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Abstract

This work is the continuation of the discussion of ref. [1]. In ref. [1] we applied the
theory of functions of a complex variable under Dirac-Pauli representation. introduced the
Kaluza "“Ghost" coordinate, and turned Navier-Stokes cquﬁlinn.v of viscofluid dyvnamics of
homogeneous and incompressible fluid into nonlinear. equation with only a pair of complex
unknown functions. In this paper we again combinc the complex independent variuble
except time, and cause it (0 decrease in a pair 1o the number of complex independent
variables. Lastly, we turn Navier-Stokes equations into classical Burgers equation. The
Cole-Hopf transformation join up with Burgers equation and the diffusion equation is
Backlund transformation in fact. and the diffusion equation has the general solution as
everyone knows. Thus, we obtain the exact solution of Navier-Stokes equations by

Bicklund transformation.
I. Introduction

In ref. [1] we cast aside the traditional quaternion theory and build up the theory of functions of

a complex variable under Dirac-Pauli representation, then the multivariate Navier (1822)-Stokes

(1845) equations become as nonlinear equation with only a pair of complex unknown functions. In
fact. Sylvester[ I discovered the relation on the four elements of tradmonal quaternion with the
Pauli matrix and 2 x 2 unit matrix long ago. Afterwards, A.S. Eddmgton (1946) again discovered
that, these elements could be expressed by four 4 x 4 matrixes. Now we know that, these four 4 x4
Eddington’s matrixes relate to Dirac matrix~*.

Despite the discovery by Sylvester and Eddington, Cayley-Klein ©-T and Branetz-
Shmouglevsky® had only limited achievements in scientific research. Now, with the establishment
of the theory of functions of a complex variable under Dirac-Pauli representation we conveniently
solve the real mechanical and physical problems with it.

The sofution of Navier-Stokes equations of viscofluid dynamics of homogeneous and
incompressible fluid is the key problem of fluid dynamics®. At thesame time this group of equations
must be satisfied by the instant parameters of the turbance’ ™ nd so is of great importance. Itis a
pity that we’ve not obtained te general solution of Navier-Stokes equations up to now. In normal
textbooks only some special solutions (or simple exact solutions) for concrete flow problems are
given.
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In this paper we try the (general) exact solution of Navier-Stokes equations and cast a brick to
attractjade. From ref. [1] we have a possibility for the achievement of this plan. From ref. [1] under
introduction of kaluza “Ghost™ coordinate we can write the Navier-Stokes equations in the theory
of functions of complex variables under Dirac-Pauli representation as

Guyp Ot
CED + 7 =0

1.1)
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and its conjugate equations. Where v is the visaid coefficient and 1s constant under condition of
constant temperature; 2+ and  Ze (k= 1.2) arc two pairs of complex conjugate space coordinate:
un and  ae (K =1.2) are two pairs of complex conjugate velocity components of fluid.

In ref. 1] we turn the above-mentioned Navier-Stokes equations into nonlinear equation with
only a pair of complex conjugate unknown functions and two pairs of complex conjugate
independent variables except time 1. For this reason, our first problem is the great number of
independent variables. In this paper we first combine the two pairs of complex conjugate
independent variables into one pair, and from this turn the equation into nonlinear equation for
only one real unknown functions. Second, we combine the pair of complex conjugate independent
variables except time 1 into one real independent variable, and change the equation into a simple
form. This way of combining independent variables again is not an essential condition. So our
solution is only the exact solution, and is not the general solution. But. from unapplicution of initial-
boundary conditions this exact solution has widespread applicability in this paper.

In this paper we simplify the Navier-Stokes equations into classical Burgers equation in final
stage It is well-known that M.J. Lighthill“” approached the equations of ideal gas dynamics with
one-dimension to the Burgers equation. His result is a perturbation soultion, and is not an exact
solution. But. his result is as important as that obtained in this paper.

Owing to smooth conduct of the transfer of the Burgers cquation into the diffusion equation by
Cole-Hopf transformation. i.e. Bicklund transformation. in fact. we can obtain the exact solution
of the Navier-Stokes equations from the general solution of the diffusion equation by the Bicklund
transforation.

We do not set special limit to the Reynolds number in this paper.

The dummy index is the summation and depends on Einstein convention in this paper.

1. Second Simplicity for Navier-Stokes Equations

In ref. [1] we applied the theory of functions of a complex variable under Dirac-Pauli
representation. introduced the Kaluza “Ghost™ coordinate. and turned the Navier-Stokes
equations into nonlinear equation will a pair of complex unknown functions % and % . ie.

(o =2 aalon Josar?= o oy (o2t )= o5 (o2 )]
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where ¢ isthe “flow function™. u,=8y/08z2,, u,=—0y/dz, and $ is complex conjugate

function of ¥
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In EqQ.{2.1). there is only one patr of complex unknown functions ¢ and # . butiwo pairs
of complex independent variables zx and Z. (k= 1.2) except ime 1. And we have the condition to
combine the two pairs of complex independent variables into once pair. and lose no generality. The
sole principle for the new combination of complex independent variables is to preserve basic form of
Eq.(2.1). This method for new combination of complex independent variables corresponds to
d’Alcmbert solution of wave equation. The multidimensional wave cquation and diffusion equation
both face a similar problem. This new combination of independent variables is appropriate. but not
essential.

It s found that the new combination for preservation of pasic form of Eq.(2.1) s

=2, iz, (£2.2)
and
=3 —iz (2.3)
From (2.17) of ref. [1] 2.2y and (2 3) lose no generality.
From the conditon of complete differential we have
T _ au o 3y _ ay —
oz, =1, 9z, =% 02'—], 9z, = (2.1)
then
3* a*
82407 =2 oydy (k=1.2) (2.5)
We substitute (2.4) and (2.5) into (2.1). and have
a 8t a*
2( ot~ ayay ) ayag ¥
d ) *y } . 0 ] 3y }
— — ! Ry 2.6
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We add the Eq.(2.6) to its complex conjugate equation, and let
p=9+¢ (2.7)
and obtain the nonlinear equation with only one real unknown function ¢
( 3 . 62_') Op =,—(,3¢_’ 3 _dp a_> O’ (2.8)
ot dydy / dydy 0y 3dy dy 0y / dydy .

We notice that @ is a real unknown functien from (2.7). Eq.(2.8) degenerates into the tlow
function equation for incompressible planar flows or axisymmetric flows.
If we get the solution of Eq.(2.8). then from Eq(2.6). L.e. from
2( ) oty 62_ ) azl[)_ —2i aq_; 8  dp 6_) azw_
ot dyody / 9ydy 8y OJy dy 3y / oydy

.(azgp %y g 621/)) (2.9)
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we can obtain the complex unknown function ¥ . We notice that Eq.(2.9) is a linear equation
under premise for known function ¢

Thus we have

Theorem 1 The exact solution of Navier-Stokes equations can be obtained by linear Eq.(2.9).
Where @ satisfies nonlinear Eq (2.8), and the complex independent variable is given by (2.2) and
(2.3).

Now we build the whole problem into a solution for nonlinear Eq.(2.8) with only one real

unknown function @

III. Exact Solution of Navier-Stokes Equation

We investigate Eq.(2.8) and find that. it is the sum of the two complex conjugate equation. One
of the equation is

Cor = ) s =+ 35 3oy )+ (o V]
at dyoy / oyoy  “'l 8y 9y \ aydy 30y
e,
-l 8* g a1 dp [ 8p \
( ar b a;,ag)'a}jé'y =215 [Gq ( 3ydy )J (3.1)

The other cquation is complex conjugate equation of (3.1). At separation of Eq.(2.8) into (3.1) and
its conjugate equation, we notice (2.7). 1.e. ¢ s a real function. Eq.(3.1) can be written (in full

condition) as

9. 9 \ dp Op ( 3
( ar dyoy ) ay =2i 9y ( 9ydy ) (3.2)
Let
¢ =9 (in this time J)“—?fp
oy - ag) (3.3)

then Eq.(3.2) be comes as

0 R
( ar — 'égé’gj“>¢_“‘2‘¢ 3y (3.4)

In Eq.(3.4) the complex unknown function ¢ is only one, but the number of the complex
independent variables y and § except time  is two. And we have the condition for combination of
two complex independent variables into one real independent variable, and lose no generality. The
sole principle for new combination of complex independent variables preserve the same basic form
of Eq.(3.4). This new combination of independent variables is also appropriate, but not essential.

It is found that the new combination for preservation of basic form of Eq.(3.4) is

E=y+y

From (2.17) of ref. [1]. (3.5) loses no generality. And we must notice that £ is a real
independent variable.

From conditions of complete differential we have
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~ag‘“1 aE
8y ay =1 (3.6)
then
9? 9*
ayag — a8 (3.7)

We substitute (3.6) and (3.7) into Eq.(3.4), and have the classical Burgers equation

—é~+21¢~g‘§ —4»-3%:0 (3.8)
By the Cole-Hopf transformation
b=tiv, G | (3.9)
the Burgers equation is related to the diffusion equation
dw 3w
T g (3.10)

and the Burgers Eq.(3.8) can be solved. From the result of refs. [1], [17] and this paper, we call
diffusion equation (3.10) the course equation of incompressible viscofluid dynamics.

In fact we can write the Cole-Hopf transformation as!"”

ow - i dw 8¢ 1
oy (i e (3.11)
Eq.(3.11) is the Bicklund transformation. Thus we have
Theorem 2 The exact solution of Navier-Stokes equations of incompressible viscofluid
dynamics can be obtained by the linear equation

ay
zht - ayay ) ayay =2t (‘f’"”' 3 ay eI
\ , (3.12)
(28 By 0
9y Oy dy dy*
and the Burgers equation
a¢ ., 0 ¢
ot T2 g —1vgg =0 (3.13)
and its conjugate equation. Where
y=21+‘.§2, g=§1—i22, £=y+§ (3.14)

The exact solution of the Burgers equation is related to the general solution of the diffusion equation
by Cole-Hopf transformation. And the exact solution of the Navier-Stokes equation can be
obtained by the general solution of the diffusion equation

Bw 'w
T 123 (3.15)
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o ! dww a 1
— 1 — : ! 2
. - (TR U = —1 - T
a 4 dt ( a¢ Av ¢ ) v (3.16)
I-rom the Bicklund transformation in Theorem 2 we can soive the Navier-Stokes equation by
inverse scattering transformation. Thus, the problem for exact solution of Navier-Stokes equations
1y related o the guantum cigenvalues problem.
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