomb branch repre-
sentation of the path integral. A drawback of localizing with respect to Q1 and Q)2 is that
we cannot study the expectation value of the circular Wilson loop (3.13) since it is not Q1
and ()9 invariant.

In section 5 we will obtain the payoff of using the supercharge Q. As we have shown
in section 3, supersymmetry leads to the vortex and anti-vortex equations at the poles. In
that section, we will argue that localizing the path integral Q in a different limit yields the
Higgs branch representation of the partition function.

4.1 Integral representation of the partition function

We now can write down the expression of the partition as an integral over the Coulomb
branch field configurations Fgou. The Coulomb branch representation of the partition
function is thus given by?

ZCoulomb (m7 T) = Z /da ch<a7 B, T) Zone-loop(ay B, m) , (410)
B t

where the integral over a has been reduced to the Cartan subalgebra t of G. The first factor
arises from evaluating the renormalized gauge theory action on the smooth supersymmetric
field configurations (3.26)

ch(a,B,T) — 6—47rir§ren Tra—&—ii?TrB’ (411)

and the one-loop determinant Zyne100p(a, B,m) specifies the measure of integration over
a, which is determined by the deformation term doV .

Some care has been taken to ensure that the computation, including the regulariza-
tion of the one-loop determinants Zone1oop(a, B,m), is Q-invariant. Even though the FI
parameter £ is classically marginal, it runs quantum mechanically according to the renor-
malization group equation

—ept ()= LS 0m (L
£(n) —5+%;Q]m <MUV> = 27sz:Q]1n (5) (4.12)

where @); is the charge of the j-th chiral multiplet under the U(1) gauge group correspond-
ing to £, Myv is the ultraviolet cutoff, i is the floating scale and A is the renormalization
group invariant scale. A simple way of performing this renormalization in a Q-invariant
way, is to enrich the theory one is interested in with an “expectator” chiral multiplet of
mass M and charge —Q = — > i (;, so that in the enriched theory the FI parameter does

29The partition function has an anomalous dependence on the radius r of the S? due to the conformal
anomaly in two dimensions. We do not retain this factor throughout our formulae, which can be extracted
from our one-loop determinants.
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not run. Now, to extract the result for the theory of interest, we take the answer of the
finite theory in the limit where M is very large, thereby decoupling the expectator chiral
multiplet. This procedure results in a Q-invariant ultraviolet cutoff M for the theory under
study. As shown in appendix E, taking M large in the one-loop determinant (4.16) for
the expectator chiral multiplet precisely reproduces the running of the FI parameter (4.12)
with Myy = M and p = = 1/r. That is, the renormalized coupling obtained in this way
is evaluated at the inverse radius of the S?, which is the infrared scale of S?

1 €
ren = (1 =1/ apyymrr =6+ 5= > Qi (57) - (4.13)
1
The one-loop factor in the localization computation Zone-loop(@, B, m) takes the form
ZOHe-loop(a> B7 m) Zc\)]nrél-loop(a B) one loop(a7 B> m) ’ j(aa B) ) (4'14)

where the Jacobian factor J(a, B) accounts for the reduction of the integral over all a such
that [a, B] = 0 to an integral over the Cartan subalgebra t. The magnetic flux B over
the S? breaks the gauge symmetry G' down to a subgroup Hp = {g € G | gBg~! = B}.
Therefore, the associated Jacobian factor is

J(a,B) = 1)‘ I] (o 02, (4.15)

where a € A are positive roots of the Lie algebra of G and |W(Hp)] is the order of the
Weyl group of Hp.

The one-loop determinants for our choice of deformation term dgV', which is the sum
of (4.2) and (4.3), are computed in appendix D. For a chiral multiplet in a reducible

)
)

(4.16)

representation R = @r; we obtain

I’(%’—zr(wl-a—i-mj
c.m

one-loop (@ B, m) H H i) B )Iwz-B\/z
I wrerg F (1 — +Zr(wl a+m1) + |

where w; are the weights of the representation r; and I'(z) is the Euler gamma function.
The twisted masses and R-charges mj; and qr of the chiral multiplets, which take val-
ues in the Cartan subalgebra of the flavour symmetry G, combine into the holomorphic
combination M = m + 2=¢ introduced in (2.14).

For the vector multiplet contribution we obtain

(O"B>2+ (a-a)2] . (4.17)

c‘:r.lrél—.loop(a’v B) = H 2o

acAt
a-B#0

We note that the Jacobian factor and the vector multiplet determinant combine nicely into
an unconstrained product over the positive roots of the Lie algebra

<a2'rB>2 +(a- a)2] . (4.18)

v.m. 1
0ﬁe—100p(a7 B) ’ J(CL, B) = |W(HB)’ | |
acAt
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The Coulomb branch representation of the partition function of an N' = (2,2) gauge

. B\?2
<a2r ) e a)2]
r (—z’r(wl : a—I—M1)+M)
y H §)yer B 1)\wI~B\/2 2
o P (1+ir(wy - a+My)+ 252)

theory on S? is thus given by

1 e )
ZCoulomb(m, 7-) = Z W /tdae Ami&rent Tr a+id Tr B H
B

acAt

(4.19)

The expectation value of the circular Wilson loop (3.13) is obtained enriching the integrand
n (4.19) with the insertion of
Tr e "B (4.20)

4.2 Factorization of the partition function

We show in this subsection that the Coulomb branch representation of the partition func-
tion (4.19) can be written as a discrete sum, whose summand factorizes into the product
of two functions. A related factorization was found previously by Pasquetti [5] when eval-
uating the partition function of three dimensional N’ = 2 abelian gauge theories on the
squashed §3.30

We recognize the expression we obtain as the sum over Higgs vacua of the product of
the vortex partition function due to vortices at the north pole with the anti-vortex partition
function due to the anti-vortices at the south pole. This result is interpreted in section 5
as a direct path integral evaluation of the partition function, where the path integral is
argued to localize on vortices and anti-vortices in the Higgs branch.

Let us consider for definiteness the case of two dimensional N' = (2,2) SQCD. This
theory has G = U(N) gauge group and Np fundamental chiral multiplets and Np anti-
fundamental chiral multiplets. The partition function (4.19) of this theory is®!

B B 2
ZU N 1 mig Tra i) Tr B { ]
8(501)) - N E /dal daN{ e | | [ a;)’+ (2 ’

B1,...BNEZ 1<j
Nr N |B; HB; Np N \B| . o
HH(—I) z I'(—ia; — iMs+|B;|/2) HH 1) F(mi—zM +|Bil/2)
e [(1+ia;+iMs+|B;|/2) Shat (1 —dai+iMg+| Bl /2)

(4.21)
In the large a limit, the integrand is of order |a|/N(N=D+NXi(@r=1) " hence this N-
dimensional integral is convergent as long as

F
> g+ G <Np+Np—N. (4.22)

In the cases where Np > ]\pr7 or Np = Np and £ > 0, the contour can be closed to-
wards ta; — 400, enclosing poles of the fundamental multiplets’ one-loop determinants;

30The partition function of three dimensional gauge theories on S? x S' can also be factorized [24].
31Without loss of generality we set = 1 to unclutter formulas. It can easily be restored by dimensional
analysis.
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the contour must be chosen to enclose poles of the anti-fundamental multiplets’ one-loop
determinants in cases where Np < N r, or Np = N r and £ < 0. Assuming that all R-
charges are positive, or deforming the integration contour to ensure that we enclose the
same set of poles, this expresses the Coulomb branch integral as a sum of the residues at

| Bi
2

combined poles

ia; = —iM,, +n; + forall1<i<N, (4.23)

with 1 < p1,...,pny < Np and ny,...,ny > 0 labelling the poles. The resulting ratios of
Gamma functions in the integrand can be recast in terms of Pochhammer raising factorials
()p=xz(x+1)---(x+n—1) as
I'(iM,p, —iMg — n;) B (M, — iMg)(—1)™
D(1+iMs — My, + |Bil +ni) (1 + Mg — iMy, ), (1 4+ iMg — iMp, )y, B,

. (4.24)

where

(4.25)

and similarly for the ratios of Gamma functions coming from the anti-fundamental chiral
multiplets.
The symmetry between n; and n; + |B;| in (4.24) leads us to introduce new coordinates

kf =n; + [Bi)F =ni+ |Bil/2+£ Bi/2 >0 (4.26)

on the summation lattice, such that {n;, n; +|B;|} = {k'}. In section 5, the N integers k;"
will be interpreted as labelling vortices located at the north pole, and k;” anti-vortices at
the south pole. More precisely, kzi measures the amount of vortex and anti-vortex charge
carried by the i-th Cartan generator in U(NV): note that the flux B; =k — k; .

This change of coordinates decouples the sums over k™ > 0 and £~ > 0 and yields the
following expression after converting signs to a shift in the theta angle

Np ,
N (2m)N o M H v(—iM; —iMy,)
e S I @
" prypn=1 =1 s;ép ( +i -1 pz)
i N N NF NI
. Z 6(27riT+iﬂNF)Ziki+H(Mp-_Mp-+ik+—ik+)H ( 1M ZMP@)];Z*]
7 (A .
kt>o L i< J J P Ne (1+4iMy—iM B
[ - N N TTVE (M, —iM,,), -
30 [N S TT (M, My, ik i) 1_1%21( e ”
j i J ) R X
k>0 L i<j i T2 (M — My, ), -

Terms with p, = pp for some a # b < N vanish, because the sum over k™ is then antisym-
metric under the exchange of k] and k:gr. We can thus normalize the series as

N . . N N s .
f{pi}, M, 2) = § i ki | | ZMPj_zMPi""ki_kj [5 Hz 1 (=M —iMp, g, (4.28)
T b b) - . . . .
k>0 L i<j iMp; —iMy, HiVF1 Z1 (1M — iMp, ),

Xk [0 T (—iMy, —iM)y, ]
. . N . . )
= [T kil T (M, —iMy, fkj)ki T105 7 T (1M =My, ),
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which as we will see in the next section, corresponds to the vortex partition function studied
in [4], with z = exp (2miT) playing the role of the vortex fugacity. Note that this series
converges for all z (all £) if Np > Np, and for |z| < 1 (that is, £ > 0) if Np = Np,
consistent with the constraints required by our choice of contour. All in all, the partition
function factorizes as

Zg(g](\jfl)) = Z ch(vvovT) CILE% Zone—loop(aaoaM) f({pi}7M7(_1)NFZ) f({pi}an (_1)NF2)
v;=—M ;

1SP1<--~<?:7§NF ( )

4.29

up to a constant factor, with

s 1 ’7 iMS — iMPi)

res Zone-loop a, 0 M H (1 + M M ) .
1V — tlVlp,

=M i=1 ‘S’%Z{p}7

(4.30)

In the next section we obtain this result directly by localizing the path integral to Higgs
branch configurations with vortices and anti-vortices. In the matching, some care must
be taken when comparing the mass parameters of the gauge theory on the sphere with
the parameters describing the theory in the 2-background used to evaluate the vortex
partition function.

The final expression we find is reminiscent of the discrete sums of the product of holo-
morphic and anti-holomorphic conformal blocks that appear in correlators of the Ay, _1
Toda CFT in the presence of completely degenerate fields. A precise matching between the
partition function of A" = (2,2) gauge theories on S? and correlators in Toda is provided
in the abelian case in section 6, and in the case of U(NV) in [25].

Note that this factorization result applies to any gauge group G with an abelian factor
and any matter representation R, as shown in appendix F. This yields a representation of
the path integral that can be interpreted as a sum over Higgs vacua of terms factorized
into holomorphic and anti-holomorphic contributions, corresponding to vortices and anti-
vortices respectively. These formulas motivate natural conjectures for the vortex partition
functions corresponding to gauge theories with gauge group G. In the absence of U(1)
factors in the gauge group, the factorization can be carried out formally, but the two
factors may be divergent series.

5 Higgs branch representation

The localization principle, under mild conditions, guarantees that the path integral does
not depend either on the choice of supercharge Q or on the choice of V' in the deformation
term. But different choices can lead to different representations of the same path integral
and therefore to non-trivial identities.

In section 4 we have derived a representation of the partition function as an integral
over Coulomb branch vacua. In section 4.2, by explicitly evaluating the integral, we have
demonstrated that the partition function also has an alternative representation as a sum —
in the Higgs phase — over vortex and anti-vortex field configurations localized at the poles.
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This section aims to derive from path integral localization arguments the Higgs branch
representation of the partition function. This representation should have a direct derivation
using localization. The appropriate choice of supercharge to use to obtain this represen-
tation is the same supercharge Q introduced in (3.3), since it has the elegant feature of
giving rise to the vortex equations at the north pole

(Di +iDs) ¢ =0 D; (01 +iz) =0
Fis + 01+ g2g(69 — Eenl) = 0 ReD = [o7,09] = 0 (5.1)
(aﬁ%)qﬁ:@ (ca+m)p =0,
and anti-vortex equations at the south pole
(Dy —iD3) ¢ =0 D; (01 +i02) = 0
Fis + 01— ga(9d — &el) =0 ReD = [o1,09] = 0 (5.2)
(1 =2)o=0 (G2+m)d=0

We remark that when the effective Fayet-Iliopoulos parameters are non-vanishing, these
equations admit solutions with non-vanishing ¢. These solutions then restrict oo to be
a diagonal matrix with the masses of the excited chiral fields on the diagonal and the
Coulomb branch configurations (3.26) parametrizing Fcoy are lifted. The Q-invariant
field configurations admitted by (5.1) and (5.2) are vortex and anti-vortex configurations
at the north and south pole of the S2. Since vortices and anti-vortices exist in the Higgs
phase, we denote this space of supersymmetric field configurations that must be integrated
over by FHiggs-

5.1 Localizing onto the Higgs branch

In this subsection we present a heuristic argument to introduce non-zero FI parameters in
the localization computation, which as explained above yields to a representation of the
path integral as a sum over vortex and anti-vortex configurations. For the purpose of this
argument, we take all the R-charges to be zero.

Recall that our choice of deformation term 0oV = Lym. + Lem. + Lmass does not
include a FI term. In section 4, we performed the saddle point approximation after taking
the t — oo limit. In this limit, the effective FI parameter vanishes &g = 0 and the saddle
point equations forbid vortices, hence the path integral localizes to Fcou. Instead, we
assume here that there is another choice of Q-exact deformation terms QV”’ leading to a
non-vanishing effective FI parameter &g # 0 in the ¢ — oo limit.3?

The equation of motion for the D field arising from the deformed action S + tdgV” is

igu D+ e — Y d1bs =0. (5.3)
I

On the space of Q-supersymmetric field configurations (see section 3.3), D vanishes in the
bulk and we conclude that

Z G1é1 = Eetl (5.4)
i

32See [20] for a choice of V.
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which, together with (a + my)é¢; = 0 imply that the Coulomb branch is lifted, localizing
instead to the Higgs branch. Moreover the supersymmetry equations at the poles yield

o1910r = —§¢1<2>1 =0 (5.5)

which by virtue of (5.4) imply B = o1 = 0. This leads us directly to the vortex and
anti-vortex equations at the north and the south poles.

The contribution of vortices and anti-vortices to the partition function of an N = (2, 2)
gauge theory on S? can be obtained as follows. Since the vortices and anti-vortices are
localized at the poles, these can be studied by restricting the N' = (2,2) gauge theory
to the local R? flat space near the north and south poles of S?. Asymptotic infinity
of each R? is identified with a small latitude circle on S? close to the north and south
pole respectively. Therefore, the contribution of vortices and anti-vortices is captured by
the vortex/anti-vortex partition function of the gauge theory obtained by restricting our
N = (2,2) gauge theory at the poles. As we will see in section 5.2, integrating over vortex
and anti-vortex configurations for all Higgs branch vacua exactly reproduces the partition
function computed by integrating over the Coulomb branch found in section 4.2.

5.2 Vortex partition function

Following the discussion in the last subsection, in the planes glued to the poles and in the
presence of the FI parameter, the supersymmetry equations reduce to

(D1 4iDs) ¢y =0, (0o +my)pr =0, F12+Z¢1¢_51—§eff=0, (5.6)
I

in the plane attached to the north pole, and

(D1 —iD9) ¢y =0, (o2 +mp)pr =0, Fi9 —Z¢1<l_51+§eff=0, (5.7)
I

in the copy of R? attached to the south pole. These equations can be recognized as
the differential equations describing supersymmetric vortices and anti-vortices in N =
(2,2) supersymmetric gauge theories. Therefore, in our localization computation we must
integrate over the moduli space of solutions of vortices at the north pole and anti-vortices
at the south pole. For simplicity, we discuss their contribution to the partition function
for N = (2,2) SQCD with U(N) gauge group and Np fundamental chiral multiplets and
N r anti-fundamental chiral multiplets.

Since the vortices and anti-vortices exist only in the Higgs phase, let us first work out
the vacuum structure in the Higgs phase. We first note that vortices can only exist in vacua
in which the anti-fundamental fields vanish. This follows from the known mathematical
result that the vortex equations for an anti-fundamental field have no non-zero smooth
solution when the background field is a connection of a bundle with positive first Chern
class ¢; = k > 0. The vortex equations (5.6) and (5.7) then imply that exactly N chiral
multiplets take non-zero values, and diagonalizing oo = diag(ai,--- ,ay), one obtains that
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each Higgs branch of solutions to these equations is labelled by a set of distinct integers
1<p <---<pn < Np, with

a; +my, =0 i=1,...,N, (5.8)

up to permutations of integers p;. The contribution from vortices and anti-vortices depends
on the choice of Higgs branch components. In each of these components, the U(N) x
S[U(Np) x U(Np)] symmetry of the theory is broken to

S[U(N)giag ¥ U(Ng — N)] x U(1) x SU(Np), (5.9)

where U(1) rotates fundamental and anti-fundamental chiral multiplets equally.

For a given Higgs branch component labeled by {p;}, the familiar vortex equations (5.6)
admit a multidimensional moduli space of solutions which we denote by Miﬁ;iex. Since the
vorticity

1
k=— [ ToF (5.10)
2 R2

{pi},k

vortex> €ach of which

is quantized, this moduli space splits into disconnected components M
is a Kahler manifold, of dimension 2kNp. Taking into account the south pole anti-vortex
contributions, we find that the solutions of the localization equations on S? span the moduli
space
Fities = || [UroMBdE] @ [URomB, ] (5.11)
{pi}

We now argue that the vortex partition function at the poles is captured by the par-
tition function of the N' = (2,2) gauge theory in the Q-background, which is a supersym-
metric deformation of the N = (2,2) gauge theory in R? by a U(1). equivariant rotation
parameter €. Let us recall that the supercharge with which we localize an N' = (2, 2) gauge
theory on S? obeys

1
Q?=J+ St (5.12)

The key observation is to note that (5.12) is precisely the supersymmetry preserved by an
N = (2,2) gauge theory in R? when placed in the Q-background. The rotation generator in
the Q-background corresponds to J + %R, thus giving rise to the scalar supercharge under
U(1). preserved by an N' = (2,2) theory in the Q-background. Therefore, the contribution
to the partition function of an N' = (2,2) gauge theory on S? due to vortices and anti-
vortices localized at the poles is captured by the vortex/anti-vortex partition function of
the same gauge theory placed in the Q-background originally studied by Shadchin [4] (see
also [26-30]).

The vortex partition function in the Higgs branch component {p;} of an N' = (2,2)
gauge theory in the 2-background is obtained by performing the functional integral of that
theory around the background field configuration of k£ vortices, and summing over all k. It
admits an expansion

(o]
Zvortex({pi}a MQ: MQy ZQ) - Zzgzk({pl}a Mﬂv MQ) ) (513)
k=0
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where zq = exp(2mitq) is the vortex fugacity and Zg({p:}, M, M%) is the equivariant
volume of the moduli space of k vortices. The volume is given by

Zu({pi}, MO, M) = / e (5.14)
Mpz}vk

vortex

{pi}vk

where @ is the U(1). equivariant closed Kéhler form®3 on MPi02".

Our computations of the
supersymmetry transformations on S? in section 3.1 imply that the equivariant rotation
parameter € for the (-background theory induced at the poles is given in terms of the

radius of the S? by

e=—. (5.15)

It is pleasing that the N' = (2,2) theory near the poles yields the Q-deformed theory, since
the integral (5.14) for the N' = (2,2) theory in flat space suffers from ambiguities, such
as infrared divergences. Fortunately, a closer inspection of the N' = (2,2) gauge theory
on S? near the poles cures this problem, yielding finite, unambiguous results. In fact,
the Q-deformation was first introduced to regularize otherwise infrared divergent volume
integrals such as (5.14).

The vortex partition function of an N' = (2,2) gauge theory in the Q2-background can

be computed from the knowledge of the symplectic quotient construction of the vortex
{pl}zk

vortex

moduli space M given in [31, 32]. Some details of this construction are presented in
appendix G. The volume (5.14) is then given by the matrix integral of a supersymmetric
matrix theory action with U(k) gauge group. This matrix theory can be obtained by
dimensionally reducing a certain two dimensional N' = (0,2) U(k) gauge theory to zero
dimensions. This supersymmetric matrix theory inherits the supercharge Q of the N’ =

(2,2) theory in the -background as well as an equivariant
U(1)- x S[U(N)giag X U(Ng — N)] x U(1) x SU(Np) (5.16)

symmetry. The first factor U(1). is the rotational symmetry of the Q-background while

the rest is the residual symmetry of the vacuum over which vortices are studied. The inte-

gral (5.14) receives contributions from isolated points in the vortex moduli space M i,

corresponding to the Q-invariant configurations. These are labeled by a partition of k into
N non-negative integers

N
k= k. (5.17)
i=1
To each such partition we associate an IN-component vector k= (k1,...,kn), describing

how the total vortex number & is distributed among the N Cartan generators in U(N) at
this point.

For the choice of Higgs branch component of the N/ = (2,2) gauge theory labelled
by integers {p;} C {1,..., Nr}, the partition function of k-vortices admits the following

33The form & is also equivariant under the action of the residual symmetry of the vacuum over which
vortices are considered. See (5.16).
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contour integral representation [4, 35] (see appendix G for details),

k
. d .
Zk:({pi}a MQa MQ) = f H 27(:; ZVGC((p) : qund(MQa QO) : Zanti—fund(MQa ()0) (518)
Dipide 1=1

with

Yr —¢eJ
Zec( 5.19
el k,gkg]w_ P (5.19)

k Nr

qund a‘P H H o1 — MQ (520)
=1s=1

kNF

Zanti—fund(j\zga QO) = H H (SDI + ]/\Ztﬂ> . (521)

I=1t=1
For each Higgs vacuum {p;} and vorticity k, the integrand in (5.18) admits a pole at
eun =M+ (1—-1e 1=12,...k i=1,...,N, (5.22)

and the contour of integration 'y, is carefully chosen to enclose all such poles for
Zij\il k; = k, and no other. The poles of (5.18) can be understood as the location of
the fixed points under the action of Q. Each factor in (5.18) reflects the contribution of
the vortex collective coordinates associated to each of the N = (2,2) multiplets: the vec-
tor multiplet and fundamental and anti-fundamental chiral multiplets. Note here that the
mass parameters in the Q-background theory can be identified with the mass parameters
of the theory on S2,

MY = —im,,,  MP=—c—img (s¢{p}), M =—im,. (5.23)

S S

We observe the same shift in masses as for N’ = 2 gauge theories on S* found in [33].
Performing the contour integral and summing over all vortex charges E, the vortex partition
function for SQCD takes the following form

Zyorex({pi}m,m 2) = Y M Ze({pitmom), (5.24)
ki+-+kn=Fk
with
1 T2, T (—irmy, — iriig ),
Zi(pit,m,m) = L.l - S NFp N ; :
IT; kit Hi;ﬁj(”mpj — irmy, — kj)k, Hsg{p} [LZ: (X +drmg —irmy, ),
(5.25)

This expression exactly agrees®® with the expression (4.28) arising from factorization of
the Coulomb branch representation of the partition function on S2. Anti-vortices localized
at the south pole provide an identical contribution, expanded in terms of the anti-vortex

340One must analytically continue the twisted masses m — M and m — M to restore non-zero R-charges.
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fugacity z. The one loop determinant must be evaluated at the location of the Higgs
branches, where there is a zero mode. Removing the zero mode amounts to taking the
residue of the one-loop determinant. Summing over Higgs branch components finally leads
to the Higgs branch representation of the partition function of N’ = (2,2) gauge theories
on 52

ZHiggs(Mm, T) = Z Ze(v,0,7) res [Zone-loop (@, 0,m)] (5.26)
vi:—mpi
{pi}&{1,....,Nr}

Zoortess({pi}s 1, (—1)NF 2) Zyomsexe ({pi}, m, (1) V7 2)

This matches with the Coulomb branch representation of the partition function computed
earlier.

6 Gauge theory/toda correspondence

In this section we initiate the study of a novel correspondence between two dimensional
N = (2,2) gauge theories on S? and two dimensional Liouville/Toda CFT, leaving a more
complete analysis to a separate publication [25]. Our correspondence has a well known
counterpart, the AGT correspondence [13] (see also [34]), which relates four dimensional
N = 2 gauge theories and these CFTs. The correspondence we find shares features with
the AGT one. In fact, motivated by AGT, the entry of the dictionary relating Liouville
conformal blocks and vortex partition functions was already established in [27, 35, 36]. The
partition function of A = (2, 2) gauge theories on S? provides an elegant way of combining
the vortex partition functions into modular invariant objects. Some of the implications
of the modular properties we find in these two dimensional N' = (2,2) gauge theories are
discussed in section 8.

Specifically, we consider the example of N' = (2,2) SQED, described by a U(1) vector
multiplet and Np of fundamental and Np anti-fundamental chiral multiplets. We show
that the partition function of this theory is given by a four point correlation function on
the sphere for the Ay,_1 Toda CFT.%° In detail®®

|1 — 2| 7200 (Vi (00) Vi (1) Via(2, 2) Ve, (0))

Zsqep(M, M, ) = 2|2 (Vs (00)Viir—bhy, (1) Va 1(0)> 7

(6.1)

up to a normalization of the Vj insertion. The cross-ratio of the four-punctures is given
by the vortex fugacity parameter

z = (=1)Nre2miT (6.2)

and the masses of the chiral multiplets are encoded in the momenta o, as and m, and the
exponent 6. The precise relation between parameters is given in (6.7) and (6.8). Note that

35See [37] for an introduction to the Toda conformal field theory.
36The power of z in the denominator can be removed by shifting the masses of all the chiral multiplets,
which corresponds to a constant gauge transformation.
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the three point function in the denominator is a normalization, which does not affect the
dependence on z.

The vertex operators®” V,,, and V,, are labelled by generic momenta, thus they each
involve N — 1 continuous parameters. The vertex operator Vi is a semi-degenerate inser-
tion,?® labelled by a momentum m = —x»hp, parallel to the highest weight —hy, of the
antifundamental representation of Ay, _1, with one continuous parameter. The correlator
finally involves a fully degenerate insertion V),, whose momentum p = —bhy is fully con-
strained to the highest weight h; of the fundamental representation of Ay, _1. Let us now
prove (6.1) by expressing both sides of the equality in terms of hypergeometric series.

Restricting (4.27) to the case of U(1) with Np = Np, the partition function we are
interested in is given by

_ Np ' . Np _M o M
255 =awy oo I EBL B pp )l 6g)
p=1 Hs:Fl ’Y(l + ZMS - ZMP)

where z = (—1)V7e2™7  and

. —iMp—iMy - —iMp—iMp,,
Fp(2) = Np FNp-1 <1+iM1iMp S 14iMp . —iM,

z) _ ZF Hi\fl(_ims - ZNI;D)k (6.4)

k>0 Hészl(l + iMS - iMp)k

are hypergeometric series of type (Np, Np — 1), skipping 1 4 iM,, — iM,, in the list of
parameters of n.Fn,—1. We shall see shortly that this factorized representation of the
partition function matches exactly with the s-channel expression of the Toda four point
correlator as a sum over all allowed internal momenta. The one-loop contribution matches
with the product of the three point functions in the Toda theory, while the conformal
blocks are reproduced by the contribution =M from the classical action together with
the vortex partition functions Fj(z).

As in any two dimensional conformal field theory, the four point correlator of interest
can be expressed in the s, ¢, or u channels as an integral over all internal momenta of a
combination of three point functions, multiplying a holomorphic and an anti-holomorphic
conformal blocks. For our purposes, the s-channel is the most useful. The fusion rules
between the degenerate operator V,, and the generic insertion V,, only allow the internal
momentum in this channel to be a1 — bh,, for some weight h,, of the fundamental represen-
tation of Ay, _1. Thus, the correlation function is expressed as a discrete sum rather than
an integral over internal momenta:

Np
_ ~ a1 —bh s s _
(Vo (50) Vi (D Vi (2, 2)Var, (0)) = D Oz, 01—y, i), " O () FE, (2). (6.5)
p=1

3"Local operators in the Toda theory take the form V,, = e<°"¢>, labelled by a momentum vector « in the
Cartan subalgebra of An, 1.

38The theory is symmetric under the Wy, algebra, an extension of the Virasoro algebra W» involving
fields with higher spins 2,..., Nr. To each primary operator V,, is associated a representation of the Wiy,
symmetry algebra. For so called degenerate momenta, the Wy, representation becomes reducible, and
must be quotiented by the space of null vectors.
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a2 oy — bh, 831
— - <

Figure 4. Toda CFT s-channel conformal block which reproduces the vortex partition function
of SQED for a Higgs vacuum matching the choice of channel 1 < p < Ng. The full four point
correlator is equal to the SQED partition function on S2. The momenta a; and as encode the
masses of fundamental and anti-fundamental chiral multiplets, with SU(Np) x SU(Npg) flavour
symmetry, while 1h captures the remaining U(1)g4iae flavour symmetry.

Here, C(e,0,0) = (V,V,V,) are the three point correlation functions of the theory, and
F c(i)fbhp is the s-channel conformal block with internal momentum oy — bh,, (see figure 4).

The three point function involving the degenerate field p actually has poles for each allowed
internal momentum, hence we consider the residue sz,;bzpl of the three point function at
the given momenta.??

The four point correlator of interest was shown [37] — using null-vector equations —
to obey identical holomorphic and anti-holomorphic hypergeometric differential equations

of order Nf, up to a power of |1 — z|?. Those two equations enabled them to evaluate the

conformal blocks F(*) ag#0
z> , (6.6)
where ia; s = (a1 — Q, h), tag s = (ag — Q, hs), and 3 = » — (Np — 1)b.
The matching between the vortex partition functions and the conformal blocks occurs

(1— Z)—b%/NF (s) [m M] P ( [ibas,s+iba1,p+b3%/Nrl < o< v o
I P

L)Y ibay T b Ly [1ibar,p=ibarsl < o< np,sp

if and only if the 2Np — 1 parameters of the hypergeometric functions are equal (up to
permutation). Up to Weyl reflection, this fixes the 2Np — 1 momentum components of the
Toda correlator in terms of the 2Ngp — 1 physical masses of the gauge theory:

i O
Q] = Q - BZMShS
s=1

. Np
ar=Q— %ZMS% (6.7)
s=1
i & .
w={Np—1b—-> (M, +M,) .
r bzl( )

39The only non-zero two point functions are (Vag-aVa) and its Weyl conjugates, where Q = (b + %)p =
(b+3) Z;le Net1=20p . The three point function C’fi;ﬁ;”l appearing in (6.5) is thus (the residue at)
C(2Q - (0[1 - th)7 o, ).

40We use the more symmetrical notations of appendix B of [38], with the change as — 2Q) — a2 to make
this momentum incoming rather than outgoing.
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Furthermore, the exponent ¢ is fixed by comparing the powers of z appearing in (6.6)
and (6.4),

5—(b2+1)NF1+i§F:M (6.8)
N 2 Np &= '

The next object to consider is the product of three point correlation functions appearing
n (6.5). We start from the explicit expression for three point functions with a semi-
degenerate insertion (equation (1.39) in [37]),

b272b2j| <2Q—011 —(X2+%hNF ,p/b)

C(ay, a9, —rhy,) = |mpy(b?) (6.9)
CYONTTIY G [105 Y (e = @, e — b)Y ({az — Q, by — hi))
TI5F Y (%5 + (01 = Q. hs) + (a2 = Q. 1))

where the T function is introduced in [37]. Thanks to the relation Y(z + b) =
7 (bx)b' =252 (z), one can simplify a ratio involving the first of our three point functions as

C(OQ, o] — bhp, —%hNF) HS 1 ’)/(N + tba; pT ibas s) ((b2 + 1)]ls§p + ib(al,s — CLLp))

C(a27 at, _(% + b)h‘NF) a [_77/17(172 + 1)]1)
(6.10)
The second correlation function is given by (see equation (1.51) in [37])
a1—bh v(ibay,s — ibay,
Coper = [=muy(1+0°)P [ [ ( 1) (6.11)

Z V(1 + b2 +ibay s —ibaiyp))

Using the relations (6.7), the two correlation functions combine into exactly the appropriate
factor in the SQED partition function (6.3),
Clag, a1 = bhy, —3hng) onthy, 1 V(R + ibary, + ibag,,) ~y(—iM, — iM,)
C(ag, a1, — (s +b)hy,) ~thva H (1—zb(a175—a1,p H l—f—zM —iM,)
(6.12)
Putting all the ingredients together, we obtain the relation (6.1) summarizing the

s=1

correspondence. The normalization by a three point correlator in the denominator of this
relation indicates that the gauge theory partition function corresponds to the insertion of
a fully degenerate momentum in a Toda three point function with two generic and one
semi-degenerate vertex operator.

One noteworthy aspect of the matching is that delta-renormalizable vertex operators,
whose momenta are characterized by the reality condition that (a —Q,h > ciRforall 1 <
s < Np, arise exactly when the gauge theory complex masses M = m + 5q are real, hence
the R-charges are zero. We can analytically continue the correlator to arbltrary momenta
in order to capture the partition function of gauge theories with non-zero R-charges.

The precise matching between the partition function of SQED with a correlator in
Anp—1 Toda CFT can be given a physical explanation using the AGT correspondence. We
start with the punctured Riemann surface describing four dimensional N = 2 SQCD with
SU(NF) gauge group and N fundamental and N anti-fundamental hypermultiplets. This
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Figure 5. Decoupling limit of the AGT correspondence with a simple surface operator.

is described by an Ay, 1 Toda CFT correlator on the four-punctured sphere, with two non-
degenerate and two semi-degenerate punctures. We now add a degenerate puncture, which
is believed to correspond to inserting a half-BPS surface operator on S? inside S* [14].
For the simplest degenerate field, the surface operator can be described by coupling a two
dimensional N' = (2, 2) gauge theory to four dimensional SQCD (see e.g. [39]). The precise
two dimensional gauge theory can be found by realizing the simple surface operator as a
D2-brane in Type ITA string theory, as summarized in figure 5. For the simplest surface
operator, the corresponding theory is two dimensional N' = (2,2) SQED with Ng flavours,
which we just analyzed. The Toda CFT correlator with the degenerate field insertion
is expected to capture the four dimensional gauge dynamics, the two dimensional gauge
dynamics on the surface operator and the coupling of the four dimensional degrees of
freedom to the two dimensional ones.

We can turn off the couplings of four dimensional SQCD to two dimensional SQED by
sending the four dimensional gauge coupling to zero. This corresponds in the language of
Toda CFT to factorizing the five point function into the four point function that we are after
times a three point function. This factorization of the five-punctured sphere is depicted in
figure 5. In this limit, only the dynamics of the two dimensional theory remain. Moreover,
in this limit, the couplings between the four dimensional and two dimensional theories are
realized as twisted mass parameters for the chiral multiplets in the two dimensional theory.
It is therefore natural to expect that the Toda correlation function (6.5) is related to the
partition function of N = (2,2) SQED with N flavours, which is what we have shown
explicitly in this section.

7 Seiberg duality

In this section, we apply our results to study the infrared duality of N' = (2,2) non-abelian
gauge theories in two dimensions. There are many interesting mathematical conjectures
on the properties of moduli spaces of Calabi-Yau manifolds embedded in Grassmannians,
one of which is known as the Rgdland conjecture that a certain Calabi-Yau threefold in the
Crassmannian G(2,7) and the Pfaffian Calabi-Yau in CP® are in the same one-dimensional
complexified Kahler moduli space. In attempts to provide a physical proof of Rgdland’s
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conjecture, it has been proposed [19] that the N' = (2,2) SU(N) gauge theory with Np > N
massless fundamental chiral multiplets without superpotential is dual to the theory with
gauge group SU(Ng — N),

SU(N) <— SU(Np —N). (7.1)

Indeed the two theories, endowed with twisted masses, have the same Witten index. Fur-
thermore, since these theories are expected to flow in the infrared to N' = (2,2) supercon-
formal theories with central charges ¢ = (Np — N)N + 1, the two theories in this duality
pair carry the same central charge. Recently, the above duality, known as the Seiberg-like
duality in two dimensions, has been generalized to other gauge groups [40]

O4(N) +— SO(Np — N + 1), Np >N

SO(N) «<— O4(Nrp— N +1), Np > N (7.2)
O_(N) +— O_(Np—N +1), Np >N

Sp(N) <— Sp(Np — N —1), Nrp>N-+3

where £ denotes the eigenvalues of Zy gauge symmetry of O(N).

We prove in appendix H that the partition functions of theories with special unitary
gauge groups (7.1) are equal in two different limits, hence providing non-trivial evidence
to support the above duality for this pair of gauge groups.

In the limit of small masses and R-charges, the partition function is singular, and we
will express it as

[lyer [ (0, — M)
2 > ()

peE

Zsymny(M) =

+0(1), (7.3)

EC{1,...Np}

#E=N

where the sum ranges over sets E of N flavours, and O(1) indicates that only the sin-
gular part of Zgy(y) is captured by the sum. This expression is symmetrical under the
transformation

E—=FE={1,...,Np}\ FE

N+ N =Nr—-N (7.4)

N
M, = My, = =M, + x5 S5 M.

Only the O(1) term may be affected, hence we obtain the duality

Zguv)(M) = Zsy(np—n) (M) + O(1), (7.5)

in the limit M — 0. Note that since Zgyy) ~ M-NWF=N)=1 at 0, the relation (7.5)
involves N(Ng — N) + 1 orders. The duality was also tested explicitly to order O(M?) in
the case N =2, Np = 3.

The second case which we consider in appendix H is the limit where a sum of IV of the
complex masses vanishes, with masses otherwise generic. The partition function Zgy ) has
a simple pole in this limit, whose residue is shown to match the dual SU(Np — N) theory.
This is a strong check of the Seiberg-like duality Zsyn) (M) = Zsyv,—n)(M') since the
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masses and R-charges span in this case a codimension 1 subspace of the Np-dimensional
parameter space.

Using the Coulomb branch expression (4.19) for partition functions of N' = (2,2) the-
ories with arbitrary gauge groups, it should be possible to prove Seiberg-like duality for
different pairs of gauge groups, such as those given in (7.2). It should also be possible to ex-
tend the above Seiberg-like duality to theories with a homogenous superpotential of degree
d in the baryon operators, with (NF_QJJVVW < d < Np [40]. Due to the superpotential,
the R-charge of each chiral multiplet is constrained to be in the range*!

Np — N 1

— <q : .
NNs =4S TN, T NN, (7.6)

It would be interesting to show an agreement between the partition functions of each pair
of theories for the case of R-charges in the above range.

8 Discussion

In this paper we have computed the exact partition function of two dimensional N' = (2, 2)
gauge theories on S?. We have shown that there are two ways of representing the partition
function. It can be either written as an integral over the Coulomb branch or as a sum
over vortices and anti-vortices in the Higgs branch. By explicitly evaluating the integral
representation in the Coulomb branch, we find exact agreement with the Higgs branch
representation of the partition function. Quite pleasingly, despite that we are integrating
over different field configurations, the two results give rise to the same partition function.

The Coulomb branch representation is found by integrating over Q-invariant field con-
figurations that are saddle points of the deformation action. Since our deformation term
does not contain a term linear in D, the intersection of the supersymmetry fixed point equa-
tions with the saddle point equations completely lifts configurations in the Higgs branch,
giving rise, as supersymmetric saddle points, to the Coulomb branch configurations Fcouyl,
which we integrate over with a specific measure determined by the one-loop determinants.
This implies, in particular, that the vortex and anti-vortex configurations allowed at the
poles by the supersymmetry equations are forbidden. The same result can be more straight-
forwardly obtained by localizing the path integral with respect to different supercharges,
concretely Q1 and Q2. In this approach, the supersymmetry equations alone forbid any
non-trivial configurations in the Higgs phase while precisely reproducing the Coulomb phase
field configurations Fgou.

The Higgs branch representation is instead found by integrating over Q-invariant field
configurations that are saddle points of a deformed action that does contain a term linear
in D. In this case, the intersection of the supersymmetry equations with the equations
of motion completely lifts the Coulomb branch. However, the equations now allow for
non-trivial field configurations supported in the Higgs phase, which we have denoted by
Fhiggs- These field configurations describe vortex and anti-vortex excitations at the poles

“1The upper bound of this range reproduces the condition ZiV:Fl gs < Np — N 4+ 1/N which ensures
convergence of the Coulomb branch integral (H.1).
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of the S? around each of the Higgs branches of the theory. In this Higgs branch represen-
tation, the partition function is written as a sum over Higgs branches of the product of
the vortex partition function at the north pole with the anti-vortex partition function at
the south pole. The deformed action that we have considered to obtain the Higgs branch
representation is the same deformed action as before, but now the saddle point equations
are analyzed at a large finite value of the parameter multiplying the deformation term. A
more desirable and precise way to arrive at the same conclusion would be to localize the
path integral with a different deformation term dgoV that, in the limit when the parameter
multiplying it goes to infinity, yields a non-trivial linear term in D. It would be interesting
to explicitly construct such a deformation term.

Conceptually, the fact that a correlation function in a supersymmetric gauge theory
may admit multiple representations can be understood as follows. When computing a
supersymmetric path integral by supersymmetric localization, several choices are available,
including the choice of supercharge and of deformation term with which to localize (see
section 3 for details). Under mild conditions, the localization principle guarantees that
the path integral is independent of these choices. For different choices, however, the path
integral may localize to different supersymmetric field configurations and therefore provide
alternative representations of the same correlation function. This general picture is behind
the equivalence we find between the Coulomb and Higgs branch representation of the
partition function of N = (2, 2) gauge theories on S2. It would be very interesting to extend
this general picture to find new dual descriptions of correlation functions in supersymmetric
gauge theories, as they can lead, at the very least, to novel identities or to a physical
derivation of known ones.

The Higgs branch expression for the partition function shares features with the local-
ization computation of the partition function and Wilson loops [3], 't Hooft loops [23] and
domain walls [41] in four dimensional N' = 2 gauge theories. These correlation functions
receive contributions from non-perturbative field configurations localized at the north and
south poles of the corresponding sphere. In four dimensions they are due to instantons
and anti-instantons, while in two dimensions the path integral is a sum over vortices at
the north pole and anti-vortices at the south pole. In four dimensions the contribution of
instantons and anti-instantons are captured by the instanton partition function [42, 43],
while the contribution of vortices and anti-vortices are captured by the vortex partition
function [4] (see also [26-30]). An important qualitative difference, however, is that in-
stantons and anti-instantons appear in the Coulomb phase while vortices and anti-vortices
can only appear as non-trivial field configurations in the Higgs phase. Furthermore, the
four dimensional correlation functions do not have a known dual description, while in two
dimensions we find that the partition function admits a Coulomb branch representation.

Several applications and correspondences emerge from our results. A correspondence
between the partition function of ' = (2,2) gauge theories on S? and correlation func-
tions in Liouville/Toda CFT has been found, extending the AGT correspondence [13]
(see also [34]). We have explicitly presented the Ay, _1 Toda representation of the parti-
tion function of SQED with Ng electrons and Ng positron chiral multiplet fields, leaving
the more complete correspondence for other theories to a separate publication [25]. This
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correspondence can be enriched by adding defects both in gauge theory and in Toda as
in [14, 41, 44](see also [45]) and it would be interesting to establish a detailed dictionary
between gauge theory and Toda CFT. In fact, we have already found the effect of inserting
a supersymmetric Wilson loop in (4.20). When the gauge group contains U(1) factors, a
Wilson loop insertion effectively shifts the FI parameter & as well as a the topological term
9. In the Toda CFT description, this corresponds to changing the moduli of the Riemann
surface in the holomorphic sector and anti-holomorphic sector of the CFT differently. This
can be realized by the insertion in Toda CFT of the complex-structure-changing topological
defect operator introduced in [41].

Since the correlation functions of Toda CFT are modular invariant, this correspon-
dence implies that the gauge theories that admit a Toda CFT representation enjoy quite
remarkable modularity properties in the complexified gauge theory parameters 7 (2.9). In
particular, this implies that the results from & > 0 to £ < 0 are related by analytic contin-
uation, and that the partition function in the two regimes are the same. In the example
of SQED, the & > 0 regime corresponds to the factorization of the Toda CFT correlator
in the s-channel, and individual Higgs vacua, labelled by masses of the fundamental chiral
multiplets, match precisely with the N channels allowed by the fusion of the degenerate
insertion with the operator which encodes the fundamental masses. The £ < 0 regime is
described by the wu-channel factorization, and the sum over Higgs vacua — which corre-
spond to intermediate channels in Toda — is labelled by masses of the anti-fundamental
chiral multiplets.

The expansion of the partition function near £ = 0 corresponds to the t-channel factor-
ization. In this limit, the expansion in terms of vortices and anti-vortices in SQED breaks
down, and it would be interesting to understand whether this expansion has an alternative
description in terms of another two dimensional gauge theory. Studying the modular prop-
erties further may lead to a picture of dualities analogous to [46]. Relatedly, it would also
be interesting to study the combined dynamics of two dimensional gauge theories on S?
coupled to four dimensional A" = 2 gauge theories on S*, and their potential interpretation
as surface operators. Extending the analysis to the squashed S? is also worth pursuing.

Our findings can also be applied to the study of N' = (2,2) non-linear sigma mod-
els with Kahler target spaces, including Calabi-Yau manifolds. The sigma models which
describe string propagation in such target spaces, enjoy a rich “phase” structure as the
complefixied Kéhler parameters are varied. This may include the appearance of different
geometries in large volume regimes as well as non-geometrical phases. Novel tools and
understanding in the study of these questions were introduced in [15], where these theories
were given an ultraviolet definition in terms of N' = (2,2) gauge theories. An important
insight brought by the gauge theory description was the proposal that topology changing
transitions — in particular the flop transition — can be described by analytic continuation
in the gauge theory couplings 7. Our exact results for SQED — which include the conifold
for Np = 2 — quantitatively demonstrate that the two large volume regimes connected
through a flop transition are indeed related by analytic continuation. Furthermore, analytic
continuation in the flop transition is realized by crossing symmetry in our correspondence
with Toda CFT. Our formulas further demonstrate that the physics at £ = 0, while cor-
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responding to a singular Calabi-Yau geometry, is completely regular for a non-vanishing
topological angle 9.

Another relevant connection between N = (2,2) gauge theories in the ultraviolet
and non-linear sigma models in the infrared is the transmutation of gauge vortices into
worldsheet instantons [15]. Given the exact results for the gauge theory partition function
found in this paper, it would be interesting to revisit this connection, which was effectively
used in [47] to quantitatively study worldsheet instantons.

Finally, we have used our formulas to study Seiberg duality in two dimensions, where
we have demonstrated that Seiberg dual pairs have the same partition function in some
limits. A very rich set of dualities relating two dimensional N = (2,2) theories is mirror
symmetry, which relates string theory on different mirror Calabi-Yau manifolds and in
different phases. It would be very interesting to extend our results to the case of Landau-
Ginzburg models and provide a detailed picture relating these models to their dual gauged
linear sigma models. This requires extending our analysis by including twisted chiral
multiplets and the allowing for a non-trivial Kahler potential.

Two dimensional N' = (2,2) non-abelian gauge theories been recently proposed to
study non-toric Calabi-Yau manifolds, such as Calabi-Yau manifolds embedded in Grass-
mannians and determinantal Calabi-Yau varieties [48]. Due to the strong coupling dy-
namics of these gauge theories, these models have not been studied much. Our exact
results provide a new and powerful tool to investigate the strong coupling dynamics of
these N' = (2,2) non-abelian gauged linear sigma models, which may hopefully lead to new
insights into this large class of Calabi-Yau manifolds. Another direction to study further
is a possible connection of our results to the physics of domain walls in three dimensional
gauge theories on S3, generalizing the results in [11, 41, 49]. Finally, our exact results
may provide hints on a 4d/2d relation between the geometry of four-manifolds and two-
dimensional gauge theories, resulting in a novel correspondences beyond the the 2d/4d
relations of [13] and 3d/3d relations of [50-52].
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A Notations and conventions

We use the following conventions for indices:

1,7,k =1,2 coordinate indices on S?

’Z,j’, /%, cee = i,? tangent space indices
a,B,v,---=1,2 Dirac spinor indices

m,n,p=1,2,3 indices for SU(2) generators

A.1 S? conventions
We work in polar coordinates (z!,22) = (6, ) where the metric on S? can be written as
ds* = r? (d6* + sin® 6d¢?) . (A1)
The canonical choice of orientation is
e12 = Vh €i5 = r?siné, (A.2)
with the corresponding volume-form
d?zvh =r?sinf dd Ady. (A.3)
The simplest choice of zweibein is
el = rdg and 2 = rsinf dy, (A.4)
with the spin connection given by
wi = —& cos B dey. (A.5)
By D; we denote the gauge-covariant derivative
D; =V, —i4;, (A.6)

where V; is the usual covariant derivative and A; is the gauge field. The corresponding
curvature is given by

Fz’j = EiijQ = ViAj - Vin — Z'[Ai, Aj] . (A7)
A.2 Spinors and the Clifford algebra

Our conventions for spinors are the same as in [53] and are listed below. Let 7, denote
the standard Pauli matrices given by

:(? ;) :(0 ‘0) 3:(3 _01). (A8)

We take our spinors to be anti-commuting Dirac spinors €,. These spinors are acted
on by the y-matrices defined by

(V) : V=T - (A.9)
Evidently, the matrices 'y% satisfy the two dimensional Clifford algebra
{77} =207, (A.10)
and wg = —i'yivﬁ is the two dimensional chirality matrix.*?

B

m mn —
aﬁ: € panado'p .

“2In terms of the o and & matrices introduced in [53], the y-matrices are given by v %
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The spinor indices are raised and lowered by the (anti-symmetric) charge conjugation
matrix as
e = C%eq and o = Cope’ (A.11)

with the consistency condition
CoyC1P =68 (A.12)

More explicitly, we take C12 = Cy; =1 and C?! = C15 = —1.
We adapt the Northwest-Southeast convention for the implicit contraction of the spinor
indices, i.e. for two spinors € and A\ we define

A=eAa=X and A= e(7™), A = =M. (A.13)
Note that the y-matrices with both spinor indices lowered
(Y™ ag = Casv™, (A.14)
are symmetric and are numerically equal to (—73, —¢,71) for 7 = (1,2, 3) respectively.

A.3 Fierz identities

Let €, A and € be anticommuting spinors. The following Fierz identities are used extensively
in our calculations

(EN)e+ (Ne)e+ (ee)d =0, (A.15)
(EymA)Y™e + (EN)e 4 2(€e)A = 0. (A.16)

B Supersymmetry transformations on S2

The N = (2, 2) superconformal algebra in the S? basis is spanned by the bosonic generators
Imy K, R, A, (B.1)

and the supercharges

Qa; Sas Qas Sa - (B.2)

Jm generate the SU(2) isometries of S? while K, generate the conformal symmetries of
S2. R and A are each a U(1) R-symmetry generator, the first being non-chiral and the
latter being chiral.

The N = (2,2) superconformal algebra is given by

(90.Qs) = dm — 5CasR U 8=~ 270785 [R.Sa] = +5,
190.Qa) = A~ SR Q= —270°Qs  [R.Qu] = Qo
(@0 @5} = W+ 5Cos A Q)= ~297Qs  [R.Qul = Qs
(Sar S5} = WK — 5Cos A I8 = —5%85  [R.5a] = S0
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. a 1 aB A _
{me Jn] = menpt]p [Kmv S ] = *§VmBQﬁ [*A’ SO!] = QOt

. A G )
[KmaKn] = _Zﬁmanp [Kma Q ] = _§’YmBSB [A) Qa] = _Sa
. 1 ]
[Jma Kn] - menpr [Kma Q ] = _ifymﬁsﬁ [.A, Qa] = _Sa
_ 1 _
[Km, S = _§’Yn?ﬁQﬁ [A, 5] = Qo - (B.3)

This algebra admits a Zs automorphism, under which

Im, R, Qo Sa = Jm; R, Qay Sa

e - (B.4)
K’m7~’47 QOM SOé — _Km7 _A7 _QOH _SOé .

Therefore, {J,,, R, S,Q} generate a subalgebra. It is the SU(2|1) algebra in (2.2), which
describes the N = (2, 2) supersymmetry algebra on S2.

B.1 Realization of SU(2|1) on the fields

A simple way to obtain the SU(2|1) supersymmetry transformations is to first construct
the N/ = (2,2) superconformal transformations and then restrict to those of the SU(2|1)
subalgebra. This logic applies in any dimension and gives a first principles construction
of the supersymmetry transformations that does not require guesswork, at least as long as
the space admits a conformal Killing spinor.

The superconformal transformations are easily obtained from the Poincaré supersym-
metry transformations in flat space by demanding that once the flat metric is replaced
by a curved metric, that the supersymmetry transformations are covariant under Weyl
transformations. In this process, the constant supersymmetry parameters of flat space are
replaced by conformal Killing spinors, which obey

Vi€ = ;€ Ve = ’)/Z% . (B5)

Using that the fields and conformal Killing spinors transform with definite weight under a
Weyl transformation

2Q(x)

we obtain the required superconformal transformations by imposing Weyl covariance. The
terms that need to be modified in the vector and chiral multiplet flat space supersymmetry
transformations (which can be obtained by dimensionally reducing the four dimensional
N = 1 supersymmetry transformations in [53] to two dimensions) to make them Weyl
covariant are*
EPN  — EPN—\Ve
ePN  —  eDA— \Ve

43The coefficients of the extra terms are fixed by demanding that the combination transforms covariantly
under Weyl transformations and, in general, depend on the Weyl weight of the fields as well as the dimension
of space.
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Dorze —  Dorac+o1aVe
Doige —  Doige+012VeE
Dée  —  Doe+ JoVe
Doz —  Dée+ SV
Die —  De— JuVe
De —  Die- JVE, (B.7)

where we have used the following Weyl weights w

SUSY vector multiplet chiral multiplet
€ €|A, o1 020 XX D¢ v F ¢ ¥
q
2

3 3
0 1 1 33 2

N[
D[ —

where w is the charge ¢ — e~ *2(#) ¢ under the Weyl transformation (B.6).
In this way, we obtain the two dimensional ' = (2, 2) superconformal transformations

for the vector multiplet

7 _ _
0A; = 5 (6%’)\ + 6%’)\) ,

1 _
doy = 3 (E)\ — e)\) ,
(5(72 = —% (E’y:;))\ + 6’}’3X) y
D = —%E (1]))\+ (o1, \] — d [ag,ryf”AD (B.8)

Vet Lo (DX — Tor N — i 351 — &y
+ 2)\Y76+ 26 (JD/\ [01,)\] 7 [02,7 A]) 2/\Y76,

o\ = (i’y3FiQ —3Doy + ilPoy — A3 [01,02] — D) e+ i01Ye — 097> Ve,

oA = (WgFiQ - Vglﬁfh — Doy + 73[0’1, o] + D) €—ioYe— 02’73Y7€,
and chiral multiplet

0 = €

5¢p = e

. .3 q _

50 =i (Do + 016 —ioaon’ + Lo ) e+ eF

o =i (mé + oy + igoayd + %q?W) E+ el

5F = =i (Dithn + o1 — iz + 00 + 297 )

5F = —i (Dﬂzyyi + o1 + oy — BX + gw) c.
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The spinors € and € serve as the parameters of the superconformal transformations, such
that each independent conformal Killing spinor is associated with one of the supercharges
in the superconformal algebra. On S?, we can take the conformal Killing spinors to satisfy

s 5 5
Vies = —7i7 s and Vi€ = —%*y (B.10)
T 2r

with s,5 = 4. There are four independent solutions to these equations

% .

€5 = exp <—12'yé) exp (Z;O'y?’> €, (B.11)
0

€5 = exp <+Z2'yé> exp < ;0 3) & . (B.12)

parametrized by four independent constant spinors e and €. A general superconformal
transformation is then generated by a linear combination of the supercharges parametrized
as follows

5€+ = ej:}/—i-Q, 567 = 6;;5/—57 SEJr = QF:Y-FQ7 557 = _607’7—5 (B13)
where 74 satisfy
~ 1 . 3 . 3~
Y+ = —= (L £ y°) = £iy"y¢
V2 ( ) (B.14)
'3/_2*_ = —5/3 - i’YS, 5/4*’7* =1.
Using the conformal Killing spinor equations above, the superconformal algebra is realized
on the vector multiplet fields as

s+ S

ar+iS 08 3

a)\ —zsgs@vgj\ — 32‘8278045\,

[0, 0] A = —LeX + i [A N + i

2 A,

6,0 A = —LeA+i [AN] —i°—
[0c, 0e] Aj = —(LeA)i + DiA, (B.15)
[0c, 0] 01 = —Leor +i[A,01] — (s + 5)O0y — i(s + 5)ao
[0c, 0e] 02 = —Leoa + 1 [A, 02] + (s + 5)O01 —i(s + 5)aos,

[0c,0e) D = —L¢D + i [A, D] — 2i(s + 5)aD,

and [0¢, dc] = [0e, 0] = 0 on all the fields. Therefore [d, d¢] generates a space-time transfor-
mation as well as a gauge transformation, an R and A4 R-symmetry transformation and a
Weyl transformation. The parameters of these transformations are given by

fi = _i€7i€7
A = (ée)oy — i(€’yge)02 +£A;,
1 B.1
0 = —ce, (B.16)
2r
1 ~
= _567367
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where we have omitted the subscript s and 5 on the spinors. Note that the spacetime
transformation is realized by the Lie derivative on bosonic fields and by the Lie-Lorentz
derivative (2.33) on the fermions. More explicitly, the Lie-Lorentz derivative along the
vector field £ is given by -

$—38 . 3

043, (B.17)

Le=8V;—i
The superconformal algebra is realized on the chiral multiplet fields as

s—35 s+ s s+ 5

[0e, 0 0 = —Lew + M) i~ (1 = Qo — i=5— O —i=7 (g + Do,
60,6 § = — Lt — 1A + 17— (g = Dt + 7220930 — i (g + Dadd,
6,6 6 = —Led +ir — i°—"gag — i™Zgag.,
i R sig i (B.18)
[0c,0e) o = —Led — ipA +i qop — i qog,
(6, 6] F = —LeF +ihF+i°— 22— g)aF —i° T 5(¢ + 2)aF
60, 6] F = —LeF —iFA+i° (g —2)aF —i°T5(¢ + 2)aF

where the parameters of the transformations are the same as those for the vector multiplet
fields (B.16).

To obtain the SU(2|1) supersymmetry transformations, we restrict the superconformal
transformations (B.8) and (B.9) we have constructed to those associated with @, and S,
which are parametrized by e, and é_. The corresponding realization of the algebra on the
fields is given by (B.15) and (B.18) with s =1 and 5§ = —1.

In the main text, we find it convenient to perform the field redefinition D — D + o9 /r,
after which we obtain the supersymmetry transformations presented in section 2.

C Supersymmetric configurations

In this appendix we present the derivation of the choice of SUSY parameters and the
corresponding supersymmetric configurations.

C.1 Choice of supercharge

The conformal Killing spinor equations on S? are

1 .

Vie= —l-%%"y?'e, (C.1)
1 .

V€= _277,%7357 (C.2)

with the general solutions of the form

€ = exp <—w7§) exp <w’y3> €, (C.3)
2 2
€ = exp <+Z2972> exp (1;073> € - (C4)

45 —



Here, the hatted 7 indices denote the tangent space (flat) indices.** The corresponding

bilinear £ = —iéy’e is given by
¢l = —cosyp (iEO‘yleo) —sing (iaﬁ/Qeo) , (C.5)
£2 = —Ey€0 + cot fsing (iafyleo) —cotfcos g (z’éfy%o) . (C.6)

We wish to find spinors such that ¢! vanishes while 2 is a non-zero constant. The vanishing
on &' for all angles ¢ requires €,7'e, = €%€, = 0. This can be achieved by choosing €,
and €, to be chiral spinors with opposite chirality. We choose the constant spinors such
that
Vo = +€o, (C.7)
Ve = &), (C.8)

and the conformal Killing spinors reduce to

p .
€ = exp (-ZQ’YQ + gp) €o (C.9)
_ 0 ip

€ = exp +5'yg -5 ) (C.10)

The spinor bilinears constructed out of these spinors take the form

€€ = €€, COS 0, (C.11)
g = - 16060 8?0 » (012)
1
= —7_0 o - .1
« 5 €o€ (C.13)

C.2 SUSY saddle point equations

Since after localization, only supersymmetric configurations can contribute, we write Qf =
0 for all fermionic fields, with O parametrized by the particular choice of € and € we just
derived. Let us fix the relative normalization of €, and €, such that

& = —ive, (C.14)

We thus obtain the explicit expressions

; 0 0 5 0 0 5
€ = e'¥/? (cos 5 isin 272> €o e~H/2 (sm 3 icos 272) (C.15)
i - 0 0 5 0 0 5
1. _ ip/2 Y V.2 o —ip/2 7 2
Ye=e <sm 5 —icos oy ) €o le=e (cos 5 isin 27 > (C.16)
. ) 0 - .
7le = /2 <—isinz + cos 272> €o 'y £ =e i/ (—z cos — + sin 272> €o (C.17)
3¢ — iv/2 O 0.2 — o—ip/2 7
ve=e €08 3 + ¢sin 57 ) € ’y E=e sm —|— 1COS ’y (C.18)

44Gee appendix A.
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Thanks to those expressions for various gamma matrices acting on our conformal Killing

spinors, A = 0 and 6\ = 0 may be written as

0=0\= sing(iVi+Vg)—|—icosg(V3+iD) ez e
+ [Cosz (Vi +iV;) — sing (V3 — iD)} ¢'5~%¢
e PR A 0 ] e
0=0)\= cos§(z i+‘/§)+zs1n§(V3—zD) e ‘2¢
+ [sinz (‘71 + Z'VQ) — cosg (Vg + zD)} e_i%WQEO

while 61 = 0 and §¢ = 0 yields

0 . 0 '
0=0yp =1 [Sin2(D—¢—ie1“0F)+cos2<01—i02+2qr)¢ et

0 A A o A
+ [cos B (D+¢ — z'e_wF) + sin 3 (01 + 09 — %) qﬁ] e’%fy?eo,

- . 0 - . ioE .0 - . q 2
0:6¢):1[C082(D¢)26¢F)+81n2¢(01+202+2r>]e 2¢€,

0 o ioE 6 - oA
T [sinQ (Dyo — i€ F) Teos g ¢ (Ul —iog + q>] e 2%, .

2r

(C.19)

(C.20)

(C.21)

(C.22)

Here Dy = D; £1iD; and for future reference, we define o4 = o1 £i03. Since €, and ’7260

are linearly independent, each square bracket must vanish separately. Using the reality

conditions

Al =A;

¢
=F

& —

i
o oF FT

H—+
Il

we can write the equations as
0 0
sin §Dia+ + cos B <Fié + 2L 4D Filol, 0’2]) =0
r

0 0
cos §Dia_ — sini (Fﬁ + 9L D+ [0'1,0'2]) =0
T

sing (D_¢Lie F) + COSQ (O':F + i) ¢»=0

2 2r
9 — 0 q
Z o P i - I S R
cos o, (D+q5ize F) + sin 5 (ai 27") p=0.

(C.23)

(C.24)

(C.25)

Taking linear combinations of each set of these equations and using the reality conditions,

we obtain the desired SUSY equations

Déal = DQUQ = DiUg =0 ReD = [01,02] =0
Djoy —ImDsin6 = 0 Fiy+ 22 —TmDcosd =0,
r
0 0
cos §D+¢+sin§ (01 — %) ¢=0 029 =0
0 0
siniD_¢+cos§(01+%>¢:O F=0.
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C.3 O-supersymmetric field configurations

To compute the path integral using localization on supersymmetric configurations, we need
to find the space of solutions of equations (C.26) and (C.27).

Let us first analyze the vector multiplet field equations.

For concreteness, we choose the coordinate patch 0 < § < w, where we can gauge away
the df-component of the gauge field.*> The general solution to (C.26) takes the form

A =roycosf do, o1 =01(0), oy = 02(p) . (C.28)

Imposing the chiral multiplet supersymmetry equations (C.27) and plugging in the above
form for the vector multiplet fields we obtain

(Sin969+g0089+01>¢:0 F=0
2 . (C.29)
(8¢+i§)¢:0 (02 +m)p =0

where we have also included the mass term which, as explained in section 2 is just a shift
in o9 by a diagonal matrix valued in the flavor symmetry group. For generic values of
R-charges ¢, the only solution of the above equations which is periodic in ¢ is

¢=0. (C.30)

Consequently, in the absence of effective Fayet-Iliopoulos parameters, the reality conditions
necessary for having a convergent path integral constrain the vector multiplet auxiliary field
to vanish, i.e.

3D = —¢?pp = 0. (C.31)

The vanishing of the auxiliary field in turn forces o; to be a constant and the general
solution to the supersymmetry equations (C.26) and (C.27) takes the form

B B
Az;(ﬁ—COS@)dgp o1= 5
o2 =a D=0 (C.32)
p=0¢ =0 F=Ft=o0
where 04 = %dgp is the appropriate gauge transformation to extend the solution to

the coordinate patches including the north pole (with x = 1) or the south pole (where

k = —1). We conclude that for general R-charge assignments, Fy — the space of smooth

solutions to the supersymmetry fixed point equations — is parametrized by two constant

matrices, a & B, where B is further constrained by the first Chern class quantization to

take integer values.

We note in passing that for special values of the R-charges, there exist non-trivial

solutions to the chiral multiplet supersymmetry equations which take the form
.9\ Bz
o= e%(”B*q)‘p%d)o, subject to (a+m)po =0. (C.33)
(cos g) 2

“Every 1-form w = wedf on S? is, up to dy terms, closed and therefore exact — since the H'(S?) = 0.
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D One-loop determinants

Here we present the computation of the one-loop determinants in the localization compu-
tation of the partition function. Our starting point is the quadratic part of the vector and
chiral multiplet actions (2.4) and (2.10) in the background (3.26) with the addition of the
gauge fixing ghosts ¢, ¢ and the Lagrange multiplier . The various terms are

Sy = /dQ:c\/ETr{Ai < >A + %Al [B. A7) + 015 DA,
'l"

+ o1 (M2+:2> 01+02M202+D2—g2}a (D.1)

Sy d%;fTr{ IZ)—f ]+, ])A}’ (D-2)

Sehost = d 20V Tr {CM2C —bg( A,,Ul,ag)} (D.3)

2 — _
gem. d%: Vh { 1a— 1 y fq) ¢>+FF}, (D.4)
T

Sgm = /d% Vh {w (—z’lﬁ ~ B (at Z)v?’) ¢} : (D5)

where G is the gauge fixing condition corresponding to the choice of gauge
Q(Ai,01,02)=DiAl+§[B,U1] —i[a,02] =0, (D.6)

and M? is given by
1
2 2 2 2
where a and B act in the appropriate representations. We note that (D.6) is the background
gauge field choice Dy AM = 0 in four dimensions dimensionally reduced to two dimensions.
This choice simplifies computations considerably.

The integral over b imposes the background field gauge (D.6) while integrating out the
auxiliary fields D and F' yields a trivial factor. We now analyze the rest.

D.1 Dirac operator in monopole background

Before computing the one-loop determinant contribution of fermionic fields, let us first
derive the spectrum of the Dirac operator in the background (3.26). Since the index of the
Dirac operator, acting in the representation R of the gauge algebra, is given by

ind(P) = % /52 TrF=TrB, (D.8)

we anticipate | Tr B| zero-modes. Excluding these modes, we may diagonalize the Dirac
operator using spinor monopole harmonics. For each weight w of the representation R and
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each mode (J,m) such that J > |B,|/2 and —J < m < J we have

_>\J,m

<w>>J,m:<Agm ’ ) (D.9)

since iJp is traceless. The spectrum of iJ) can easily be derived from the spectrum of —E)2
when expressed in terms of the scalar Laplacian

—(D7)2 4 1=Bu
= ( (D, )O+ 52 (DZ%)QOjL 1+Bw> ‘ (D.10)

272

Here (D7) = (9; — iBuEL0;)? denotes the scalar Laplacian in the monopole background
with monopole charge %. The connection w; is expressed in terms of the spin connec-
tion (A.5) as w; = %12_ In the rest of this subsection, we drop the subscript in B, to avoid

cluttering the notation.

The eigen-value of the scalar Laplacian in the (J,m) mode is given by

J(J+1 B +1)?
— (D)m = (TQ ) _{ 47«2) : (D.11)

where J runs from @ to oo in integer steps and the multiplicity in each mode is 2J + 1.
Using this expression for the eigenvalues and the relation between the eigenvalues of the
scalar Laplacian, which can be easily read off from (D.9) and (D.10), we conclude that the
spectrum of the Dirac operator consists of

0, with multiplicity |B|,  (D.12)

J+3)2—(5)? Bl +1
+¢( 2)” =~ (5) J:’|+ . with multiplicity 2J +1,  (D.13)

J 1\2 _ (B)2 B 1
—¢(+2) (5) J:Liif with multiplicity 2J +1.  (D.14)

2 , 5 e
We also note that the fermonic zero-modes are spinors of a definite chirality, which depends
on the sign of B.

D.2 Chiral multiplet determinant

Using the spectrum of the Dirac operator we just derived, we can easily compute the
fermionic determinant of the chiral multiplet. First, note that 3 anticommutes with 19,
hence, a shift in I by 7> results in a shift in the square of the eigenvalues. Therefore, we
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have

B . )
det AF™ = det [— i) — ;—T - (a + ;(i) 73]
B, |Bu|
SIEe o (212 )
2r

X Jf{“ _ (g:)z - ((J+ 5);— (37 <aw + ;i)zﬂyﬂ (D.15)

00 J B 2J+|Buw|

J41 B — 2J+|Buw|+2
« (_1)|Bw< + +‘ w‘ q +iaw> .

T 2r

Here we have used the notation z,, = x - w, where w are the weights of the representation
R under which the chiral multiplet transforms.
The bosonic determinant may be written as

2 2
-1
(det Ag™)z =] H ( ) +<aw+z’q2 )
w J= ‘Bw\ T
K |B\+q . ) <J+1 1Buwl—q . )F”'Bw'“
—HH el T day ) - + + iay, .
T 2r

w J=0

2J+1

(D.16)

Putting the two together we have the one-loop contribution from the chiral multiplet fields:

_ i J+1+|Bw‘q+2ra
gﬁlg—'loop(a? B,m) = H (_Z)Bw H( )‘B wl |Bw\+q = (D.17)
weR J=0 J+ — iTay
These infinite products can be regularized using Euler’s gamma function
1 oo
= J D.18
B [H =+ 7) (D.18)
J=0 reg
to yield, in the presence of a twisted mass m introduced by shifting a — a +m
r (% —ir(ay +m) + @)
Zonlg—loop(a7 B, m) = H (_i)Bw(_l)le‘/2 (Dlg)

weR F( —%—I—ir(aw—l—m)—l—@)

The chiral multiplet determinant has a pole when a + m has a zero and ¢ is a non-positive
integer. More precisely, there is a pole whenever |B| < —¢ with B — g even when acting
on ¢. These poles are due to the zero modes found in (3.28), which exist precisely under
these conditions. In evaluating the determinant for these tuned values of ¢, the zero modes
must be excluded, thus yielding a finite result.

~ 51 —



D.3 Vector multiplet determinant

The fermion contribution to the vector multiplet one-loop determinant is the same as that
of a chiral multiplet in the adjoint representation with R-charge ¢ = 0. It is given by

det Ay™ = (D.20)

2J+|Ba 2J+|Ba|+2
e ﬁ ygal | (L4 1Bal SN EE S P
(e} «
2r r 2r

acA =
2J+|Bal|+2
|B| L J+1 B\, o]
o r 2r o '

where o € A are the positive roots of the Lie algebra of G.
In order to compute the contribution from the bosonic fields, we need to write down

2J+|Ba|

QEAJr J=0

the mode expansion of the fields. For the scalars fields o1 and o3, we may use the expansion
in the standard scalar monopole harmonics

o

Z Z st Jm (D'21)

[Ba| 7—J
J= 2a m

where we have introduced a factor of % for normalization and s = 1,2. As for the gauge
field, the mode expansion is much more subtle. A basis of monopole vector spherical
harmonics is given in [54]. Expanding the gauge field in this basis we find

[e's) J
-3 3 3 a3 <Cj7:2°‘ > : (D.22)

A==+ J:Jé\ m=—J

— \Bal

where JO = F 1 for |B"

|Ba|+1

[ > 1 and J§ =
the gauge ﬁeld then 1mphes A_, =A% and for scalars o5 o = 05 ,. The explicit form of

F % otherwise. The reality condition on

ABa\ . . .
<C e ) is not necessary for our computation and will be omitted here. All we need are
i

some basic properties of the basis elements which are
g ’ ! Ba \ * Ba @
sy 67 sm' = / d2zvh <ij2> <Cj;m2 ) , (D.23)
. R
> (C’J,,m2 > ’ (D24)
Ba\' 1 B, (|Ba 1Bal
D; <Cj’mZ> _ \/J(J+1)—|2|(’2—>\>Yhfl : (D.25)

ABa\? A, Ba
i€ (C’J:m2 > =-A <CJ,;712 ) . (D.26)
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Using the above expansion for the gauge field and the scalars and performing the integral
over S2, the bosonic part of the vector multiplet action in (D.1) can be written as

S ZAJ;?[ JT“)+ +A}A§;

A== J= J%m——J
\Bal | Bal

r2

o0 J
=303 Y oG iav2

A=+ j|Bal m=—7

+Z Z Z st|:J;—1)+agz+2,r_25:|U?,J,m7

s= 12] \Ba|m—*J

a,\
AJ,m

where there is an implicit summation over all roots a € A.

In order to compute the determinant, it is best to break it down into three factors.
The first one isolates the J = |B 1Bal

is non-negative. In this case we have

— 1 contribution, which is only non-trivial when | 2“' 1

B2 [Ba|—1
det(Ay™) = ] (;) +a? (D.27)
Q€A,|Bqy|>2
The second factor is )
det(Apy") = - (Zet)(QM +> J1Balt1 (D.28)
a€EA [ T? a’Oé:|

where the numerator is just the contribution of o2 and the denominator is a factor that we
have included to shift the lowest mode of A~ (which has J = |B,|/2+ 1). With this shift,
the rest of the determinant is given by

det( VIII)
2J+1
S |Ba | |Ba| \Ba\_
H H 0 J(J+1r)2+ g2 g\/J(J+1) 1]
a j=lBa
P LA e e s | RE \/J(JH)'B;’ [Bpl—y J(J+1)+1 2
r2 2 2 2 +a
2741
°° JI+1) L\ /(]2 J+1\>
= H 2 Ao 72+aa + ag
T T r
acA JZleal
o 71BN Tl B\ 2J+|Ba|+1
=det™M?) [T ] K(TJF 2;”) +a§> <( —+ 2;‘) +a§> )
a€A J=0
where - 0t
J(J+1)
2 2
detOM?) = [T 1] [r2+aa (D.29)

OZGA J= ‘BQOé‘
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Note the shift in the lowest mode of A~ at the top left component in the matrix. As we
mentioned earlier, this a factor that we multiply and divide by hand to avoid isolating the
J = |BT“‘ mode. Note also that in this case the off-diagonal terms (1,3) and (3,1) vanish.
Including the contribution from the ghosts — which is det(M?) — the one-loop partition
function of the vector-multiplet becomes

7 1Bl 9 ) . Bl 9 , 2J+|Bal|+1
det(Aﬁm)% Ha6A+ HJ:O |:<(r+ T:) +a6¥) <(i_+ 2?) +a0¢):|

det(M?) B2 |Ba|+1 B2 —|Bal+1
[Toea, [(T?) *“?x} [oca, B.>2 [(T?) +a§}
1 IBal 1_|Ba‘
= det(AF™) - [] []322 11 [ AU
aEA L (W) t+ag a€AL,|Ba|>2 (W) +ag
(D.30)
Therefore, we find that
Ba\®
ilas) = IT |(52) + (D31)
aeAT
B #0

E One-loop running of FI parameter

Consider a two dimensional V' = (2,2) gauge theory with a U(1) gauge group factor in the
presence of an FI parameter . When the sum of the U(1) charges of the chiral multiplets
Q@ = Y, Q; is non-vanishing, the FI parameter gets renormalized according to

=g o (50 (5.1)

In our localization computation, some care has been taken to regularize the theory in
a Q-invariant way. We accomplish this by introducing an “expectator” chiral multiplet
of charge —@, mass M, and R-charge ¢ = 0. In this enriched theory the FI parameter
does not run. However, we recover the original theory by decoupling the expectator chiral
multiplet by taking its mass M to be large. We now demonstrate by analyzing the one-
loop determinant of the expectator chiral multiplet that this yields the running of the FI
parameter with Myy = M and p=1/r.
The relevant one-loop determinant of the expectator chiral multiplet is

r (LBQ—H’ +1rQa — irM)
InZ5oon (@, By M) = 1n

one-loop

+0(1). B.2
r (14950 —irQa+irM) . (2

The asymptotic expansion of I'(z) with large imaginary argument is given by

InT(z) = (z— ;) Inz— 2+ 0(1) (E.3)
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where the terms of order 1 depend on the sign of Sz but are irrelevant for renormalization
of £&. Using this asymptotic form for large mass M in (E.2) yields

InZ$0

one- loop(

a, B, M) = 2irM (1 —InrM) + (¢ — 1) InrM + 2irQalnrM (E.4)
rM>

1 M
= 2irM(1—InrM)+ (¢ —1)InrM + 4772'7"(12—62111 () ,
7r £

where € = % Note that the first two terms do not have any physical effect since they
just rescale the partition function by an a-independent factor. The last term, however,

combines with the on-shell classical piece of the action
In Zy ~ —4miraé (E.5)
to account for the running of the FI parameter

In Zo - Z&m

one- loop

(a, B, M) ~ —4mira&en , (E.6)

with

frn = £+ ;ﬁ;cgi (). (E.7)

F Factorization for any N = (2, 2) gauge theory

We repeat in this appendix in full generality the proof of section 4.2 that the partition
function can be written as a finite sum of terms, each of which is a product of a holomorphic
and an antiholomorphic functions of the complex parameter 7 associated to each U(1) gauge
factor. We start from (4.19) with arbitrary gauge group G' and matter representation R,
which we recall in a more compact form below as (F.6). The vector multiplet one-loop
determinant in the original expression can be recast in terms of the one-loop determinant
of an adjoint chiral multiplet with iM = —1 (in this appendix we take r = 1),

I !<a-a>2+<a-f>2

aceAt

B H I'l—ia-a+|a-B|/2)T(1+ia-a+|a-B|/2)
B F—za a+la-B|/2) T(ia-a+|a-B|/2)

acAt

_ 2’DBH (aBJrPl—ZOé a—i—]a B|/2) (Fl)
r I'(ia-a+|o- B|/2)

where we introduced the Weyl element p = % > aca+ @ (signs cancel thanks to a - B being

integers and A = AT U—A"T). The extra sign can be combined with the classical factor as

H 6—47”5 Tra+i9 Tr B H 627rzp-B _ 627rz1:~(za,—|—B/2)6—27rzt-(za—B/2) (FQ)
abelian non-abelian
factors actors

where the (non-integer) weight t depends holomorphically on the complexified parameters
T =1/(27) 4 i§ for each abelian factor in G:

t= ) <2i+z'g>Tr+ > p. (F.3)

abelian non-abelian
factors factors
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Next we show that in the factor corresponding to one weight w; of the representation of
a chiral multiplet I, the sign can be absorbed by modifying the arguments of Gamma
functions,

+ I'(=iMp —iwy - a + |wy - B|/2) I'(—iM; —iwy - a — wy - B/2)

F(l—}—iM[—FilU[-a—{— |w1-B\/2) I‘(1+iM1+iw1-a—w1-B/2)

When wy - B is negative, this identity is trivial, while for positive (integer) w; - B it results
from Euler’s identity I'(x)I'(1 — x) = 7/[sin mz] and anti-periodicity of the sine function,

(—l)wI'BW/ [sinw (=M —dwy - a + wy - B/2)] = ﬂ/[sinﬂ (—iMy —iwr - a —wy - B/Q)] .
(F.5)
From this we deduce

ZCoulomb(I”L t, t) m E /tdae t-(ia+ /2)8 2mit-(ia—B/2)

T(—iM; — wy - (ia + B/2))
s 11;[, T(1 + My +wy - (ia — B/2))’

with a sum ranging over all GNO-quantized B (including gauge equivalent values), an
integral ranging over the Cartan subalgebra t, and a product over weights of the repre-
sentation R in which the chiral multiplets transform, as well as weights of an additional
adjoint representation for the vector multiplet determinant.

Just as we did in section 4.2 for the case of SQCD, we close each of the integration
contours in a direction that depends on the matter content and the sign of £ for each
abelian gauge factor. Each factor in the integrand of Z has poles whenever the numerator
Gamma function has a non-positive integer argument while the denominator one does not,
namely when

iwr -a = —iMy+ |wr - B|/2+n (F.7)

for some non-negative integer n. Evaluating the N = rank(g) integrals in (F.6) yields a
sum over common poles obeying (F.7) for N different choices of a flavor I and a weight
wr, such that the chosen wy span weight space.*® Explicitly,

iwj - a = —iMy, +n; + |w; - B|/2, forall1<j < N. (F.8)

Note that the contours do not enclose all such combined poles. The combinations of flavors
pj and weights w; over which we sum thus obey further constraints, such as restricting p;
to (anti)fundamental flavors in the case of SQCD. Those constraints are complicated to
obtain in general, hence preventing this analysis from providing a fully explicit factorized
expression of the partition function. However, they do not affect any of the analysis proving
that factorization does indeed occur.

467 the chosen w; did not span weight space, the conditions (F.8) would not constrain a to a given
element in the Cartan subalgebra.
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We introduce the dual basis to wj, given by elements A; of the Cartan subalgebra such
that w; - Ay = d;. For every weight w that appears in the Coulomb branch expression, all
w - A; are rational, and

w= ) (w-A)w;. (F.9)
j=1
The partition function is expressed in terms of

N
w- (ia+ B/2) = (w-X;)(=iMy, + nj + (w; - B)¥), (F.10)

where we use the notation (z)* = (|z|4z)/2. Contrarily to the SQCD case where all w-\;
are 0 or +1, the integers n; and (w; - B)* may not lead to integer shifts of w - (ia & B/2)
hence of the Gamma function arguments. This was a key ingredient in section 4.2 to
extract the Pochhammer symbols in terms of which the partition function factorizes. We
recover this fact by splitting the sums over n; and w; - B depending on residues modulo the
lowest common denominator p; of all w- ;. Namely, for each 1 < j < N we use Euclidean
division to write

nj+(wj -B):t :k;t,uj—i-d;t, (F.ll)

with a quotient 0 < k:]i and a remainder 0 < d;-t < ;. Clearly, each choice of integers k:]i
and d;c in those ranges corresponds to integers n; and a vector B in the Cartan subalgebra,
determined by

nj = min(k:;ruj + dj, ki pj+d;) (F.12)
wj - B=Fk pj+df —kjp;—d;. (F.13)

However, the element B thus constructed may not obey GNO quantization, which requires
that for every weight w,
N N
w-B =Y (w-X)(w;-B)=> (w-\)(kj pj +df —k;jp;—dy) (F.14)
j=1 j=1

is an integer. Since all pj(w - A;) are integers, (F.14) reduces to a condition on df, only,
with no restriction on k]i > 0.

Hence, the sums over n and B split into a sum over (allowed combinations of) degen-
eracy parameters d]i, and a sum over vortex parameters k:]i We have thus expressed the

partition function as
Z(m,t,t) =
Z Z Z res | 2™ I (8 2) (—iMy, +d].++kj+uj)672m S (BN (=M +d 4k )
{(pjswj)} {d} k¥ >0
. N .
y H F(—zMI — ijl(wl ) (=M, + d;' + k;'uj))
(1 +iMy+ Y0 (wr - Aj)(—iMy, + d; + k5 7))

L,wy

(F.15)
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up to constant factors, and replacing the N singular Gamma functions by their residue at
that pole. The vorticities k:jE introduce integer shifts in the arguments of Gamma functions,
indeed, by construction of 115, all p;(w-\;) are integers. This enables us to extract from the
summand the factors that only depends on the choice of flavors, weights, and degeneracy
parameters, p;, w;, and dji,

7y = e2m Zj.vzl(t.xj)(—iijerj)e—%i S0 (B ) (—iMp +d)) (F.16)
N

res Zone-loop = €S H fy(—iM[ - Z(wl ) (=M, + dj)) , (F.17)
Lw; j=1

where, once more, gamma functions should be replaced by their residue when appropriate.
After removing these kf—independent factors, we are left with

Z o2 0 g (6 XK —2mi S0 g (BX5)k
k20 (F.18)
. N . :

(_ZMI - Zj:1(w1 : )‘j)(_lij + dj)),zé\’:l Mj(wl‘/\j)k;‘r

X
fror (L Mr 300 (wp - M) (—iMy, )

21w (wr Nk

_ Z e—zmzjiluj(ww; H - 1
" Lo (1+4dM;+ S (wr - X)) (=M, + d; ))Zé_v:1 b (w01 Ak
(_1)Z§V:1 i (wrAg)k;

2mi SN g (X kS
X e g / | |
2 (1 My + 307 (wr - A) (—iMy, +df))

k>0 Tawy

Sl i (wrAg kS
(F.19)

The partition function reduces to a finite sum of factorized terms,

Z(t7 'E, M) = Z Z ch(t7 E; M) res Zone—loop (M)Zvortex(t7 M)Zanti—vortex(fv M), (F2O)
{(pjwj)} {dF}

where each of the factors additionally depends on the choice of vacuum {p;,w;, dj[} This
extends the result of section 4.2 to a general gauge group G and a general chiral multiplet
representation R of G.

G Vortex partition function

We describe in this appendix the procedure used to evaluate the contribution from vortex
(and anti-vortex) configurations. For simplicity, we only consider the case of SQCD, the
two-dimensional N' = (2, 2) U(V) supersymmetric gauge theory with Nz > N fundamental
chiral multiplets of masses (M1, ..., My, ) and N r < Np anti-fundamental chiral multiplets
of masses (Ml, ... ,MNF). The flavour group is U(1)anti-diag X SU(NF) X SU(]VF), hence

Zévzﬁ M = Zévzﬂ Ms-
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As we show in section 5, the presence of vortex/anti-vortex solutions requires the scalar
field o9 to take specific values, labelled by a choice of N masses M, ,...,M,, . For such a
choice of Higgs vacuum, the moduli space of solutions to the vortex equations (5.1) splits

into discrete components Miﬁ%’i, where the vorticity k is defined by

1
k=— Tr F. (G.1)
27 R2
The equivariant volume of the moduli space Myortex can be expressed as a finite dimensional
integral [4]. We denote by M the diagonal N x N matrix with eigenvalues M,,, by M
the diagonal matrix whose eigenvalues are masses of the other Np — N (non-excited)

fundamental chiral multiplets, and by M the matrix of anti-fundamental masses.

G.1 Vortex matrix model

The moduli space M\{,gigei of configurations with k vortices admits an ADHM-like construc-
tion, which can be understood as the supersymmetric vacua of a certain gauged matrix
model preserving two supercharges [26, 30, 31]. The relevant representations of the super-
symmetry algebra can be obtained from the dimensional reduction of N = (2,0) supersym-
metry in two dimensions. This gauged matrix model involves one U(k) vector multiplet
® = (¢, \, A\, D), and is coupled to one adjoint chiral multiplet X = (X, x), N fundamental
chiral multiplets Z = (I, ), Ngp — N anti-fundamental chiral multiplet J = (J,v) and
Np fundamental fermi multiplets = = (£,G). The matrix model preserves three global
symmetry groups U(1)gr, U(1); and U(1)4, which can be identified as the R-symmetry
group, the rotational symmetry group J and the axial R-symmetry group of the given
two-dimensional theory, respectively. As mentioned before, U(1) 4 may suffers from an
axial anomaly. Under these three U(1) symmetry groups, the supercharges Q and @ have
charges (—1,+1,—1) and (+1,—1,—1). For later convenience, we summarize global and
gauge charges of the matrix model variables in the table below.

X x I pu J v ¢ e A A
Ul)g 0 -1 0 -1 0 -1 -1 0 —1 +1
U(l)yy -2 -1 0 +1 0 +1 41 0 +1 —1
Ul)y, 0 -1 0 -1 0 -1 41 42 41 +1
U1, -2 -2 0 0 0 0 0 0 0 0
U(k) adj k k k adj

Here the U(1). symmetry group can be identified as a twisted rotational symmetry group
J+ R/2 of the two-dimensional theory. Note that the complex scalar field X represents the
position of the k vortices while I and J represent orientation modes. The supersymmetric
vacuum equation with a positive FI parameter r ~ 1/g? > 0 is given by

(X, X+ 11" — J'J =r1,
pl—IM=0  [p,¢] =0 (G.2)
Jo—MJ =0 [p,X]=0,
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where X, I and J denote k x k, k x N and (Nrp — N) x k matrices. The choice of Higgs
vacuum in the original two-dimensional gauge theory is encoded in the matrices M and M.
The solutions of (G.2) describe the moduli space MIPTE o & vortices, and the volume of

vortex
the moduli space can be identified as the partition function of this matrix model.

G.2 Vortex partition function

Since the matrix model describing moduli space of vortices in R? has an infinite volume, it
must be modified by turning on a chemical potential associated to the twisted rotational
symmetry group U(1).. The chemical potential £ can be understood as the Omega defor-
mation parameter in the given two-dimensional theory, which is the inverse radius of the
sphere S2.

In the context of the matrix model, the chemical potential can be introduced by weakly
gauging U(1)., hence modifying (G.2) to the deformed supersymmetry vacuum equation

(X, XV + 1T — J1J =rly
ol —IM=0  [p,5]=0 (G.3)
Jp—MJ =0 [, X]=¢eX,

and adding a new (deformed) fermion equation
CE+EM =0 . (G.4)

Due to the chemical potential ¢, the space of vacua is reduced to isolated points, fixed
points of supersymmetry.

We explain how to characterize such fixed points. Suppose without loss of generality
that ¢ is positive definite. One can show from the deformed supersymmetry vacuum equa-
tions that J = 0 and the N chiral multiplets I are each an eigenvector of the operator ¢.
More specifically, denoting by |a) an eigenvector of the operator ¢ with eigenvalue «,

I=|My) @@ |Mpy). (G-5)

Then, the vector space of dimension k on which ¢ acts can be spanned by generators
constructed by successive actions of X on |M,,)

M, +1e) % XUM,)  (1=0,1,... .k —1), (G.6)
with Zl]\; 1ki = k. As a consequence, the fixed points are characterized by N one-

dimensional Young diagrams. The number of boxes k; of the i-th 1-d Young diagram
determines the vorticity of the i-th U(1) factor in the Cartan subalgebra of U(N). The
matrix components of X are then determined using the first relation of (G.3).

The partition function of the matrix model can be reduced to a Gaussian integral
around such fixed points. The results are nicely expressed as the following contour-integral
expression [4, 35]

b ng[ —~

s Zvec(SD) . qund (Ma 90) : Zanti—fund (Mv Qp) (G7)

Zipy iD= ¢ 15

Tipidk 1=1
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with

$r —¥PJ
Zveel0) = gk 1171 Er— (G.8)
k Npg 1
qund(M7 90) }_[181_11 o7 — M (Gg)
k Np
Zantl-fund M 90 H H (‘PI + M) (Gl())
I=1s=1

where the contour I,y 1 is chosen such that it encircles poles at
or =y =My +(1—-1e  (=12,....k), (G.11)

which can be understood as the fixed points (G.6). The vortex partition function of the
two-dimensional gauge theory in a specific choice of Higgs branch component {p;} thus
takes the form

Zyortex({pit, M, M, 2) = > Mz({pi}, M, M), (G.12)
k1+-+kn=k

The residues of (G.7) can be expressed as Pochhammer raising factorials (z), = x(z +
1)---(x +n — 1) and the full vortex partition function of SQCD in the Higgs vacuum
labelled by {p;} is

N [T T (L, + 1)),

290 -
Z B IS, (F00, — Myy) — k), T 0, (M, — ML),

where k! = kil---kn!.

H SU(N) partition function in various limits

We prove first that the partition function on S? of the N = (2,2) SU(N) gauge theory
with Np fundamental chiral multiplets obeys (7.3). The Coulomb branch representation
of this partition function is

N a2
Zuon®) =3 3 fau- daNl[HQ —aj>2+<Bzsz>>

Bi+--+Bn=0 1<)

o (H.1)
ﬁ H (_1)(Bi+|Bi|)/2P(—iai —iM;s + |Bi|/2)
el F(l =+ 1a; + ZMS + |BZ‘/2) a1+-+an=0

The integral can be computed in the same way as the U(NN) partition function evaluated
in section 4.2. It turns out that closing the contour for a towards ioo or —ico gives the
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same series representation of the partition function,

Np

_ emVt _\NE B2
Zsu(v)(M) N > > > (—1)

Bi+--+Bny=0n1,...,nN_120p1,....pn—1=1

=

! —iM;+iM,, —n;)

[nj' (nj+ ]B ! H I( 1—|—zM —iM, —|—n] |Bj)

I'(—iM, +§\BN|+Z 3 (=M, +n;+ 3| Bl))
['(14iMs+3|Bn| — ZN_I( iMp, +n;+3|Bjl))

B: — B . |B| . |B;| 2
<Z29) — <— szl.—i-nH-Tz-i-Zij —nj — TJ

B, — B 2 N-1 B. 2
T ERTTIG <YEVTTI) S |
=1

The argument of every Gamma function appearing in (H.2) is an integer shifted by a

=7 T

1

1

i<j<N

11

<N

V)
I

term of order M. We can thus expand each as a series in powers of M,

(1 +n+iM)=nl(1+0OM)) (H.3)
1 (="
iM  nl

I'(—n+iM) = (14+0(M)) (H.4)

for any integer n > 0. Note that singularities arise from Gamma functions with non-positive
(integer) arguments while positive arguments lead to a regular behavior.

Expanding all Gamma functions as power series in M, every term in (H.2) has the

form
Np Np N—1 Np
Z Z H H M, M (series in powers of M) | , (H.5)
=1 py-_1=1 J=1 s#p;

except the term corresponding to nq = =ny_1 = |Bi| =--- = |By| =0, which has an

additional singular factor 1/(M; + ZN M, ;). Since

Np
1 l
Z H M, M - Z My M]G;f (H.6)
p=1 S#p I, slNp 20

lte oty p=l—Np+1

is a polynomial for any integer [ > 0 (zero if | < Np — 2), the expression (H.5) is in fact a
power series, hence is O(1) at M — 0. The same argument applied to the n = B = 0 term
implies that all M;,, — M, factors vanish from the denominator in this case as well, leaving
only denominators of the form M; + ZN ! M,
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We have just shown that to order O(1), only the term with n = B = 0 is relevant. We
can thus rewrite (H.2) as

— NF —1 NF
(2m)N ! — iMy)
Z, M)=—7F"—
suon (M) = 1 ) IT T e
P1PN—1=1 Li<j<N Jj=1 syép]

N-1 2 Np F(—iM ZN lM )

.H(MpiJrZij) HF(1+1M ST )}+0(1). (H.7)

i<N j=1

Terms where p; = p; for 1 < i # j7 < N vanish because of the first product. We then use
the relation I'(z) = 1I'(1 + z) to separate the singularities from some Gamma functions.
This cancels some factors coming from the vector multiplet determinant, yielding

Zsuvy(M) =
(2m)N 1 Z { [Ticn [iIMp, + Z;'V_ll My, ]
1 . 1. .
N 1<p1#...#pN-1<Np Hi\g{pj} [( — M ZN "M, )H;V:f(szj - zMs)}
N—1 Np Np N-1
T I oMy, — M) [T g | —iMa =i > M, } +0(1), (H.8)
J=1 s#p; s=1 j=1
where
oo D+ - - C2j+1) o)
g(iM) = T =) exp ( 2y(iM) — 2 Z CIE) (tM) =1+0M). (H.9)

j=1

Noting that the sums in (H.8) only involve (N — 1) flavours p;, we use the relation

ﬁ ! NEF: [ 1 ald 1 ]
- [[ ——+ H.10)
' N-1, : N—1. T (
sgipry —Ms — 2 j=1 My, iy - M~ 2j—1 My, s¢{pi.t} Mg =M,

to obtain a sum over all N-element subsets £ = {p1,...,pn—1,p8n =t} C{1,...,Np}:

_ [1 cE HéVFE v(iMp — M)

ZsuvyM) = 2o Y [ L _fz ¥ (H.11)

EC{1,...Nr} pelE =P
#E=N
M + AN Mg —iM
xS ety st o) o,
teE  peE\{t} W T 0 s=1 g(iMy — iMy + i > peE Mp)
The ratios of g have the form
9(z) . o
, =1+ iM,, | (series in powers of M) . (H.12)
gz +i > peE M,) I;E 8

All terms beyond the zeroth order have a factor of > M,,, cancelling the corresponding

peE
pole in (H.11). Those terms thus only have poles of the form 1/(iM, — iM;), and we have
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proven earlier that those poles cannot remain. Thus, replacing the ratios (H.12) by 1 only
changes the partition function by terms which are regular at M — 0, in other words, O(1)
terms. The sum over ¢ in (H.11) is then

iz I My — iMy+3 I ]{ z+z’Mp—|-ZseE@'Ms .
N tcE peE\{t} iMp — My N ZSGE 1M 2772 z+1iM,,

(H.13)

Inserting this result back into (H.11) gives (7.3), up to the normalization factor (27)N 1.

This concludes the proof of (7.3), which in turn implies that the partition function of

the SU(N) and SU(Np — N) theories, with a particular matching of the mass parameters,
are equal at order O(1) in the limit of small masses and R-charge.

For any given value of N and N, the Gamma functions appearing in (H.2) can be

expanded in power series using

C (25+1) .25+1
(—=1)"D(z — n) 1 exp |—2yx — QZOO GRS it

T —zt+n+[B) = [T [ - [T - 2]

(H.14)

The partition function of the SU(2) gauge theory with Np = 3 fundamental chiral multi-
plets was computed in this manner up to order O(M?) and is, as expected, equal to the
partition function of the theory of three free chiral multiplets, with masses given by (7.4).
The signs coming from the chiral multiplet one-loop determinants (4.16) are crucial: the
matching would otherwise fail with a difference of order 1.

The study of the M — 0 limit which was just performed highlights the value of con-
sidering limits where the partition function has a pole.

The Gamma functions appearing in the series expression (H.2) of Zgy(y)(M) have

poles at
iMy —iM, =k>0 (H.15)
N
> M, =k >0, (H.16)
j=1

where k is an integer, and ¢, u and s; are flavour indices. We ignore in this paper the
poles (H.15): in fact, those poles cancel amongst the various terms in the full partition
function, which is thus regular at iM; — iM,, = k. We concentrate on the poles (H.16),
labelled by a choice of N chiral multiplets E C {1,..., Np}, #E = N and a total vorticity
k. For definiteness, we choose £ = {1,..., N}, that is, s; = j.

Since the NV = (2,2) SU(N) gauge theories with Np > N massless fundamental chiral
multiplets flow to an infrared fixed point, the R-charge of each chiral multiplet should be
non-negative. However, note that Zi\le iMg = k > 0 implies that the sum of the R-charges
of the N chiral multiplets is —2k < 0. Hence only the poles with k = 0 are in the physical
parameter space. The poles corresponding to a non-zero vorticity £ > 0 can however be
reached by analytically continuing with respect to the complex masses M.

The terms in (H.2) which are singular when ZSJIV: 1 1My = k are precisely those for
which 1 < p; # ... # py_1 < N, and for which the integer ny defined by

N

> <n ’g”) =k (H.17)

i=1
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is non-negative. As we will see, the number of such terms is finite. Defining py by
{p1,...,pn} ={1,..., N}, the residue of the partition function at this pole takes a sym-
metric form, where the Gamma functions involving sums of masses are recast in terms of the
mass 1M, . Following the same procedure as in section 4.2, we introduce the coordinates
kzi =n; + %\Bl] + %Bi > 0 which factorize the summand into two identical contributions,
leading to the expression

Z M) =
z‘Mﬁ--lﬁf'MN:k SU(N)( )

N N
oY DY T v M+ M) | [Ze({L, ..., NEL M) (H.18)
p=1s=N+1
with
Zk({laaN}7M) =
> (o1 = 1T 11 - . (H.19)
ki4-+ky=k | p=1 kp' pts (ZMP —iM; — kp)ks =1 s=N+1 (1 + Mg — sz)kp

The Seiberg-like duality (7.5) between SU(N) and SU(Np — N) gauge theories on S? is
satisfied in this limit if

Zp({1,... N}, M) = +Z,({N + 1,...,Np}, M), (H.20)

with the mass matching (7.4).
The case of a zero total vorticity k is elementary: since (z)o = 1,

Zo({1,...,N}, M) =1. (H.21)

The duality is shown in the case of a total vorticity £ = 1 using a one-dimensional contour
integral: the sum over partitions (k1,...,ky) of & =1 simply ranges over N terms, inter-
preted as the residues at IV poles of a complex function with Np poles on the Riemann
sphere. The resulting contour integral is thus equal to the sum over residues of the Np — N
remaining poles, and this reproduces the desired dual object.

N

1
Zl({lv"'vN}7M>: . . N . .
pzl [T, (iM — iM,,) TToEy 4y (1 + 4M, — M)
_ j{ dz 1
27 T, (M + 2) TTN vy (1 + M + 2) (H.22)
S (~1)NF

-3

N . . : :
p=N+1 Hs:l(l + ZM{@ - ZM;) HN+1SS¢I)§NF (’LM’S — lM;))
= Zl({N—i- 1,...,NF},M/).

Since the objects in consideration are rather explicit finite sums, it should be possible
to prove (H.20) for arbitrary k£ > 0. If one can additionally show that the two partition
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functions have the same asymptotic behavior at infinity, then the exact Seiberg-like duality
between Zgy(ny(M) and Zgy(y,—ny(M’) follows, for arbitrary masses and R-charges, by
noting that their difference is a bounded entire function, hence is a constant.

A different approach to studying the SU(N) partition function is to note that inte-
grating over £ and ¢ in (4.21) constrains B and a to be traceless, hence reproducing the
corresponding SU(N) partition function in the Coulomb branch representation,

Integrating instead the Higgs branch representation of Zy(ny(M, 7) singles out the Fourier
components where the exponents of z and z in (4.27) vanish. The ¥ constraint imposes
that the total vorticity at the north pole be the same as that at the south pole. The &
constraint relates the masses to the vorticity k precisely as »__piM, = k for a set E of
N flavours. The residues (H.18) of Zsy(n)(M) at the corresponding poles are reproduced
by the coefficient of (2z)~ 2sen™sth i the Higgs branch representation of the U(N) par-
tition function, which explains the appearance of the k-vortex partition functions in the
factorization of Zgy(n)(M).
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