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Since the run length distribution is generally highly skewed, a
significant concern about focusing too much on the average run
length (ARL) criterion is that we may miss some crucial information
about a control chart’s performance. Thus it is important to
investigate the entire run length distribution of a control chart for
an in-depth understanding before implementing the chart in
process monitoring. In this paper, the percentiles of the run length
distribution for the double sampling (DS) X chart with estimated
process parameters are computed. Knowledge of the percentiles of
the run length distribution provides a more comprehensive
understanding of the expected behaviour of the run length. This
additional information includes the early false alarm, the skewness
of the run length distribution, and the median run length (MRL). A
comparison of the run length distribution between the optimal
ARL-based and MRL-based DS X chart with estimated process
parameters is presented in this paper. Examples of applications are
given to aid practitioners to select the best design scheme of the
DS X chart with estimated process parameters, based on their
specific purpose.
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Aangesien die lopielengte verdeling in die algemeen baie skeef is,
bestaan daar kommer oor die gebruik van die gemiddelde
lopielengte (ARL) kriteria, omdat kritiese informasie op die
beheerkaart gemis mag word. Dit is dus belangrik om die totale
lopielengte verdeling van ‘n beheerkaart te ondersoek, voordat die
kaart geimplementeer word. In hierdie artikel word die persentiele
van die lopielengte verdeling van die dubbelmonster (DS) X kaart
met geskatte prosesparameters bereken. Kennis van die
persentiele van die lopielengte verdeling gee ‘n meer omvattende
verstaan van die verwagte lopielengte vertoning. Dié addisionele
informasie sluit die vroeé vals alarm, die skeefheid van die
verdeling en die mediaan van die lopielengte (MRL) in. ‘n
Vergelyking van die lopielengte verdeling tussen optimale ARL-
gebaseerde en MRL-gebaseerde DS X kaart met geskatte proses
parameters word voorgehou. Voorbeelde word ook voorgehou om
beoefenaars te help om die beste weergawe van die DS X kaart
met geskatte proses parameters vir hul toepassing te kies.

1 INTRODUCTION

Control charts are used to ascertain whether a business or manufacturing process is in a state of
statistical control. Unequivocally, the existing literature focuses too much on the use of the
average run length (ARL) criterion as a performance measure of a control chart with estimated
process parameters. Because of the highly-skewed property of the run length distribution, many
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researchers (e.g., [1], [2], [3]) criticise the use of the ARL as the sole criterion for measuring a
chart’s performance. Thaga [4] stated that only a fraction of a chart’s behaviour is reflected in
the size of the ARL. Accordingly, Chakraborti [2], Khoo and Quah [5] and Radson and Boyd [6]
advocated using a more credible measure - the percentiles of the run length distribution - as an
alternative way of assessing a chart’s performance. The percentiles explain the run length
properties and provide detailed and important information about the run length distribution, and
thus about the chart’s performance. Gan [7] claimed that knowing the run length properties, such
as the early false out-of-control signal and the median run length (MRL) of a control chart, enables
engineers to have a full understanding of the working of a control chart. Thus their confidence will
not be eroded when they encounter a few short run lengths with undiscovered assignable causes.
Undeniably, it is crucial for us to examine the run length distribution of a control chart before it is
implemented in process monitoring.

In this paper, we consider the Daudin’s [8] double sampling (DS) X chart, which is a modified

Shewhart X chart incorporating the double sampling plans. Daudin [8] proposed an optimisation
model to minimise the in-control average sample size (ASSy); while Irianto and Shinozaki [9]
developed their research to suggest the minimisation of the out-of-control ARL (ARL;). The

advantage of the DS X chart is improved statistical efficiency without increasing the sample size
[10]. Additionally, He and Grigoryan [11] pointed out that the DS chart is a good option when
greater efficiency is required for small shifts, and when protection against large shifts is also vital.

According to Daudin [8] and Costa [12], the DS X chart is superior to the Shewhart X , variable
sample size (VSS) X , variable sampling interval (VSI) X , exponentially weighted moving average
(EWMA), and cumulative sum (CUSUM) charts in some cases. For example, the DS X chart is

preferred to the Shewhart X chart for identifying small and moderate process mean shifts. The
former also dramatically reduces the in-control sample size to nearly 50 per cent of the latter [8].
When detecting small and moderate process mean shifts, Costa [12] stated that the sample size of

the DS X chart is more economical than that of the VSS X chart. These advantages lead to the
conclusion that the DS scheme is an appropriate choice for process monitoring with higher
inspection costs or destructive testing [13].

Given the motivations for and merits of using the DS chart, a number of researchers have studied

the DS charts extensively in recent years. Costa and Claro [14] applied the DS X chart to monitor
a process in which the measurements can be modeled as a first-order autoregressive moving

average. Torng and Lee [15] studied the DS X chart when the observations follow non-normal
distributions. The combined DS and VSI (DSVSI) X chart was proposed by Carot et al. [16], who
claimed that the DSVSI X chart is more sensitive to small and moderate process mean shifts.
Inspired by Carot et al. [16], Torng et al. [17] furthered this research and discussed the DSVSI X
chart under non-normality. Then Lee et al. [18] proposed the economic design of the DSVSI X
chart. Recently, Khoo et al. [19] introduced a synthetic DS X chart, which performs better than
the standard DS X and synthetic X charts, for all levels of shifts.

In real applications, a control chart is applied in a two-phase operation. Control charts are used to
determine an in-control historical data set in the Phase-| analysis; while in the Phase-Il monitoring,
control charts are used to detect an out-of-control signal after an unknown time point. In practice,
the process parameters are rarely known, and they are usually estimated from the Phase-I dataset.

Therefore, in this paper, we focus on the DS X chart when the process parameters are estimated.

A number of researchers ([20], [21], [22]) have contributed to the field of control charts with
estimated process parameters. A thorough literature review on the effect of parameter estimation

on control charts’ properties was done by Jensen et al. [23]. The DS X chart with estimated
process parameters, optimally designed based on the ARL, was first developed by Khoo et al. [24].
Teoh et al. [3] took the study of Khoo et al. [24] further and developed an optimisation model to
minimise the out-of-control MRL (MRL;). They concluded that the proposed optimal MRL-based DS

X chart with estimated process parameters has a lower false alarm rate and provides a more
straightforward interpretation.

In this paper, we investigate the percentiles (5%, 10t", 25", 50%", 75t and 95" percentiles) of the
DS X chart with estimated process parameters, which is a thorough and exact analysis of the
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entire run length distribution. These percentiles of the run length distribution are computed for a
given desired in-control ARL (ARLy) or MRL (MRL,) value. This analysis is currently not yet available

for the DS X chart with estimated process parameters. Since process parameters are usually

estimated from a historical dataset, our results provide added insight into the DS X chart’s
performance. This will arouse interest among practitioners, as further knowledge regarding the

exact behaviour of the DS X chart with estimated process parameters is now made available. For
instance, the 5™ and 95 percentiles give beneficial information about the spread or dispersion of
the run length distribution.

The remainder of this paper is organised as follows: In Section 2, the operation of the DS X chart

is outlined. Section 3 studies the run length properties of the DS X chart with known and
estimated process parameters. The performance based on the percentiles of the run length

distribution for the DS X chart is examined in Section 4. In Section 5, examples of applications to

aid engineers in the selection of a suitable design scheme for the DS X chart with estimated
process parameters are presented. Finally, conclusions are drawn in Section 6.

2 THE DS X CHART

Let Y be the random variable representing observations taken from a Phase-Il process, where Y
follows a normal distribution with the in-control mean, ,, and standard deviation, 0;. The DS X
chart is divided into five intervals, i.e.l=[-L, L], L=[-L-L)u(L, L],
ly=(=», ~L)u(L, +=), l,=[-L, L] and k=[-», -L,)u(L, +]. Note that L;>0 is the
warning limit for the first-sample stage; while L>L, and L,>0 are the control limits for the first-

sample and combined-sample stages respectively. With the aid of Figure 1, the operation
procedure for the Daudin’s [8] DS X chart is as follows:

(@) After taking a first sample of size N,, calculate the sample mean Y, at the i*" sampling time
of the first sample.
(b) The process is in-control if z, = [()7“ _po)\/rﬂ /o, el

(c) The process is considered as out-of-control if Z; €1, .
(d) If Z; €l,, take a second sample with size N, (n, >n,). Then, at the i*" sampling time of the

second sample, calculate the second sample mean VZi .
() At the i sampling time, compute the combined-sample mean, i.e.

?i = (n1)71i + ”2)72,»)/("1 + nz) .
(f)  The process is deemed as in-control if 7z, = [()7, - yo) [n, + an/a0 e, ; otherwise, it is out-of-

control.

Out-of-control (/5)
L Out-of-control (Is)
Take a second sample (1I3) L

b In-control (/1) In-control (l4)
- Take a second sample () —Lj
- Out-of-control (/5) QOut-of-control (/s)
First sample Combined samples

Figure 1: Graphical view of the operation for the DS X chart
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3 THE RUN LENGTH PROPERTIES OF THE DS X CHART

Let RL be the run length of a control chart. Then, the (100y)" (0 <y <1) percentile of the run

length distribution, fy is obtained as
Pr(RL</,-1)<y and Pr(RL<¢,)>y. (1)

For the DS X chart with known process parameters, the cumulative distribution function (cdf) is
Fe (1)=Pr(RL < 1)=1-P/, )
where / €{1, 2,3, ...3and P, =P, +P, is the probability that the process is in-control. Daudin [8]

showed that for a given magnitude of standardised mean shift, 0 = |[J1 —u0|/00 , with the out-of-

control mean f; , the probabilities P, and P, are

P = (L +8n ) - (-L,+6n), 3)

n1 B B B ﬂ
P, = LE’% [CD [CLZ +rcd —\/;z] d)[ cL, +rcd \/;zﬂq)(z)dz. (4)

Here, CD() and (1)() represent the cdf and probability density function (pdf) of the standard
normal random variable,

h=[-L+8yn, ~L+8n)u(L+8Jn, L+8Jn |, r=\n+n, and c=r/\n, .

The ARL, standard deviation of the run length (SDRL), and average sample size (ASS) at each
sampling time are defined as ([8]):

and

1
ARL= 1=, (5)
spRL= V2 , (6)
1-P,
and
ASS=n,+np, )

respectively, where

P2=CD(L+6\/n71)7CD(L1+(5\/n71)+d)(7L1+6\/n71)7d)(7L+6\/n71). ®)

When the process parameters are unknown, we need to take m samples, each of size n, from an
in-control Phase-l process in order to estimate the mean flo and standard deviation 50 before

starting the Phase-Il process monitoring. For the DS X chart with estimated process parameters,
the cdf of the RL is expressed as ([3]):

Fo (£) = J.j:'[om(%ﬁa“)fu (u)f, (v)dvdu, 9

where [ € {1, 2, 3, ...} and the conditional probability Isa = Isa1 + I%,Z. Here,
B =0 Ul VL, -8n, |- 0| U VL, -8, |, (10)
mn mn
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where
A~ n n+n \/>
P =o|U |2 +V
“ [ = [ oy ] d
olu nz_v{Lz"ﬂﬁZﬁ]_é ol 12
n .
and

fiﬁ (Z|ﬁo,5o)=V¢(U\/%+Vz—6\/n_1]. (13)

Note that the random variables U and V in Equations (10), (12) and (13) are defined as

U =(f, 1) (rjnn and V—o—o, respectively. The pdfs of U and V, i.e f,(u) and f,(v), in
0
) ,im(n-1) 2 _
Equation (9) are equal to f,(u)=0¢(u) and f,(v)=2vf |v 2 mn-1)) respectively,

where f,(-) is the pdf of the gamma distribution.

Teoh et al. [3] also demonstrated that the unconditional ARL, SDRL and ASS of the DS X chart
with estimated process parameters are equal to

ARL = I_;wj';m#fu(u)fv(v)dvdu , (14)

SDRL = JE[ (RL)" |- ARL, (15)
and

ASS = I jom[’“ + nzﬁz} f, (u)f, (v)dvdu, (16)
where [ } J‘wJ‘Ow (11 +’f) u)f, (v)dvdu and P = @{U\/EVA dﬁ} _

[n [n [n
o|U|—-VL-6 | U, |—+VL-0 -®|U,[——+VL -0d .
{ mn n1:|+ { mn \/E} { mn T \/E]

4  PERFORMANCES BASED ON PERCENTILES OF THE RUN LENGTH DISTRIBUTION

In this section we investigate and compare the percentiles of the run length distribution for both
the optimal ARL-based and MRL-based DS X charts with estimated process parameters, proposed
by Khoo et al. [24] and Teoh et al. [3] respectively. When ARLy=250, ASSo=5 and J,,c € {0.5, 1.5},
Tables 1 and 2 provide us with the exact ARL, SDRL, ASS and percentiles for the ARL-based DS X
chart. Here, J.y represents the desired mean shift, for which a quick detection is intended. The
optimal chart parameters (nq, n,, Ly, L, L;) for the estimated-process-parameter case (m € {10,
20, 40, 80}) and known-process-parameter case (M=+%) are acquired from the optimisation
algorithms aiming at minimising the ARL,, which were suggested by Khoo et al. [24] and Irianto
and Shinozaki [9] respectively. By using these optimal chart’s parameters (nq, n,, Li, L, L;), the
ARL, SDRL, ASS and percentiles of the run length distribution, for different shifts d, are computed
based on the formulae shown in Section 3. Note that Equation (1) together with Equations (2) and
(9) are used to calculate the percentiles for the cases with known and estimated process
parameters respectively.
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The 25" and 75" percentiles reveal some useful information, because the middle half of the
distribution is included between these values. By referring to Table 2, when m=40 and 0=0.5,
there is a probability of 0.25 that the run length of the DS X chart is less than 4. Also, 25 per
cent of the time, the run length of the chart is greater than 16. The shape or the degree of
skewness of the run length distribution is also of great interest to engineers. This skewness can be
observed from the difference between the 5" and 95" percentiles or the 25" and 75" percentiles.
For example, when J,,:=0.5, m=10 and d=0, the 51" percentile is somewhat smaller (i.e., 5) and the
95t™ percentile is significantly larger (i.e., 957). This indicates that there is more variation in the
run length distribution that has a longer right-tail. The difference between these two percentiles -
and hence the degree of skewness of the run length distribution - reduces as m, J,: and 0
increase.

It is clear from Tables 1 and 2 that the 50™ percentiles (MRLys) are much less than their respective

ARLgs when 6=0. When J,,c =1.5, the MRL, values for me {10,+oo} are 166 and 173, which are

remarkably less than the ARLy=250. This condition worsens when m and J, are small. For
example, when m=10 and 0, =0.5, although the ARL, value is still 250, the MRL, value drops to 88.

Table 1: Exact ARL, SDRL, ASS and percentiles, together with the optimal (n4, ny, Ly, L, L,)
parameters of the ARL-based DS X chart with estimated (m € {10, 20, 40, 80}) and known

(m=10) process parameters when ARL,=250, ASS,; = 5 and dopt =0.5

Percentiles
L 5 AR SDRL  Ass st 1ot 50 30T g5n ggn g5
L, L, L) (MRL)
05 10 (3,12, 0.00 25000 655.76 5.00 5 10 29 8 241 574 957
Yo T 025 10613 3936 543 2 3 9 28 86 234 a4t
050 1641 6227 664 1 1 2 6 14 33 57
075 392 69 83 1 1 1 2 4 8 8
100 191 169 1029 1 1 1 1 2 4 5
150 1,16 046 13.09 1 1 1 1 1 2 2
200 103 017 133 1 1 1 4 1 1 1
300 1.00 043 765 1 1 1 1 1 1 1
0 G 12 0.00 250.00 406.13 5.00 8 16 45 123 293 599 899
1.4165,5.5420,
it 0.25 7649 16199 545 2 4 11 30 78 179 292
050 1124 1902 671 1 1 3 6 13 25 38
075 332 35 8% 1 1 1 2 4 7 10
100 178 129 1048 1 1 1 1 2 3 4
150 114 041 1348 1 1 1 1 1 2 2
200 1.2 015 1436 1 1 1 1 1 1 1
300 100 001 1040 1 1t 1 1 1 1
0 G712 0.00 250.00 31853 5.00 10 21 58 146 320 593 834
Yoo 1 025 5007 080 546 2 5 12 31 70 140 207
050 9.42 1140 674 1 1 3 6 12 21 30
075 307 28 8% 1 1 1 2 4 6 8
100 172 116 105 1 1 1 1 2 3 4
150 113 039 1353 1 1 1 1 1 2 2
200 102 015 1427 1 1 1 4 1 1 1
300 100 001 948 1 1 1 1 1 1 1
80 G, 12 0.00 250.00 281.08 5.00 12 24 65 160 334 585 792
139133337 025 5093 627t 546 3 5 12 30 65 118 165
2.6564) : : : :
050 861 909 676 1 1 3 6 11 19 2
075 295 25 861 1 1 1 2 4 6 8
100 1.9 110 1061 1 1 1 1 2 3 4
15 113 038 1358 1 1 1 1 1 2 2
200 1.02 014 1435 1 1 1 4 1 1 1
30 100 001 964 1 1t 1 1 1 1
- G,13, 0.00 250.00 24950 5.0 13 27 72 173 346 575 748
1.3830,5.2010,
Y e324) 025 4219 4167 547 3 5 12 29 8 9% 125
050 7.8 730 67 1 1 3 6 11 17 2
075 28 227 864 1 1 1 2 4 6 7
100 166 105 1065 1 1 1 1 2 3 4
15 112 038 1360 1 1 1 1 1 2 2
200 1.02 014 1428 1 1 1 4 1 1 1
300 100 001 902 1 1 1t 4 1 1 1
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Table 2: Exact ARL, SDRL, ASS and percentiles, together with the optimal (n4, ny, L4, L, L;)
parameters of the ARL-based DS X chart with estimated (m € {10, 20, 40, 80}) and known

(m=10) process parameters when ARL,=250, ASS; = 5 and 6opt =1.5

Percentiles
s, m (M g ARL SORL  ass s ot asm 90T gmm ggn  ggm
ot Ly, L, Lp) (MRL)
15 0 46 0.00 250.00 681.69 5.00 1 26 69 166 332 550 716

1.361,3,3.7932,2.7688) 0.25 115.82  384.71 5.28 16 38 76 126 164

3
3 6

0.50 21.35 75.87 6.02 1 2 4 8 15 25 32

0.75 5.04 10.09 7.00 1 1 1 3 5 8 10

1.00 2.10 2.25 7.85 1 1 1 1 2 3 4

1.50 1.1 0.37 8.10 1 1 1 1 1 1 2

2.00 1.01 0.09 6.46 1 1 1 1 1 1 1

3.00 1.00 0.003 4.14 1 1 1 1 1 1 1
20 (4, 6, 0.00  250.00 410.03 5.00 14 28 76 181 362 601 782
1.4232,4.4648,2.8008)  0.25 89.34 178.08  5.29 3 7 17 M1 81 134 174

0.50 15.43 26.33 6.10 1 2 4 8 16 26 33

0.75 4.26 5.09 7.18 1 1 1 3 5 8 10

1.00 1.95 1.59 8.22 1 1 1 1 2 3 4

1.50 1.09 0.32 9.09 1 1 1 1 1 1 2

2.00 1.01 0.08 7.94 1 1 1 1 1 1 1

3.00 1.00 0.002 4.45 1 1 1 1 1 1 1
40 (4, 6, 0.00  250.00 319.93 5.00 14 28 76 182 364 605 787
1.4031,5.1198,2.8064)  0.25 73.19 107.50  5.31 3 7 17 M1 81 134 174

0.50 13.14 16.39 6.14 1 7 4 8 16 26 33

0.75 3.93 3.91 7.27 1 2 1 3 5 8 10

1.00 1.87 1.38 8.33 1 1 1 1 2 3 4

1.50 1.08 0.30 9.52 1 1 1 1 1 1 2

2.00 1.01 0.07 9.10 1 1 1 1 1 1 1

3.00 1.00 0.002 5.19 1 1 1 1 1 1 1
80 (4,6, 0.00 250.00 282.03  5.00 14 28 75 180 359 596 776
1.3931,5.2922,2.8032)  0.25 64.72 78.84 5.31 3 7 17 40 80 133 172

0.50 12.10 13.14 6.14 1 2 4 8 15 25 33

0.75 3.76 3.44 7.27 1 1 1 3 5 8 10

1.00 1.83 1.28 8.36 1 1 1 1 2 3 4

1.50 1.08 0.29 9.59 1 1 1 1 1 1 2

2.00 1.00 0.07 9.34 1 1 1 1 1 1 1

3.00 1.00 0.002 5.46 1 1 1 1 1 1 1
oo (4, 6, 0.00 250.00 250.00 5.00 13 27 72 173 346 575 748
1.3830,5.2010,2.7921)  0.25 56.22 55.72 5.31 3 6 17 39 78 129 167

0.50 11.06 10.55 6.16 1 2 4 8 15 25 32

0.75 3.58 3.04 7.29 1 1 1 3 5 8 10

1.00 1.79 1.19 8.39 1 1 1 1 2 3 4

1.50 1.07 0.28 9.60 1 1 1 1 1 1 2

2.00 1.00 0.07 9.28 1 1 1 1 1 1 1

3.00 1.00 0.001 5.27 1 1 1 1 1 1 1

For all the cases considered in Tables 1 and 2, despite the same ARLy=250 value, the number of
samples required to signal a false alarm in 50 per cent of the time is different for all the m
considered. This single example shows that interpretations and conclusions based on ARL alone are
confusing. Therefore, the percentiles of the run length distribution provide a more representative
and reliable quantity for evaluating a control chart’s performance. However, when m or ¢
increases, the ARL; becomes closer to the MRL,. This shows that the skewness of the run length
distribution decreases as m or 0 increases.

Undoubtedly, an analysis of the early false alarms is viewed by engineers as vital. A high false
alarm rate is undesirable in industry, as it will lead to time- and cost-wasting corrective actions
and unnecessary process adjustments. The lower percentiles of the run length distribution, such as
the 5™, 10" and 25" percentiles when the process is in-control, i.e. d=0, provide information
about the early false alarms. For example, in the case of d,, =0.5, m=10, there is a 10 per cent
chance that a false out-of-control signal will occur by the 10" sample. We notice that when
process parameters are estimated, the run length of the 5", 10" and 25" percentiles when 0=0 are
short, indicating very early false alarms with the specified rates of 0.05, 0.1 and 0.25. This
situation improves when m or J,y increases, as the values associated with the 5t 10" and 25%
percentiles increase when 0=0. From Tables 1 and 2, we observe that setting the ARL; at a desired
value will not ensure an acceptable early false alarm. Therefore, an analysis of the early false
alarms should be conducted in the design of a control chart.
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Tables 3 and 4 give an overview of the ARL, SDRL, ASS and percentiles of the MRL-based DS X

chart when MRLy=250, ASS¢=5 and O € {0.5, 1.5}. The optimisation algorithms of the DS X chart
with known and estimated process parameters for minimising the MRL,, proposed by Teoh et al.
[3], are employed here to obtain the optimal (n4, n,, L4, L, L) combinations. The ARL, SDRL, ASS
and percentiles of the run length distribution shown in Tables 3 and 4 are calculated based on the
formulae provided in Section 3.

All the cases considered in Tables 3 and 4 have the same MRLy=250, irrespective of the value of m
used. This provides useful information to practitioners that, 50 per cent of the time, a false alarm
will occur by the 250" sample, following process start-up. We wish to highlight that, for the
optimal MRL-based chart with estimated process parameters, with a fixed MRL,=250, for each m,
the chart will have the same MRL, value even though the ARL, values for each m are different.
However, these differences in ARLy values will not pose any practical problems to practitioners,
because MRL represents 50 per cent of the time; but this is not the case for the ARL. For a skewed
distribution, such as the run length distribution that follows a geometric distribution, the mean is
greater than the median, and so the mean is not a suitable representation of the center of the
distribution. Thus the computation of ARL for the optimal MRL-based chart does not provide
enough practical information to practitioners. Note that a similar situation is obtained for the ARL-
based chart; that is. when ARLy=250 for any m, the MRL, values are different for each m (see
Tables 1 and 2). As discussed above, since ARL is not an intuitive representation of the run length
distribution, the percentiles of the run length distribution need to be computed to supplement the
ARL-based chart.

Table 3: Exact ARL, SDRL, ASS and the percentile values, together with the optimal
(n4,n,,L4,L,L,) parameters of the MRL-based DS X chart with estimated (m € {10, 20, 40, 80})

and known (m=1®©) parameters when MRLy,=250, ASS, = 5 and 6opt =0.5

Percentage points

) (1, AR SDR ass st oqon g5 90" zgm ggm  ggw
” ML, L L) g L L L (MRL)

05 10 @12 0.00 109397 5266.96 5.00 11 23 74 250 800 2230 4148

1.1899,4.1409,3.0926) 025  419.97 272400 533 3 6 19 68 243 778 1560

050 4540 38490 625 1 2 4 10 29 80 151

075 6.8 44 757 1 1 1 3 7 14 n

100  2.44 299 9.05 1 1 1 2 3 5 7

150 1.4 058 1139 1 1 1 1 1 2 2

200 1/06 025 1184 1 1 1 1 1 1 2

3.00  1.00 0.04  7.43 1 1 1 1 1 1 1

0 @13, 0.00 590.39 116036 5.00 14 30 88 250 640 1404 2211

1.2189,3.8917,2.9603) 025 16114 42445 536 3 6 18 54 149 367 627

050 1831 3841 637 1 2 3 8 20 4 64

075 437 53  7.83 1 1 1 3 5 9 13

100 2,07 168 945 1 1 1 1 3 4 5

150 1.3 055 1197 1 1 1 1 1 2 2

200 1.06 025 1220 1 1 1 1 1 1 2

3.00 1.0 0.04 673 1 1 1 1 1 1 1

0@, 0.00 447.80  607.84  5.00 17 34 97 250 561 1068 1529

1.7417,4.1186,2.8480) 025 9442  157.87 543 3 6 17 46 109 223 339

050  12.68 1644 667 1 1 3 7 16 29 41

075  3.58 348 882 1 1 1 2 5 8 10

100  1.81 128 1049 1 1 1 1 2 3 4

15  1.12 037 1232 1 1 1 1 1 2 2

200 1.01 011 984 1 1 1 1 1 1 1

3.00 1.0 0.004 438 1 1 1 1 1 1 1

80 @13 0.00 40219 47077 5.00 18 37 101 250 530 946 1296

1.2028,3.6461,2.8502) 0.25  75.88 9843 537 3 7 18 44 9% 179 252

050 1144 1253 639 1 2 3 7 15 26 35

0.75  3.53 317 78 1 1 1 3 5 7 10

100 1.90 134 947 1 1 1 1 2 4 5

15 122 052 1180 1 1 1 1 1 2 2

200 1.06 024 1158 1 1 1 1 1 1 2

3.00  1.00 0.04 558 1 1 1 1 1 1 1

- G 12, 0.00 361.06 36058  5.00 19 38 104 250 500 831 1081

1.3829,4.1861,2.7749) 025  54.46  53.96 547 3 6 16 38 75 125 162

050  9.10 858 677 1 1 3 6 12 20 2

075  3.03 248 862 1 1 1 2 4 6 8

100 1.69 109 105 1 1 1 1 2 3 4

15 113 038 1298 1 1 1 1 1 2 2

200 1.02 014 1195 1 1 1 1 1 1 1

300 1.00 0.008 487 1 1 1 1 1 1 1

An investigation of the percentiles of the run length distribution in Tables 1 to 4 when 6=0 reveals
that the false alarms for the ARL-based chart occur considerably earlier than for the MRL-based
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chart, for cases of both known and estimated process parameters (see the lower percentiles, e.g.,
5t 10" and 25%). If the probability of an early false alarm is of main concern, the lower
percentiles (say, the 5 percentile) can be used as an additional criterion in selecting a suitable
scheme for a control chart.

Concerning the out-of-control average sample size (ASS,), the value decreases conspicuously when
using the MRL-based chart over the ARL-based chart. For instance, when Jq,=1.5, m=20 and 6=1,
the ASS; decreases from 8.22 (ARL-based chart) to 5.69 (MRL-based chart). As expected, when the
shift is small, the difference in the percentiles of the run length distribution between the MRL-
based and ARL-based charts is noticeable. This difference, however, becomes negligible when the
shift is moderate or large. Tables 1 to 4 show that this difference is larger when 0=0 than that
when 6>0.

5  EXAMPLES OF APPLICATIONS

Computing the percentiles of the run length distribution of the DS X chart provides valuable
information to help engineers in the selection of an appropriate control chart scheme. In the
Phase-1 analysis, suppose that an engineer would like to take 20 samples, each of five
observations, in a certain manufacturing process. In the Phase-Il process monitoring, four different
situations are considered in the following four examples:

Table 4: Exact ARL, SDRL, ASS and percentiles, together with the optimal (n4, ny, Ly, L, L;)
parameters of the MRL-based DS X chart with estimated (m € {10, 20, 40, 80}) and known

(m=1+%) process parameters when MRL,=250, ASS, = 5 and 5opt =1.5

Percentiles
s, m (M § ARL SORL  Ass 5 o a0 90" g ggn  ggw
ot Ly, L, Ly) (MRL)
15 10 (42 0.00 11029 5865.0 5.00 12 24 77 250 782 2182 4089

O.,705,7,3.6717,3.1928) 0.25 531.71 3284.5 5.09 10 32 106 346 1012 1944

5
0.50  101.51 684.47  5.31 2 3 8 25 72 195 362
0.75 20.52 78.48 5.54 1 1 3 7 19 43 73
1.00 6.15 12.96 5.66 1 1 1 3 7 13 20
1.50 1.61 1.32 5.41 1 1 1 1 2 3 4
2.00 1.07 0.30 4.75 1 1 1 1 1 1 2
3.00 1.00 0.01 4.04 1 1 1 1 1 1 1

20 4,2, 0.00 586.12 1185.5 5.00
0.6901,3.6789,3.1080)  0.25  241.18  547.13 5.10

1376 2175
94 245 560 911

-
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w
=
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wo
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0.50 47.99 95.71 5.33 2 3 8 22 52 111 173

0.75 12.31 18.82 5.64 1 1 3 7 15 28 42

1.00 4.48 5.30 5.69 1 1 1 3 5 10 14

1.50 1.46 0.91 5.45 1 1 1 1 2 2 3

2.00 1.05 0.23 4.75 1 1 1 1 1 1 1

3.00 1.00 0.01 4.03 1 1 1 1 1 1 1
40 4,2, 0.00 451.97 628.86 5.00 17 35 97 250 561 1073 1546
0.6822,3.7136,3.0570)  0.25  165.62  248.95 5.10 6 12 33 87 199 394 580
0.50 34.92 47.03 5.34 2 3 8 20 44 82 117

0.75 9.91 11.53 5.58 1 1 3 6 13 23 31

1.00 3.90 3.82 5.72 1 1 1 3 5 8 1

1.50 1.39 0.77 5.49 1 1 1 1 2 2 3

2.00 1.04 0.22 4.78 1 1 1 1 1 1 1

3.00 1.00 0.004 4.03 1 1 1 1 1 1 1
80 2, 4, 0.00  406.41 484.68  5.00 18 36 100 250 532 956 1317
0.3188,3.4229,3.0851)  0.25 147.80 182.13  5.06 7 13 36 89 191 348 484
0.50 33.26 38.25 5.20 2 3 9 21 44 77 106

0.75 9.82 10.29 5.38 1 1 3 7 13 22 30

1.00 3.93 3.61 5.52 1 1 1 3 5 8 1

1.50 1.4 0.77 5.49 1 1 1 1 2 2 3

2.00 1.04 0.21 4.86 1 1 1 1 1 1 1

3.00 1.00 0.01 2.83 1 1 1 1 1 1 1
oo 3,3, 0.00 361.07 360.57 5.00 19 38 104 250 500 831 1081
0.4298,3.4002,3.0510)  0.25  119.19  118.69  5.08 7 13 35 83 165 247 356
0.50 27.73 27.22 5.28 2 3 8 19 38 63 82

0.75 8.59 8.08 5.50 1 1 3 6 12 19 25

1.00 3.58 3.04 5.61 1 1 1 3 5 8 10

1.50 1.36 0.69 5.32 1 1 1 1 2 2 3

2.00 1.03 0.18 4.42 1 1 1 1 1 1 1

3.00 1.00 0.003 3.1 1 1 1 1 1 1 1

EXAMPLE 1

In many industrial processes, early false alarms are a major consideration. A smaller value of the
lower percentiles (e.g., 5", 10™ and 25"") when 0=0 will give rise to earlier (or more frequent)
false alarms, resulting in repeated process stops and start-ups within shorter time intervals. Based
on the lower percentiles of the run length distribution displayed in Tables 1 to 4, we notice that
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the ARL-based chart produces shorter run lengths at the lower percentiles of the run length
distribution when d=0, compared with those of the MRL-based chart. For example, when J,,=0.5,
the run length of the 10" percentile (when d=0) for the ARL-based chart is 16 (see Table 1) as
opposed to 30 (see Table 3) for the MRL-based chart. This value of the run length increases by
nearly twofold by using the ARL-based chart in place of the MRL-based chart. Accordingly, it is
recommended to choose the MRL-based chart with estimated process parameters, as the ARL-
based chart signals early false alarm earlier than the MRL-based chart.

EXAMPLE 2

One of the meaningful pieces of information obtained from the computation of the percentiles of
the run length distribution is the MRL. If management really wants to have a good understanding of
the control chart and to avoid making inaccurate conclusions based on the ARL alone, the design
scheme based on MRL helps to alleviate this problem. The MRL-based chart gives a clear picture
that, on average, 50 per cent of all the run lengths are less than 250 when 0=0. Meanwhile, for the
ARL-based chart, ARLy=250 only provides information about the expected run length; it does not
indicate the likelihood, say 50 per cent of the time as in the case of the MRL,, of getting a false
alarm by a certain sample. Thus there could be a risk that a practitioner incorrectly interprets the
ARL, as a false alarm that would occur by the 250" sample, with half the chance; although in an
actual scenario, a false alarm occurs significantly earlier, i.e. by the 123" sample when 0opt=0.5
(see Table 1), with half the chance. Similar interpretation problems will be encountered for the
out-of-control cases. If an engineer’s confidence and understanding is viewed as crucial, the MRL-
based chart with estimated process parameters is a more suitable option, as it provides more
intuitive and critical information to the engineer.

EXAMPLE 3

In a manufacturing process, assume that an engineer determines that a mean shift in the range of
1.0<0<2.0 is not acceptable and must be identified as quickly as possible. The control-chart
scheme that is more sensitive in detecting an out-of-control condition at this shift will be the best
choice. Since Tables 2 and 4 provide us with the results computed from the optimal chart
parameters of J,p=1.5, we will select one from these two schemes. For example, when J=1, the
design scheme of the ARL-based chart (see Table 2) gives the engineer 95 per cent confidence that
an out-of-control signal is disclosed by the 4" sample, i.e. 10 samples earlier than the MRL-based
chart (see Table 4). If the detection speed is a main concern, it would be a better choice to opt
for the design scheme of the ARL-based DS X chart with estimated process parameters.
Therefore the chart’s parameters (nq, n,, Ly, L, Ly)=(4, 6, 1.4232, 4.4648, 2.8008) will be selected
for this case. Nevertheless, the engineer needs to realise that the ARL-based chart, although it
detects the changes quickly, has a higher false out-of-control signal (see Example 1). Moreover, as
discussed in Example 2, he/she may have a tendency to relate the ARL value to the MRL, and make
an inappropriate decision based on the ARL alone.

EXAMPLE 4

If making a large number of observations in a manufacturing process is not a problem, as in the
case of mass production, an engineer may consider making more observations in each sample for
the Phase-l and Phase-Il processes, in order to increase the sensitivity of a control chart. Table 5
shows the ARL, SDRL, ASS and various percentiles of the run length distribution when n=ASS,=10 is
used in both the Phase-I and Phase-ll processes. Suppose that an engineer plans to take 20
samples, each of size 10, in the Phase-| process, and intends to discover a mean shift in the range
of 1.0=0<2.0. When n=10, the engineer can claim with 90 per cent certainty that the DS X chart
with estimated process parameters will detect a shift of size =1 by the 3™ sample (see Table 5)
compared with that of the 10" sample (see Table 4) when n=5. This implies that increasing n will
increase the detection speed of a control chart. Thus, when process parameters are estimated,

the DS X chart designed based on a larger sample size n will be our consideration.

Table 5: Exact ARL, SDRL, ASS and percentiles, together with the optimal (n4, ny, Ly, L, L;)
parameters of the MRL-based DS X chart with estimated process parameters (m=20) when

MRL,=250, ASS, = 10 and O, =1.5

Percentiles

h

J (n,m, th th th 50"
opt m ) i) ARL SDRL ASS 5 10 25 (MRL)
1.5 20 s, 3, 0.00 450.08 617.77 10.00 17 35 97 250 562 1072 1539
0.4398,3.9291,3.0763) 0.25 108.17 177.28 10.20 4 7 20 53 126 257 388

75th 90th 95th
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0.50 15.29 20.52 10.57
0.75 3.93 4.05 10.74
1.00 1.75 1.25 10.53
1.50 1.04 0.19 9.14
2.00 1.00 0.02 8.14
3.00 1.00 0.00 8.00
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6  CONCLUSIONS

Good knowledge and extensive understanding of the behaviour of the DS X chart with estimated
process parameters is essential for engineers. Since the run length distribution is highly right-
skewed and the skewness changes with m, n, 6 and J,,, ARL does not provide a complete

understanding of the performance of the DS X chart with estimated process parameters. On the
other hand, the percentiles of the run length distribution depict the early false alarms, MRL,

skewness, spread, and extreme (tail) values of the run length distribution of the DS X chart with
estimated process parameters. This information helps engineers to design and assess a control
chart.

In this paper, we discuss the advantages of computing the percentiles of the run length

distribution for the DS X chart with estimated process parameters. For any fixed small and
moderate shifts, our results reveal substantial differences in the percentiles of the run length
distribution for all the cases (see Tables 1 to 5) considered in this paper. These percentiles change
with m, n and J.y, even though the same value of ARL; or MRL, is attained. When process
parameters are estimated, the shape, skewness and behaviour of the run length distribution of the

DS X chart are different for each case (see Tables 1 to 5). In view of this fact, interpretation of
the performance of a control chart with estimated process parameters becomes more

complicated. Indisputably, it is highly recommended that after the design scheme of the DS X
chart with estimated process parameters has been chosen, based on an engineer’s requirement,
the percentiles of the run length distribution should be computed to provide extra information.
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