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EXACT SEQUENCES FOR THE KASPAROV GROUPS
OF GRADED ALGEBRAS

GEORGE SKANDALIS

Introduction. In [11] G. G. Kasparov defined the “operator K-functor”
KK(A, B) associated with the graded C*-algebras A4 and B. If
the algebras 4 and B are trivially graded and A4 is nuclear he proves six
term exact sequence theorems. He asks whether this extends to the graded
case.

Here we prove such “six-term exact sequence” results in the graded
case. Our proof does not use nuclearity of the algebra A. This condition is
replaced by a completely positive lifting condition (Theorem 1.1).

Using our result we may extend the results by M. Pimsner and D.
Voiculescu on the K groups of crossed products by free groups to KK
groups [15]. We give however a different way of computing these groups
using the equivariant KK-theory developed by G. G. Kasparov in [12].
This method also allows us to compute the KK groups of crossed products
by PSLy(Z).

I would like to express my gratitude to J. Cuntz for many helpful
discussions. Also I would like to thank G. G. Kasparov who asked the
question of proving exact sequences for graded algebras.

This research was made during my stay at Queen’s University. I would
like to thank E.J. Woods for his kind invitation and, together with M.
Khoshkam and T. Giordano, for various discussions.

Notations. We use here essentially the definitions of the KK theory and
notations of [17] which are slightly different from the original ones [11].

If A4 is a C*-algebra and X is a locally compact space we use the
notation A(X) (rather than 4 ® Cy(X)) to denote the continuous
functions vanishing at oo on X with values in A.

A shorter and more conceptual proof of Theorem 1.1 is in preparation
jointly with J. Cuntz.

1. Statement of the theorem. In this section we state our main theorem
and make some reductions. We then compute the connecting maps
appearing in the theorem.
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194 GEORGE SKANDALIS

Let

/ 4 ' B
0~>1~’»A£»7—>0 and 0—>J~J»Bﬁ>j~»0

be the grading preserving exact sequences associated with the graded
ideals I/ € 4 andJ C B.

1.1. THEOREM. a) Assume that A is separable and that the quotient map p
admits a completely positive, grading preserving, cross-section of norm 1.
Then we have the six-term exact sequence

y
KK(T B) 2, kK. B) S KK(I, B)

5 [ 13
A
KK'Y(I, By «— KK'(A, B) « KK1<7, B)
;% *

l P

b) Assume that A is separable and q admits a completely positive, grading
preserving, cross-section of norm 1. Then we have the six-term exact
sequence

' B
KK(A4, 1) kK4, By &3 KK(A, 7)

s/I ls,

B
KK'(A, —) — KK'(A, B) < KK'(4.,J)
77 4. Js

1.2. Remarks. a) One can weaken the hypothesis in part b) of Theorem
1.1 (see remark 3.6).

A B .
b) (cf [11] p. 569). Let 5037 — A(or 7 — B) be a completely positive
cross-section, which is not necessarily grading preserving. Put
s(x) = so(x(o))(o) + so(x(l))(l).

It is still completely positive and now it is grading preserving. If s; is of
norm 1, so is s.

We may note that the proof of Lemmas 4 and 5 of Section 7 of [11]
needs no change to get:

1.3. LEMMA. Let L be a homotopy invariant functor (covariant or
contravariant) from the category of graded C*-algebras (or separable graded
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C*-algebras) 1o the category of abelian groups. Assume that for each short
exact sequence

p A

0—)14,4—)——)()

such that p admits a completely positive lifting of norm 1 the sequence

L( L
L(I)i,) L(4) L) L(%l)

(or L(%‘) L_(p,) L(4) _Lﬂ L(I))

is exact. Then every such exact sequence gives rise to a long exact
sequence:

L) L(p) (A

1)
s LARYN ) —5 L 7(R")) = LR )

LG L
L0 aw—y)2e)

(the other way for L contravariant).

Hence to prove Theorem 1.1 we just have to prove exactness of the
sequences (using Bott periodicity [11] Section 5)

* l*

y
KK(Y, B) 2, KK(4, BY 5 KK(I, B)

' B
KK(4, 1)1 kK, By D KK(A, 7).

This will be done in Sections 2 and 3. The end of the present section is
devoted to computing the connecting maps.

We recall that the connecting maps in Lemma 1.3 (and thus also in
Theorem 1.1) are constructed in the following way ( [11], Section 7 Lemma
5):

Let

A .
Sp = {(x’f)vx = A’fe 7[07 1)’]((0) =P(x)}

be the cone of p. Let
el = S, (e(a) = (a,0)) and

jz?(o, D=5, G = ©0.0)
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be the inclusions.
The map L(e):L(I) — L(S,) is an isomorphism. One then puts
8 =Le) '°L()
(L(j)©° L(e)fl in the contravariant case). We may notice that if x &
KK(I, B), x = 1, @, x where 1, is the unit of KK(I, I). Hence
8(x) = 8(1;) @, x

where

A
1)) € KK(7(R), 1).
. B B .
In the same way, if x € KK(A, j(R)) and T is separable then

X =x ®B/J(R) 1B/J(R)'

Hence

§(x) = x Qpyyr) 81p Ry

We now give an explicit form for 8(1;) and 6'(1g,;(g))-
Let
0-85pb a0

be a short exact sequence of graded algebras with A separable. To a
grading-preserving completely positive cross-section s of norm 1 of p,
there corresponds, thanks to Kasparov’s “generalized Stinespring theo-
rem” ( [10], Theorem 3), a graded countably generated D module &, and a
grading preserving unital *-homomorphism

mA = LD ® &),

such that s(x) = Qn(x)Q for all x € 4 (Q denotes the projection on the
summand D).

We may note that if we require that &, be generated by (1 — Q)
7(x)Qy, x € A,y € D, &, and 7 are uniquely determined by s. Denote
by E = C*(4, Q) < AD © &) the C*-algebra generated by 7(4 ) and Q.
Let J € E be the ideal generated by [#(4), Q] in E. Let & = J -
(D @ &) be the submodule of D @ &, generated by

{xéx € J; £ € D ® 4}

Let 4 = %), be the first Clifford algebra and let ¢ € % be an
orientation of €\(e = FP =1, 0 = ).
Put
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E=6® %,
F=(20-1)®c %eu)

1.4. LEMMA. a) The module &is a B ® %, module; i.e.
VEc (65 eBRECD®E.

b) The pair (&, F) is a Kasparov (A, B @ %)) bimodule.

¢) Let & € D ® &, contain &, and be stable under the action of A and Q.
Suppose that &) is a coyntably generated B module. Then the pairs (6, F) and
& Q@ %, 20 — 1) @ &) define the same element of KK'(A, B).

d) The class 8, of (& F) in KK'(A, B) does not depend upon the
cross-section s.

Proof. a) One has:
(= Q)ym(x)Q¢, (1 — Q)m(x)Q%)
= §(s(x*x) — s(x)*s(x))§ € B

forall x € 4, ¢ € D. Hence & is a B module.
b)AsQ € X(D @ &), J C (D ® &,). Hence &) 1s countably generated
and J C X&) ([18], Lemma 1.11). Hence &'is countably generated and

[a, F] = 2[n(a), 0] @ ¢ € #(&) for all ain A.

Moreover F> = 1 and F = F*.

c) is a consequence of [5], Remark A.6.2.

d) The set of the completely positive grading preserving cross-sections
of p which extend unitarily to 4 — D is convex.

Note that the proof of a) shows that &, is a B module. If B has a
countable approximate unit one may take instead of & (B @ &) @
(thanks to c).

This shows that in the non graded case 8p is the element of KK'(A, B)
corresponding to the exact sequence

08502540
through the identification
Ext(4, B) ' = KK'(4, B)
([11], Section 7, Theorem 1).
1.5. LEMMa. ([11], Section 7, Remark 3). Let

0B, —D B4 -0

be another short exact sequence with A, separable and p, admitting a
completely positive cross-section of norm 1.
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Let ¢:D| — D be a grading preserving homomorphism with ¢(B|) < B.
Call ¢':B) — B and ¢":A; — A the induced maps. One has

6"*(8,) = 4(,)
Proof. Put
E=D@ 4, ={(x,y)lx € D,y € 4,,p(x) = ¢"(») }.

Let g:E — A, be the projection g(x, y) = y. The kernel of ¢ identifies
with 1. Let s; and s be suitable cross-sections of p; and p. Put

SUY) = (051(¥), ¥). s'(¥) = (s¢"(y), ), (¥ € A4)).

Using the cross-section s; of g we get

8, = 94(8,).
Using s" we get
8, = ¢"*(8,).

We may now use the proofs of Lemmas 6 and 8 of Section 7 of [11] to
get:

1.6. PROPOSITION. a) The connecting map
1A
8:KK(I, By — KK 7 B

in Theorem 1.1 is given by

xH8p®1x.

. B
b) If 7 is separable the connecting map

B 1
8 KK 4.5 ) = KK\, )

is given by
xt=x Qg 8,

1.7. Remark. In the language of [11], Section 7, p. 569 we have just
constructed a map

Ext(4, B)"! — KK'(4, B)

(the map which to the exact sequence 0 — B ® XA — D LN A — 0 asso-
ciates 8p). This map is an (obvious) extension to the graded case of the

isomorphism constructed by G. G. Kasparov in the non graded case ({11],
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Section 7, Theorem 1). But in the graded case this map is no longer an
isomorphism ( [11], p. 569).

2. Exactness of 4 — KK(A, B). In this section we prove:
2.1. ProrosITION. Let

p A

0—>17 —I> 4> ——0
be an exact sequence of separable graded C*-algebras. Assume that p admits

a completely positive, grading preserving cross-section of norm 1. Let B be a
graded C*-algebra. Then the sequence

KK\—., B
1

s exact.

“> KK(A, B) — KK(I, B)

Obviously i*p* = 0.
To prove the inclusion Ker /* € Im p* let us make the following
observation:

2.2. LEMMA. ( [11], Theorem 1, Section 6). Let (&, F) € G(A, B) be such
that i*(&, F) is the zero element of KK(I, B). Then there exists (&', F') €
D(A, B) such that i*(&D &, F © F') is operatorially homotopic to an element
of DI, B).

Proof. Let (&, F) be a homotopy
(&.'F) € 6, B[O, 1])
such that
(&, F,) = i"& F) fort [0, 1/2]

and & = 0 (cf [17], Remark 3a).
Set

I' = {fe [0, ]|f(t) € Lt = i}

Let I’ act naturally in & and put & = I'€. F admits an I’ connexion F.
We can change F, in [0, 1/2) by adding a continuous family of zero
connexions, in order to obtain F, = F.

Replacing (&, F) by (&, F) we may thus assume that 4 acts on &.

Let H, and H, be the zero graded (C[0, 1}, C) bimodules Hy = H, = C;
the action of C[0, 1] in H, is given by /£ = f(0)¢ and in H, by f& = f(1)¢
Let (Hy, Fp), (HY, F) € D(C[0, 1], C) be such that (H, ® H), 0 @ F}) and
(H, © H}, 0 © F) are operatorially homotopic ( [11], Section 6, Theorem
1, see also [1], Theorem 2.14, [9], Section 2).
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Then any Kasparov product of (&, F) by (H, © H), 0 © Fp) is
operatorially homotopic in KK(I, B) to any Kasparov product of (&, F) by
(H, ©@ H|, 0© F)) ({17], Theorem 12).

Put then

& =é& ®B[0,l] (B ®C (Hy © Hy))
— 5, © & @y (B Oc Hy
=808

Put also
F =1 ®B[(),l] (1 ® Fo) € A&

Then (€® ¢, F © F') is operatorially homotopic to a Kasparov product of
(6. F) by (H, © Hy, 0 © Fp) (cf proof of {17], Theorem 12). Moreover

(&, F) € DHACE), B).

We may hence consider it as an element of ©(4, B).
Also

& ®po, (B QH)=§ =0.
So that
& Qo BR HN, 1 ® (1 ® F))) € B, B)

is operatorially homotopic to a Kasparov product of (&, F) by (H, © I,
00 F).

As the class of (& F) in KK(A, B) does not change when adding (&7, F")
we may suppose that there exists a norm continuous path (F,),cjo),
F, € #(&) such that:

F = Fy, (& F) € &, B), (& F)) € D, B).
We next construct an operatorial homotopy G,, G, € #&) such that
(& G,) € €4, B) and (G, — F)I € X(&).
To do so we need the following lemma.
2.3. LEMMA. Let
o= {x € AE)|[x, al € H(£), Va € A],
=[x € HE)|[x, a]l € H(E), Va € I},
F = {x € &’|xa € #(&), Va € I}.
Then one has o/ + ¢ = o’.

Proof. Let x € &' be homogeneous for the grading.
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Put £ = X&), E, =1 + X (&) € HAE).
Let E, be the C*-subalgebra of (&) generated by [x, a] (a € 4), and
let 3% be the vector space generated by x and 4.
Weseethat EC E, (&, E]C E (B, E|] € E. Alsoifa € 4,4 € [ are
homogeneous we get
dla, x] = [@a, x] — (=)™ [&, x]a € H(&).

Hence £, - E, € E.
Applying Theorem 4 of Section 3 of {11} we get M and N with M + N
=1L M=Z0,NzZ0,[MF < AE,M-E SHE), N E, ©X©&).
Hence Mx € ¢ and Nx € &

2.4. LEMMA. Assume that (6, F) € €(A, B) and that (F),eo,) is an
operatorial homotopy (&, F,) € &, B) such that F, = F.
Then there exists an operatorial homotopy G, such that

6 G,) € &4, B), Gy =F and
(G, — F)a € X(&),Va € I,V € [0, 1].
Proof. Define
F={x € Hxa € H(€),Va € A}.
Put
ot T
F 7

Lemma 2.3 asserts that the map

2% 9

(induced by the inclusions & C &, ¢ C ¢’} is onto.
Call f'the image of F( € &) in Z and f, the images of F,(€ &’) in Z’. We
have f* = 1, f=f* 8f = land f; = 1, f, = f2 9f, = 1.

Choose a sequence 0 = a5 < a; < ... << a, = 1 such that
1
‘Iﬁ—faklléiforte[ak,ak+l] (k:O, 1,...,'1*1).
Assume constructed the continuous path (g),cpq, (K = 0,1, ...,

n — 1), g, € & such that:

q(g,) :ft,gtz =18 =808 =1g :f'

Choose then a continuous path (g}), < g ag 1 1] such that

q(8) =/, 8 = 8~ 98 = 1, 8, = &, and
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1
g = 8/l = 3

Then

<1 _
gl = 1S5 (gl = 1.

Put then g, = g/lg) .
By induction we thus construct (g,), < o, 1] With
&) =/og =108 =Lg=2g 8=/

Let then (G,),¢[o,1) be a continuous lifting of degree 1 of g, in & such

Now (&, G)) is operatorially homotopic to (&, F) and
(G, — F|) € X(6).
The proof of Proposition 2.1 will be complete after the following:
2.5. LEMMA. Let (&, G) € (A4, B) and F € HA(&) be such that
(6 F) € DU, Byand I - (F — G) € X(&).
Then the class of (&, F) in KK(A, B) is in the image of p*.
Proof. Let

A
si— — A4

be a grading preserving, completely positive norm decreasing cross-section
of the map p. Extend

st— —> A
1
putting s(1) = 1.
Thanks to Kasparov’s “generalized-Stinespring theorem” ([10], Theo-
rem 3), there exist a separable graded Hilbert A module &, and a grading
preserving *-homomorphism

A .
77:7 — A4 © ¢4
such that

On(a)Q = s(a), foralla € —,

~ |
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where 0 € L4 @ &) is the projection in the summand A.
Replace &, by the Hilbert A module generated by

A ~
(I — Q)@ (a € 7,5 € 4).

Note that
(1 = Q@) (1 — Q)m(a)) ~ £*(s(a*a) — s(a®)s(a) ) € L.
Hence & is an I module.
Let now & F, G be as in the statement. Let & be the (; B) bi-
module
E-106Q;6=60&®,6).
As (& F) € D(I, B), | @ F makes sense in & &, &). Put
F=GO(1QF) c #4606 ®,8) = 4&).

Fis an 4 @ & connexion for G.
Moreover

(&, F) € (A0 O &) ©H(4 ® &), B).

But as

Qw(f;—)Q = s(’;) C A =H4),

w</71) CLODE)D AU D E),

so that (&, F) defines an element of G(/—II B). Let us prove that p*(&, F)
and (6, G) define the same element of KK(4, B). Note that given an
algebra D and a completely positive y:D — A4 ( of norm 1) such that

poy:D— 4

I

is a * homomorphism we thus get an element

Y*(&, G, F) € &(D, B).
Let then y:4 — A[0, 1] be defined by

Ya)t) =(1 —ta+ ts°pa) (ae€ A,t €0, 1]).

Now
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Y*E0,1], G® 1, F® 1) € (A4, B[O, 1])
is a homotopy between (&, G) and p*(&, F).

3. Exactness of B — KK (A, B). In this section we prove:

3.1. ProposITION. Let

07548 Ly
J

be an exact sequence of graded C*-algebras. Assume that q admits a
completely positive, grading preserving, cross-section of norm 1. Let A be
a separable graded C*-algebra. Then the sequence

: B
KK, 1) kk4, By D3 KK(A, ;)

s exact.
Obviously g4 j, = 0.
We first prove the inclusion Ker ¢, € Im j, assuming B separable.

3.2. LEMMA. Let (6, F) € (A, B) be such that
B
qx(é, F) € 9(/1, ;)-

Then the class of (6, F) in KK (A, B) is in the image of j.
Proof. Let
& ces = ey
Put
&= {¢£e &0, 1], 41) € &).

Notice that as
B
g«(& F) € @(A, j)’ foralla € A

la, F}, a(F2 — 1), a(F — F*) are elements of X(&") S H#(&). Hence
(&, F® 1) € 64, B[0, 1])

(as A (&) ® 1 C A(&)). But
(&, (F® 1)) = (& F) and
@, (FO 1)) = (&, F) € ju(€4, ])).
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3.3. LEMMA. Assume that (6, F) € (A, B) and that (F,),c(o,) is an
operatorial homotopy

A B A B B
F, e J(a@@g—), (é"@B -, F,) € L‘F(A,—)
J J J

such that F ® 1 = F,
Then there exists an operatorial homotopy G, such that
(6.G,) € G(4.B). Gy = Fand G,® 1 = F,.
Proof. Define
o = {x € Ab)x, a] € (&), Va € A}

o = {x € g(@@@Bg) [x, a] € X(§®B§), Va € 4}

F={x € Hlxa € (), Va € A}
F ={x € HNxa € )f((f@B;),Va € 4)

N4 &’
D =—.9 = —.
F I
In view of the proof of Lemma 2.4 it is enough to show that the map
2 — &' is onto. This follows from:

3.4. LEMMA. The map g4 — o' is onto (g«(x) = x ® 1).
Proof. " The map
&) f(op Qs g)
is onto. (In fact with the notations of Lemma 3.2
9{((5@3 g) = HEVAHE)).
As X(&) is separable it follows from [13], Proposition 3.12.10 (using [10],
Theorem 1) that the map
AE) ﬁy(f@,g g)
is onto.

Let x € & and y € #(&) such that ¢,(y) = x. Put
E=X&),E =X&),5 =40 Yo"
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(v =y + 1M is the decomposition of y for the grading).
Let also E} be the C*-subalgebra of (&) generated by [y(o), al,
[y“), al(a € A). Put

Ey, = (X(&) + E5) N Ker g,.
Note that
Kerg, = {z € #A&)|z- E, C E E -z CE}.

Z
IV
e

We may hence apply Theorem 4 of Section 3 of [11] to get M,
ON =0 M+ N=I1ME CE(M¢eKerq,,N-E, € E [N & <
E.

Then g,.(Ny) = x. Moreover for all a € 4

la, Ny] = [a, N]y + Nia, y].
But

gila, y] € f(e@@,g g)

So that there exists z € X#(&) with
gxla, y1 = g«(2).

Then ([a, y] — z) € E,. We thus get
[a, Ny] € #X(&) and Ny € o

Following the same procedure as in Section 2 the proof of Proposition
3.1 will be complete for separable B after the following:

B
3.5. LEMMA. For all (6, F) @(A, ;) there exists (&', F') € ©(A, B)
with
g(&, F) = & F).

Proof. As in Lemma 2.5, we use Theorem 3 of [10] to construct a
separable graded Hilbert J module &, and a grading preserving
* homomorphism

B T
; — Z3(B @ &)
such that
B
Qn(b)Q = s(b) forallb € ;

where Q € LB © &) is the projection in the summand B.
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Put then
& =6Qy, BOE)MdF = FQ 1.
Then obviously (&, F) € ©(A. B). Note that
B : B N
& ®B; = EQpy [(BED@@O) Qs j)] = O@®B/J7 =é

Also, for all T € A&),
(T gy 1pas) @p lpy =T
Hence ¢.(&", F') = (&, F).
End of the proof of Proposition 3.1. Let (6, F) € (4, B) be such that

B
g«(& F) = 0 in KK(A, 7)
Let
- = . B
(6. F) & &(A,;[O, 1])

be a homotopy between ¢,(&, F) and (0, 0). Then the pair ((&, F), (&, F))
defines an element x € KK(4, S,) where

B ,
Sy = {(b»f)lb €B/fe ;[0~ D, f(0) = q(b)}

is the cone of the map g¢.
Let D € S, be a separable subalgebra and y € KK(4, D) be such that
i«(y) = x where i:D — S, 1s the inclusion ( [18], Remark 3.2).
Each element d of D is given by an element
B
¢®(d) € B and () € ;[0, 1).

Let B, be the (separable) subalgebra of B generated by

{$(d). s(Ud)(t)|d € Dt € [0, 1) }.
Set J; = B; N J. Let

‘B, — B,
CARE 7,
be the quotient map. Note that it admits the completely positive lifting
s, . Let
Iz,

jidy = By I, = J, I'B, = B.i;:D > S,
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be the inclusions and
pS, — B»P13Sq, — B
be the projections. Put
xp = p,i,(»), x; € KK(4, B).

As x; € p; (KK(4, Sq]) )> 1 (x;) = 0. Hence applying Proposition 3.1 to
the separable algebra B, we get x| € J, with j; (x}) = x;. But fx) = x
and /' °j, = jol

Hence x = j.(l,x)).

3.6. Remark. 1t is of course obvious that Proposition 3.1 (and hence
Theorem 1.1) holds if we just assume the existence of a completely
positive, grading preserving cross-section of norm 1 for any separable

B
subalgebra B, of 7
In fact we only used this assumption in Lemma 3.5. Let %] be the first

B
Clifford algebra. An element of @(A, j) is a * homomorphism

A T
A Q 6 = LAy,

We want to ensure that such a # admits a completely positive lifting
A Q G - L),

This condition is also satisfied if the algebra A4 is nuclear [2].

4. Crossed products. Let us first note that the “mapping torus exact
sequence” (3], Section 5, Corollary 6) has the completely positive lifting
property. Hence no nuclearity assumptions are needed in the exact
sequence of [8] Theorem 3.

We may next notice that in M. Pimsner and D. Voiculescu’s work on
crossed-products by free groups [15] the exact sequence

0->ARA4—¢,—~>A4>IF,—0
a,r
([15], Lemma 1.1]) has also this property. Observe then that the element
A that they construct ([15], Lemma 2.1) is actually an element of

KK(G,, A><1F,_))
a,r

inverse to the element

d*(1g) € KK(4><aF,_|, G,).

n—1»
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Hence their results for reduced crossed-products extend to the KK
groups. Thanks to J. Cuntz’s results on “K amenability” ([7], Theorems
2.1 and 2.4) this is also true for the full crossed-products.

We now give another proof of this result. We also give exact sequences
allowing to compute the KK groups of the crossed-products by PSL,(Z).

To do so we use the equivariant KK theory defined by Kasparov in
[12].

Let G = PSL,(R) and let K be the maximal compact subgroup of G.

Let

a € KKG(C(%)» C) and B € KKG<C, C(g))

be the elements defined by Kasparov in [12], Section 5, definition 3, 4 (see
also [4], Section 12). One has

a Q¢ B = lgrr) and rg B Oy @) = 1
([12], Section 5, Theorem 2). Here
re.x- KKg(C, C) = KKi(C, C)
1s the restriction map.
4.1 LemMa. Set T = PSL,(Z) € PSLyR) = G. Then
re.r(B ®C(G/K) a) = L

Proof. Let h:T' — G(¢t € [0, 1]) be a continuous family of continuous
group homomorphisms where I' and G are second countable locally
compact groups.

Let

h*KK(C, C) — KK(C, C)

be the restriction map associated to the homomorphism #,. Then obviously
[ J— h*
0 I

Put
0 1
“4=\-1 0
1 — ¢ B 3472
b, = 2 5 4 € G.
347 1+ ¢
4 2

Let a = a;, b = b, be the generators of
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The families g, bt € [0, 1] determine a continuous family 4, of
homomorphisms I' — G. Hence

ror(B®a) = (B O a) = hi{(B O a) = hy* rgx(B® a) = 1

where A, is the homomorphism 4y:I" — G seen as a homomorphism from I
to K (as hy(I') € K).

4.2. CoroLLARY. Let F, be the free group with n generators embedded in
PSL,(R) in the usual way. One has

rG,F,,(:B ®C(G/K) a) = L
Proof. One has F, © PSL,(Z).

We may also note that the usual embedding of F, in PSL,(R) is
homotopic to the trivial map as PSL,(R) is connected.

Let us also notice that one could deduce this result from J. Cuntz’s
results in [6). From this result we know that KK(C*(F,), C©)
(=KKg (C, €)) is isomorphic to Z (as a group) and that the map

l’*

KK(C*(F,), C) = KK(C, C)

induced by the inclusion

C 5 Cx(F,)
is an isomorphism. Note then that
i*(B ®C(G/K) a) =1 € KK(C, O).

4.3. CoROLLARY. Let I be PSL,(Z) or ¥, embedded in PSLy(R). Let p be
a grading preserving I action on the graded algebra A. Let B be a graded
algebra. One has:

G
a) KK(A>JT, B) = KK(4>4T, B) = KK(A(}) >, T, B)
p o P
(A separable)

b) KK(B, A =<1 T) — KK(B, A =<1T) — KK(B, A(%) -, r)
0 o.r )

(B separable).
(The action p’ is defined by
' @)x) = p(g)f (g™ 'x)
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G G
forallge T, f e A(—) and x € —).
g / I X
Proof. Assume A is separable. Put
o G
& = jplry(rep(e))) € KK(A(E) =T, 4 >< r)
( [12}, Theorem 1, Section 6)
_ G .
B = jr(r(rgrB))) € KK<A >§ T, A(}) >p,<' [ )

([12], Theorem 1, Section 6 and remark 2, Section 6).
Let

pA>=1T - A>T
p or

be the quotient map. We have
P*B ®A(G/K)><np,r a) = L ps(B ® @) = Limaa 1
and

a X1 P+(B) = LyGrp<,r

([12], Theorems 4 and 5, Section 4 and 1, Section 6). The result follows
then from [11], Theorem 6, Section 4 for A separable. To prove b) for non
separable 4 argue as in [18], 3.3.

4.4. Remark. The isomorphisms

KK(4 ><T, B) = KK(4 > T, B) and
P p.r
KK(B, A><aT) = KK(B, A > T)
P o.r

were proved by J. Cuntz in (7], Theorem 2.1.
Let us now show how one may compute

KK(A(§)><I‘,B) and KK(B,A(—(E) ><F).
K/ 0 K/ ¢

Let first I be F,.
Taking fundamental domains one gets that

A(S)=ar
K/ 0
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is Morita equivalent to the subalgebra 4” of A([0, 1] X [0, 1]):
A" = {f1/(0,0) = f(0, 1) = f(1,0) = f(1, 1) = 0,
7, 0) = p(a)f (0, 1),
J = pb)f(t. 1)}

(where a and b are the generators of F,).
One thus gets the following exact sequence:

00— A4, 1) X (0, 1))——>A’£>A(0, H® A40,1)—0
where
q(f) = /(.0 + f(1,).

This exact sequence obviously satisfies the completely positive lifting

property.
We may compute the corresponding element

8, € KK'AO, 1) ® A(0, 1), A((0, 1) X (0, 1))

assuming that A is separable. This is done (using Lemma 1.5) as in [8],
Lemma p. 12. We thus get:

8, = (id* — p(ayIry (B + (d* — p(b)Y)7y0.1(B)
where
B € KK'(C, C(R))

is the Bott element ([11], p. 546). (This decomposition of §, corresponds
to the equality

KK'(A4(0, 1) ® A(0, 1), A((0, 1) X (0, 1)))
= KK'(4(0, 1), A((0, 1) X (0, 1)))
® KK'(A(0, 1), A((0, 1) X (0, 1)))
{11], Corollary 1, Section 4). We thus get:

4.5. TueorEM. ([15], Theorem 3.5). If (A, F,, p) is a (graded) C*
dynamical system and B is a (graded) C*-algebra we have the following exact
sequences:

(id* — p(a)*, id* — p(b)*
KK(A > F,, B) = KK(A, B) ————3 KK(A4, B) ® KK(A, B)
o

| |

KK'(4, B) ® KK'(A, B) < KK'(4, B) < KK'(4 ><1F,, B)
o
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if A is separable and
KK(B, A) ® KK(B, A) — KK(B, A) — KK(B, A > F,)
p

| |

KK(B, A >1F,) < KK'(B, A) — KK'(B, A) ® KK'(B, 4)
p

if B is separable. The same is true for the reduced crossed-products.

To get the same results for the free group with »n generators, one may
proceed similarly. Let X be a polygon with 2n sides. Call (S5, ),_, ,, the

sides. For j = 1 ... n, @; is an identification of S, | with S, which
preserves the intersection vertex. Let X' = X\ {vertices}. Then
G
A (;) > Fn
o

is Morita equivalent to the subalgebra 4’ of A(X")
A = {f'f(aj([)) = p(aj) 'f(t)v 1 E S2j~]’j = 1 L n}

(a; ... a, are the generators of F,).
One has the exact sequence

0> Ay > a5 a0, 150
(X” = interior of X’ is homeomorphic to Rz). We get
8, € KK'(A4(0, 1)", A(R?)) = KK(A, A)"
j 1
8, = (=Y — @)*))_1.

Thus we get the generalization of the Pimsner-Voiculescu exact
sequence (to the KK groups).

4.6. Remark. Another way of getting this result is to embed F, in F,
mapping g, to b* 'ab' % (k = 1,..,n — 1) and a, to """

If (4, F,, p) is a C*-dynamical system, we induce p to an action of F,.
We then obtain the action p of F, in A" ! given by:

pla)xy, ... X, = (pla)xy, .., pla, )x, 1)
p(b)(xl’ LRSI xnfl) = (x2a e eey xn“l’ p(an)x1)~
As A > F, is Morita equivalent to
p

n—1
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we now just have to apply Theorem 4.5 in order to compute the “KK
groups” of 4 >1F,.
o

Let us now come to the case I' = PSL,(Z).
Let

0 1 0 —1 11
“:(4 0)*b:<1 1)":“’):(0 1)'

Taking first in account the points of G/K which have non trivial stabilizer
we get the exact sequence:

Z /
O—>A|®%—>A<g)><r—>(A >3] — DA ><l—)®)i/—>0
K/ pla) 27, p(h) 37

where X" is the algebra of the compacts and A, is the subalgebra of
A([0, 1] X [0, 1])

Ay = {fif0,0) = f(1, 1) = f(0, 1) = f(1,0) = 0;
S0y = p(@)f(0, 1); f(1. 1) = p(c) f(t. 1) }.

We then get the exact sequence:

0= A((0, 1) X (0, 1)) = A4, > 4(0, 1) ® A(0, 1) — 0.

Both these exact sequences satisfy the completely positive lifting
property. The element

8, € KK'(A4(0, 1) ® A(0, 1), A((0, 1) X (0, 1)))
= KK(A, A) © KK(4, 4)
is easy to compute. We get
8, = (1 = pla)*1, 1 — p(c)*1).

4.7. THEOREM. If (A, PSLA(Z), p) is a (graded) C*-dynamical system and
B is a (graded) C*-algebra we have the following exact sequences:

a)
KK(A ><1 PSLy(Z), B) — KK(A,, B) >KK'(4 ><1Z, ® A > Z,, B)
- 2

I J

KK'(4><17,® A ><1Z,, B) — KK'(4,. B) < KK'(4 ><1 PSLy(Z). B)

and
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5 ®
KK(A,, B) — KK(4, By —— 1~ KK(A ® A, B)

I |

1 8,® 1 1
KK'(A® A, By« KK'(A, B) < KK'(A,, B)
for A separable.
b)

KK(B, A><1Z,® A >117,) > KK(B, A)) = KK(B, A >1 PSL\(Z))
o

I |

KK'(B, A ><1 PSL,(Z) ) < KK'(B, A|) — KK'(B, A><1Z, ® 4 ><11Z,)
- :
and

®s
KK(B. A © 4)_! KK(B, A) — KK(B, 4,)

|

KK'(B, 4,) < KK'(B, A) < KK'(B, A ® A)
(B separable).

4.8. Remark. a) If the actions p(a) and p(b) commute with each other,
these results are obtained by J. Cuntz, in [6] (see remark at the end of

(7).

b) One would like to extend this method to other subgroups of PSL,(R).
However this method fails if we take for instance I' & PSL,(R) to be the
fundamental group of a Riemann surface of genus =2. In that case the
usual map I' & PSL,(R) is not homotopic to the trivial map I' = 1 €
PSL,(R). However this method works to give an easy proof of [12],
Lemma 4, Section 5: One notices that the identity map of the proper
motion group is homotopic to the map

T
G— 50,5 G

where T(f) is the tangent linear map associated with the affine
transformation 7.
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¢) Our results allow one to extend the “universal coefficient formula™ of
[16] to a larger class of algebras which are not nuclear.
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