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The capacities of noisy quantum channels capture the ultimate rates of information transmission across
quantum communication lines, and the quantum capacity plays a key role in determining the overhead of fault-
tolerant quantum computation platforms. In the case of bosonic systems, central to many applications, no closed
formulas for these capacities were known for bosonic dephasing channels, a key class of non-Gaussian channels
modelling, e.g., noise affecting superconducting circuits or fiber-optic communication channels. Here we provide
the first exact calculation of the quantum, private, two-way assisted quantum, and secret-key agreement capacities
of all bosonic dephasing channels. We prove that that they are equal to the relative entropy of the distribution
underlying the channel to the uniform distribution. Our result solves a problem that has been open for over a
decade, having been posed originally by [Jiang & Chen, Quantum and Nonlinear Optics 244, 2010].

I. INTRODUCTION

One of the great promises of quantum information science is
that remarkable tasks can be achieved by encoding information
into quantum systems [1]. In principle, algorithms executed
on quantum computers can factor large integers [2, 3], sim-
ulate complex physical dynamics [4, 5], solve unstructured
search problems with proven speedups [6–8], and perform
linear-algebraic manipulations on large matrices encoded into
quantum systems [9, 10]. Additionally, ordinary (“classical”)
information can be transmitted securely over quantum chan-
nels by means of quantum key distribution [11–13].
However, all of these possibilities are hindered in prac-

tice because all quantum systems are subject to decoher-
ence [14, 15]. The most extreme form of decoherence in-
volves a coherent superposition state |𝜓〉 B ∑

𝑛 𝑐𝑛 |𝑛〉 being
reduced to an incoherent probabilistic mixture of the states
{|𝑛〉}𝑛, such that the state of the system is |𝑛〉 with probabil-
ity |𝑐𝑛 |2. If this happens, then the capabilities of quantum
information processing systems are no greater than those of
classical systems. Fortunately, with delicate sleight of hand in
various experimental platforms or even inherent robustness in
some of them, less extreme forms of decoherence can occur.
To understand this more nuanced form of decoherence, let us
describe the state of the system equivalently in terms of the
density operator

|𝜓〉〈𝜓 | =
∑︁
𝑛,𝑚

𝑐𝑛𝑐
∗
𝑚 |𝑛〉〈𝑚 | . (1)

A simple example of a decoherence process then takes the
above density operator to∑︁

𝑛,𝑚

𝑐𝑛𝑐
∗
𝑚𝑒

− 𝛾

2 (𝑛−𝑚)2 |𝑛〉〈𝑚 | , (2)
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in which 𝛾 > 0 is related to the rate or strength of the deco-
herence. By inspecting the expression for the evolved density
operator, we see that this process has the effect of reducing
the magnitude of the off-diagonal components of the density
matrix, while retaining the magnitude of the diagonal compo-
nents. In the limit 𝛾 → ∞, the decoherence process reduces to
the extreme form mentioned above, such that all off-diagonal
components are annihilated. We note here that this process
is also called dephasing because it reduces or eliminates rel-
ative phases. For example, the state 1√

𝑑

∑
𝑛 |𝑛〉 is perfectly

distinguishable from the state 1√
𝑑

∑
𝑛 𝑒
2𝜋𝑖𝑛/𝑑 |𝑛〉, where 𝑑 is

the dimension of the system. If the relative phases (i.e., the
off-diagonal elements of the corresponding density matrices)
are eliminated, then the states are not distinguishable at all.

Decoherence is a ubiquitous phenomenon affecting all quan-
tum physical systems. In fact, in various platforms for quantum
computation, experimentalists employ the T2 time as a phe-
nomenological quantity that roughly measures the time that it
takes for a coherent superposition to decohere to a probabilistic
mixture [16, 17]. Dephasing noise in some cases is considered
to be the dominant source of errors affecting quantum infor-
mation encoded into superconducting systems [18], as well
as other platforms [19, 20] (see also [21–23]). If those sys-
tems are employed to carry out quantum computation, then the
errors must be amended by means of error-correcting codes,
which typically causes expensive overheads in the amount of
physical qubits needed. Not only does dephasing affect quan-
tum computers, but it also affects quantum communication
systems. Indeed, temperature fluctuations [24] or Kerr non-
linearities [25, 26] in a fiber, imprecision in the path length of
a fiber [27], or the lack of a common phase reference between
sender and receiver [28, Section II-B] lead to decoherence
as well, and this can affect quantum communication and key
distribution schemes adversely.

Many of the aforementioned forms of decoherence can be
unified under a single model, known as the bosonic dephasing
channel [29, 30]. The action of such a channel on the density
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operator 𝜌 of a single-mode bosonic system is given by

N𝑝 (𝜌) B
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) 𝑒−𝑖𝑎†𝑎 𝜙𝜌 𝑒𝑖𝑎

†𝑎 𝜙 , (3)

where 𝑝 is a probability density function on the interval [−𝜋, 𝜋]
and 𝑎†𝑎 is the photon number operator. Since each unitary op-
erator 𝑒−𝑖𝑎†𝑎 𝜙 realizes a phase shift of the state 𝜌, the action of
the channelN𝑝 is to randomize the phase of this state accord-
ing to the probability density 𝑝. To understand this channel a
bit more and to relate to the previous discussion, let us con-
sider representing the density operator 𝜌 in the photon number
basis as 𝜌 =

∑
𝑛,𝑚 𝜌𝑛𝑚 |𝑛〉〈𝑚 |. Then it is a straightforward

calculation to show that

N𝑝 (𝜌) =
∑︁
𝑛,𝑚

𝜌𝑛𝑚 (𝑇𝑝)𝑛𝑚 |𝑛〉〈𝑚 | , (4)

where

(𝑇𝑝)𝑛𝑚 B
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) 𝑒𝑖𝜙 (𝑛−𝑚) . (5)

By inspecting (4), we see that the effect of the channel gener-
alizes the action in (2). Thus, the channel preserves diagonal
elements of 𝜌, but reduces the magnitude of the off-diagonal
elements, a key signature of decoherence. We note here that
multimode versions of the channel in (3) have been defined
in [28, Section II-B] and studied further in [31, 32]. As the
name suggests, the bosonic dephasing channel can be seen
as a generalization to bosonic systems of the qudit dephasing
channel [29, 33].
Of primary interest is understanding the information-

processing capabilities of the bosonic dephasing channel in (3).
We can do so by means of the formalism of quantum Shan-
non theory [34–38], in which we assume that the channel acts
many times to affect multiple quantum systems. Not only does
this formalismmodel dephasing that acts on quantum informa-
tion encoded in a memory, as in superconducting systems, but
also dephasing that affects communication systems. Here, a
key quantity of interest is the quantum capacity 𝑄(N𝑝) of the
bosonic dephasing channel N𝑝 , which is equal to the largest
rate at which quantum information can be faithfully sustained
in the presence of dephasing, such that the error probability of
decoding correctly decreases to zero as the number of channel
uses becomes large [39–44]. The quantum capacity has been
traditionally studied with applications to quantum communi-
cation in mind; however, recent evidence [45] indicates that it
is also relevant for understanding the overhead of fault-tolerant
quantum computation, i.e., the fundamental ratio of physical
to logical qubits to perform quantum computation indefinitely
with little chance of error. The private capacity 𝑃(N𝑝) is an-
other operational quantity of interest [44, 46], being the largest
rate at which private classical information can be faithfully
transmitted over many independent uses of the channel N𝑝 .
One can also consider both of these capacities in the scenario
in which classical processing or classical communication is
allowed for free between every channel use [47, 48], and here
we denote the respective quantities by 𝑄↔ (N𝑝) and 𝑃↔ (N𝑝).
The secret-key-agreement capacity 𝑃↔ (N𝑝) is directly related

to the rate at which quantum key distribution is possible over
the channel [48], and as such, it is a fundamental limit of ex-
perimental interest. Understanding all of these capacities is
essential for the forthcoming quantum internet [49, 50], which
will consist of various nodes in a network exchanging quan-
tum and private information using the principles of quantum
information science.
We note here that while the quantum capacity [29, 30] and

the assisted quantum capacity [51] of the bosonic dephasing
channel N𝑝 in (3) have been investigated, neither of them has
been calculated so far. The determination of the quantum
capacity of this channel, in particular, has been an open prob-
lem since [29]. The main difficulty is that N𝑝 is in general a
non-Gaussian channel, which makes the techniques in [52, 53]
inapplicable.
One can also study strong converse capacities, which

sharpen the interpretation of capacity. In short, the strong
converse capacity is the smallest communication rate such
that the error probability in decoding necessarily tends to one
as the number of channel uses becomes large (see [38] for a
detailed account of strong converse capacities). If the usual
capacity is equal to the strong converse capacity, then we
say that the strong converse property holds for the channel
under consideration, and the implication is that the capacity
demarcates a very sharp dividing line between achievable and
unachievable rates for communication. The strong converse
capacities for quantum communication and private communi-
cation have been considered in a general context previously
in [54, 55]. We let 𝑄† (N𝑝), 𝑃† (N𝑝), 𝑄†

↔ (N𝑝), and 𝑃†
↔ (N𝑝)

denote the various strong converse capacities for the commu-
nication scenarios mentioned above. By definition, the in-
equality 𝑄(N𝑝) ≤ 𝑄† (N𝑝) holds, and similar relations exist
between the other capacities and their strong converse coun-
terparts (see, e.g., Eqs. (5.6)–(5.13) of [55]).

II. RESULTS

In this paper, we completely solve all of the aforementioned
capacities of the bosonic dephasing channels, finding that they
all coincide and are given by the following simple expression:

𝒞(N𝑝) B log2 (2𝜋)−ℎ(𝑝)
= 𝑄(N𝑝) = 𝑃(N𝑝) = 𝑄↔ (N𝑝) = 𝑃↔ (N𝑝)
= 𝑄†(N𝑝) = 𝑃†(N𝑝) = 𝑄†

↔ (N𝑝) = 𝑃†
↔ (N𝑝),

(6)

where

ℎ(𝑝) B −
∫

𝑑𝜙 𝑝(𝜙) log2 (𝑝(𝜙)) (7)

is the differential entropy of the probability density 𝑝. As dis-
cussed in the next section, our result extends to all multimode
bosonic dephasing channels, thus closing out the problem in
general. We note here that the first expression in (6) can be
written in terms of the relative entropy as

log2 (2𝜋) − ℎ(𝑝) = 𝐷 (𝑝‖𝑢), (8)
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where 𝑢 is the uniform probability density on the interval
[−𝜋, 𝜋], and the relative entropy is defined as

𝐷 (𝑟 ‖𝑠) B
∫

𝑑𝜙 𝑟 (𝜙) log2
(
𝑟 (𝜙)
𝑠(𝜙)

)
(9)

for general probability densities 𝑟 and 𝑠. By invoking basic
properties of relative entropy, this rewriting indicates that all of
the capacities are non-negative for every probability density 𝑝
and they are equal to zero if and only if the density 𝑝 is uniform,
which represents a complete dephasing of the channel input
state.
As Eq. (6) indicates, there is a remarkable simplification of

the capacities for bosonic dephasing channels. The ultimate
rate of private communication over these channels is no larger
than the ultimate rate for quantum communication. Further-
more, unlimited classical communication between the sender
and receiver does not enhance the capacities. Finally, the
strong converse property holds, meaning that the rate 𝐷 (𝑝‖𝑢)
represents a very sharp dividing line between possible and
impossible communication rates. As mentioned in the in-
troduction, since dephasing is a prominent source of noise in
both quantum communication and computation, we expect our
finding to have practical relevance in both scenarios. Based
on the recent findings of [45], we expect that [𝐷 (𝑝‖𝑢)]−1
can be related to the ultimate overhead (ratio of physical sys-
tems to logical qubits) of fault-tolerant quantum computation
with superconducting systems, but further work is needed to
demonstrate this definitively.
We prove our main result in Eq. (6) by establishing the

following two inequalities:

𝑄(N𝑝) ≥ 𝐷 (𝑝‖𝑢), (10)

𝑃
†
↔ (N𝑝) ≤ 𝐷 (𝑝‖𝑢). (11)

Proving (10)–(11) establishes the main result because 𝑄(N𝑝)
is the smallest among all of the capacities listed and 𝑃†

↔ (N𝑝)
is the largest. For a precise ordering of the various capacities,
see Eqs. (5.6)–(5.13) of [55]. The proofs of the inequalities
in (10) and (11) are quite different, and we provide an overview
of them in the Methods section [56].

Multimode generalization

We also extend all of our results to all multimode bosonic
dephasing channels, an example of which acts simultaneously
on a collection of 𝑚 bosonic modes as

N (𝑚)
𝑝 (𝜌) B

∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟 𝑝(𝛟) 𝑒−𝑖
∑

𝑗 𝑎
†
𝑗
𝑎 𝑗 𝜙 𝑗 𝜌 𝑒

𝑖
∑

𝑗 𝑎
†
𝑗
𝑎 𝑗 𝜙 𝑗 ,

(12)
where 𝛟 B (𝜙1, . . . , 𝜙𝑚), 𝑝 is a probability density function
on the hypercube [−𝜋, 𝜋]𝑚, and 𝑎†

𝑗
𝑎 𝑗 is the photon number

operator acting on the 𝑗 th mode. The eight capacities listed
in (6) are all equal also for the channel N (𝑚)

𝑝 , and we denote
them by 𝒞

(
N (𝑚)

𝑝

)
. They are given by the formula

𝒞
(
N (𝑚)

𝑝

)
= 𝑚 log2 (2𝜋) − ℎ(𝑝) , (13)

where

ℎ(𝑝) = −
∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟 𝑝(𝛟) log2 𝑝(𝛟), (14)

constituting a straightforwardmultimode generalization of (6).
As a special case of (12), when 𝑝 is concentrated on the line
𝛟 = (𝜙, . . . , 𝜙) and 𝜙 ∈ [−𝜋, 𝜋] is uniformly distributed,
one obtains the completely dephasing channel considered
in [31, 32]. As our result confirms, the quantum and pri-
vate capacities of this channel (without an energy constraint)
are infinite for 𝑚 ≥ 2. This divergence is simply an artifact of
the model, which requires all entries of 𝛟 to be exactly equal.
When this assumption is dropped in favor of an alternative
probability density function 𝑝, our result yields a finite value
of the capacity.

Examples

Let us first discuss some examples of bosonic dephasing
channels and how the capacity formula 𝐷 (𝑝‖𝑢) is evaluated
for them.

a. Wrapped normal distribution. Themost paradigmatic
example of a bosonic dephasing channel is that corresponding
to a normal distribution 𝑝𝛾 (𝜙) = (2𝜋𝛾)−1/2𝑒−𝜙2/(2𝛾) of the
angle 𝜙 over the whole real line. This is the main example
studied in [29, 30], which is based on a physical model dis-
cussed in those works. Here, 𝛾 > 0 denotes the variance of
such a distribution: the larger 𝛾, the larger the uncertainty of
the rotation angle in (3), and therefore the stronger the dephas-
ing on the input state. Since values of 𝜙 that differ modulo 2𝜋
can be identified, we obtain as an effective distribution 𝑝 on
[−𝜋, 𝜋] the wrapped normal distribution

𝑝𝛾 (𝜙) B
1√︁
2𝜋𝛾

+∞∑︁
𝑘=−∞

𝑒
− 1
2𝛾 (𝜙+2𝜋𝑘)2

. (15)

The matrix 𝑇𝑝𝛾 obtained by plugging this distribution into (5)
has entries (𝑇𝑝𝛾 )𝑛𝑚 = 𝑒−

𝛾

2 (𝑛−𝑚)2 . The wrapped normal dis-
tribution was first found in connection with Brownian motion
on a circle [57], and has been widely studied in the mathe-
matical literature since [58, 59]. Using the expression for its
differential entropy from [59, § 3.3], we find that

𝒞(N𝑝𝛾 ) = log2 𝜑(𝑒−𝛾) +
2
ln 2

∞∑︁
𝑘=1

(−1)𝑘−1𝑒−
𝛾

2 (𝑘
2+𝑘)

𝑘
(
1 − 𝑒−𝑘𝛾

) ,

(16)
where 𝜑(𝑞) B ∏∞

𝑘=1
(
1 − 𝑞𝑘

)
is the Euler function. In the

physically relevant limit 𝛾 � 1 (but in practice already for
𝛾 . 1), 𝑝𝛾 and 𝑝𝛾 are both concentrated around 0, and their
entropies are nearly identical. In this regime

𝒞(N𝑝𝛾 ) ≈
1
2
log2

2𝜋
𝑒𝛾

≈
(
0.604 + 1

2
log2

1
𝛾

)
bits

/
channel use ,

(17)
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which demarcates the ultimate limitations on quantum and
private communication in the presence of small dephasing
noise. In the opposite case 𝛾 � 1, resorting to the series
expansion for the Euler function, we find that [56]

𝒞(N𝑝𝛾 ) ≈
𝑒−𝛾

ln 2
. (18)

The above formula generalizes and makes quantitative the
claim found in [30, § VI] that the quantum capacity of N𝑝𝛾

vanishes exponentially for large 𝛾.
An excellent approximation of the formula in (16) across

the whole regime of 𝛾 > 0 is given by the expression

max
{
1
2
log2

2𝜋
𝑒𝛾
,
2
ln 2

𝑒−𝛾 − log2 (1 + 𝑒−𝛾)
}
, (19)

which differs from the true value in (16) by less than 4× 10−3.
b. Von Mises distribution. A better analogue of the nor-

mal distribution in the case of a circle is the von Mises distri-
bution, given by

𝑝_ (𝜙) B
𝑒
1
_
cos(𝜙)

2𝜋 𝐼0 (1/_)
, (20)

where _ > 0 is a parameter that plays a role analogous to that
of 𝛾 above, and 𝐼𝑘 is a modified Bessel function of the first
kind. The matrix 𝑇𝑝_ obtained in (5) has entries (𝑇𝑝_ )𝑛𝑚 =
𝐼|𝑛−𝑚| (1/_)
𝐼0 (1/_) . Using the expression for the differential entropy of

𝑝_ from [59, § 3.3], the capacities of the bosonic dephasing
channel N𝑝_ can be expressed as

𝒞(N𝑝_ ) =
1
ln 2

𝐼1 (1/_)
_ 𝐼0 (1/_)

− log2 𝐼0 (1/_) . (21)

c. Wrapped Cauchy distribution. As a final example, we
consider the wrapped Cauchy distribution. Recall that the
Cauchy probability density function is defined as 𝑝^ (𝜙) =√
^

𝜋
1

^+𝜙2 . Although this density is normalized, it does not have
a finite mean or variance. Analogous to the wrapped normal
distribution, the wrapped Cauchy probability density function
is given by

𝑝^ (𝜙) B
+∞∑︁

𝑘=−∞
𝑝^ (𝜙 + 2𝜋𝑘) = 1

2𝜋
sinh(

√
^)

cosh(
√
^) − cos 𝜙

. (22)

The corresponding matrix obtained in (5) has exponentially
decaying off-diagonal entries (𝑇𝑝^

)𝑛𝑚 = 𝑒−
√
^ |𝑛−𝑚 | . Since the

differential entropy of 𝑝^ (𝜙) is equal to log2
(
2𝜋

(
1 − 𝑒−2

√
^
) )
,

the various capacities of N𝑝^
evaluate to

𝒞(N𝑝^
) = log2

1
1 − 𝑒−2

√
^
. (23)

In Figure 1, we plot the capacities given in (16), (21),
and (23), respectively for the wrapped normal distribution,
the von Mises distribution, and the wrapped Cauchy distribu-
tion. The units of the vertical axis are qubits or private bits
per channel use, and the horizontal axis is the main parameter
governing the various distributions.

0 0.5 1 1.5 2
0

1

2

3

4

γ = λ = κ

C (Npγ )

C (Npλ )

C (Npκ )

FIG. 1: The capacities of the bosonic dephasing channels
associated with the wrapped normal distribution (N𝑝𝛾 ), the
von Mises distribution (N𝑝_ ), and the wrapped Cauchy

distribution (N𝑝^
).

III. DISCUSSION

Our main result represents important progress for quantum
information theory, solving the capacities of a physically rel-
evant class of non-Gaussian bosonic channels. While for the
case of bosonic Gaussian channels many capacities have been
solved in prior work [52, 55, 60–64], we are not aware of any
other class of non-Gaussian channels that represent relevant
models of noise in bosonic systems and whose capacity can be
computed to yield a nontrivial value (neither zero nor infinite).
Our formula can be seen as a natural generalization to

bosonic systems of that given in [33, 54, 64] for the quantum
and private capacities of the qudit dephasing channel. How-
ever, the similarity of the final formula should not obscure
the fact that the techniques used for its derivation are quite
different. In particular, a key technical tool employed here is
the Szegő theorem from asymptotic linear algebra [65–67], in
addition to a teleportation simulation argument that is rather
different from those presented previously.
Going forward from here, it would be interesting to address

the capacities of bosonic lossy dephasing channels, in which
both loss and dephasing act at the same time. Specifically, such
channels are modeled as the serial concatenation L[ ◦ N𝑝 ,
where L[ is a pure loss channel of transmissivity [ ∈ [0, 1].
Since the channel L[ is phase covariant, it does not matter
which channel acts first, i.e.,L[◦N𝑝 = N𝑝◦L[ . This channel
is a realistic model for communication and computation, given
that both kinds of noises are relevant in these systems. Some
preliminary progress on this channel has been reported quite
recently in [68]. Our result here, combinedwith themain result
of [61] and a data-processing bottlenecking argument [61, 69],
leads to the following upper bound on the quantum and private
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capacities of the bosonic lossy dephasing channel:

𝑄(L[ ◦ N𝑝) ≤ 𝑃(L[ ◦ N𝑝)
≤ min{𝑃(L[), 𝑃(N𝑝)}
= min

{(
log2 ([/(1 − [))

)
+, 𝐷 (𝑝‖𝑢)

}
,

(24)

where 𝑥+ B max{𝑥, 0}. By the same argument, but invok-
ing the results of [55, 64], the following upper bounds hold
for the quantum and private capacities assisted by classical
communication:

𝑄↔ (L[ ◦ N𝑝) ≤ 𝑄†
↔ (L[ ◦ N𝑝), 𝑃↔ (L[ ◦ N𝑝)

≤ 𝑃
†
↔ (L[ ◦ N𝑝)

≤ min{log2 (1/(1 − [)), 𝐷 (𝑝‖𝑢)}.
(25)

The same data-processing argument can be employed for
bosonic dephasing channels composed with other common
bosonic Gaussian channels in order to obtain upper bounds on
the composed channels’ capacities, while using known upper
bounds from prior work [55, 64, 70–73].
It also remains open to determine the energy-constrained

quantum and private capacities of bosonic dephasing channels,
aswell as their classical-communication-assisted counterparts,
which was the main focus of the recent papers [30, 51]. At
the least (and perhaps obviously), the lower bound in (30)
is a legitimate lower bound on the energy-constrained quan-
tum capacity of N𝑝 when the mean photon number of the
channel input cannot exceed 𝑑 − 1. Also, it is clear that
the energy-constrained classical capacity of N𝑝 is equal to
𝑔(𝐸) B (𝐸 + 1) log2 (𝐸 + 1) − 𝐸 log2 𝐸 , where 𝐸 is the en-
ergy constraint. This identity, which can be proved as in [31,
§ 3.1] leveraging insights from [74], depends essentially on the
fact that Fock states can be perfectly transmitted through any
bosonic dephasing channel without losing their purity. Finally,
it is an open question to determine the energy-constrained
entanglement-assisted classical capacity of bosonic dephasing
channels. A formula for the general case is well known [75],
but evaluating it and finding an analytical formula is what
remains open.
In a forthcoming work [76], we employ a similar approach

to establish the ultimate limitations on discrimination and es-
timation of all bosonic dephasing channels, solving a question
posed in part in [77]. In particular, we find that two bosonic
dephasing channelsN𝑝1 andN𝑝2 can be discriminated at a rate
equal to functions of their underlying probability densities 𝑝1
and 𝑝2. For example, in the Stein setting of asymmetric chan-
nel discrimination, we show that the rate is given by the relative
entropy 𝐷 (𝑝1‖𝑝2), and in the Chernoff setting of symmetric
channel discrimination, it is given by the Chernoff informa-
tion of these densities. If the goal is to estimate which channel
is chosen from a parameterized family {N𝑝}𝑝 of bosonic de-
phasing channels, then the error achieved in doing so is limited
by the Fisher information of the underlying family {𝑝(𝜙)}𝑝 of
probability densities. For all of these results, the rates or error
scaling are achieved by transmitting a uniform superposition∑𝑑−1

𝑛=0 |𝑛〉 /
√
𝑑 of photon number states, applying a quantum

Fourier transform, and then measuring in the photon number
basis. One again needs to take the limit 𝑑 → ∞. Upper bounds

on the rates are given by the method of [78], resulting from the
observation that bosonic dephasing channels can be realized
by applying a common channel on the input and a classical
environment state chosen according to the underlying proba-
bility density 𝑝 (for the general multimode case, the common
channel is merely to apply the phase shift 𝑒−𝑖

∑
𝑗 𝑎

†
𝑗
𝑎 𝑗 𝜙 𝑗 to the

input and then discard the environment system).

IV. METHODS

In this section, we provide a short overview of the techniques
used to prove our main result (6). As discussed previously,
we only need to justify the inequalities in (10)–(11), which
together enforce (6). See [56] for detailed proofs.
To see (10), let us recall that the coherent information of a

quantum channel is a lower bound on its quantum capacity [42–
44]. Specifically, the following inequality holds for a general
channel N :

𝑄(N) ≥ sup
𝜌

{𝐻 (N (𝜌)) − 𝐻 ((id ⊗N)(𝜓𝜌))} , (26)

where the von Neumann entropy of a state 𝜎 is defined
as 𝐻 (𝜎) B −Tr[𝜎 log2 𝜎], the optimization is over every
state 𝜌 that can be transmitted into the channel N , and 𝜓𝜌

is a purification of 𝜌 (such that one recovers 𝜌 after a partial
trace). We can apply this lower bound to the bosonic dephas-
ing channel N𝑝 . For a fixed photon number 𝑑 − 1, let us
choose 𝜌 to be the maximally mixed state of dimension 𝑑,
i.e., 𝜌 = 𝜏𝑑 B

1
𝑑

∑𝑑−1
𝑛=0 |𝑛〉〈𝑛|. This state is purified by the

maximally entangled state Φ𝑑 B
1
𝑑

∑𝑑−1
𝑛,𝑚=0 |𝑛〉〈𝑚 | ⊗ |𝑛〉〈𝑚 |.

To evaluate the first term in (26), consider from (4) and (5)
that the output state is maximally mixed, i.e., N𝑝 (𝜏𝑑) = 𝜏𝑑 ,
because the input state 𝜏𝑑 has no off-diagonal elements and
the diagonal elements of the matrix 𝑇𝑝 in (5) are all equal to
one. Thus, we find that 𝐻 (N𝑝 (𝜏𝑑)) = log2 𝑑. For the second
term in (26), we again apply (4) and (5) to determine that

𝜔𝑝,𝑑 B (1 ⊗ N𝑝) (Φ𝑑)

=
1
𝑑

𝑑−1∑︁
𝑛,𝑚=0

(𝑇𝑝)𝑛𝑚 |𝑛〉〈𝑚 | ⊗ |𝑛〉〈𝑚 | .
(27)

As the entropy is invariant under the action of an isometry, and
the isometry |𝑛〉 → |𝑛〉 |𝑛〉 takes the state

𝑇𝑑

𝑑
B
1
𝑑

𝑑−1∑︁
𝑛,𝑚=0

(𝑇𝑝)𝑛𝑚 |𝑛〉〈𝑚 | (28)

to 𝜔𝑝,𝑑 , we find that the entropy 𝐻 (𝜔𝑝,𝑑) reduces to

𝐻 (𝜔𝑝,𝑑) = 𝐻 (𝑇𝑑/𝑑). (29)

By a straightforward calculation, we then find that

𝐻
(
N𝑝 (𝜏𝑑)

)
− 𝐻 (𝜔𝑝,𝑑) = log2 𝑑 − 𝐻 (𝑇𝑑/𝑑)

=
1
𝑑
Tr[𝑇𝑑 log2 𝑇𝑑] .

(30)
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This establishes the value in (30) to be an achievable rate for
quantum communication over N𝑝 . Since this lower bound
holds for every photon number 𝑑 − 1 ∈ N, we can then take
the limit 𝑑 → ∞ and apply the Szegő theorem [65–67] to
conclude that the following value is also an achievable rate:

lim
𝑑→∞

1
𝑑
Tr[𝑇𝑑 log2 𝑇𝑑]

=
1
2𝜋

∫ 𝜋

−𝜋
𝑑𝜙 2𝜋𝑝(𝜙) log2 (2𝜋𝑝(𝜙))

= 𝐷 (𝑝‖𝑢).

(31)

Thus, this establishes the lower bound in (10).
To prove the upper bound in (11), we apply a modified

teleportation simulation argument. This kind of argument
was introduced in [47, Section V], for the specific purpose
of finding upper bounds on the quantum capacity assisted by
classical communication, and it has been employed in a number
of works since then [55, 61, 64, 79, 80]. Sincewe are interested
in bounding the strong converse secret key agreement capacity
𝑃
†
↔ (N𝑝), we apply reasoning similar to that given in [55].
However, there are some critical differences in our approach
here.
To begin, let us again consider the state in (27). As we show

in [56], by performing the standard teleportation protocol [81]
with the state in (27) as the entangled resource state, rather
than the maximally entangled state, we can simulate the action
of the channel N𝑝 on a fixed input state, up to an error that
vanishes in the limit as 𝑑 → ∞. This key insight demonstrates
that the state in (27) is approximately equivalent in a resource-
theoretic sense to the channel N𝑝 . In more detail, we can
express this observation in terms of the following equality: for
every state 𝜌,

lim
𝑑→∞

(id ⊗N𝑝) (𝜌) − (id ⊗N𝑝,𝑑) (𝜌)

1 = 0, (32)

whereN𝑝,𝑑 (𝜎) B T (𝜎 ⊗𝜔𝑝,𝑑) is the channel resulting from
the teleportation simulation. That is, the simulating channel
N𝑝,𝑑 is realized by sending in the maximally entangled state
Φ𝑑 toN𝑝 , which generates 𝜔𝑝,𝑑 , and then acting on the input
state 𝜎 and the resource state 𝜔𝑝,𝑑 with the standard telepor-
tation protocol T . By invoking the main insight from [82, 83]
(as used later in [48]), we next note that a protocol for secret
key agreement over the channel is equivalent to one for which
the goal is to distill a bipartite private state. Such a protocol
involves only two parties, and thus the tools of entanglement
theory come into play [82, 83].
Now let P𝑛,𝜖 denote a general, fixed protocol for secret key

agreement, involving 𝑛 uses of the channel N𝑝 and achieving
an error 𝜖 for generating a bipartite private state of rate 𝑅𝑛,𝜖

(where the units of 𝑅𝑛,𝜖 are secret key bits per channel use).
By using the two aforementioned tools, teleportation simula-
tion and the reduction from secret key agreement to bipartite
private distillation, the protocol P𝑛,𝜖 can be approximately
simulated by the action of a single LOCC channel on 𝑛 copies
of the resource state 𝜔𝑝,𝑑 . Associated with this simulation
are two trace norm errors 𝜖 and 𝛿𝑑 , the first of which is the
error of the original protocol P𝑛,𝜖 in producing the desired

bipartite private state and the second of which is the error of
the simulation. We then invoke Eq. (5.37) of [55] to establish
the following inequality, which, for the fixed protocol P𝑛,𝜖 ,
relates the rate 𝑅𝑛,𝜖 at which secret key can be distilled to the
aforementioned errors and an entanglement measure called
sandwiched Rényi relative entropy of entanglement:

𝑅𝑛,𝜖 ≤ 𝐸𝑅,𝛼 (𝜔𝑝,𝑑) +
2𝛼

𝑛(𝛼 − 1) log2
(

1
1 − 𝛿𝑑 − 𝜖

)
, (33)

where 𝛼 > 1 and the sandwiched Rényi relative entropy of
entanglement of a general bipartite state 𝜌 is defined as [55]

𝐸𝑅,𝛼 (𝜌) B inf
𝜎∈SEP

2𝛼
𝛼 − 1 log2

𝜌1/2𝜎 (1−𝛼)/2𝛼

2𝛼
, (34)

with SEP denoting the set of separable (unentangled) states.
By choosing the separable state to be (id ⊗N𝑝) (Φ𝑑), where
Φ𝑑 B

1
𝑑

∑𝑑−1
𝑛=0 |𝑛〉〈𝑛| ⊗ |𝑛〉〈𝑛|, we find that [56]

𝐸𝑅,𝛼 (𝜔𝑝,𝑑) ≤
1

𝛼 − 1 log2
1
𝑑
Tr[(𝑇𝑑)𝛼] . (35)

Thus, we find that the following rate upper bound holds for the
secret key agreement protocol P𝑛,𝜖 for all 𝑑 ∈ N:

𝑅𝑛,𝜖 ≤ 1
𝛼 − 1 log2

1
𝑑
Tr[(𝑇𝑑)𝛼]

+ 2𝛼
𝑛(𝛼 − 1) log2

(
1

1 − 𝛿𝑑 − 𝜖

)
, (36)

Since this bound holds for all 𝑑 ∈ N, we can take the limit
𝑑 → ∞ and then arrive at the following upper bound:

𝑅𝑛,𝜖 ≤ lim sup
𝑑→∞

(
1

𝛼 − 1 log2
1
𝑑
Tr[(𝑇𝑑)𝛼]

+ 2𝛼
𝑛(𝛼 − 1) log2

(
1

1 − 𝛿𝑑 − 𝜖

) )
= 𝐷𝛼 (𝑝‖𝑢) +

2𝛼
𝑛(𝛼 − 1) log2

(
1
1 − 𝜖

)
.

(37)

In the above, we again applied the Szegő theorem [65–67] to
conclude that

lim sup
𝑑→∞

1
𝛼 − 1 log2

1
𝑑
Tr[(𝑇𝑑)𝛼] = 𝐷𝛼 (𝑝‖𝑢). (38)

We also used the fact that lim𝑑→∞ 𝛿𝑑 = 0, which is a conse-
quence of (32). The bound in the last line only depends on
the error 𝜖 of the original protocol P𝑛,𝜖 and the Rényi relative
entropy

𝐷𝛼 (𝑝‖𝑢) B
1

𝛼 − 1 log2
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙)𝛼𝑢(𝜙)1−𝛼 . (39)

As such, it is a uniform upper bound, applying to all 𝑛-round
secret-key-agreement protocols that generate a private state of
rate 𝑅𝑛,𝜖 and with error 𝜖 . Now noting that the 𝑛-shot secret
key agreement capacity 𝑃↔ (N𝑝 , 𝑛, 𝜖) is defined as the largest
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rate 𝑅𝑛,𝜖 that can be achieved by using the channelN𝑝 𝑛 times
along with classical communication for free, while allowing
for 𝜖 error, it follows from the uniform bound in (37) that

𝑃↔ (N𝑝 , 𝑛, 𝜖) ≤ 𝐷𝛼 (𝑝‖𝑢) +
2𝛼

𝑛(𝛼 − 1) log2
(
1
1 − 𝜖

)
, (40)

holding for all 𝛼 > 1. Noting that the strong converse secret-
key-agreement capacity is defined as

𝑃
†
↔ (N𝑝) B sup

𝜖 ∈(0,1)
lim sup
𝑛→∞

𝑃↔ (N𝑝 , 𝑛, 𝜖) (41)

we take the limit 𝑛→ ∞ to find that

𝑃
†
↔ (N𝑝)

≤ sup
𝜖 ∈(0,1)

lim sup
𝑛→∞

{
𝐷𝛼 (𝑝‖𝑢) +

2𝛼
𝑛(𝛼 − 1) log2

(
1
1 − 𝜖

)}
= 𝐷𝛼 (𝑝‖𝑢) .

(42)

This upper bound holds for all 𝛼 > 1. Thus, we can finally
take the 𝛼 → 1 limit, and use a basic property of Rényi relative
entropy [84] to conclude the desired upper bound:

𝑃
†
↔ (N𝑝) ≤ lim

𝛼→1
𝐷𝛼 (𝑝‖𝑢) = 𝐷 (𝑝‖𝑢) . (43)

This concludes the proof of the capacity formula (6) for the
bosonic dephasing channel. The argument required to estab-
lish its multimode generalization (13) is very similar [56], with
the only substantial technical difference being the application
of the multi-index Szegő theorem [66, 67].
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Supplemental Material

I. PRELIMINARIES, NOTATION, AND DEFINITIONS

A. Quantum states and channels

An arbitrary quantum system is mathematically representable by a separable complex Hilbert spaceH. We start by reviewing
a few basic concepts from the theory of operators acting on a Hilbert spaceH. An operator 𝑋 : H → H acting onH is bounded
if its operator norm ‖𝑋 ‖∞ B sup |𝜓〉∈H, ‖ |𝜓〉 ‖≤1 ‖𝑋 |𝜓〉‖ is finite, i.e., if ‖𝑋 ‖∞ < ∞. The Banach space of bounded operators
acting on H equipped with the norm ‖ · ‖∞ will be sometimes denoted by B(H). A bounded operator 𝑋 ∈ B(H) is positive
semi-definite if 〈𝜓 |𝑋 |𝜓〉 ≥ 0 for all |𝜓〉 ∈ H. The set of positive semi-definite bounded operators forms a cone, denoted here by
B+ (H).
A bounded operator 𝑇 such that the series defining Tr |𝑇 | = Tr

√
𝑇†𝑇 C ‖𝑇 ‖1 < ∞ converges is said to be of trace class.

Trace class operators acting on H form another Banach space, denoted by T (H), once they are equipped with the trace norm
‖ · ‖1. We denote the cone of positive semi-definite trace class operators by T+ (H). Since trace class operators are compact, the
spectral theorem applies [85, Theorem VI.16]. This means that every 𝑇 ∈ T (H) can be decomposed as 𝑇 =

∑∞
𝑘=0 𝑡𝑘 |𝑒𝑘〉〈 𝑓𝑘 |,

where ‖𝑇 ‖1 =
∑

𝑘 |𝑡𝑘 | < ∞, {|𝑒𝑘〉}𝑘 and {| 𝑓𝑘〉}𝑘 are orthonormal bases ofH, and the series converges absolutely in trace norm.
Quantum states of a system 𝐴 are described by density operators, i.e., positive semi-definite trace class operators with trace 1,

on H𝐴. The distance between two density operators 𝜌, 𝜎 acting on the same Hilbert space can be measured in two different but
compatible ways, either with the trace distance 12 ‖𝜌 − 𝜎‖1, endowed with a direct operational interpretation via the Helstrom–
Holevo theorem for state discrimination [86, 87] or with the fidelity 𝐹 (𝜌, 𝜎) B

√𝜌√𝜎2
1 [88]. Two fundamental relations

known as the Fuchs–van de Graaf inequalities establish the essential equivalence of these two distance measures. They can be
stated as [89]

1 −
√︁
𝐹 (𝜌, 𝜎) ≤ 1

2
‖𝜌 − 𝜎‖1 ≤ 1 − 𝐹 (𝜌, 𝜎) . (S1)

Physical transformations between states of a system 𝐴 and states of a system 𝐵 are represented mathematically as quantum
channels, i.e., completely positive trace-preserving mapsΛ : T (H𝐴) → T (H𝐵) [90–92]. A linear mapΛ : T (H𝐴) → T (H𝐵)
is

(i) positive if Λ (T+ (H𝐴)) ⊆ T+ (H𝐵));

(ii) completely positive, if id𝑁 ⊗Λ : T
(
C𝑁 ⊗H𝐴

)
→ T

(
C𝑁 ⊗H𝐵

)
is a positive map for all 𝑁 ∈ N, where id𝑁 represents the

identity channel acting on the space of 𝑁 × 𝑁 complex matrices;

(iii) trace preserving, if TrΛ(𝑋) = Tr 𝑋 holds for all trace class 𝑋 .

B. Entropies and relative entropies

Let 𝑝, 𝑞 be two probability density functions defined on the same measurable space X with measure `. For some 𝛼 ∈
(0, 1) ∪ (1,∞), define their 𝜶-Rényi divergence by [84]

𝐷𝛼 (𝑝‖𝑞) B
1

𝛼 − 1 log2
∫
X
𝑑`(𝑥) 𝑝(𝑥)𝛼 𝑞(𝑥)1−𝛼 . (S2)

This definition can be extended to 𝛼 ∈ {0, 1,∞} [84, Definition 3] by taking suitable limits. For our purposes, it suffices to
consider the Kullback–Leibler divergence [93] obtained by taking the limit 𝛼 → 1− in (S2). It is defined as

𝐷1 (𝑝‖𝑞) = 𝐷 (𝑝‖𝑞) B
∫
X
𝑑`(𝑥) 𝑝(𝑥) log2

𝑝(𝑥)
𝑞(𝑥) . (S3)

The following technical result is important for this paper.

Lemma S1 [84, Theorems 3 and 5]. For all fixed 𝑝, 𝑞, the 𝛼-Rényi divergence is monotonically non-decreasing in 𝛼. Moreover,
lim𝛼→1− 𝐷𝛼 (𝑝‖𝑞) = 𝐷 (𝑝‖𝑞), and if 𝐷𝛼0 (𝑝‖𝑞) < ∞ for some 𝛼0 > 1 (and therefore 𝐷𝛼 (𝑝‖𝑞) < ∞ for all 0 < 𝛼 ≤ 𝛼0) then
also

lim
𝛼→1+

𝐷𝛼 (𝑝‖𝑞) = 𝐷 (𝑝‖𝑞) . (S4)
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As a special case of the above formalism, one can define the differential entropy of a probability density function 𝑝 on X by
setting

ℎ(𝑝) B −
∫
X
𝑑`(𝑥) 𝑝(𝑥) log2 𝑝(𝑥) , (S5)

whenever the integral is well defined.
We now consider entropies and relative entropies between quantum states. For the sake of simplicity we assume throughout

this subsection that all quantum systems are finite dimensional. Indeed, in this paper we shall not consider entropies and relative
entropies of infinite-dimensional states.
The most immediate way to extend (S2) to the case of two quantum states 𝜌, 𝜎 is to define the Petz–Rényi entropy [94]

𝐷𝛼 (𝜌‖𝜎) B
1

𝛼 − 1 log2 Tr 𝜌
𝛼𝜎1−𝛼, (S6)

where as usual 𝛼 ∈ (0, 1) ∪ (1,∞), and we convene to set 𝐷𝛼 (𝜌‖𝜎) = +∞ whenever 𝛼 > 1 and supp 𝜌 * supp𝜎, where supp 𝑋
denotes the support of 𝑋 , i.e., the orthogonal complement of its kernel. Although (S6) is a sensible definition, it is often helpful
to consider an alternative quantity. The sandwiched 𝜶-Rényi relative entropy is defined as [95, 96]

𝐷𝛼 (𝜌‖𝜎) B
2𝛼
𝛼 − 1 log2

𝜎 1−𝛼
2𝛼 𝜌

1
2


2𝛼
. (S7)

Here, for 𝛽 > 0 we define the corresponding Schatten norm of a matrix 𝑋 as

‖𝑋 ‖𝛽 B
(
Tr

[
|𝑋 |𝛽

] )1/𝛽
, (S8)

where |𝑋 | B
√
𝑋†𝑋 . As before, it is understood that 𝐷𝛼 (𝜌‖𝜎) = +∞ when 𝛼 > 1 and supp 𝜌 * supp𝜎. Importantly, when

[𝜌, 𝜎] = 0, i.e., 𝜌 and 𝜎 commute, (S6) and (S7) coincide, and are equal to the 𝛼-Rényi divergence between the spectra of 𝜌 and
𝜎. Namely,

[𝜌, 𝜎] = 0 =⇒ 𝐷𝛼 (𝜌‖𝜎) = 𝐷𝛼 (𝜌‖𝜎) . (S9)

Taking the limit for 𝛼 → 1 of either (S6) or (S7) yields the (Umegaki) relative entropy, given by [97–99]

𝐷 (𝜌‖𝜎) B lim
𝛼→1

𝐷𝛼 (𝜌‖𝜎) = lim
𝛼→1

𝐷𝛼 (𝜌‖𝜎) = Tr
[
𝜌(log2 𝜌 − log2 𝜎)

]
. (S10)

The final quantity we need to define is the simplest of all, namely, the (von Neumann) entropy of a density matrix 𝜌:

𝑆(𝜌) B −Tr
[
𝜌 log2 𝜌

]
. (S11)

C. Continuous-variable systems

A single-mode continuous-variable system is mathematically modelled by the Hilbert space H1 B 𝐿2 (R), which comprises
all square-integrable complex-valued functions over R. The operators 𝑥 and 𝑝 B −𝑖 𝑑

𝑑𝑥
satisfy the canonical commutation

relation [𝑥, 𝑝] = 𝑖1, where 1 denotes the identity operator (in this case, acting onH1). Introducing the annihilation and creation
operators

𝑎 B
𝑥 + 𝑖𝑝
√
2

, 𝑎† B
𝑥 − 𝑖𝑝
√
2

, (S12)

this can be recast in the form

[𝑎, 𝑎†] = 1 . (S13)

Creation operators map the vacuum state |0〉 to the Fock states

|𝑘〉 B (𝑎†)𝑘
√
𝑘!

|0〉 . (S14)

Fock states are eigenvectors of the photon number operator 𝑎†𝑎, which satisfies

𝑎†𝑎 |𝑘〉 = 𝑘 |𝑘〉 . (S15)
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FIG. S2: A depiction of a quantum communication protocol that uses the channel 𝑛 times.

D. Unassisted capacities of quantum channels

In this section, we briefly define the quantum and private capacities of a quantum channel. We begin with the quantum
capacity. An ( |𝑀 |, 𝜖) code for quantum communication over the channel N𝐴→𝐵 consists of an encoding channel E𝑀→𝐴 and a
decoding channel D𝐵→𝑀 ′ such that the channel fidelity of the coding scheme and the identity channel id𝑀 is not smaller than
1 − 𝜖 :

𝐹 (id𝑀 ,D𝐵→𝑀 ′ ◦ N𝐴→𝐵 ◦ E𝑀→𝐴) ≥ 1 − 𝜖 (S16)

where the channel fidelity of channels N1 and N2 is defined as

𝐹 (N1,N2) B inf
𝜌
𝐹 ((id ⊗N1) (𝜌), (id ⊗N2) (𝜌)), (S17)

with the optimization over every bipartite state 𝜌 and the reference system allowed to be arbitrarily large. See Figure S2 for a
depiction of a quantum communication protocol that uses the channel 𝑛 times.
The one-shot quantum capacity 𝑄 𝜖 (N𝐴→𝐵) of the channel N𝐴→𝐵 is defined as

𝑄 𝜖 (N) B sup
E,D

{log2 |𝑀 | : ∃(𝑀, 𝜖) quantum communication protocol for N𝐴→𝐵}, (S18)

where the optimization is over every encoding channel E and decoding channelD. The (asymptotic) quantum capacity ofN𝐴→𝐵

is then defined as

𝑄(N) B inf
𝜖 ∈(0,1)

lim inf
𝑛→∞

1
𝑛
𝑄 𝜖 (N ⊗𝑛). (S19)

The strong converse quantum capacity of N𝐴→𝐵 is defined as

𝑄† (N) B sup
𝜖 ∈(0,1)

lim sup
𝑛→∞

1
𝑛
𝑄 𝜖 (N ⊗𝑛). (S20)

The quantum capacity is equal to the regularized coherent information of the channel [39–44]:

𝑄(N) = lim
𝑛→∞

1
𝑛
𝑄 (1) (N ⊗𝑛) = sup

𝑛∈N+

1
𝑛
𝑄 (1) (N ⊗𝑛) ,

𝑄 (1) (N) B sup
|Ψ〉𝐴𝐴′

𝐼coh (𝐴〉𝐵)a ,
(S21)
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FIG. S3: An LOCC-assisted protocol that involves 𝑛 uses of the quantum channel N .

where

a𝐴𝐵 B
(
id𝐴 ⊗N𝐴′→𝐵

)
(Ψ𝐴𝐴′),

𝐼coh (𝐴〉𝐵)𝜌 B 𝑆(𝜌𝐵) − 𝑆(𝜌𝐴𝐵) .
(S22)

This gives us a method for evaluating the quantum capacity of particular channels of interest, including the bosonic dephasing
channels.
Let us now recall basic definitions related to private capacity. Let UN

𝐴→𝐵𝐸
be an isometric channel extending the channel

N𝐴→𝐵 [90]. An ( |𝑀 |, 𝜖) code for private communication over the channel N𝐴→𝐵 consists of a set {𝜌𝑚𝐴 }𝑚 of encoding states
and a decoder, specified as a positive operator-valued measure {Λ𝑚

𝐵
}𝑚. It achieves an error 𝜖 if there exists a state 𝜎𝐸 of the

environment, such that the following inequality holds for every message 𝑚:

𝐹

(∑︁
𝑚′

|𝑚′〉〈𝑚′ | ⊗ Tr𝐵 [Λ𝑚′
𝐵 UN

𝐴→𝐵𝐸
(𝜌𝑚𝐴 )], |𝑚〉〈𝑚 | ⊗ 𝜎𝐸

)
≥ 1 − 𝜖 . (S23)

The one-shot private capacity 𝑃𝜖 (N𝐴→𝐵) of the channel N𝐴→𝐵 is defined as

𝑃𝜖 (N) B sup
{𝜌𝑚

𝐴
}𝑚 , {Λ𝑚

𝐵
}𝑚
{log2 |𝑀 | : ∃(𝑀, 𝜖) private communication protocol for N𝐴→𝐵}, (S24)

where the optimization is over every set {𝜌𝑚
𝐴
}𝑚 of encoding states and decoding POVM {Λ𝑚

𝐵
}𝑚. The (asymptotic) private

capacity of N𝐴→𝐵 is then defined as

𝑃(N) B inf
𝜖 ∈(0,1)

lim inf
𝑛→∞

1
𝑛
𝑃𝜖 (N ⊗𝑛). (S25)

The strong converse private capacity of N𝐴→𝐵 is defined as

𝑃† (N) B sup
𝜖 ∈(0,1)

lim sup
𝑛→∞

1
𝑛
𝑃𝜖 (N ⊗𝑛). (S26)

The following inequalities are direct consequences of the definitions:

𝑄(N) ≤ 𝑄† (N),
𝑃(N) ≤ 𝑃† (N).

(S27)

Less trivially, we also have that [100]

𝑄(N) ≤ 𝑃(N). (S28)

E. Two-way assisted capacities of quantum channels

In this section, we define the quantum and private capacities when the channel of interest is assisted by local operations and
classical communication. We begin with the LOCC-assisted quantum capacity.
An (𝑛, |𝑀 |, 𝜖) protocol P for LOCC-assisted quantum communication consists of a separable state 𝜎𝐴′

1𝐴1𝐵
′
1
, the set

{L (𝑖−1)
𝐴′
𝑖−1𝐵𝑖−1𝐵′

𝑖−1→𝐴′
𝑖
𝐴𝑖𝐵

′
𝑖

}𝑛
𝑖=2 of LOCC channels, and the LOCC channel L

(𝑛)
𝐴′
𝑛𝐵𝑛𝐵

′
𝑛→𝑀𝐴𝑀𝐵

. (See [38] for the definition of an
LOCC channel.) The final state of the protocol is
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[𝑀𝐴𝑀𝐵
B (L (𝑛)

𝐴′
𝑛𝐵𝑛𝐵

′
𝑛→𝑀𝐴𝑀𝐵

◦ N𝐴𝑛→𝐵𝑛
◦ L (𝑛−1)

𝐴′
𝑛−1𝐵𝑛−1𝐵′

𝑛−1→𝐴′
𝑛𝐴𝑛𝐵

′
𝑛
◦ · · ·

◦ L (1)
𝐴′
1𝐵1𝐵

′
1→𝐴′

2𝐴2𝐵
′
2
◦ N𝐴1→𝐵1 ) (𝜎𝐴′

1𝐴1𝐵
′
1
), (S29)

satisfying

𝐹 ([𝑀𝐴𝑀𝐵
,Φ𝑀𝐴𝑀𝐴

) ≥ 1 − 𝜖, (S30)

whereΦ𝑀𝐴𝑀𝐴
is a maximally entangled state of Schmidt rank |𝑀 |. Such a protocol is depicted in Figure S3. We note here that it

suffices for such a protocol to generate the maximally entangled stateΦ𝑀𝐴𝑀𝐵
because entanglement and quantum communication

are equivalent communication resource when classical communication is freely available, due to the teleportation protocol [101].
The 𝑛-shot LOCC-assisted quantum capacity of the channel N𝐴→𝐵 is defined as

𝑄↔,𝑛, 𝜖 (N) B sup
P

{
1
𝑛
log2 |𝑀 | : ∃(|𝑀 |, 𝜖) LOCC-assisted q. comm. protocol P for N𝐴→𝐵

}
, (S31)

where the optimization is over every LOCC-assisted quantum communication protocol P. The (asymptotic) LOCC-assisted
quantum capacity of N𝐴→𝐵 is then defined as

𝑄↔ (N) B inf
𝜖 ∈(0,1)

lim inf
𝑛→∞

𝑄↔,𝑛, 𝜖 (N). (S32)

The strong converse LOCC-assisted quantum capacity of N𝐴→𝐵 is defined as

𝑄
†
↔ (N) B sup

𝜖 ∈(0,1)
lim sup
𝑛→∞

𝑄↔,𝑛, 𝜖 (N). (S33)

An (𝑛, |𝑀 |, 𝜖) protocolK for secret key agreement over a quantum channel is defined essentially the same as an LOCC-assisted
protocol for quantum communication, except that the target final state of the protocol is more general. That is, the final step of
the protocol is an LOCC channel L (𝑛)

𝐴′
𝑛𝐵𝑛𝐵

′
𝑛→𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵

, where 𝑆𝐴 and 𝑆𝐵 are extra systems of the sender Alice and the receiver
Bob. Let us then denote the final state of the protocol by [𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵

. Such a protocol satisfies

𝐹 ([𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵
, 𝛾𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵

) ≥ 1 − 𝜖, (S34)

where 𝛾𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵
is a private state of dimension |𝑀 | [82, 83], having the form

𝛾𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵
B 𝑈𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵

(Φ𝑀𝐴𝑀𝐵
⊗ \𝑆𝐴𝑆𝐵

)𝑈†
𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵

. (S35)

In the above,𝑈𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵
is a twisting unitary of the form

𝑈𝑀𝐴𝑀𝐵𝑆𝐴𝑆𝐵
=

∑︁
𝑖, 𝑗

|𝑖〉〈𝑖 |𝑀𝐴
⊗ | 𝑗〉〈 𝑗 |𝑀𝐵

⊗ 𝑈𝑖, 𝑗

𝑆𝐴𝑆𝐵
, (S36)

with each 𝑈𝑖, 𝑗

𝑆𝐴𝑆𝐵
a unitary. Also, Φ𝑀𝐴𝑀𝐵

is a maximally entangled state of Schmidt rank |𝑀 | and \𝑆𝐴𝑆𝐵
is an arbitrary state.

The fact that such a protocol is equivalent to the more familiar notion of secret key agreement, involving three parties generating
a tripartite secret key state of the form 1

|𝑀 |
∑ |𝑀 |−1

𝑚=0 |𝑚〉〈𝑚 |𝑀𝐴
⊗ |𝑚〉〈𝑚 |𝑀𝐵

⊗ 𝜎𝐸 , is the main contribution of [82, 83] (see [38] for
another presentation).
The 𝑛-shot secret-key-agreement capacity of the channel N𝐴→𝐵 is defined as

𝑃↔,𝑛, 𝜖 (N) B sup
K

{
1
𝑛
log2 |𝑀 | : ∃(|𝑀 |, 𝜖) secret-key-agreement protocol K for N𝐴→𝐵

}
, (S37)

where the optimization is over every secret key agreement protocolK. The (asymptotic) secret key agreement capacity ofN𝐴→𝐵

is then defined as

𝑃↔ (N) B inf
𝜖 ∈(0,1)

lim inf
𝑛→∞

𝑃↔,𝑛, 𝜖 (N). (S38)

The strong converse secret key agreement capacity of N𝐴→𝐵 is defined as

𝑃
†
↔ (N) B sup

𝜖 ∈(0,1)
lim sup
𝑛→∞

𝑃↔,𝑛, 𝜖 (N). (S39)
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The following inequalities are direct consequences of the definitions:

𝑄↔ (N) ≤ 𝑄†
↔ (N)

𝑃↔ (N) ≤ 𝑃
†
↔ (N).

(S40)

Due to the fact that a more general target state is allowed in secret key agreement, the following inequalities hold

𝑄↔ (N) ≤ 𝑃↔ (N)
𝑄

†
↔ (N) ≤ 𝑃

†
↔ (N).

(S41)

Finally, due to the fact that classical communication can only enhance capacities, the following inequalities hold:

𝑄(N) ≤ 𝑄↔ (N)
𝑄† (N) ≤ 𝑄†

↔ (N)
𝑃(N) ≤ 𝑃↔ (N)
𝑃† (N) ≤ 𝑃

†
↔ (N).

(S42)

Thus, to establish the collapse of all of the capacities discussed in this section and the previous one, for the case of bosonic
dephasing channels, it suffices to prove the lower bound on 𝑄(N) and the upper bound on 𝑃†

↔ (N).

F. Teleportation simulation

The 𝑑-dimensional quantum teleportation protocol [101] takes as input a 𝑑-dimensional quantum state 𝜌𝐴′ of a system 𝐴′, a
𝑑-dimensional maximally entangled state

Φ𝐴𝐵
𝑑 B |Φ𝑑〉〈Φ𝑑 |𝐴𝐵 , |Φ𝑑〉𝐴𝐵 B

1
√
𝑑

𝑑−1∑︁
𝑘=0

|𝑘〉𝐴 |𝑘〉𝐵 , (S43)

and by using only local operations and one-way classical communication from Alice to Bob reproduces the exact same state 𝜌
on the system 𝐵. To define it rigorously, for 𝑥, 𝑧 ∈ {0, . . . , 𝑑 − 1} let us introduce the unitary matrices

𝑋 (𝑥) B
𝑑−1∑︁
𝑘=0

|𝑘 ⊕ 𝑥〉〈𝑘 | , 𝑍 (𝑧) B
𝑑−1∑︁
𝑘=0

𝑒
2𝜋𝑖
𝑑

𝑧𝑘 |𝑘〉〈𝑘 | , 𝑈 (𝑥, 𝑧) B 𝑋 (𝑥)𝑍 (𝑧) , (S44)

where ⊕ denotes sum modulo 𝑑. Then the teleportation channel T (𝑑)
𝐴′𝐴𝐵→𝐵

is given by

T (𝑑)
𝐴′𝐴𝐵→𝐵

(𝑋𝐴′𝐴𝐵) B
𝑑−1∑︁
𝑥,𝑧=0

𝑈 (𝑥, 𝑧)𝐵 Tr𝐴𝐴′

[
𝑋𝐴′𝐴𝐵𝑈 (𝑥, 𝑧)𝐴′Φ𝐴𝐴′

𝑑 𝑈 (𝑥, 𝑧)†
𝐴′

]
𝑈 (𝑥, 𝑧)†

𝐵
. (S45)

The effectiveness of the standard quantum teleportation protocol is expressed by the identity

T (𝑑)
𝐴′𝐴𝐵→𝐵

(
𝜌𝐴′ ⊗ Φ𝐴𝐵

𝑑

)
= 𝜌𝐵 , (S46)

meaning that the same operator 𝜌 is written in the registers 𝐴′ and 𝐵 on the left-hand and on the right-hand side, respectively.
Some channels can be simulated by the action of the standard teleportation protocol on their Choi states [47], in the sense that

T (𝑑)
𝐴′𝐴𝐵→𝐵

(
𝜌𝐴′ ⊗ Φ𝐴𝐵

N

)
= N(𝜌𝐴′) , (S47)

whereΦ𝐴𝐵
N is the Choi state of the channelN . For example, this is the case for all Pauli channels. More generally, other channels

can be simulated approximately by the action of the teleportation protocol on their Choi states. This concept was introduced
in [47] for the explicit purpose of obtaining upper bounds on the LOCC-assisted quantum capacity of a channel in terms of
an entanglement measure evaluated on the Choi state. The idea was rediscovered in [102] for the same purpose, and more
recently the same idea was used to bound the secret-key-agreement capacity [64] and the strong converse secret-key-agreement
capacity [55]. Here we make use of this concept in order to obtain upper bounds on the strong converse secret key agreement
capacity of all bosonic dephasing channels. As discussed earlier, it suffices to consider establishing an upper bound on this latter
capacity because it is the largest among all the capacities that we consider in this paper.
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G. Bosonic dephasing channel

Definition S2. Let 𝑝 be a probability density function on the interval [−𝜋, 𝜋]. The associated bosonic dephasing channel is
the quantum channel N𝑝 : T (H1) → T (H1) acting on a single-mode system and given by

N𝑝 (𝜌) B
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) 𝑒−𝑖𝑎†𝑎 𝜙𝜌 𝑒𝑖𝑎

†𝑎 𝜙 , (S48)

where 𝑎†𝑎 is the photon number operator.

The action of the bosonic dephasing channel can be easily described by representing the input operator in the Fock basis. By
means of this representation the Hilbert space of a single-mode system, H1, becomes equivalent to that of square-summable
complex-valued sequences, denoted ℓ2 (N). Operators on H1 are represented by infinite matrices, i.e., operators 𝑆 : ℓ2 (N) →
ℓ2 (N). Given two such operators 𝑆, 𝑇 , which we formally write 𝑆 =

∑
ℎ,𝑘 𝑆ℎ𝑘 |ℎ〉〈𝑘 | and 𝑇 =

∑
ℎ,𝑘 𝑇ℎ𝑘 |ℎ〉〈𝑘 |, their Hadamard

product is defined by

𝑆 ◦ 𝑇 B
∑︁
ℎ,𝑘

𝑆ℎ𝑘𝑇ℎ𝑘 |ℎ〉〈𝑘 | . (S49)

One of the fundamental facts concerning the Hadamard product is the Schur product theorem [103, Theorem 7.5.3]: it states that
if 𝑆 ≥ 0 and 𝑇 ≥ 0 are positive semi-definite, then also 𝑆 ◦ 𝑇 ≥ 0 is such. The theorem is usually stated for matrices, but is is
immediately generalisable to the operator case as a consequence of the remark below.

Remark S3. Let 𝑇 : ℓ2 (N) → ℓ2 (N) be an infinite matrix. Then 𝑇 ≥ 0 if and only if 𝑇 (𝑑) ≥ 0 for all 𝑑 ∈ N+, where 𝑇 (𝑑) is the
𝑑 × 𝑑 top left corner of 𝑇 . This follows from the fact that the linear span of the basis vectors |𝑘〉, 𝑘 ∈ N, is dense in ℓ2 (N).

Given an infinite matrix 𝑇 which represents a bounded operator 𝑇 : ℓ2 (N) → ℓ2 (N), we can define the associated Hadamard
channel as

L𝑇 : T
(
ℓ2 (N)

)
−→ T

(
ℓ2 (N)

)
𝑆 ↦−→ 𝑆 ◦ 𝑇 .

(S50)

The following is then easily established.

Lemma S4. Let𝑇 : ℓ2 (N) → ℓ2 (N) be a bounded operator represented by an infinite matrix. Then the Hadamard channel (S50)
is a completely positive and trace preserving map, i.e., a quantum channel, if and only if

(i) 𝑇 ≥ 0 as an operator; and

(ii) 𝑇𝑘𝑘 = 1 for all 𝑘 ∈ N.

Proof. The two conditions are clearly necessary. In fact, if 𝑇𝑘𝑘 ≠ 1 for some 𝑘 ∈ N+, then Tr[𝑇 ◦ |𝑘〉〈𝑘 |] = 𝑇𝑘𝑘 ≠ 1 = Tr |𝑘〉〈𝑘 |;
i.e., L𝑇 is not trace preserving. Also, if 𝑇 � 0 then by Remark S3 there exists 𝑑 ∈ N+ and some |𝜓〉 ∈ C𝑑 such that
〈𝜓 |𝑇 (𝑑) |𝜓〉 < 0. Rewriting 〈𝜓 |𝑇 (𝑑) |𝜓〉 = ∑𝑑−1

ℎ,𝑘=0 𝜓
∗
ℎ
𝜓𝑘𝑇ℎ𝑘 = 𝑑 〈+|(𝑇 ◦ 𝜓) |+〉, where 𝜓 B |𝜓〉〈𝜓 | and |+〉 B 1√

𝑑

∑𝑑−1
𝑘=0 |𝑘〉, shows

that in this case L𝑇 would not even be positive, let alone completely positive.
Vice versa, conditions (i)–(ii) are sufficient. In fact, on the one hand, by (ii), for an arbitrary 𝑋 , we have that TrL𝑇 (𝑋) =∑
𝑘 𝑇𝑘𝑘𝑋𝑘𝑘 = Tr 𝑋 , i.e., L𝑇 is trace preserving. On the other hand, if 𝑇 ≥ 0 then for all 𝑑 ∈ N+ and for all positive semi-definite
bipartite operators 𝑋 ≥ 0 acting on C𝑑 ⊗ ℓ2 (N) we have that (𝐼 ⊗ L𝑇 ) (𝑋) = 𝑑 ( |+〉〈+| ⊗ 𝑇) ◦ 𝑋 ≥ 0, where |+〉 is defined above,
and the last inequality follows by the Schur product theorem. Since 𝑑 is arbitrary, this proves that L𝑇 is completely positive. �

The theory of Hadamard channels we just sketched out is relevant here due to the following simple observation.

Lemma S5. When both the input and the output density operators are represented in the Fock basis, the bosonic dephasing
channel N𝑝 acts as the Hadamard channel

N𝑝 (𝜌) = 𝜌 ◦ 𝑇𝑝 , (S51)

(𝑇𝑝)ℎ𝑘 B
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) 𝑒−𝑖𝜙 (ℎ−𝑘) . (S52)

Proof. Due to (S15), we have that N𝑝 (𝜌) =
∑

ℎ,𝑘 𝜌ℎ𝑘
∫ 𝜋

−𝜋 𝑑𝜙 𝑝(𝜙) 𝑒
−𝑖𝜙 (ℎ−𝑘) |ℎ〉〈𝑘 | = 𝜌 ◦ 𝑇𝑝 . �



8

II. CAPACITIES OF BOSONIC DEPHASING CHANNELS

A. Infinite Toeplitz matrices and theorems of Szegő and Avram–Parter type

Observe that the expression for (𝑇𝑝)ℎ𝑘 only depends on the difference ℎ − 𝑘 . Matrices with this property are named after the
mathematician Otto Toeplitz. Formally, a Toeplitz matrix of size 𝑑 ∈ N+ is a matrix of the form

𝑇 =

©«

𝑎0 𝑎−1 𝑎−2 . . . 𝑎−𝑑+1
𝑎1 𝑎0 𝑎−1 . . . 𝑎−𝑑+2
𝑎2 𝑎1 𝑎0 . . . 𝑎−𝑑+3
...

...
...

. . .
...

𝑎𝑑−1 𝑎𝑑−2 𝑎𝑑−3 . . . 𝑎0

ª®®®®®®¬
, (S53)

where 𝑎0, . . . , 𝑎𝑑−1 ∈ C. Alternatively, it can be defined to have entries

𝑇ℎ𝑘 = 𝑎ℎ−𝑘 . (S54)

This definition can be formally extended to the case of infinite Toeplitz matrices, simply by letting ℎ, 𝑘 ∈ N run over all
non-negative integers. Note that the top left corners 𝑇 (𝑑) B

∑𝑑−1
ℎ,𝑘=0 𝑇ℎ𝑘 |ℎ〉〈𝑘 | of an infinite Toeplitz matrix are Toeplitz matrices.

In applications one often encounters the case in which the numbers 𝑎𝑘 are the Fourier coefficients of an absolutely integrable
function 𝑎 : [−𝜋, 𝜋] → C, i.e.

𝑎𝑘 =

∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
𝑎(𝜙) 𝑒−𝑖𝑘 𝜙 . (S55)

In this paper, we will consider mainly non-negative functions 𝑎 : [−𝜋, 𝜋] → R+.
A result due to Szegő [65, 104] states that the spectrum of the 𝑑×𝑑 top left corners𝑇 (𝑑) of an infinite Toeplitz matrix converges

to the generating function 𝑎 : [−𝜋, 𝜋] → R (for now assumed to be real-valued), in the sense that

lim
𝑑→∞

1
𝑑
Tr 𝐹

(
𝑇 (𝑑) ) = lim

𝑑→∞

1
𝑑

𝑑∑︁
𝑗=1

𝐹
(
_ 𝑗

(
𝑇 (𝑑) ) ) = ∫ 𝜋

−𝜋

𝑑𝜙

2𝜋
𝐹
(
𝑎(𝜙)

)
(S56)

whenever 𝑎 and 𝐹 : R → R are sufficiently well behaved. Here, _ 𝑗

(
𝑇 (𝑑) ) denotes the 𝑗 th eigenvalue of the matrix 𝑇 (𝑑) . The

scope and extension of Szegő’s result has been expanded over the years by relaxing the conditions to be imposed on 𝑎 and 𝐹 so
that (S56) holds. At the same time, an analogous class of results, initially conceived by Parter [105] and Avram [106], has been
developed to deal with the case of complex-valued generating functions 𝑎 : [−𝜋, 𝜋] → C. Results of the Avram–Parter type
generalize (S56) by stating that

lim
𝑑→∞

1
𝑑
Tr 𝐹

(��𝑇 (𝑑) ��) = lim
𝑑→∞

1
𝑑

𝑑∑︁
𝑗=1

𝐹
(
𝑠 𝑗

(
𝑇 (𝑑) ) ) = ∫ 𝜋

−𝜋

𝑑𝜙

2𝜋
𝐹

(��𝑎(𝜙)��) , (S57)

where 𝑠 𝑗
(
𝑇 (𝑑) ) is now the 𝑗 th singular value of the matrix 𝑇 (𝑑) . Both Szegő’s and Avram–Parter’s result have been generalized

in successive steps, by Zamarashkin and Tyrtyshnikov [107], Tilli [108], Serra-Capizzano [66], Böttcher, Grudsky, and Mak-
simenko [109], and others. For a detailed account of these developments, we refer the reader to the textbooks [67, 110, 111]
and especially to the lecture notes by Grudsky [112]. Here we will just need the following lemma, extracted from the work of
Serra-Capizzano.

Lemma S6 (Serra-Capizzano [66]). If 𝑎 : [−𝜋, 𝜋] → R+ is such that∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
𝑎(𝜙)𝛼 < ∞ (S58)

for some 𝛼 ≥ 1, and moreover 𝐹 : R+ → R is continuous and satisfies

𝐹 (𝑥) = 𝑂 (𝑥𝛼) (𝑥 → ∞) , (S59)

then (S56) holds.
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Proof. The original result by Serra-Capizzano [66, Theorem 2] states that the identity (S57) involving singular values holds.
However, under the stronger hypotheses that we are making here it can be seen that (S56) and (S57) are actually equivalent. Since
𝑎 takes on values in R+, we only need to check that for each 𝑑 the singular values and the eigenvalues of 𝑇 (𝑑) coincide. To this
end, it suffices to note that 𝑇 (𝑑) is a positive semi-definite operator, simply because

𝑑−1∑︁
ℎ,𝑘=0

𝜓∗
ℎ𝜓𝑘𝑇ℎ𝑘 =

𝑑−1∑︁
ℎ,𝑘=0

𝜓∗
ℎ𝜓𝑘

∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
𝑎(𝜙) 𝑒−𝑖 (ℎ−𝑘)𝜙

=

∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
𝑎(𝜙)

𝑑−1∑︁
ℎ,𝑘=0

𝜓∗
ℎ𝜓𝑘 𝑒

−𝑖 (ℎ−𝑘)𝜙

=

∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
𝑎(𝜙)

���∑︁𝑑−1
𝑘=0

𝜓𝑘 𝑒
𝑖𝑘 𝜙

���2
≥ 0

(S60)

for every |𝜓〉 ∈ C𝑑 . This can also be seen as a simple consequence of (the easy direction of) Bochner’s theorem. �

B. Proof of main result

Before stating and proving our main result, let us fix some terminology. For an infinite matrix 𝜏 that is also a density operator
on ℓ2 (N), the associated maximally correlated state Ω[𝜏] on ℓ2 (N) ⊗ ℓ2 (N) is defined by

Ω[𝜏] B
∞∑︁

ℎ,𝑘=0
𝜏ℎ𝑘 |ℎ〉〈𝑘 | ⊗ |ℎ〉〈𝑘 | . (S61)

Maximally correlated states appear naturally in connecting coherence theory [113–121] (see also the review article [122]) with
entanglement theory. When seen in this latter context, they are useful because they represent a particularly simple class of
entangled states.
Also, recall that the Rényi entropy of a probability density defined on the interval [−𝜋, 𝜋] need not be finite; that is, it can

be equal to −∞. It is always bound from above by 2𝜋, due to the non-negativity of relative entropy. Indeed, ℎ(𝑝) ≤ log2 2𝜋
for every probability density 𝑝 defined on [−𝜋, 𝜋] because log2 2𝜋 − ℎ(𝑝) = 𝐷 (𝑝‖𝑢) ≥ 0, where 𝑢 is the uniform probability
density on [−𝜋, 𝜋]. However, as an example, if we take the probability density to be 𝑝(𝑥) = |𝑥 |− 1𝛼 /N for 𝛼 > 1, where N is a
normalization factor, then the Rényi entropy ℎ𝛼 (𝑝) diverges to −∞. Note that the condition ℎ𝛼 (𝑝) > −∞ is equivalent to the
condition

∫ +𝜋
−𝜋 𝑑𝜙 𝑝(𝜙)𝛼 < ∞.

Theorem S7. Let 𝑝 : [−𝜋, +𝜋] → R+ be a probability density function with the property that one of its Rényi entropies is finite
for some 𝛼0 > 1, i.e. ∫ +𝜋

−𝜋
𝑑𝜙 𝑝(𝜙)𝛼0 < ∞ . (S62)

Then the two-way assisted quantum capacity, the unassisted quantum capacity, the private capacity, the secret-key capacity, and
all of the corresponding strong converse capacities of the associated bosonic dephasing channel N𝑝 coincide, and are given by
the expression

𝑄(N𝑝) = 𝑄† (N𝑝) = 𝑃(N𝑝) = 𝑃† (N𝑝) = 𝑄↔ (N𝑝) = 𝑄†
↔ (N𝑝) = 𝐾 (N𝑝) = 𝑃†

↔ (N𝑝)
= 𝐷 (𝑝‖𝑢) = log2 (2𝜋) − ℎ(𝑝)

= log2 (2𝜋) −
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) log2

1
𝑝(𝜙) .

(S63)

Here, 𝐷 (𝑝‖𝑢) denotes the Kullback–Leibler divergence between 𝑝 and the uniform probability density 𝑢 over [−𝜋, 𝜋], and ℎ(𝑝)
is the differential entropy of 𝑝.

Remark S8. The condition on the Rényi entropy of 𝑝 is of a purely technical nature. We expect it to be obeyed in all cases of
practical interest. For example, it holds true provided that 𝑝 is bounded on [−𝜋, 𝜋].

Remark S9. By using Hölder’s inequality, it can be easily verified that if (S100) holds for 𝛼0 ≥ 1 then it holds for all 𝛼 such
that 1 ≤ 𝛼 ≤ 𝛼0.
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Proof of Theorem S7. The smallest of all eight quantities is the unassisted quantum capacity 𝑄(N𝑝), and the largest is 𝑃†
↔ (N𝑝).

Therefore, it suffices to prove that

𝑄(N𝑝) ≥ 𝐷 (𝑝‖𝑢) , 𝑃
†
↔ (N𝑝) ≤ 𝐷 (𝑝‖𝑢) . (S64)

Note that it is elementary to verify that

𝐷 (𝑝‖𝑢) =
∫ +𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) log2

𝑝(𝜙)
1/(2𝜋) = log2 (2𝜋) −

∫ +𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) log2

1
𝑝(𝜙) = log2 (2𝜋) − ℎ(𝑝) , (S65)

where the differential entropy ℎ(𝑝) is defined by (S5).
To bound𝑄(N𝑝) from below, we need an ansatz for a state |Ψ〉𝐴𝐴′ to plug into (S21). Letting 𝐴 and 𝐴′ be single-mode systems,

we can consider the maximally entangled state |Φ𝑑〉𝐴𝐴′ B 1√
𝑑

∑𝑑−1
𝑘=0 |𝑘〉𝐴 |𝑘〉𝐴′ locally supported on the subspace spanned by

first 𝑑 Fock states |𝑘〉 (see (S14)), where 𝑘 ∈ {0, . . . , 𝑑 − 1}. Let us also define the truncated matrix

𝑇
(𝑑)
𝑝 B Π𝑑𝑇Π𝑑 =

𝑑−1∑︁
ℎ,𝑘=0

𝑇ℎ𝑘 |ℎ〉〈𝑘 | , (S66)

where

Π𝑑 B
𝑑−1∑︁
𝑘=0

|𝑘〉〈𝑘 | . (S67)

Then note that

𝜔𝑝,𝑑 B
(
𝐼 ⊗ N𝑝

) (
Φ𝑑

)
=
1
𝑑

𝑑−1∑︁
ℎ,𝑘=0

(
𝐼 ⊗ N𝑝

) (
|ℎℎ〉〈𝑘𝑘 |

)
=
1
𝑑

𝑑−1∑︁
ℎ,𝑘=0

(𝑇𝑝)ℎ𝑘 |ℎℎ〉〈𝑘𝑘 |

=
1
𝑑
Ω

[
𝑇
(𝑑)
𝑝

]
.

(S68)

Consider that

𝑄(N𝑝)
(i)
= lim sup

𝑑→∞
𝐼coh (𝐴〉𝐵) (𝐼 ⊗ N𝐴′→𝐵

𝑝

) (
Φ𝐴𝐴′

𝑑

)
(ii)
= lim sup

𝑑→∞
𝐼coh (𝐴〉𝐵)𝜔𝑝,𝑑

(iii)
= lim sup

𝑑→∞

(
log2 𝑑 − 𝑆

(
𝑇
(𝑑)
𝑝

/
𝑑

))
(iv)
= lim sup

𝑑→∞

(
log2 𝑑 +

1
𝑑
Tr𝑇 (𝑑)

𝑝

(
− log2 𝑑 + log2 𝑇

(𝑑)
𝑝

))
(S69)

= lim sup
𝑑→∞

1
𝑑
Tr𝑇 (𝑑)

𝑝 log2 𝑇
(𝑑)
𝑝

(v)
=

∫ 𝜋

−𝜋

𝑑𝜙

2𝜋
(2𝜋𝑝(𝜙)) log2 (2𝜋𝑝(𝜙))

= log2 (2𝜋) −
∫ 𝜋

−𝜋
𝑑𝜙 𝑝(𝜙) log2

1
𝑝(𝜙) .

Here: (i) follows from the LSD theorem (S21); in (ii) we introduced the state 𝜔𝑝,𝑑 defined by (S61); (iii) comes from (S22), due
to the fact that 𝑆(Ω[𝜏]) = 𝑆(𝜏) on the one hand, and

Tr𝐴𝜔𝐴𝐵
𝑝,𝑑 = Tr𝐴

(
𝐼 ⊗ N 𝐴′→𝐵

𝑝

) (
Φ𝐴𝐴′

𝑑

)
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=
1
𝑑
Tr𝐴

𝑑−1∑︁
ℎ,𝑘=0

(𝑇𝑝)ℎ𝑘 |ℎ〉〈𝑘 |𝐴 ⊗ |ℎ〉〈𝑘 |𝐵

=
1
𝑑

𝑑−1∑︁
ℎ,𝑘=0

(𝑇𝑝)ℎ𝑘𝛿ℎ𝑘 |ℎ〉〈𝑘 |𝐵 (S70)

=
1
𝑑

𝑑−1∑︁
𝑘=0

|𝑘〉〈𝑘 |𝐵

=
1𝐵

𝑑

and therefore 𝑆
(
Tr𝐴

(
𝐼 ⊗ N 𝐴′→𝐵

𝑝

) (
Φ𝐴𝐴′

𝑑

) )
= log2 𝑑 on the other; in (iv) we simply substituted the definition (S11) of von

Neumann entropy; and finally in (v) we employed Lemma S6 with the choice 𝑎(𝜙) = 2𝜋𝑝(𝜙). This is possible due to our
assumption that (S100) holds for some 𝛼 > 1. Note that 𝐹 (𝑥) = 𝑥 log2 𝑥 satisfies |𝐹 (𝑥) | < 𝑥𝛼 for all 𝛼 > 1 and for all sufficiently
large 𝑥 ∈ R+. This concludes the proof of the lower bound on 𝑄(N𝑝) in (S64). We remark in passing that the Szegő theorem
has been applied before, although with an entirely different scope, in the context of quantum information theory [123].
We now establish the upper bound on 𝑃†

↔ (N𝑝) in (S64). We claim that there is a sequence of LOCC protocols that can simulate
N𝑝 using 𝜔𝑝,𝑑 defined by (S68) as a resource state and with error vanishing as 𝑑 → ∞. To see why this is the case, let 𝜌 be an
arbitrary input state, and consider the 𝑑-dimensional teleportation protocol (S45) on 𝜌 that uses 𝜔𝑝,𝑑 as a resource. In formula,
let us define

N 𝐴′→𝐵
𝑝,𝑑 (𝜌𝐴′) B T (𝑑)

𝐴′𝐴𝐵→𝐵

(
𝜌𝐴′ ⊗ 𝜔𝐴𝐵

𝑝,𝑑

)
. (S71)

We see that

N 𝐴′→𝐵
𝑝,𝑑 (𝜌𝐴′)

(vi)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑋 (𝑥)𝐵𝑍 (𝑧)𝐵 Tr𝐴𝐴′

[
𝜌𝐴′ ⊗ 𝜔𝐴𝐵

𝑝,𝑑 𝑋 (𝑥)𝐴′𝑍 (𝑧)𝐴′Φ𝐴𝐴′

𝑑 𝑍 (𝑧)†
𝐴′𝑋 (𝑥)†𝐴′

]
𝑍 (𝑧)†

𝐵
𝑋 (𝑥)†

𝐵

(vii)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑
(𝑇𝑝)ℎ𝑘 𝑋 (𝑥)𝐵𝑍 (𝑧)𝐵

Tr𝐴𝐴′

[
𝜌𝐴′ ⊗ |ℎℎ〉〈𝑘𝑘 |𝐴𝐵 𝑋 (𝑥)𝐴′𝑍 (𝑧)𝐴′Φ𝐴𝐴′

𝑑 𝑍 (𝑧)†
𝐴′𝑋 (𝑥)†𝐴′

]
𝑍 (𝑧)†

𝐵
𝑋 (𝑥)†

𝐵

(viii)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑
(𝑇𝑝)ℎ𝑘 𝑋 (𝑥)𝐵𝑍 (𝑧)𝐵(
Tr𝐴𝐴′

[
𝜌𝐴′ ⊗ |ℎ〉〈𝑘 |𝐴 𝑍 (𝑧)

ᵀ
𝐴
𝑋 (𝑥)ᵀ

𝐴
Φ𝐴𝐴′

𝑑 𝑋 (𝑥)∗𝐴𝑍 (𝑧)
∗
𝐴

]
|ℎ〉〈𝑘 |𝐵

)
𝑍 (𝑧)†

𝐵
𝑋 (𝑥)†

𝐵

(ix)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑
(𝑇𝑝)ℎ𝑘 𝑋 (𝑥)𝐵𝑍 (𝑧)𝐵 (S72)(
𝑒
2𝜋𝑖
𝑑

𝑧 (𝑘−ℎ) Tr𝐴𝐴′

[
𝜌𝐴′ ⊗ |ℎ ⊕ 𝑥〉〈𝑘 ⊕ 𝑥 |𝐴 Φ𝐴𝐴′

𝑑

]
|ℎ〉〈𝑘 |𝐵

)
𝑍 (𝑧)†

𝐵
𝑋 (𝑥)†

𝐵

(x)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑2

(𝑇𝑝)ℎ𝑘 𝑋 (𝑥)𝐵𝑍 (𝑧)𝐵
(
𝑒
2𝜋𝑖
𝑑

𝑧 (𝑘−ℎ) 𝜌ℎ⊕𝑥, 𝑘⊕𝑥 |ℎ〉〈𝑘 |𝐵
)
𝑍 (𝑧)†

𝐵
𝑋 (𝑥)†

𝐵

(xi)
=

𝑑−1∑︁
𝑥,𝑧=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑2

(𝑇𝑝)ℎ𝑘 𝜌ℎ⊕𝑥, 𝑘⊕𝑥 |ℎ ⊕ 𝑥〉〈𝑘 ⊕ 𝑥 |𝐵

=

𝑑−1∑︁
𝑥=0

𝑑−1∑︁
ℎ,𝑘=0

1
𝑑
(𝑇𝑝)ℎ𝑘 𝜌ℎ⊕𝑥, 𝑘⊕𝑥 |ℎ ⊕ 𝑥〉〈𝑘 ⊕ 𝑥 |𝐵

(xii)
=

𝑑−1∑︁
ℎ,𝑘=0

(
1
𝑑

∑︁𝑑−1
𝑥=0

(𝑇𝑝)ℎ⊕𝑥, 𝑘⊕𝑥
)
𝜌ℎ𝑘 |ℎ〉〈𝑘 |𝐵 .
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In the above derivation, (vi) follows from (S45), (vii) from (S68), (viii) from the formula

𝑀 ⊗ 1 |Φ𝑑〉 = 1 ⊗ 𝑀ᵀ |Φ𝑑〉 , (S73)

valid for the maximally entangled state (S43) in any finite dimension, (ix) and (xi) from (S44), (x) from the identity

Tr
[
𝑀𝐴 ⊗ 𝑁𝐴′Φ𝐴𝐴′

𝑑

]
=
1
𝑑
Tr [𝑀𝑁ᵀ] , (S74)

and finally (xii) by a simple change of variable ℎ ⊕ 𝑥 ↦→ ℎ, 𝑘 ⊕ 𝑥 ↦→ 𝑘 , once one observes that

𝑑−1∑︁
𝑥=0

(𝑇𝑝)ℎ𝑘 ↦→
𝑑−1∑︁
𝑥=0

(𝑇𝑝)ℎ	𝑥, 𝑘	𝑥 =

𝑑−1∑︁
𝑥′=0

(𝑇𝑝)ℎ	(−𝑥′) , 𝑘	(−𝑥′) =
𝑑−1∑︁
𝑥′=0

(𝑇𝑝)ℎ⊕𝑥′, 𝑘⊕𝑥′ , (S75)

where 𝑥 ′ B −𝑥.
The calculation in (S72) shows that

〈ℎ|N𝑝,𝑑 (𝜌) |𝑘〉 =
(
1
𝑑

∑︁𝑑−1
𝑥=0

(𝑇𝑝)ℎ⊕𝑥, 𝑘⊕𝑥
)
𝜌ℎ𝑘 . (S76)

We now want to argue that for fixed ℎ, 𝑘 ∈ N the above quantity converges to (𝑇𝑝)ℎ𝑘 𝜌ℎ𝑘 = 〈ℎ|N𝑝 (𝜌) |𝑘〉 as 𝑑 → ∞. To this end,
note that if 𝑑 ≥ ℎ, 𝑘 we have that (𝑇𝑝)ℎ⊕𝑥, 𝑘⊕𝑥 = 𝑇ℎ𝑘 provided that either 𝑥 ≤ min{𝑑 − 1− ℎ, 𝑑 − 1− 𝑘} = min{𝑑 − ℎ, 𝑑 − 𝑘} − 1
or 𝑥 ≥ max{𝑑 − ℎ, 𝑑 − 𝑘}. Therefore, (𝑇𝑝)ℎ⊕𝑥, 𝑘⊕𝑥 ≠ 𝑇ℎ𝑘 for at most |ℎ − 𝑘 | values of 𝑥, out of the 𝑑 possible ones. We can
estimate the remainder terms pretty straightforwardly using the inequality

��(𝑇𝑝)ℎ𝑘 �� ≤ 1, valid for all ℎ, 𝑘 ∈ N. Doing so yields�����(𝑇𝑝)ℎ𝑘 − 1𝑑 𝑑−1∑︁
𝑥=0

(𝑇𝑝)ℎ⊕𝑥, 𝑘⊕𝑥

����� ≤ ����(𝑇𝑝)ℎ𝑘 − 𝑑 − |ℎ − 𝑘 |
𝑑

(𝑇𝑝)ℎ𝑘
���� + |ℎ − 𝑘 |

𝑑

≤ 2|ℎ − 𝑘 |
𝑑

−−−−→
𝑑→∞

0 .

(S77)

Thus, for all fixed ℎ, 𝑘 ∈ N,

〈ℎ|N𝑝,𝑑 (𝜌) |𝑘〉 −−−−→
𝑑→∞

〈ℎ|N𝑝 (𝜌) |𝑘〉 ∀ 𝜌 , (S78)

as claimed. We now argue that this implies the stronger fact that

lim
𝑑→∞

( (N𝑝,𝑑 − N𝑝

)
𝐴′→𝐵

⊗ 𝐼𝐸
)
(𝜌𝐴′𝐸 )


1 = 0 ∀ 𝜌𝐴′𝐸 , (S79)

where it is understood that 𝜌𝐴′𝐸 is an arbitrary, but fixed state of a bipartite system 𝐴′𝐸 , with the quantum system 𝐸 arbitrary. The
above identity is usually expressed in words by saying thatN𝑝,𝑑 converges toN𝑝 in the topology of strong convergence [124, 125].
The arguments that allow to deduce (S79) from (S78) are standard:

(a) Since the linear span of the Fock states {|𝑘〉}𝑘∈N is dense in H1 and moreover the operators N𝑝,𝑑 (𝜌),N𝑝 (𝜌) are uniformly
bounded in trace norm — since they are states, they all have trace norm 1 — we see that (S78) actually holds also when
|ℎ〉 , |𝑘〉 are replaced by any two fixed vectors |𝜓〉 , |𝜙〉 ∈ H1. In formula,

〈𝜓 |N𝑝,𝑑 (𝜌) |𝜙〉 −−−−→
𝑑→∞

〈𝜓 |N𝑝 (𝜌) |𝜙〉 ∀ 𝜌, ∀ |𝜓〉 , |𝜙〉 ∈ H1 . (S80)

(b) Therefore, by definitionN𝑝,𝑑 (𝜌) converges toN𝑝 (𝜌) in the weak operator topology. Since the latter object is also a quantum
state, an old result due to Davies [126, Lemma 4.3], which can also be seen as an elementary consequence of the ‘gentle
measurement lemma’ [127, Lemma 9] (see also [128, Lemmata 9.4.1 and 9.4.2]), states that in fact there is trace norm
convergence, i.e.

lim
𝑑→∞

(N𝑝,𝑑 − N𝑝

)
(𝜌)


1 = 0 ∀ 𝜌 . (S81)

(c) The topology of strong convergence is stable under tensor products with the identity channel [124] (see also [125, Lemma 2]).
Therefore, (S81) and (S79) are in fact equivalent. Since we have proved the former, the latter also follows.
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We are now ready to prove that 𝑃†
↔ (N𝑝) ≤ 𝐷 (𝑝‖𝑢). For a fixed positive integer 𝑛 ∈ N+, consider a generic protocol as the

one depicted in Figure S3, where the channel N is now N𝑝 . Since we are dealing with the secret-key-agreement capacity, the
final state [𝑛 will approximate a private state 𝛾𝑛 containing d𝑅𝑛e secret bits [82, 83]. Here, 𝑅 is an achievable strong converse
rate of secret-key agreement. Call 𝜖𝑛 B 1

2 ‖[𝑛 − 𝛾𝑛‖1 the corresponding trace norm error, so that

lim sup
𝑛→∞

𝜖𝑛 < 1 . (S82)

Imagine now to replace each instance ofN𝑝 with its simulationN𝑝,𝑑 . This will yield at the output a state [𝑛,𝑑 , in general different
from [𝑛; however, because of (S79), and since 𝑛 here is fixed, we have that the associated error 𝛿𝑛,𝑑 vanishes as 𝑑 → ∞, i.e.

𝛿𝑛,𝑑 B
1
2

[𝑛,𝑑 − [𝑑

1 −−−−→𝑑→∞

0 . (S83)

Now, after the above replacement the global protocol can be seen as an LOCC manipulation of 𝑛 copies of the state 𝜔𝑝,𝑑 that
is used to simulate N𝑝,𝑑 as per (S71). By the triangle inequality, the trace distance between the final state [𝑛,𝑑 and the private
state 𝛾𝑛 satisfies

1
2

[𝑛,𝑑 − 𝛾𝑛

1 ≤
1
2

[𝑛,𝑑 − [𝑛

1 +
1
2
‖[𝑛 − 𝛾𝑛‖1 ≤ 𝛿𝑛,𝑑 + 𝜖𝑛 . (S84)

To apply the results of [129], we need to translate the above estimate into one that uses the fidelity instead of the trace distance.
Such a translation can be made with the help of the Fuchs–van de Graaf inequalities [89], here reported as (S1). We obtain that
𝐹 ([𝑛,𝑑 , 𝛾𝑛) ≥

(
1 − 𝛿𝑛,𝑑 − 𝜖𝑛

)2. We can then use [129, Eq. (5.37)] directly to deduce that(
1 − 𝛿𝑛,𝑑 − 𝜖𝑛

)2 ≤ 𝐹 ([𝑛,𝑑 , 𝛾𝑛) ≤ 2−𝑛
𝛼−1
𝛼 (𝑅−𝐸𝑅,𝛼 (𝜔𝑝,𝑑)) (S85)

for all 1 < 𝛼 ≤ 𝛼0, where

𝐸𝑅,𝛼 (𝜌𝐴𝐵) B inf
𝜎∈S𝐴𝐵

𝐷𝛼 (𝜌‖𝜎) (S86)

is the sandwiched 𝜶-Rényi relative entropy of entanglement, and

S𝐴𝐵 B conv {|𝜓〉〈𝜓 |𝐴 ⊗ |𝜙〉〈𝜙|𝐵 : |𝜓〉𝐴 ∈ H𝐴, |𝜙〉𝐵 ∈ H𝐵, 〈𝜓 |𝜓〉 = 1 = 〈𝜙|𝜙〉} (S87)

is the set of separable states over the bipartite quantum system 𝐴𝐵. We can immediately recast (S85) to obtain

𝑅 ≤ 2
𝑛

𝛼

𝛼 − 1 log2
1

1 − 𝛿𝑛,𝑑 − 𝜖𝑛
+ 𝐸𝑅,𝛼 (𝜔𝑝,𝑑) (S88)

Let us now estimate the quantity 𝐸𝑅,𝛼 (𝜔𝑝,𝑑). By taking as an ansatz for a separable state to be plugged into (S86) simply
Ω[Π𝑑/𝑑] (see (S61) and (S67)), which is manifestly separable because Π𝑑 is diagonal, we conclude that

𝐸𝑅,𝛼 (𝜔𝑝,𝑑) ≤ 𝐷𝛼

(
𝜔𝑝,𝑑

Ω[
Π𝑑

𝑑

] )
(xiii)
=

1
𝛼 − 1 log2 Tr𝜔

𝛼
𝑝,𝑑 Ω

[
Π𝑑

𝑑

]1−𝛼
(xiv)
=

1
𝛼 − 1 log2

1
𝑑
Tr

(
𝑇
(𝑑)
𝑝

)𝛼 (S89)

Here, (xiii) follows from (S9), while in (xiv) we simply recalled (S68).
Now, applying Lemma S6 once again with 𝑎(𝜙) = 2𝜋𝑝(𝜙), we know that

lim
𝑑→∞

1
𝑑
Tr

[(
𝑇
(𝑑)
𝑝

)𝛼]
=

∫ +𝜋

−𝜋

𝑑𝜙

2𝜋
(2𝜋𝑝(𝜙))𝛼 = (2𝜋)𝛼−1

∫ +𝜋

−𝜋
𝑑𝜙 𝑝(𝜙)𝛼 . (S90)

Therefore, from (S89) we deduce that

lim sup
𝑑→∞

𝐸𝑅,𝛼 (𝜔𝑝,𝑑) ≤ log2 (2𝜋) + log2
∫ +𝜋

−𝜋
𝑑𝜙 𝑝(𝜙)𝛼 = 𝐷𝛼 (𝑝‖𝑢) , (S91)
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where 𝐷𝛼 is the 𝛼-Rényi divergence defined by (S2). Due to both (S91) and (S83), taking the limit 𝑑 → ∞ in (S88) yields

𝑅 ≤ 2
𝑛

𝛼

𝛼 − 1 log2
1

1 − 𝜖𝑛
+ 𝐷𝛼 (𝑝‖𝑢) . (S92)

We are now ready to take the limit 𝑛→ ∞. In light of (S82), we obtain that

𝑅 ≤ lim inf
𝑛→∞

(
2
𝑛

𝛼

𝛼 − 1 log2
1

1 − 𝜖𝑛
+ 𝐷𝛼 (𝑝‖𝑢)

)
= 𝐷𝛼 (𝑝‖𝑢) . (S93)

The limit as 𝛼 → 1+ can be computed via Lemma S1 (and in particular (S4)), due to the condition (S100), which can be rephrased
as 𝐷𝛼0 (𝑝‖𝑢) < ∞. It gives

𝑅 ≤ lim inf
𝛼→1+

𝐷𝛼 (𝑝‖𝑢) = 𝐷 (𝑝‖𝑢) . (S94)

Since 𝑅 was an arbitrary achievable strong converse rate for secret-key agreement, we deduce that

𝑃
†
↔ (N𝑝) ≤ 𝐷 (𝑝‖𝑢) , (S95)

completing the proof. �

C. Extension to multimode channels

We will now see how to extend our main result, Theorem S7, to the case of a multimode bosonic dephasing channel. An
𝑚-mode quantum system (𝑚 ∈ N+) is modelled mathematically by the Hilbert space H𝑚 = H⊗𝑚

1 = 𝐿2 (R)⊗𝑚 = 𝐿2 (R𝑚). The
annihilation and creation operators 𝑎 𝑗 , 𝑎

†
𝑗
( 𝑗 = 1, . . . , 𝑚), defined by

𝑎1 B 𝑎 ⊗ 1 ⊗ . . . ⊗ 1 , . . . , 𝑎𝑚 B 1 ⊗ . . . ⊗ 1 ⊗ 𝑎 (S96)

in terms of the single-mode operators in (S12), satisfy the canonical commutation relations[
𝑎 𝑗 , 𝑎𝑘

]
= 0 =

[
𝑎
†
𝑗
, 𝑎

†
𝑘

]
,

[
𝑎 𝑗 , 𝑎

†
𝑘

]
= 𝛿 𝑗𝑘1 . (S97)

The multimode Fock states |k〉, indexed by k = (𝑘1, . . . , 𝑘𝑚)ᵀ ∈ N𝑚, are given by

|k〉 B |𝑘1〉 ⊗ . . . ⊗ |𝑘𝑚〉 . (S98)

Now, for a probability density function 𝑝 on [−𝜋, 𝜋]𝑚, the corresponding multimode bosonic dephasing channel is the
quantum channel N (𝑚)

𝑝 : T (H𝑚) → T (H𝑚) defined by

N (𝑚)
𝑝 (𝜌) B

∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟 𝑝(𝛟) 𝑒−𝑖
∑

𝑗 𝑎
†
𝑗
𝑎 𝑗 𝜙 𝑗 𝜌 𝑒

𝑖
∑

𝑗 𝑎
†
𝑗
𝑎 𝑗 𝜙 𝑗 , (S99)

where 𝑗 = 1, . . . , 𝑚, and 𝛟 = (𝜙1, . . . , 𝜙𝑚)ᵀ.
In perfect analogy with Theorem S7, we can now prove the following.

Theorem S10. Let 𝑝 : [−𝜋, +𝜋]𝑚 → R+ be a probability density function with the property that one of its Rényi entropies is
finite for some 𝛼0 > 1, i.e. ∫

[−𝜋,𝜋 ]𝑚
𝑑𝑚𝛟 𝑝(𝛟)𝛼0 < ∞ . (S100)

Then the two-way assisted quantum capacity, the unassisted quantum capacity, the private capacity, the secret-key capacity, and
all of the corresponding strong converse rates of the associated multimode bosonic dephasing channel N (𝑚)

𝑝 coincide, and are
given by the expression

𝑄
(
N (𝑚)

𝑝

)
= 𝑄† (N (𝑚)

𝑝

)
= 𝑃

(
N (𝑚)

𝑝

)
= 𝑃† (N (𝑚)

𝑝

)
= 𝑄↔

(
N (𝑚)

𝑝

)
= 𝑄

†
↔

(
N (𝑚)

𝑝

)
= 𝑃↔

(
N (𝑚)

𝑝

)
= 𝑃

†
↔

(
N (𝑚)

𝑝

)
= 𝐷 (𝑝‖𝑢) = 𝑚 log2 (2𝜋) − ℎ(𝑝)

= 𝑚 log2 (2𝜋) −
∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟 𝑝(𝛟) log2
1

𝑝(𝛟) .
(S101)

Here, 𝐷 (𝑝‖𝑢) denotes the Kullback–Leibler divergence between 𝑝 and the uniform probability distribution 𝑢 over [−𝜋, 𝜋]𝑚, and
ℎ(𝑝) is the differential entropy of 𝑝.
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Rather unsurprisingly, one of the key technical tools that we need to prove the above generalization of Theorem S7 is a
multi-index version of the Szegő theorem reported here as Lemma S6. In fact, the original paper by Serra-Capizzano [66] deals
already with multi-indices, so we can borrow the following result directly from [66, Theorem 2] (cf. also the proof of Lemma S6).
An multi-index infinite Toeplitz matrix is an operator 𝑇 : ℓ2 (N𝑚) → ℓ2 (N𝑚) with the property that its matrix entries 𝑇h,k

(where |ℎ〉 = (ℎ1, . . . , ℎ𝑚)ᵀ ∈ N𝑚 is a multi-index) depend only on the difference ®ℎ − ®𝑘 , in formula 𝑇h,k = 𝑎h−k. The case of
interest is when

𝑎k =

∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟 𝑎(𝛟) 𝑒−𝑖k·𝛟 , (S102)

where 𝑎 : [−𝜋, 𝜋]𝑚 → R+ is a non-negative function, and k · 𝛟 B ∑𝑚
𝑗=1 𝑘 𝑗𝜙 𝑗 . As in the setting of Szegő’s theorem, one

considers the truncations of 𝑇 defined for some d = (𝑑1, . . . , 𝑑𝑚)ᵀ ∈ N𝑚 by

𝑇 (d) B
𝑑1−1∑︁

ℎ1 ,𝑘1=0
. . .

𝑑𝑚−1∑︁
ℎ𝑚 ,𝑘𝑚=0

𝑇h,k |h〉〈k| . (S103)

Note that 𝑇 (d) is an operator on a space of dimension

𝐷 (d) B
𝑚∏
𝑗=1

𝑑 𝑗 . (S104)

The multi-index Szegő theorem then reads

lim
d→∞

1
𝐷

(
d
) Tr 𝐹 (

𝑇 (d) ) = lim
d→∞

1
𝐷 (d)

𝐷 (d)∑︁
𝑗=1

𝐹
(
_ 𝑗

(
𝑇 (d) ) ) = ∫

[−𝜋,𝜋 ]𝑚

𝑑𝛟
(2𝜋)𝑚 𝐹

(
𝑎(𝛟)

)
, (S105)

where 𝐹 : R→ R, and d → ∞ means that min 𝑗=1,...,𝑚 𝑑 𝑗 → ∞. Conditions on 𝑎 and 𝐹 so that (S105) holds are as follows.

Lemma S11 (Serra-Capizzano [66], multi-index case). If 𝑎 : [−𝜋, 𝜋]𝑚 → R+ is such that∫
[−𝜋,𝜋 ]𝑚

𝑑𝑚𝛟
(2𝜋)𝑚 𝑎(𝛟)𝛼 < ∞ (S106)

for some 𝛼 ≥ 1, and moreover 𝐹 : R+ → R is continuous and satisfies

𝐹 (𝑥) = 𝑂 (𝑥𝛼) (𝑥 → ∞) , (S107)

then (S105) holds.

The proof of Theorem S10 follows very closely that of Theorem S7. Let us briefly summarize the main differences.

Proof of Theorem S10. As an ansatz in the coherent information (S69), we use a multimode maximally entangled state, defined
by

|Φd〉 B
1

𝐷 (d)

𝑑1−1∑︁
𝑘1=0

. . .

𝑑𝑚−1∑︁
𝑘𝑚=0

|k〉𝐴 |k〉𝐴′ , (S108)

where d ∈ N𝑚 is fixed for now. Since

𝜔𝑝,d B
(
𝐼 ⊗ N (𝑚)

𝑝

)
(Φd) =

1
𝐷 (d) Ω

[
𝑇d
𝑝

]
(S109)

is still a maximally correlated state, the derivation in (S69) is unaffected, provided that one employs in (v) Lemma S11.
As for the converse bound on the strong converse rate, one replaces (S71) with(

N (𝑚)
𝑝,d

)
𝐴′→𝐵

(𝜌𝐴′) B
(⊗𝑚

𝑗=1
T (𝑑 𝑗 )
𝐴′

𝑗
𝐴 𝑗𝐵 𝑗→𝐵 𝑗

) (
𝜌𝐴′ ⊗ 𝜔𝐴𝐵

𝑝,𝑑

)
, (S110)
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where 𝐴 𝑗 denotes the 𝑗 th mode of 𝐴, and analogously for 𝐴′ and 𝐵. Then (S72) becomes

(
N (𝑚)

𝑝,d
)
𝐴′→𝐵

(𝜌𝐴′) =
𝑑1−1∑︁

ℎ1 ,𝑘1=0
. . .

𝑑𝑚−1∑︁
ℎ𝑚 ,𝑘𝑚=0

(
1

𝐷 (d)

𝑑1−1∑︁
𝑥1=0

. . .

𝑑𝑚−1∑︁
𝑥𝑚=0

(𝑇𝑝)h⊕x, k⊕x

)
𝜌h,k |h〉〈k|𝐵 . (S111)

We can write an inequality analogous to (S77) as�����(𝑇𝑝)h,k − 1
𝐷 (d)

𝑑1−1∑︁
𝑥1=0

. . .

𝑑𝑚−1∑︁
𝑥𝑚=0

(𝑇𝑝)h⊕x, k⊕x

�����
≤

�����(𝑇𝑝)h,k −
∏𝑚

𝑗=1 (𝑑 𝑗 − |ℎ 𝑗 − 𝑘 𝑗 |)
𝐷 (d) (𝑇𝑝)h,k

����� + 𝐷 (d) − ∏𝑚
𝑗=1 (𝑑 𝑗 − |ℎ 𝑗 − 𝑘 𝑗 |)
𝐷 (d)

≤ 2
𝐷 (d) − ∏𝑚

𝑗=1 (𝑑 𝑗 − |ℎ 𝑗 − 𝑘 𝑗 |)
𝐷 (d) −−−→

d→∞
0 .

(S112)

In the exact same way, one uses the above inequality to prove a generalized version of (S79) as

lim
d→∞

((N (𝑚)
𝑝,d − N (𝑚)

𝑝

)
𝐴′→𝐵

⊗ 𝐼𝐸
)
(𝜌𝐴′𝐸 )


1
= 0 ∀ 𝜌𝐴′𝐸 . (S113)

The combination of (S89) and (S90) now becomes

𝐸𝑅,𝛼 (𝜔𝑝,d) ≤
1

𝛼 − 1 log2
1

𝐷 (d) Tr
[(
𝑇d
𝑝

)𝛼]
−−−→
d→∞

1
𝛼 − 1 log2 (2𝜋)

𝑚(𝛼−1)
∫
[−𝜋,𝜋 ]𝑚

𝑑𝛟 𝑝(𝛟)𝛼 , (S114)

so that we find, precisely as in (S91), that

lim sup
d→∞

𝐸𝑅,𝛼 (𝜔𝑝,d) ≤ 𝑚 log2 (2𝜋) +
1

𝛼 − 1 log2
∫
[−𝜋,𝜋 ]𝑚

𝑑𝛟 𝑝(𝛟)𝛼 = 𝐷𝛼 (𝑝‖𝑢) . (S115)

The rest of the proof is formally identical. �

III. EXAMPLES

A. Wrapped normal distribution

The most commonly studied [30, 51] example of the bosonic dephasing channel is that which yields in (S51) a matrix 𝑇𝑝 with
entries

(𝑇𝑝𝛾 )ℎ𝑘 = 𝑒−
𝛾

2 (ℎ−𝑘)
2
, (S116)

where 𝛾 > 0 is a parameter. The probability density function 𝑝 : [−𝜋, +𝜋] → R+ that gives rise to this matrix is a wrapped
normal distribution, that is, a normal distribution on R with variance 𝛾 ‘wrapped’ around the unit circle. In formula, this is
given by

𝑝𝛾 (𝜙) =
1√︁
2𝜋𝛾

+∞∑︁
𝑘=−∞

𝑒
− 1
2𝛾 (𝜙+2𝜋𝑘)2

. (S117)

Its entropy can be expressed as [59, Chapter 3, § 3.3]

ℎ(𝑝𝛾) =
1
ln 2

(
− ln

(
𝜑(𝑒−𝛾)
2𝜋

)
+ 2

∞∑︁
𝑘=1

(−1)𝑘𝑒−
𝛾

2 (𝑘
2+𝑘)

𝑘
(
1 − 𝑒−𝑘𝛾

) )
, (S118)

where

𝜑(𝑞) B
∞∏
𝑘=1

(
1 − 𝑞𝑘

)
(S119)



17

−π −π/2 0 π/2 π
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

φ

pγ (φ)
pλ (φ)
pκ (φ)

FIG. S4: The probability density functions of the wrapped normal (S117), von Mises (S126), and wrapped Cauchy
distributions (S132), plotted as a function of 𝜙 ∈ [−𝜋, 𝜋] for the

is the Euler function. Therefore, the capacities of the channel N𝑝𝛾 are given by

𝑄(N𝑝𝛾 ) = 𝑄† (N𝑝𝛾 ) = 𝑃(N𝑝𝛾 ) = 𝑃† (N𝑝𝛾 ) = 𝑄↔ (N𝑝𝛾 ) = 𝑄
†
↔ (N𝑝𝛾 ) = 𝑃↔ (N𝑝𝛾 ) = 𝑃

†
↔ (N𝑝𝛾 )

= 𝐷 (𝑝𝛾 ‖𝑢) = log2 𝜑(𝑒−𝛾) +
2
ln 2

∞∑︁
𝑘=1

(−1)𝑘−1𝑒−
𝛾

2 (𝑘
2+𝑘)

𝑘
(
1 − 𝑒−𝑘𝛾

) .
(S120)

It is instructive to obtain asymptotic expansions of the above expressions in the limits 𝛾 � 1 (small dephasing) and 𝛾 � 1
(large dephasing).

• Small dephasing. When 𝛾 → 0+, the channel N𝑝𝛾 approaches the identity over an infinite-dimensional Hilbert space.
Therefore, it is intuitive to expect that its capacities will diverge. To determine its asymptotic behavior, it suffices to note
that in this limit the entropy of the wrapped normal distribution, which is very concentrated around 0, is well approximated
by that of the corresponding normal variable on the whole R, i.e., 12 log2 (2𝜋𝑒𝛾). Thus

𝑄(N𝑝𝛾 ) = 𝑄† (N𝑝𝛾 ) = 𝑃(N𝑝𝛾 ) = 𝑃† (N𝑝𝛾 ) = 𝑄↔ (N𝑝𝛾 ) = 𝑄
†
↔ (N𝑝𝛾 ) = 𝑃↔ (N𝑝𝛾 ) = 𝑃

†
↔ (N𝑝𝛾 )

≈ 1
2
log2

2𝜋
𝑒𝛾

.
(S121)

• Large dephasing. A straightforward computation using the series representation

− ln 𝜑(𝑞) =
∞∑︁
𝑘=1

1
𝑘

𝑞𝑘

1 − 𝑞𝑘
, (S122)

yields the expansion

ln 𝜑(𝑞) + 2
∞∑︁
𝑘=1

(−1)𝑘−1𝑞− 12 (𝑘2+𝑘)

𝑘
(
1 − 𝑞𝑘

) = 𝑞 + 𝑞
2

2
− 𝑞3

3
+ 𝑞

4

4
− 𝑞5

5
+ 2𝑞

6

3
+𝑂

(
𝑞7

)
= 2𝑞 − ln(1 + 𝑞) +𝑂 (𝑞6) .

(S123)

This can be plugged into (S120) to give

𝑄(N𝑝𝛾 ) = 𝑄† (N𝑝𝛾 ) = 𝑃(N𝑝𝛾 ) = 𝑃† (N𝑝𝛾 ) = 𝑄↔ (N𝑝𝛾 ) = 𝑄
†
↔ (N𝑝𝛾 ) = 𝑃↔ (N𝑝𝛾 ) = 𝑃

†
↔ (N𝑝𝛾 )

=
2
ln 2

𝑒−𝛾 − log2 (1 + 𝑒−𝛾) +𝑂
(
𝑒−6𝛾

)
=
𝑒−𝛾

ln 2
+𝑂

(
𝑒−2𝛾

)
.

(S124)
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Incidentally, the combination of these two regimes yields an excellent approximation of the capacities across the whole range
of 𝛾 > 0. Namely,

𝑄(N𝑝𝛾 ) = 𝑄† (N𝑝𝛾 ) = 𝑃(N𝑝𝛾 ) = 𝑃† (N𝑝𝛾 ) = 𝑄↔ (N𝑝𝛾 ) = 𝑄
†
↔ (N𝑝𝛾 ) = 𝑃↔ (N𝑝𝛾 ) = 𝑃

†
↔ (N𝑝𝛾 )

≈ max
{
1
2
log2

2𝜋
𝑒𝛾
,
2
ln 2

𝑒−𝛾 − log2 (1 + 𝑒−𝛾)
}
.

(S125)

The maximum difference between the left-hand side and the right-hand side for 𝛾 > 0 is less than 4 × 10−3.

B. Von Mises distribution

The von Mises distribution on [−𝜋, +𝜋] is defined by

𝑝_ (𝜙) =
𝑒
1
_
cos(𝜙)

2𝜋 𝐼0 (1/_)
, (S126)

where 𝐼𝑛 denotes a modified Bessel function of the first kind. Here, _ > 0 is a parameter that plays a role analogous to that 𝛾 > 0
played in the case of the wrapped normal. The matrix 𝑇𝑝_ obtained in (S51) for 𝑝 = 𝑝_ is given by

(𝑇𝑝_ )ℎ𝑘 =
𝐼 |ℎ−𝑘 | (1/_)
𝐼0 (1/_)

. (S127)

The differential entropy of 𝑝_ can be calculated analytically, yielding [59, Chapter 3, Section 3.3]

ℎ(𝑝_) = log2 (2𝜋 𝐼0 (1/_)) −
1
ln 2

𝐼1 (1/_)
_ 𝐼0 (1/_)

. (S128)

Therefore, the capacities of the corresponding bosonic dephasing channel are given by

𝑄(N𝑝_ ) = 𝑄† (N𝑝_ ) = 𝑃(N𝑝_ ) = 𝑃† (N𝑝_ ) = 𝑄↔ (N𝑝_ ) = 𝑄
†
↔ (N𝑝_ ) = 𝑃↔ (N𝑝_ ) = 𝑃

†
↔ (N𝑝_ )

=
1
ln 2

𝐼1 (1/_)
_ 𝐼0 (1/_)

− log2 𝐼0 (1/_) .
(S129)

C. Wrapped Cauchy distribution

Our final example of a probability distribution on the circle, and of the bosonic dephasing channel associated to it, is defined
similarly to the wrapped normal distribution, but this time starting from the Cauchy probability density function. Namely, for
some parameter ^ > 0 we set

𝑝^ (𝜙) B
+∞∑︁

𝑘=−∞

√
^

𝜋

(
^ + (𝜙 + 2𝜋𝑘)2

) =
1
2𝜋

sinh(
√
^)

cosh(
√
^) − cos 𝜙

. (S130)

For a proof of the second identity, see [130, p. 51]. The matrix 𝑇𝑝^
obtained in (S51) for 𝑝 = 𝑝^ is given by

(𝑇𝑝^
)ℎ𝑘 = 𝑒−

√
^ |ℎ−𝑘 | . (S131)

The differential entropy of 𝑝^ is equal to log2
(
2𝜋

(
1 − 𝑒−2

√
^
) )
[59, Chapter 3, § 3.3], implying that the various capacities of the

corresponding bosonic dephasing channel N𝑝^
are equal to

𝒞(N𝑝^
) = log2

(
1

1 − 𝑒−2
√
^

)
. (S132)
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