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Abstract: We hereby study exact solutions in a wide range of local higher-derivative

and weakly nonlocal gravitational theories. In particular, we give a list of exact classical

solutions for two classes of gravitational theories both weakly nonlocal, unitary, and super-

renormalizable (or finite) at quantum level. We prove that maximally symmetric spacetimes

are exact solutions in both classes, while in dimension higher than four we can also have

Anti-de Sitter solutions in the presence of positive cosmological constant. It is explicitly

shown under which conditions flat and Ricci-flat spacetimes are exact solutions of the

equation of motion (EOM) for the first class of theories not involving the Weyl tensor

in the action. We find that the well-known physical spacetimes like Schwarzschild, Kerr,

(Anti-) de Sitter serve as solutions for standard matter content, when the EOM does not

contain the Riemann tensor alone (operators made out of only the Riemann tensor.) We

pedagogically show how to obtain these exact solutions. Furthermore, for the second class of

gravity theories, with terms in the Lagrangian written using Weyl tensors, the Friedmann-

Robertson-Walker (FRW) spacetimes are also exact solutions (exactly in the same way like

in Einstein theory), when the matter content is given by conformal matter (radiation). We

also comment on rather inevitable presence and universality of singularities and possible

resolution of them in finite and conformally invariant theories. “Delocalization” is proposed

as a way to solve the black hole singularity problem in the first class. In order to solve

the problem of cosmological singularities in the second class, it seems crucial to have a

conformally invariant or asymptotically free quantum gravitational theory.
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1 Introduction

In this paper we study a class of exact solutions of nonlocal gravity theories and discuss

the issues related to the presence of classical singularities [1, 2]. The reasons for studying

classical exact and approximate solutions [3–6] of these nonlocal theories motivated by

quantum theory [7–21] are at least three-fold.
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First, it was shown that the proposal for a nonlocal action of quantum gravity from

this class solves all its burning problems, like unitarity and renormalizability. There is

a rigorous proof of renormalizability of this theory to all perturbative loop orders using

the Batalin-Vilkovisky formalism. In particular the conclusions about one-loop super-

renormalizability (for γ ≥ 3 in D = 4 defined below) obtained first using rigorous power-

counting analysis [7, 8] arguments are now also fully supported by the construction of the

BRST-invariant quantum effective action in this formalism. These results are published

in the Piva’s [22] thesis and are mainly due to the general work of Anselmi [23–29]. In

this proof the asymptotic polynomiality of the theory in the ultraviolet regime is a crucial

property. For the case of asymptotically exponential nonlocality the question of renormal-

izability is still open [30]. Moreover, we believe that due to the presence of nonlocality in

the classical (bare) action, this action ansatz is very close to the true quantum effective

action in quantum gravity, which is the result of resummation of all perturbative loop

contributions. Since tree-level correlations functions derived from the quantum effective

action capture all quantum physics effects, it is enough to study classical solutions of the

effective action. This is equivalent to the investigation of full quantum solutions of the

Heisenberg equation of motion. The last ones are very difficult to obtain based on quan-

tized classical theory, hence our method can be very useful in determining the character

of genuine quantum corrections to the classical solutions of general relativity found within

Einstein theory.

The second reason of our study is of more technical character. To perform the quan-

tization of some classical theory first it is required to find its vacua being classical exact

solutions. Only upon them we can quantize the system of fields and end up with quan-

tum field theory. At the end we must check for consistency of the full theory namely

whether these vacua are solutions also in the quantum version of the theory. Therefore,

the knowledge of classical exact solutions is of great importance for study quantization on

different backgrounds.

The third reason is dedicated to the study of singularities. Spacetime singularities are

the crucial issues that plague Einstein classical theory of gravity [1, 2]. It is believed that

quantum gravity will solve such problems, but this is not so automatic as will be pointed

out in this paper. Actually according to some scientists (Hawking, Penrose) singulari-

ties are very useful elements to understand general relativity and relativistic gravitational

physics in general, so the theory not admitting them could be seen as quite empty and

boring. Moreover the physics near singularities is quite universal and is teaching us a lot of

fundamental principles about the laws of physics. Therefore it is quite important to inves-

tigate under which circumstances singularities can be resolved, but not when they can be

removed. In a sense they are needed here to teach us something about gravitational physics.

We can start from a new action principle for gravity that is super-renormalizable or

even finite at quantum level, and still have a large class of singular mathematical solutions.

If the theory is UV-finite we can hope that such spacetimes will be thrown out of the

set of solutions of the quantum action, but only the knowledge of the full effective action

(with finite terms) will confirm such a conjecture. However, if our new classical theory is

weakly nonlocal a new mechanism is at work, namely a “delocalization” of the source: any
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“Dirac delta-like” p-brane source will be effectively spread in the whole spacetime, therefore

endowing it with an infinitesimal hair, slightly violating the no-hair theorem. Moreover,

it is well known that N = 4 super-Yang-Mills theory is finite at quantum level, but the

gauge potential (Coulomb potential) is singular at r = 0, while in super-renormalizable or

finite gravity theories [9–13, 31–36] the Newtonian potential approaches a constant value

at short distances [3–6, 37–41, 43–56]. Once more it is not so obvious whether quantum

mechanics may help or not in resolving and smearing out the singularities. The gauge

theory example mentioned above suggests the possibility that it is the classical nonlocality

(or classical locality with higher derivatives [41]) that makes the potential singularity-free.

In this paper we first remind the reader of the class of super-renormalizable or finite

theories of gravity, after which we list and study a large set of classical exact solutions

common to any local or weakly nonlocal higher derivative theory. We will show in particular

that all vacuum solutions (Schwarzschild, Kerr, etc.), Einstein manifolds Rµν = const · gµν
and the Friedman-Robertson-Walker (FRW) cosmological models with radiation (and/or

cosmological constant and/or curvature in space) are exact solutions of our candidate finite

theory and of a larger class of higher derivative theories. In all above cases we discuss the

problem of singularities, whether they are avoided in higher derivative nonlocal models or

whether they are still present as in two-derivative Einstein theory. Their universality and

typicality is also discussed. We propose two mechanisms to exclude remaining solutions

with singularities from the set of physically admissible spacetimes. For the case of Ricci-flat

solutions we propose “delocalization” of the matter source, while for cosmological solutions

we invoke conformal invariance to eventually wash out the Big Bang singularity. Moreover,

for the purpose of finding cosmological solutions we describe the theory written with terms

in the Weyl basis and discuss properties thereof. Later we discuss an issue of multi-scale

black holes in vacuum, which are also possible solutions of the theory in the presence of

a new mass scale. Finally, after a little summary of what has been learned and how it is

possible to solve the problem of singularities, we add to the paper two appendices, where

we explicitly, with all details and indices, derive EOM of the theory in the case of one and

two form factors respectively.

Let us begin with recalling a general class of D-dimensional weakly nonlocal theories

constructed out of the Riemann, Ricci and scalar curvature tensors, [7–21],

Lg = −2κ−2
D

√

|g|
[

−2Λcc+R+R γ0(�)R+Ric γ2(�)Ric+Riem γ4(�)Riem+V
]

. (1.1)

The theories above consist of a weakly nonlocal kinetic operator (derived from terms up

to quadratic in curvatures) and a curvature potential V which is chosen to be local here

(and containing three or more powers of curvatures),

V = R3 + · · ·+
γ+N+2
∑

k=3

∑

i

sk,i

(

∇2(γ+N+2−k)Rk
)

i
, (1.2)

where the operators in the last set are called killers because they are crucial in making

the theory finite in any dimension. (They kill the beta functions as explained thoroughly

in [14, 57, 58].)
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The action (1.1) can also describe a local theory if the form factors γi are polynomial.

In (1.1) Λcc is a cosmological constant term, sk,i in (1.2) are numerical coefficients, and the

tensorial structures above have been neglected.1 Moreover, � = gµν∇µ∇ν is the covariant

box operator, the integer parameter γ and form factors γ0, γ2, γ4 will be defined shortly

after. The capital N is defined to be the following function of the spacetime dimension D:

2N + 4 = D for even D and 2N + 4 = D + 1 for odd D. For the minimal theory (with

γ4 = 0) unitarity requires [35]

γ0(�) = −γ2(�)

2
= −eH(−�Λ) − 1

2�
, (1.3)

where �Λ ≡ �/Λ2 and Λ is an invariant fundamental mass scale of the theory. The

gravitational constant κ−2
D important when coupling matter to gravity is related to familiar

Newton’s constant by κ2D = 32πGN .

A universal exponential form factor expH (−�Λ) = expH (z) compatible with the

guiding principles of quantum field theory pointed out by Tomboulis is [7, 8]:

eH(z) = e
a
2 [Γ(0,p(z)

2)+γE+log(p(z)2)] (1.4)

= ea
γE
2

√

p(z)2a

{

1 +

[

a e−p(z)2

2 p(z)2

(

1 +O

(

1

p(z)2

))

+O
(

e−2p(z)2
)

]}

, (1.5)

where the last equality is correct only on the real axis (γE ≈ 0.577216 is the Euler-

Mascheroni constant and Γ(0, z) =
∫ +∞
z dt e−t/t is the incomplete gamma function with its

first argument vanishing). The polynomial p(z) of degree γ +N+ 1 is such that p(0) = 0,

which gives the correct low energy limit of our theory (coinciding with Einstein gravity)

and a is a positive integer parameter. The entire function has in UV asymptotics (|z| ≫ 1)

polynomial behaviour za(γ+N+1) in conical regions around the real axis with angular open-

ing Θ = π/(4(γ +N+ 1)). For γ = 0 we have the maximal conical region with an opening

angle Θ = π/4 in D = 4 for all a.

The explicit field equation in the theory (1.1) for the case V = 0 is given in the

appendix.

2 Flat and Ricci-flat spacetimes

In the following three sections we infer about a large class of exact solutions in local

or weakly nonlocal higher derivative theories without selecting out any specific action.

The building blocks with which we build the most general theory are made of covariant

derivative of the curvature scalar, Ricci, and Riemann tensor,

∇mRn , ∇mRicn , ∇mRiemn , for n,m > 0. (2.1)

Our analysis will be general for any local or weakly nonlocal higher derivative theory, but

we will often refer to the class of unitary and super-renormalizable theories introduced in

1Definitions — The metric tensor gµν has signature (− + · · ·+) and the curvature tensors are defined

as follows: Rµ
νρσ = −∂σΓ

µ
νρ + . . . , Rµν = Rρ

µρν , R = gµνRµν . With symbol R we generally denote one of

the above curvature tensors.
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the previous section. Actually many different theories, not just one, will be considered here;

some are 1-loop super-renormalizable, some are finite, they could be written using terms

in different basis for quadratic terms etc. Since the example of finite theory given in refer-

ence [14] is not very crucial here, we will analyze it only in section 2.2.5, where we explicitly

turn on non-vanishing curvature potential V 6= 0. We start with vacuum solutions of these

theories, consisting of flat and Ricci-flat spacetimes in the simplest version of the theory

similar to standard Einstein-Hilbert gravity. In the course we will state the conditions for

which theories and for which matter content these spacetimes are exact solutions.

2.1 The Minkowski spacetime

Flat spacetime gµν = ηµν is a solution in any generally covariant theory of gravity provided

that cosmological constant Λcc is zero and the theory is without any other matter source.

Therefore, this is a vacuum solution. The reason is simple: we get contributions contain-

ing curvature tensors from every term in the gravitational part of the action (except the

cosmological constant), which will vanish when evaluated on the flat spacetime. Actually,

in the EOM for the gravitational field, written in a fully covariant form, the derivatives act

on the gravitational curvature tensors as a result of one variation of the operators in the

action (the derivatives will always be there when we have dynamics in the minimal number

of two and always even in number because we have a bosonic field):

G−∇nR+ Λccg = 0, where n is a positive integer. (2.2)

The EOM above were written in a schematic and abstract form regarding various tensors

used in GR (R is a general curvature tensor, G is the Einstein tensor and g is a metric of

spacetime). The term resulted from cosmological constant is proportional to the spacetime

metric, with proportionality constant independent from the spacetime point. Now, when

evaluating all other terms in the covariant EOM on the flat spacetime all gravitational

curvatures vanish, so from all terms containing any curvature we get zero contribution.

The EOM is satisfied only if the presence of the cosmological constant is accompanied by

the matter energy tensor, which has exactly the same form as that of the cosmological

constant, hence proportional to the metric and the coefficient is exactly minus the value of

the cosmological constant. To be more precise, the flat spacetime is a solution, only if

Λccg
µν − 8πGNTµν = 0 or in tensorial compact notation Λccg − 8πGNT = 0, (2.3)

where Tµν is the energy tensor from the full matter sector.

2.2 Ricci-flat spacetimes

The next simple generalizations are the Ricci-flat spacetimes as solutions of the gravita-

tional EOM in vacuum, so without any matter energy tensor and without cosmological

constant term.2 On Ricci-flat manifolds the Ricci tensor Ric and the scalar curvature R

2In principle one does not have to assume that both cosmological constant and matter energy tensor

vanish; however, as long as (2.3) is satisfied, there is no difference between the two cases at the level of EOM.
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vanish everywhere, but the metric is not flat because the Riemann tensor Riem is non-

vanishing. At the beginning of this section (first three subsections) we will analyze the

most general generally covariant theories of gravitational interactions. Examples of such

theories are given by the class (1.1). The issue whether the curvature potential V is turned

on or not is not relevant here. We will analyze the effects of the particular form of this

potential in the last two subsections (about two-loop counterterms and about killers.) In

the course of this section we will consider different operators that may appear in the action.

Therefore, we will consider different Lagrangians of different theories.

2.2.1 General criteria for Ricci-flatness ansatz

We shall give an analysis valid for the general Ricci-flat metrics in any generally covariant

gravitational theory.

Knowing the characteristic feature of these types of manifolds we can easily specify

the conditions when the full gravitational EOM [48–56, 59] is satisfied on these manifolds.

We recall some facts about the first variations of the covariant building blocks (A.3)–

(A.11) of the gravitational actions like curvature tensors and covariant derivatives acting

on them. The most general (on the general curved background) first variation of the Ricci

tensor (A.7) and the scalar (A.9) does not contain Riemann curvature tensor; it may contain

only Ricci tensor as a gravitational background curvature. The case for the variation of the

Riemann tensor is of course different, because it does contain its own background value.

Regarding the first variations of differential operators (A.9) and (A.11) (like the co-

variant Beltrami-Laplace box operator or the covariant derivatives), they typically do not

contain any curvature tensor of the background, because they were not present there even

before the variation was taken. These facts are necessary ingredients to assess the general

form of the EOM in any generally covariant gravitational theory.

We will concentrate mostly on the presence of different curvature tensors in this equa-

tion. Recall that this equation results from taking the first variation of the generally

covariant gravitational action. It is easily understood that on Ricci-flat manifolds the

presence of the Ricci tensor or the scalar in a term in the EOM makes it vanish when

the equation is evaluated on the Ricci-flat metric ansatz (it does not make any difference

whether these Ricci curvatures are differentiated or not). Every time we meet at least one

power of Ricci curvature tensor (where by this we mean Ricci scalar or tensor) in a term,

we can easily forget about this term in checking the validity of the Ricci-flat ansatz for the

EOM in some particular theory.

The case that deserves further investigation is only when there is a full Riemann tensor

involved. The latter generally does not vanish on Ricci-flat manifold and we do not have

any guaranty that terms with it do not contribute anything to the EOM. Typically its

contribution will be non-zero and it could spoil our ansatz for Ricci-flat metrics as the

solutions in this particular theory, but not necessarily. The problem comes when in some

terms of the EOM there are no other Ricci curvature tensors, but only Riemann tensors

or covariant derivatives acting on them. Such terms will contribute to the EOM, and in

their presence the Ricci-flat ansatz might no longer be valid. The analysis in this situation

is more involved and may require taking into total account other terms in the EOM with
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Riemann curvature tensors; it maybe even necessary to check the behaviour of terms with

Riem on the particular form of the metric (still satisfying the Ricci-flatness ansatz).

However, we are able to derive a more useful criterion without the need to explicitly

compute the first variation and getting the covariant EOM. We can perform the analysis

completely on the level of covariant gravitational action. Due to the reasons presented

above only the variation of Riem gives rise to the background Riemann curvature tensor.

Hence the same analysis can be performed on the level of action. If in its terms we meet at

least two Ricci curvatures Ric2, then the contribution of this term to the EOM evaluated

on the Ricci-flat ansatz will certainly vanish. The criterion fails only when there is explicit

usage of the Riemann tensor in the construction of building blocks for the covariant action

or if there is precisely one Ricci curvature contracted with covariant derivatives or other

Riemann tensors. Only Riemann tensors and covariant derivatives acting on them in some

operator term (if not accompanied by two or more Ricci curvatures) requires detailed

analysis, which must be done on the level of the EOM, so in such circumstances it is

necessary to take variation of this term to be able to conclude about the validity of the

ansatz. The simplest examples of such problematic terms in the action, written with full

index structure, are

RµνρσR
µνρσ , RµνR

µ
ρστR

νρστ , ∇µ∇ν∇ρ∇σR
µνρσ. (2.4)

Another source of hope for the validity of the Ricci-flat ansatz may come from the fact

that in the procedure of getting the EOM from the action we throw away total derivatives

appearing in the variation of the action and moreover, we can always integrate by parts.

This may reduce the number of terms with full Riemann tensors in the final EOM. Without

deriving the EOM in its full form (which is fixed and unambiguous), it is possible to see at

the level of action that some special combinations of terms with Riem cannot contribute,

for they themselves or their variations are total derivatives. Examples include Gauss-

Bonnet terms and terms of higher order in Riem in higher dimensional spaces [60]. We

will comment more on this issue in a later subsection.

2.2.2 Ambiguity in power counting of curvatures

One issue needs also to be clarified regarding the criterion put above, namely it is known

that counting of curvature tensors in a generally covariant expression with higher deriva-

tives is ambiguous. We can easily change their number by doing the commutation of

covariant derivatives, at the price of getting more Riemann tensors or Ricci tensors, a

simple example being

∇1∇2W = ∇2∇1W +Riem ·W, (2.5)

where W is a general tensor written in the abstract indexless notation as well as the

whole equation above. To use our criterion above unambiguously we must specify what

to do with this ambiguity of the order of covariant derivatives on tensors. We may think

that a resolution is to declare that all covariant derivatives in the expression are “normal

ordered” (or symmetrized in all tensorial indices like used in the notation by Wald [61])

in a convenient way as if they commuted and then compute the difference between this

– 7 –
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expression (with covariant derivatives put in whatever order) and the actual expression. In

the expression with flat covariant derivatives their order will be completely immaterial, so

we may expect some number of cancellations between different terms and hence the result

should be shorter. In the difference we will produce curvature tensors resulting from the

commutation (this procedure may produce finitely many terms for theories with a finite

number of derivatives). The result is an expression with ordered sequences of covariant

derivatives in each term and with a bunch of terms higher in gravitational curvatures.

This final result is unambiguous, but it is in the very opposite direction to the analysis we

presented above. Due to this unambiguization procedure of the covariant expression new

curvature tensors are often produced, and it may happen (even many times) that Riemann

tensors are produced and hence our analysis needs a refinement. Therefore, it is much better

for us not to commute these unordered covariant derivatives. The conclusion is that, if

the EOM contains unordered sequences of these derivatives, but not terms with Riem

alone, then the contribution to the EOM will vanish on the Ricci-flat ansatz. Commuting

the derivatives may darken out the analysis, because then the Riemann tensors will be

produced. Actually the direction of our analysis is rather opposite, because if we can show

that in a term the Riemann tensor is actually the result of commutation of derivatives,

then we can come back to the original form of writing it (with two derivatives only) and

therefore reduce the number of existing Riemann tensors in the expression. Thanks to

this, later we may more easily conclude that this term does not give any non-vanishing

contribution to the EOM on the ansatz.

The previous remark with ambiguity in counting the powers of curvatures is valid on the

level of action, as well as on the level of EOM, because it is possible to commute covariant

derivatives or uncommute the Riemann tensor in any valid tensorial expression. In order to

perform uncommutation (like reversing the unambiguization procedure described above) of

the Riemann curvature tensor from a covariant expression on any level (action or EOM) one

must be careful and perform it not on just one term, but on the special combination of terms

resulting from the same commutation of derivatives (typically commutation of derivatives

is done when they act on a tensor, and here we have at our disposal always only tensors

with even valence, hence more than one term with higher derivatives will be produced).

This is the reason why we have to look at the combination of terms, if we hope to write

Riemann tensors appearing in them as a result of commutation of covariant derivatives.

In the whole discussion above we can equally well substitute all the arguments about

the Riemann tensor with the Weyl tensor or any other tensor of the gravitational curvature

with four indices, with the help of changes of basis. Here we will concentrate on gravi-

tational Lagrangians (1.1) with all possible terms quadratic in curvature (having in mind

the ambiguity of such counting) in spacetime dimension D = 4 and with arbitrary number

of covariant derivatives. For the moment we exclude the possibility of having explicitly

curvature potential V. At the beginning we can start with terms that are with organized

structure of derivatives, namely they appear only in the form of covariant box operators.

Moreover, exploiting gravitational Bianchi identities we can always reduce the quadratic

action to such forms up to covariant terms higher than quadratic in curvatures. Actually

in any dimension there are only 3 independent elements of the basis of such terms with
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fixed number of derivatives contained in powers of covariant box operators. They have

the structure of two identical tensors with the �n operator in between, whose indices are

contracted across. Examples are

R�
nR, Rµν�

nRµν , Rµναβ�
nRµναβ , Cµναβ�

nCµναβ. (2.6)

The box operators are inserted in the middle, so they all act on the right curvature tensor.

We can always make a choice of basis of 3 elements out of this “linearly dependent” set of

4 by performing a sufficient number of direct substitutions. For convenience we can choose

respectively the basis elements with R (scalar), Ric and Riem tensors (first 3 terms in

the above expression), without loss of generality.

2.2.3 Effect of the Gauss-Bonnet term in D ≥ 4

Another useful modification away from the minimal theory with quadratic terms (1.1) with

γ4 = 0 and without a potential V, is given by substituting the one before last term in (2.6)

in the basis with a generalized Gauss-Bonnet term in general dimension D, namely

GBn ≡ R�
nR− 4Rµν�

nRµν +Rµναβ�
nRµναβ , (2.7)

where the derivatives in form of box are centrally inserted between curvatures, and appear

in the known decomposition of standard Gauss-Bonnet term. It happens that in D = 4 the

first variation of the Gauss-Bonnet term (GB0) is a total derivative and hence the Gauss-

Bonnet term does not influence the classical EOM. This justifies the Ricci-flat ansatz for the

vacuum gravitational solutions in four dimensions in quadratic gravity theory with added

Gauss-Bonnet term. It would be interesting to note what happens for the generalized GB,

or in the other basis of operators quadratic in curvature. We expect that already in four

dimensions in such theories with generalized GB terms gravitational vacuum solutions will

be not Ricci-flat.

Similar situation happens if terms cubic and higher in curvature are taken into account,

so when the curvature potential is turned on. We can say something about the validity

of this ansatz in the case of dimension four as well as in higher dimensions. It is easy to

understand how the situation looks like here. In D > 4 the original Gauss-Bonnet term

contributes to the classical EOM and we find terms made only of the Riemann curvature

tensor, hence Ricci-flat spacetimes generically will not be gravitational vacuum solutions

of this theory. We see this on the level of EOM, but the same is true already in the

action. In different basis with Weyl or Riemann tensor, the situation will be very similar,

hence we expect non-Ricci-flat vacuum solutions in such higher dimensional quadratic in

curvature theories. Our expectations are not changed, if we also include terms with third or

higher powers of the curvature resulting from ordering the derivatives in initially quadratic

gravitational curvatures actions. Typically there Ricci-flat manifolds will not be solutions.

InD = 4 Ricci-flat manifolds will certainly be solutions of only terms quadratic in curvature

actions and with no derivatives. Modification of theories beyond this simplest framework

will generically not admit Ricci-flat solutions.

It is interesting to notice that the similar conditions were found in the computation of

tree-level amplitudes for the on-shell graviton scattering [62]. There the presence of terms
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with Ricci scalars or tensors (at least two powers on the level of Lagrangians) didn’t give

any impact on the result of computation in the Born approximation and the amplitudes

were like in standard Einstein theory. This is in strong similarity to the situation with clas-

sical vacuum solutions. As we advocated above Ricci-flat spacetimes are solutions under

the same conditions and these are the same solutions as in two-derivative Einstein gravity.

However the explanation, which we found in [62] was based on Anselmi’s redefinition theo-

rem [63, 64]. We understand that the conditions for on-shell gravitons in tree-level quantum

gravity have much to do with the exact vacuum solutions of the original classical theory.

2.2.4 Counterterms forced by a quantum theory (V 6= 0)

Now we explicitly turn on the curvature potential, so V 6= 0. We will analyze a different

theory, where we would like to add a new operator. The case of interest for it is motivated

by the quantum theory based on the Einstein-Hilbert action (E-H). It is known that this

theory, if not coupled to matter, at quantum level is divergent at two loops and needed

counterterms are not present in the original action. This theory requires introduction of

new counterterms, which were first discovered by Goroff and Sagnotti in 1986 [65]. They

contain terms that are cubic in curvatures and have the structure of Riem3 when various

contractions of indices are used. We would like to add these cubic Goroff-Sagnotti operators

(being in the potential V) to the minimal theory (1.1) with the condition γ4 = 0. This is

the theory we will consider in this subsection.

Of course the classical theory based on such actions will presumably not admit Ricci-

flat solutions, if there are no mysterious unexpected cancellations between terms on the

level of EOM. This example is of great importance because it produces as first quadratic in

curvature EOM with the explicit appearance of the Riemann tensor. Moreover if we require

renormalizability in higher dimensions (starting from D = 6) of quantum gravitational

theory, then terms cubic in Riemann tensor must be there to absorb divergences at any

loop order. Quantum gravity based on E-H action forces these terms to be present also in

the two-loop effective action, hence it is of practical importance to find vacuum solutions

in such theories because they will be the quantum corrected standard classical solutions

known from E-H theory.

Such corrections seem to be valuable for the signatures of quantum gravity in our

world. It is strange to notice that precisely: Ricci-flat manifolds generally will not be

solutions of such effective classical theory, which takes into account quantum effects based

on quantization of standard Einstein-Hilbert action. Ricci-flat manifolds will be solutions

only in the starting classical theory, but not in quantum theory based on it. This issue

certainly deserves much more attention and deeper investigation. A possible qualitative

explanation of this fact can be that the quantum energy momentum tensor of the gravita-

tional field can not behave like the source for gravitational vacuum of the classical Einstein

theory described always there by Ricci-flat geometries. This is in obvious opposition to the

classical case of Einstein theory, where the energy momentum tensor of the gravitational

field sources nothing else than Ricci flat geometries.
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2.2.5 Killers (V 6= 0)

In this final subsection we will consider the situation in a finite gravitational theory. This

theory as described in the introduction consists of the action (1.1) and some special op-

erators - killers (introduced in (1.2)). We typically use them in the quantum theory to

kill the beta functions of the running gravitational coupling constants in one-loop exact

super-renormalizable theories of gravity. It is always possible to choose these killers in such

a way that they do not contain any Riemann tensor alone (and in any dimension). The

examples of such local terms in D = 4 are

R2
�

n−2
(

R2
)

and Ric2�n−2
(

Ric2
)

, (2.8)

where 2n+2 is the total number of derivatives in the theory in UV. It is crucial here to use

at least two quartic killers (not cubic) and with at least two powers of Ricci curvatures [14].

This is always possible in any even dimension equal to or higher than 4. Hence we conclude

that Riemann tensor in such theories will not be present alone in the resulting EOM and

that Ricci-flat manifolds are classical gravitational solutions also in these theories which

are finite at the quantum level. There is of course the hidden assumption that in the

kinetic part of the action we use only operators quadratic in gravitational Ricci curvatures,

but not contractions of Riemann, Weyl, Gauss-Bonnet etc there. To conclude we want

to emphasize, that the Riemann tensor in such theories will not be present alone in the

resulting EOM.

2.3 Delocalized matter

In this subsection we introduce back the matter only to discuss the limitations of the Ricci-

flat vacuum solutions just discussed. Again the gravitational theory we will discuss here is

the most general generally-covariant gravity admitting Ricci-flat solutions in the vacuum.

The idea behind the usage of Ricci-flat solutions in general relativity was that they describe

the spacetime where there is vanishing matter energy tensor. We know that if there is no

gravitational field, then the flat spacetime is a solution. This is a unique solution from

physical requirements of asymptotic flatness and standard topology of the universe. We

also know that only the presence of matter can give rise to a non-trivial gravitational

field, which is described by a non-trivial curved geometry with non-trivial Riemann tensor.

Hence, we are led to the physical conclusion that Ricci-flat spacetimes work well as vacuum

solutions only in some region of spacetime (like in the case of Schwarzschild solution). In

other regions the matter must be present, otherwise the trivial flat spacetime would be the

only physically admissible solution. Typically on the junction of two regions one specifies

the boundary conditions saying how the metric tensor and its derivatives behave. For

theories with higher derivatives we must specify conditions up to the order of the differential

equation of motion. In the standard case (two derivative gravity) these Israel-Hawking

conditions require continuity of the metric and its first derivative. If in the dynamics of

the theory we have higher derivatives, then the metric must be in the class CN−1, where

N is the order of the differential equation. In a nonlocal theory the necessary conditions

are up to infinite order, hence the metric understood as a real function must be smooth.
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This puts very tight constraints on the behaviour of the metric and actually one does not

have any freedom in the process of sewing the solutions on both sides of the boundary.

The solution inside (where the matter is present) uniquely determines the solution outside

because of the smoothness condition. We can say in other words that matter is delocalized

and its effect can not be restricted to a finite region of the spacetime.

Taking this seriously into account we conclude that, Ricci-flat manifolds, even if they

respect all the symmetries of spacetime, are not admissible physical solutions for nonlocal

gravitational theories. The usage of them in some regions of spacetime relies on the as-

sumption that the impact of matter concentrated in some other regions can be encoded

in finitely many numerical parameters, which must be matched on the boundary. Since

matter is typically delocalized, this is not possible. If the matter is in some region of the

spacetime, then in these theories the whole spacetime is not Ricci-flat. If there is no matter

at all, then the flat spacetime solves EOM.

Another thing which requires commenting here is the issue of physical interest of these

solutions in nonlocal theories (understood here as theories with infinitely many derivatives).

In such theories we would have to specify infinite number of boundary (initial) conditions

for our partial differential equations of the field theory. If we decide to specify them at one

point, we would have to describe the behaviour of the solutions and all its derivatives (up to

infinite order here) at this point (or we just specify its functional form in a neighbourhood).

This means that the boundary conditions are effectively nonlocal and this is precisely a

weak type of nonlocality. Therefore, the following question can be asked: can we specify

in a sensible way the boundary conditions on a surface that divides vacuum regions of

spacetime from those where the matter is present? In nonlocal gravitational theories this is

not possible, because typically matter undergoes delocalization. In other words, in effective

theory (based on gravitational Einstein equations) with some effective matter, gravitational

source is distributed everywhere in the spacetime [43–47, 66, 67]. If there is a seed of matter

in original nonlocal theory, then in the effective theory matter will get smeared out and

will be present in every region of spacetime.

More concretely, given any point-like source described by an energy tensor proportional

to the Dirac delta distribution, it is delocalized by the nonlocal form factor in a Gaussian-

like source, namely (for example) [42–47]

δ(x) → e−x2/l2Λ , (2.9)

where l2Λ is the typical length scale of nonlocality. This is the physical picture of what a

nonlocal differential operator in action does on a localized (to some region) matter source.

In this respect we are allowed to doubt whether our Ricci-flat solutions are sensible physical

solutions to the EOM.

An explicit calculation of the gravitational potential and some approximate solutions

confirm the regularity of the spacetime in presence of matter [43, 68]. In short the EOM

in the minimal super-renormalizable nonlocal theory reads as follows,

G ∼ T at large distances, and G ∼ e−H(−�Λ)T ∼ Λeff g at short distances, (2.10)
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therefore, the exact solution will approach the Ricci-flat metric in the infrared regime, while

in the high energy regime it approaches a de Sitter solution with effective cosmological

constant Λeff depending on the original mass of the source, Newton constant GN , and the

nonlocality scale Λ. We got a de Sitter core in the short distances, because the effect of

the delocalization at the center is to make the effective source with approximately constant

and positive value of the energy density.

Moreover, we can exclude Ricci-flat solutions in nonlocal theories because typically

they contain singularities. Of course these singular points do not belong to the spacetime,

but still one can see the effects of the singularities when approaching them always being in

the spacetime. Typically some curvature invariants tend to infinity during such approach.

This is very undesirable feature of the solutions and it is unsatisfactory that such solutions

exist at all in a nonlocal theory.

We may think that nonlocal theories are on the best way to perform full desingular-

ization of classical solutions known from Einstein theory. After all the main expectation

is that in nonlocal theories, the local singularities should disappear. However, Ricci-

flat manifolds, which are still only mathematical solutions, develop such singularities and

hence it is plausible that we find a physical motivation to exclude them. The exclusion of

Ricci-flat manifolds does not occur in higher derivative gravitational theories and these are

good physical vacuum solutions in the presence of matter in some or other regions of the

spacetime, or in other words, the singularity is unavoidable in such theories.

In local higher derivative theories the distinction between regions with matter or with-

out matter can be kept sharp. In other words matter does not get delocalized in such

theories and the argument of “physicality and delocalization” exposed above does not ap-

ply. If we only look to the gravitational potential or other approximate specially symmetric

solutions they can be regular also for local higher derivative theories. However, the delocal-

ization argument exposed above here does not apply and we still have singular solutions.

Finally, we would like to comment that Ricci-flat spacetimes are exact solutions also

of the recent quantum field theory proposal for the M-theory [20]. In particular, important

compactifications of higher dimensional spacetimes, like Calabi-Yau in 10D manifolds or

manifolds of G2 holonomy in 11D, are exact solutions. This reinforces the stringy applica-

tions of the class of theories in this paper.

3 Maximally symmetric spacetimes

In this section we will focus our attention on maximally symmetric spacetimes (MSS), which

correspond to solutions with a cosmological constant, or in other words, to a uniformly

distributed source of the energy momentum tensor that is proportional to the spacetime

metric. These solutions are also known as Einstein manifolds because the Ricci tensor is

proportional to the metric Ric ∼ g and hence they describe vacuum solutions with the

presence of cosmological constant (MSS are solutions if and only if.) Later in the next

section we will study solutions based on the FRW ansatz, which have obvious applications

to cosmology. Both these classes of solutions can be viewed as vacuum solutions (being

conformally flat) in Weyl gravity.
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In this section we will be quite general and we will not specify the signature of the

spacetimes; therefore, at the same time we would consider solutions in Minkowskian as well

as Euclidean signature.

3.1 General criterion

As it is well known in Euclidean signature we have two types of maximally symmetric spaces

(hence uniformly curved), namely spheres and hyperboloids. They differ by the sign of their

scalar curvature, which is respectively positive or negative. In the Minkowskian case we

again have two types of maximally symmetric spaces, namely de Sitter and Anti de Sitter

spaces. The sign of the curvature is as before. Since these solutions are non-trivial, because

they contain matter, we will find them only in some special cases of generally covariant

theory. One of the simplifying assumptions comes from the fact that on maximally sym-

metric spacetimes all curvatures are covariantly constant, because their tensor structures

are expressed exclusively using the metric tensor. Of course we are here in metric theories,

where any covariant derivative of the metric tensor vanish (no non-metricity). This means

also that any covariant derivative acting on any curvature tensor on the manifold produces

zero. This regards also covariant box operators. Thanks to this observation on the level of

EOM we are left only with terms that do not contain any covariant derivatives. Hence the

strategy here is to convert all possible curvature tensors to the commutation of derivatives

(this was called “uncommutation” in a previous section) because they would not influ-

ence the EOM, when the latter are evaluated on maximally symmetric spacetimes. In our

EOM, as well as in the Lagrangians, we want the smallest possible number of curvatures

and the highest number of derivatives. Let us consider things in order of increasing power

of curvature appearing in the EOM, or on the level of Lagrangian.

When we have only one curvature, we have the situation exactly like in Einstein-

Hilbert theory. Then we know that to have MSS spacetimes, we must have a non-zero

value of the cosmological constant parameter. Moreover, the precise equation of motion

determines in this situation the sign of the curvature to be coincident with the sign of the

cosmological constant. In more quantitative manner we describe the maximally symmetric

spacetimes by giving their radius of curvature. In the case of the Einstein-Hilbert theory

this parameter is inversely proportional to the value of the cosmological constant.

Our goal is to extend the preceding analysis for terms higher in curvature like those

appearing naturally in the kinetic terms in our theory. Later we will comment on the

effect of addition of higher than two power in curvatures. We start with terms quadratic in

curvature on the level of the EOM originating from the action of higher derivative theory

written explicitly in (A.1). The degree of higher derivatives n is kept fixed for the moment.

To determine which types of terms are their origins on the level of Lagrangian we must

notice one fact: when we take the (first) variation of the covariant derivative operator (or a

Laplace type box operator), we never generate a gravitational curvature (see (A.9), (A.11)).

Remembering that we do not see any effect of derivatives on curvatures in the equation of

motion, we may restrict ourselves only to the consideration of the case with n = 0 also on

the Lagrangian level. This means, that we want to start with MSS solutions in quadratic

gravity, which was first proposed by Stelle in 1977 [31].

– 14 –



J
H
E
P
1
2
(
2
0
1
5
)
1
7
3

We want to describe these MSS by a parameter A (see (3.9)) that is a proportionality

factor between the Ricci tensor and the metric on MSS:

Ric = Ag. (3.1)

The parameter A can be easily expressed in terms of the inverse square of the radius of

the MSS and the dimensionality of the spacetime in question. Our goal here is to find

an equation for the possible values of the parameter A in terms of the parameters of the

theory (like couplings, including the value of the cosmological constant). It will be shown

that the equation relating the two things (3.10) will be of algebraic character. Due to the

appearance of the parameter A in every curvature tensor, we see that the exact EOM,

which contains two powers of the curvature, will be quadratic in the A variable. In more

generality, if the EOM contain n powers of curvature (any gravitational curvature), then

this characteristic equation of MSS will be an n-th order algebraic equation for the unknown

A. Let us analyze the structure of this equation in the case of quadratic gravity. We will

see that much can be said even without the explicit derivation leading to it. Firstly we

would like to notice that this equation is derived from parts of the first variation, which

keeps all curvatures, so either from δ
√
g, or from parts linear in curvatures from terms δR,

δRµν , but not from covariant Ricci tensor δRµν . We can completely forget about varying

covariant derivatives, or pieces, in which curvatures do not survive and are substituted by

covariant derivatives on the fluctuations, as in (A.9) and (A.11).

Note that it is not necessary to vary the covariant Ricci tensor, because its variation

on the general background does not contain any background curvature (A.7). We vary

only the contravariant Ricci tensor, which amounts to varying of the contravariant metric

tensors that were used to raise indices on this tensor. The resulting equations of motion

are very simple in this case and we have written them below for the case n = 0 (3.9). The

first two terms come from the Einstein-Hilbert theory with a cosmological constant. Our

final equation for the characteristic (3.10) of MSS are obtained by taking the trace, or in

other words by contracting with covariant metric tensor. In this way we will extract one

significant scalar equation of motion.

3.2 Explicit form of the equation of motion

After this brief analysis, let us take a closer look at the characteristic traced equation.

An explicit form of the EOM, when the one form factor is present can help us in better

understanding the content of the previous subsections. Taking the variation of the action

with respect to metric tensor and making use of an implicit form for the variation of the

form factor we get the following result (compare appendix A.2),

Eµν =
δ
[

√

|g|
(

R− 2Λcc +Gαβ
eH(−�Λ)−1

�
Rαβ

)]

√

|g|δgµν

= Gµν + Λcc gµν +
1

√

|g|
δ
√

|g|
δgµν

(

Gαβ
eH(−�Λ) − 1

�
Rαβ

)

+
δGαβ

δgµν

(

eH(−�Λ) − 1

�
Rαβ

)

+
δRαβ

δgµν
eH(−�Λ) − 1

�
Gαβ +

δ�R

δgµν





eH(−�
G
Λ )−1

�G − eH(−�
R
Λ)−1

�R

�G −�R
GαβR

αβ



 , (3.2)
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where �R acts only on Rαβ and �G acts only on Gαβ . The operators �R and δ�R do

not commute and act in the indicated order [69]. Conversely operators �R and �G do

commute, hence one can easily make sense of denominators with them above.

It is easy to prove the following theorem for a form factor (1.4) without constant term

in the IR expansion, i.e. ω0 = 0 (or equivalently with H(0) = 0),

Gµν = −Λcc gµν =⇒ Eµν = 0 . (3.3)

It is also trivial to prove the following claim,

Rµν = 0, Λcc = 0 =⇒ Eµν = 0 , (3.4)

but the reverse is not true, as we have shown above in section 2. This theorem states that

Ricci-flat manifolds are vacuum solutions of the theory (without cosmological constant).

However, contrary to the situation in Einstein gravity, here they are not unique solutions.

Another consequence of Eµν = 0 is that with exclusion of the cosmological constant the

matter energy tensor for these spacetimes vanishes, so they are vacuum solutions. More

about the compact form of the equation of motion can be found in the appendix.

We can make the general analysis of this section more quantitative using the EOM in

the appendix. However the only case we are interested in here is when the form factor has

a constant term in IR expansion (small z expansion), or in other words when H(0) 6= 0.

Effectively we want to study solutions in a theory quadratic in curvatures (and without

derivatives at all) described by the action

− 2κ−2
D

∫

dDx
√

|g|
(

−2Λcc +R+ ωRR
2 + ωRicRic2

)

. (3.5)

For the de Sitter and Anti de Sitter spaces we have already said that

Ric ∼ g and R = const. (3.6)

Therefore, all the terms involving the covariant derivative of either R or Rµν vanish on the

left hand side of the EOM (A.15). What is left is a polynomial in R and Rµν as evident

from the explicit form of the tensors J and K that contribute to the EOM if and only

if n, the power of box, vanishes. In this case the EOM evaluated on MSS ansatz reads

as follows,3

Λccg
µν +Gµν − δ0nωR

(1

2
gµνR2 − 2RµνR

)

− δ0nωRic

(1

2
gµνRαβR

αβ − 2RβνRµ
β

)

+2δ0nωRiemR
µαβγRν

αβγ −
1

2
δ0nωRiemg

µνRαβρσR
αβρσ = 0, (3.7)

that we can solve algebraically for curvature parameter of the MSS manifold expressing

it through ωR, ωRic and ωRiem. More specifically, consider the dSD and AdSD spacetimes

whose embeddings in (D + 1)-dimensional Minkowski spacetime are:

− x20 +
D
∑

i=1

x2i = α2 for dS, and − x20 − x21 +
D
∑

i=2

x2i = −α2 for AdS . (3.8)

3We add to the Lagrangian in (3.5) a term ωRiemRiem
2, which is non-trivial only in D > 4 and which

results from taking the constant term in expansion of form factor in Riem γ4(�)Riem.
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The Ricci tensor isRµν = (D−1)α−2 gµν (resp. −(D−1)α−2 gµν) for dS (resp. AdS). Defin-

ing A ≡ (D − 1)α−2, hence we have R = ±DA, Rµν = ±Agµν and Rµνρσ = ± 2A
D−1gµ[ρgσ]ν

where the plus and minus signs refer to dS and AdS respectively. Plugging the expressions

for the R, Ric and Riem into (3.7) for the case n = 0, we get

Λccg
µν ±

(

Agµν − 1

2
DAgµν

)

− ωR

(1

2
gµνD2A2 − 2DA2gµν

)

−ωRic

(1

2
gµνDA2 − 2gµνA2

)

− ωRiem
A2(D − 4)

D − 1
gµν = 0. (3.9)

Taking the trace and dividing by dimension D we get:

0 = Λcc ±
(

1− D

2

)

A− ωR

(1

2
D2A2 − 2DA2

)

− ωRic

(D

2
A2 − 2A2

)

− ωRiem
A2(D − 4)

D − 1

= Λcc ±
(

1− D

2

)

A−
(D

2
− 2

)(

DωR + ωRic +
2

D − 1
ωRiem

)

A2. (3.10)

3.3 The issue in general dimension

We can make a posteriori observations for the first two terms originating from the theory

without higher powers in curvatures. It is known, that the presence of the cosmological

constant is inconsistent within Einstein-Hilbert theory in two dimensions. This implies

that the contraction of Einstein tensor must vanish in 2 spacetime dimension, when eval-

uated on two-dimensional MSS. We know that in the definition of Einstein tensor, we use

only up to one metric tensor, so in the contraction we may have at most one contrac-

tion between metric tensors (covariant with contravariant) resulting in one power of the

spacetime dimensionality. Here instead of tracing we can extract covariant metric tensor,

because equation of motion is proportional to it. We plug in the definition of Ricci scalar

on MSS in terms of A and D. Due to one instance of Ricci scalar in the definition of

Einstein tensor, we see that this term can be at most linear in spacetime dimensionality.

Equipped with this observation, we conclude that the coefficient in front of the contraction

of Einstein tensor must be proportional to D − 2. This is explicitly confirmed by direct

computation, which shows that the proportionality factor is −1/2, because this was the

coefficient in front of metric tensor in the definition of Einstein tensor.

Let’s now consider the part of the characteristic equation quadratic in the unknown

A. We see first that in all terms quadratic in curvature we have at most two powers

of curvature scalars, which produce the square of the spacetime dimensionality. When

Ricci tensor is rewritten in terms of metric, then another contraction of metric tensors is

possible, but only one. This implies that this part of the equation is at most quadratic in

the dimension of the spacetime D. Of course equation of motion are linearly proportional

to the couplings of the theory appearing in the Lagrangian. We can say something more

about the dependence on spacetime dimensionality by considering this time closer the

case of four spacetime dimensions. Then we know that the Gauss-Bonnet term is a total

derivative and does not influence equation of motion at all. This Gauss-Bonnet term can

be written as a particular combination of terms quadratic in curvature. Let’s choose to

work in the simple basis with R2, R2
µν and Riem2. Again the same argument says that,
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the coefficient in front of Gauss-Bonnet term must be proportional to D − 4. Since we

are working in different basis (with elements R2, Ric2 and Riem2), then the only way

to get this proportionality for the coefficient for GB, irrespectively of the values of other

coupling parameters (ωR and ωRic, see the appendix), is that the effect of any term in the

quadratic gravity action must be proportional to D−4. This is again confirmed by detailed

computation for terms quadratic in A of the characteristic equation for MSS. We indeed

see the proportionality factor D − 4. Another observation is that for four dimension the

terms quadratic in A completely vanish and the equation in quadratic gravity completely

reduces to this one known in two-derivative Einstein-Hilbert theory. These all come from

the fact that the Gauss-Bonnet term does not have any effect on the full equation of motion

in four dimensions. Implications of this fact are profound. Again there is a linear relation

between the inverse radius of curvature and the values of the cosmological constant in

four dimensions. To have MSS as solutions there, we must have non-zero value of the

cosmological constant parameter in the original action. This is the special property of

quadratic gravity, MSS and four dimensions.

3.4 Properties of the solution of the characteristic equation (3.10)

Since in our convention parameter A is always non-negative, this is the restriction, which

must be put on the real solutions of the characteristic equation. Notice that this is a

second order algebraic equation, hence about its solutions everything is known. First

notice that A = 0 is a solution only when Λcc = 0, namely when the theory is without

cosmological constant, therefore it is a vacuum solution. This is the flat spacetime solution,

the conditions for which were analyzed in previous sections.

Let us write the quadratic equation for A in the following form

aA2 + bA+ c = 0. (3.11)

The coefficients a, b and c are expressed as functions of the parameters in the action (like

ωR, ωRic and ωRiem) and the dimensionality of spacetime D. Everything below will be

function of them. The formulas for coefficients a, b and c of quadratic algebraic equation

for A above, read

a = −
(D

2
− 2

)(

DωR + ωRic +
2

D − 1
ωRiem

)

, (3.12)

b = ±
(

1− D

2

)

, c = Λcc . (3.13)

To find real solutions, we must require that the discriminant is non-negative, b2−4ac ≥
0. This condition is assumed to be valid from now on. The condition b2 − 4ac ≥ 0 can be

rewritten as a condition for an allowed range of values of the cosmological constant, namely

Λcc ≤
b2

4a
= − (D − 2)2

8 (D − 4)
(

DωR + ωRic +
2

D−1ωRiem

) (3.14)

provided that a > 0. (For negative a the direction of sign in the above inequality

is opposite.)
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We shall facilitate our analysis by recalling the fact that the case of AdS differ from dS

only by the flip of sign of b term in the characteristic equation. This allows to collectively

study both cases looking for positive A. We assume for simplicity of the analysis, that

the parameter a of the quadratic equation is positive. As shown above, in D = 4 this

parameter vanishes and we end up with linear instead of quadratic equation, exactly like

in standard Einstein’s theory. This linear equation on A in D = 4 is

(

1− D

2

)

A = ∓Λcc ⇒ A = ±Λcc . (3.15)

The analysis in the case a < 0 will basically change the role of dS and AdS spacetimes. We

notice that, due to the sign ± in front of b coefficient and two solutions of the quadratic

equation we have in principle always 4 real roots of the characteristic equation. It happens

that always out of them two are positive and two are negative. This is easily understood,

because the absolute value of the b parameter can be bigger than the square root (then the

positive roots are different signs in solutions of quadratic equation) or can be smaller (then

positive roots correspond to two possible signs of the b parameter and always the plus sign

for the root of quadratic equation). Actually in the first case we choose this sign of b, which

gives strictly positive value. Instead in the second considered case we use both signs of b.

When b = 0, the situation is a bit degenerate and we will comment about it later, because

then we have only two roots, one positive and one negative, which are decided by the sign of

the solution of quadratic equation. The conditions to have the situation first as described

above is that ac > 0, in such a way that the root of the discriminant is always smaller than

the absolute value of the b parameter. If ac < 0, then we come back to the second case.

There is a physical meaning in these two distinct situations. In the first case sign of b

is fixed to be minus, hence −b is always positive. In our theory the coefficient b is always

determined by Einstein-Hilbert theory, where there is only one contraction of curvatures,

and that’s why this ends up in a linear part of the equation, with the coefficient b. This

coefficient is equal to ∓D−2
2 . The origin of this factor was already explained before. If

we are above a critical dimension D = 2, then this factor has fixed sign. The signs in

front, however, correspond to dS and AdS spacetimes respectively. This means that we

have two solutions for the radius of de Sitter spacetimes, while none existing solution for

AdS. This is the situation for positive value of the coefficient a in the equation. These two

solutions for de Sitter differ in curvatures and the theory can not single out uniquely one

solution. As we see in this case the other root typically corresponding to AdS spacetime

became a less curved solution of the dS character. In the second case, when ac < 0, we

have solutions for different signs of the b parameter and this tells us that we always find one

solution for dS and one for AdS spacetimes. This is the physical reason, why to distinguish

these two cases. Because the coefficient c is always related to the value of cosmological

constant (actually it is equal to) this divides set of MSS solutions of the theory depending

on the sign of Λcc. Roughly speaking for a > 0 and Λcc > 0 we have solutions for both

dS and AdS, while for negative cosmological constant we have only solutions for de Sitter

spacetimes. This conclusion is true here, because remember that we are here in the case of

quadratic gravity. Naively we could think, that it is totally opposite, to what is known in
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standard two-derivative gravitational theory, where for negative cosmological constant we

have one unique AdS spacetime as a solution.

For the MSS ansatz to be valid, it is required that the quadratic equation (3.10) in A

has at least one positive root. In D = 4, the quadratic term vanishes, and the situation is

the same as in Einstein gravity. For D 6= 4, the roots of equation (3.10) read

A =
∓1

(

D
2 − 1

)

±2

√

(

1− D
2

)2
+ 2Λcc

(

D − 4
)(

DωR + ωRic +
2

D−1ωRiem

)

(D − 4)
(

DωR + ωRic +
2

D−1ωRiem

) , (3.16)

where ∓1 accounts for equations of positive (dS) or negative (AdS) curvature, and ±2

indicates two possible solutions to each equation. Although exactly whether the solution is

dS or AdS remains dependent on the specific values of coefficients, one can always conclude

that if the discriminant is nonnegative, then at least one of the equations (dS and AdS)

has a positive root, regardless of the sign of cosmological constant or whether it vanishes.

This general analysis of solutions is fully realized when the dimension of spacetime

D ≥ 5. About the case D = 4 we commented shortly above. Cases of lower dimensions

D < 4 are also interesting, because then the situation is special (mainly because the

Riemann tensor is not independent of other Ricci curvature tensors.) The study of these

solutions can be also a useful check for correctness of our analysis in general dimension D.

The case b = 0 happens only in two spacetime dimensions, then a = 2ωR+ωRic+2ωRiem

and c = Λcc. The only positive root is:

A =

√

−Λcc

a
=

√

− Λcc

2ωR + ωRic + 2ωRiem
(3.17)

(for aΛcc < 0), and it gives the parameter A proportional to the absolute value of the

radius of curvature for both dS and AdS spacetimes at the same time. Since in D = 2

only Ricci scalar is an independent curvature tensor we have relations for other curva-

ture tensors, effectively the same like on any MSS with A = ±R
D . From this we have

the relations Ric2 = 1
2R

2, Riem2 = R2 and therefore the gravitational Lagrangian

ωRR
2 + ωRicRic2 + ωRiemRiem2 can be simplified (even if not on the MSS ansatz) to

(

ωR + 1
2ωRic + ωRiem

)

R2 = ω′
RR

2, so this last factor should appear everywhere in the so-

lution for A as 2ω′
R = 2

(

ωR + 1
2ωRic + ωRiem

)

, and indeed this is the case. In the lack of

terms quadratic in curvatures any 2-dimensional MSS (with any curvature radius) is a vac-

uum solution, because Einstein tensor on it vanishes identically and there is no cosmological

constant Λcc (it is inconsistent to have it). The correct strategy is first to obtain EOM and

only later plug the MSS ansatz. However in two and three dimensions the gravitational

Lagrangians can be already simplified off-shell.

For the case of D = 3 we have that the Riemann tensor can be completely expressed

in terms of Ricci tensor and scalar according to the formula

Rµνρσ =
4

D − 2
R[µ[ρgσ]ν] −

2

(D − 1)(D − 2)
Rgµ[ρgσ]ν = 4R[µ[ρgσ]ν] −Rgµ[ρgσ]ν . (3.18)

We find additionally that Riem2 = 4Ric2 − R2 (trace of GB relation), hence in the

gravitational Lagrangian ωRiemRiem2 = 4ωRiemRic2 − ωRiemR
2 and coefficients ωR and
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ωRic can be redefined according to ωR → ω′
R = ωR−ωRiem and ωRic → ω′

Ric = ωRic+4ωRiem.

In D = 3 we have that a = 1
2

(

3ωR+ωRic+ωRiem

)

, which is indeed equal to 1
2 (3ω

′
R + ω′

Ric).

This finally proves that the formula we derived for A in (3.16) is correct.

In any dimension, we do not want to neglect the final case, when one of the roots

of (3.11) is zero, namely when ac = 0 (no cosmological constant.) Partially we have

already discussed above - flat spacetime solutions with vanishing value of the cosmological

constant. But besides flat spacetime there is also another more interesting solution in this

case. We can easily see this from the explicit form of the EOM in this case:

A

[

±
(

1− D

2

)

−
(D

2
− 2

)(

DωR + ωRic +
2

D − 1
ωRiem

)

A

]

= 0 . (3.19)

Typically in the case of quadratic gravity we will have to meet two distinct solutions

with different curvature radii, two solutions will be admissible for a given set of coupling

parameters and the value of cosmological constant. This is in distinction to standard case

known from Einstein-Hilbert gravity, where for given set of parameters the solution was

unique. In the case, when Λcc = 0 we have also another solution, which is necessarily

dS spacetime. The radius of curvature of it is determined from a linear equation in this

case. Again in the case of negative values of the coefficient a the role of dS and AdS

spacetimes is exchanged. As we see it was possible to say quite much about MSS solutions

in quadratic gravity, which is actually a reduced theory for any theory with an action

quadratic in curvatures.

Now at the end we can speak a bit about generalizations of our analysis. From its

start it was never designed to deal with higher in powers of curvature equation of motion

(or Lagrangians). But the extension here is simple, we can neglect all terms with covariant

derivatives etc. We concentrate only on terms with powers of curvature, then we vary

them in such a way, that in the resulting EOM we have only the same curvatures, without

any derivatives. Substituting ansatze for MSS for all curvature tensors we derive algebraic

equation for radius of curvature of these manifolds. For higher than quadratic powers of

curvature this is complicated, so we will not present here analysis for the case of killer

operators. Actually for the case of the minimal finite quantum gravity presented in [14]

the choice of γ = 3 forces quartic killers to be with one power of covariant box operator

and hence they do not contribute anything to the characteristic equation of MSS in four

dimensions. Addition of any term with derivatives will not change our conclusion here, so

we do not have to worry about the orders of derivatives or commutation of them.

4 Cosmological solutions

As the last class of spacetimes we would like to discuss are the cosmological solutions in

higher derivative theories (including nonlocal gravitational theories). The homogeneity and

isotropy of space are assumed, hence it is possible to impose FRW ansatz for the metric in

the comoving frame, namely

ds2 = −dt2 + a(t)2
(

dr2

1− kr2
+ r2dΩ2

)

, (4.1)
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where k = 0,±1 is the internal curvature in space. The FRW ansatz is suitable for cosmo-

logical solutions in the presence of matter described as a perfect fluid and when we have

validity of the cosmological principle. Moreover, we plan to describe the Universe in the

comoving frame with this fluid. The FRW spacetimes are exact solutions if and only if.

We are going to look for the reduced EOM satisfied by the scale factor a(t) in theories

with higher derivatives. We assume that the spatial coordinates (radius r and angles) are

dimensionless, the time coordinate t carries one inverse energy dimension, the same like

the scale factor a(t). The curvature in space k therefore is a dimensionless constant.

4.1 The Weyl basis

We first want to modify our theory a bit by going to another basis4 of terms, which decide

the propagator around flat spacetime. Instead of using a basis with terms of the type

R�nR and Rµν�
nRµν , here we adopt a basis with terms R�nR and Cµνρσ�

nCµνρσ (n is a

fixed positive or zero integer in a local theory, while we sum over it in a nonlocal theory).

In D = 4 a minimal Lagrangian of a ghost-free and super-renormalizable (or finite when

suitable killer operators are added) theory of gravity reads as follow,

LW = −2κ−2
4

√

|g|
[

R+ CµνρσγC(�)Cµνρσ +RγS(�)R
]

,

γC =
eH(−�Λ) − 1

2�
, γS = −1

3
γC . (4.2)

Theory written in this basis is not equivalent to the theory written in the Ricci basis (A.1).

In particular the above theory with γS = −1
3γC is not equivalent to the theory (1.1)

with the condition (1.3).) Their classical EOM and solutions are different, however their

quantum properties are very similar and that is why we are motivated to consider the

second theory here.

To find some non-trivial exact cosmological solutions in the presence of matter, it

is convenient to change basis, and to use Weyl tensors instead of Ricci tensors or any

others. The thing lies in the fact that the Weyl tensor (tensor of conformal curvature)

vanishes on conformally flat manifolds. It happens that the cosmological metric given by

the FRW ansatz is conformally flat (this is true in any number of dimensions). Therefore,

the equation of motion resulting from such theories evaluated on the FRW ansatz contains

only terms with Ricci scalars. In order to get them one needs to vary only the part with

Ricci scalars, but not quadratic in Weyl tensors in the original action. The variation of the

part with Weyl tensors will not have any impact on the equation of motion, if evaluated on

the FRW ansatz. In the following we will concentrate on a very simple example to show

how the procedure works. Later we will comment on possible generalizations of this setup

by including more terms.

It could be interesting here to discuss some features of solutions in Weyl conformal

gravity while we go to study theories written in Weyl basis. We notice, in passing, that all

4The name “basis” used for these theories is not really in mathematical sense because nothing should

depend on the choice of an algebraic basis for the operators in the action. What we really mean by “basis”

are different theories written with different operators. Indeed, the same theory written in two different basis

is not the same. Therefore, it is better to use the phrase “a theory with terms (quadratic terms) written in

a Weyl/Ricci/Einstein basis” instead of “a theory” in a particular basis.
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vacuum solutions of standard Einstein gravity are also vacuum solutions of Weyl gravity

in four spacetime dimensions described by the action
∫

d4x
√

|g|C2. This is a simple con-

sequence of the famous Gauss-Bonnet theorem on the level of action integral reducing the

action to two terms quadratic in Ricci scalar and tensor respectively. In bigger general-

ity trivial vacuum solutions in conformal gravity are conformally flat, because the theory

admits conformal transformations of metric tensors as symmetries of the theory [70]. All

metrics in the same conformal class are seen as equivalent in such gravitational theory.

The curvature is described by the tensor of conformal curvature, which is identified with

the Weyl tensor. Gravitational vacuum in conformal gravity is defined in the same way as

in standard gravity as a region in which there is no matter energy tensor. From Einstein

EOM this is equivalent to the condition of Ricci-flatness. Deriving the EOM in conformal

gravity it was discovered that the same role is played there by Bach tensor, which is defined

as Bµν = (∇ρ∇σ +Rρσ/2)Cµρνσ [71].

One can show by inspection of the above formula that Ricci-flatness of some region

implies Bach-flatness, hence the original statement is also proven on the level of equation of

motion. Therefore, we have the following types of vacuum solutions in conformal gravity:

flat spacetimes, maximally symmetric spacetimes (conformally flat, but not Ricci-flat),

Ricci-flat and the most non-trivial Bach-flat solutions. When in some region of spacetime

a conformal matter is coupled to Weyl gravity, then the Bach tensor is non-zero in these

regions and these latter ones constitute probably the most difficult solutions to obtain in

conformal gravity. However, since Ricci-flat spacetimes are Bach-flat all the tests of gravity,

in conditions where the matter is not very dense and does not exhibit big gradients and

pressures, are passed by Weyl gravity too as well as did Einstein gravity. There is no a

potential disagreement with the fact that Weyl gravity is a four-derivative theory, while

popular solutions were found in Einstein theory with two derivatives. Simply in some

special situations the other run-away solutions in Weyl theory can be forgotten and a subset

of solutions coinciding with those from Einstein gravity can be used. Of course the full

set of solutions is bigger in the theory with bigger number of derivatives. This last remark

holds true also for the case of infinitely higher-derivative or weakly nonlocal theories.

Already here one should notice that the role played by the Weyl tensor for cosmological

solutions is very similar to the role of Ricci tensor on Ricci-flat manifolds. FRW metrics

are conformally flat in the similar sense like Ricci flat manifolds are. In both cases the

gravitational field is present (and observers would experience tidal forces) because the

Riemann tensor does not vanish. We think this is a very nice analogy between Weyl- and

Ricci-flat conditions and their physical meanings.

4.2 A simple example

Since we want to study non-trivial cosmological solutions with non-trivial matter source,

the EOM will not trivially vanish when both sides of them are evaluated on the particular

FRW ansatz. For this reason we will use some effective Lagrangians (see below) leading to

the effective equation of motion that we hope to be able to solve exactly at the end.

The solution can be further specified. As mentioned, in such situations the EOM

will contain only expressions containing the Ricci scalar or the Ricci tensor and a bunch
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of covariant derivatives or covariant boxes (A.13). There is no Riemann or Weyl there;

moreover, the number of Ricci tensors in each term of the expression can be only one — they

can originate only from the first variation of the Ricci scalar. This is a distinction with the

case of terms in the EOM resulting from terms of the type Rµν�
nRµν , where contractions of

Ricci tensors are present. The form of the EOM is quadratic in the gravitational curvature;

this observation will be important after taking trace, which will contract the indices of this

only Ricci tensor, leaving us with a Ricci scalar.

Now we want to restrict the form of the matter in the cosmological setup. We will work

exclusively with conformal matter, by which we mean matter whose trace of the energy

tensor vanishes. The example in four dimensions of this kind of matter is electromagnetic

radiation,5 which microscopically consists of massless (ultra-relativistic) particles. Hence

here we will look for solutions with radiation, but without any other form of matter (nor

dust, neither cosmological constant). Our analysis below will be quite general and valid

in any dimension D, but we will concentrate on illustrative examples in the familiar four

dimensional spacetime.

Another example of conformal matter can be found in inflation. When the potential

of inflaton is λϕ4, and we are in the slow-roll regime, the energy tensor of inflaton is

trace-free, while the mass term for inflaton is not allowed because it would explicitly break

conformal invariance. However, such potential for inflaton is not consistent with recent

observations [72, 73].

For this conformal matter the full energy tensor does not vanish and hence the source

side of the gravitational EOM does not vanish explicitly. However, for a conformal fluid

(also like for any perfect fluid with provided equation of state) there exists a relation

between the components of this tensor. They can be written in a diagonal form in the

comoving frame where there is only energy density ρ and pressure p. The first component

is a purely timelike component of the energy tensor, while the second is the diagonal part

of the spacelike sub-matrix, uniform in all spacelike components.

One modification that can be added here is the curvature of space that is encoded

by the parameter k. The curvature of the space formally corresponds to a perfect fluid

matter with the barotropic index w = −1/3 in D = 4. Therefore, we allow for exact

classical solutions with non-trivial topology of the spatial slices of the universe (related to

the curvature of spatial slices), but among the conventional matter source only radiation

is taken into account.

Due to the presence of the equation of state for the matter fluid we have only one

parameter freedom on the matter side. Therefore, also on the gravitational side of the

equation it is possible to restrict only to one representative equation. This can be taken

as the trace of EOM (A.13),

Gµ
µ − ωR

(

−6�n+1R−
n−1
∑

i=0

(

∇µ
�

iR
) (

∇µ�
n−1−iR

)

− 2

n−1
∑

i=0

(

�
i+1R

) (

�
n−1−iR

)

)

= 0.

(4.3)

5Radiation as a conformal perfect fluid is defined in any dimension D by barotropic index w = 1
D−1

.

Electromagnetic radiation (vacuum electromagnetic field described by an action
∫
dDxF 2) is conformally-

invariant only in D = 4.
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All the dynamical information is contained in one scalar equation for this particular metric

ansatz and the form of matter fluid. After taking trace, we will get zero on the right hand

side, while on the left side some expressions with Ricci scalar and derivatives acting on it

are present. The possibility of having contraction of two Ricci tensors can be eliminated

here, because there are not terms quadratic in them in EOM resulting from scalar part

of the Lagrangian. Now this equation for Ricci scalars has very simple solution (but this

may not be the unique one), namely that Ricci scalar is zero. Then the trace equation

will be satisfied automatically and trivially. On this solution for conformal matter one

has not only vanishing Weyl tensor, but also vanishing Ricci scalar. The Ricci tensor Rµν

and Riemann tensors are non-vanishing, due to the presence of matter in our cosmological

model. After all, they do not appear in the trace of (A.13), as long as we work in the

Weyl basis (4.2).

Finding that vanishing curvature scalar is a solution here is not the end of the story,

we should find some more detailed characteristic of the solution. To do this we can use the

ansatz mentioned above that R = 0. Plugging this into the full EOM it is found that all

terms with higher derivatives vanish, because they are quadratic in curvature and there is

always one power of scalar curvature, which is zero here. Therefore, only those originating

from terms with one power of curvatures are left, or in other words the ones from Einstein-

Hilbert action. It is true that in the final form of effective EOM we have only Einstein

tensor and no higher derivatives when evaluated on this particular solution. It is obvious

that effectively equation of motion reduces to Einstein equations, which in the cosmological

context bear the name of Friedmann equations. Also on the level of Lagrangian one can

forget about higher derivatives for this solution. Of course our conclusions here touch

only upon the case of the action (4.2), where the terms with Ricci scalars are at most

quadratic. Therefore our results can not be exported blindly to the case of f(R) class of

theories, where the reduced effective EOM for FRW ansatz are not the standard Friedmann

equations. Moreover, terms with Weyl tensors can be of arbitrary power, since the latter

vanishes on the ansatz.

For the conformal matter, some solutions which we were able to find are exactly the

same like in standard two-derivative theory, by which we mean those for the scale factor

a(t) in all three cases for k = 1 , 0 and −1 in Einstein-Hilbert gravity. They analytically in

D = 4 read

a(t) =















a0

√

t
t0

k = 0,
√

a20 − t2 + t20 k = 1 for 8πGN

3 a20ρ
2
0 ≥ 1,

√

a20 + t2 − t20 k = −1 .

(4.4)

Their dynamical behaviour is known and for example for flat space case (k = 0) there is

a Big Bang singularity in the solution at t = 0 and exactly like in Einstein theory the

singularity cannot be avoided. For the explicit solutions above we have assumed that at

the initial time t0 > 0 a(t = t0) = a0 > 0 and that ρ(t = t0) = ρ0 > 0, where we also

have the freedom of reparametrization (in particular shifting) of the time variable t. The

solution for general k 6= 0 is equally simple, namely

a(t) =
√

a20 − k(t2 − t20), (4.5)
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but we notice that the limit k → 0 (to flat space) does not reproduce the correct result

for k = 0 in (4.4). Of course these are very special solutions and in principle one cannot

exclude the possibility of some other viable solutions. However, here we are unable to

find any reason to exclude these solutions, which are as physical as standard Friedmann

solutions known in Einstein gravitational theory applied to cosmology, where matter (in

a form of conformal matter) is present everywhere in the universe and the spacetimes in

such solutions are not trivial. But we see that there is a singularity of the same type

like in Friedmann solutions for radiation. The analysis of occurrence of singularities is

exactly the same like for Friedmann solutions, but we repeat it here for the convenience

of the reader. In the case of positively curved space (k = 1) the two singularities are

inevitably met respectively at the times ts = ±
√

a20 + t20. This signals that the universe is

closed in this case. For the case k = −1, initial or final singularities are met at the time

ts = ∓
√

t20 − a20 respectively, which is real only if t0 ≥ a0. Moreover we remark that for

these solutions the simplest curvature invariant (Ricci scalar) is completely well behaved

near the singularity, because it vanishes due to symmetries in the problem. However, we

checked that divergences appear in some components of the Riemann tensor and that the

more complicated invariant - the Kretschmann scalar Riem2 grows without a bound in

the vicinity of singularity. Precisely it grows like

Riem2|div =
3

2

1

|t− ts|4
+O

(

1

|t− ts|3
)

, (4.6)

where ts is the time of singularity. The other invariant Ric2 is also divergent, but we have

precisely that 2Ric2 = Riem2 and in the result there is no any divergence in another

invariant C2 as it should be since Weyl tensor vanishes identically on any FRW spacetime.

There are also other possibilities for ansatze in cosmological framework discussed in [48–56],

which allow for analytic solutions.

4.3 Possible generalizations

Now we comment on possible generalizations of this simple setup. The cosmological so-

lutions mentioned above will also satisfy the EOM derived from actions containing higher

than quadratic curvature invariants, the only requirement being that they must be con-

structed out of Ricci scalar or Weyl tensor exclusively. Actually on the level of EOM it is

desirable to have at least one Weyl tensor in each term, which is bound to vanish on FRW

ansatz. Therefore, on the level of Lagrangian one should deal with terms with at least two

powers of Weyl tensors. The other tensors can multiply these, and covariant derivatives

can act on such terms as well. These terms will not have any impact on the EOM, if they

are put on particular background of FRW metric ansatz. The possibly non-vanishing terms

contain only Ricci scalars or tensors for the success of our method.

It would be difficult to depart from conformal matter source because this would inval-

idate the R = 0 ansatz and hence would force us to solve full higher dimensional partial

differential equation (even in one representative component). Therefore we think it is quite

difficult to generalize our considerations away from the conformal matter case. Regarding

the remaining terms, on the level of EOM they must contain only one power of Ricci tensor,
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but arbitrary number of powers for Ricci scalar, while on the Lagrangian level we allow for

more general terms (higher in curvatures), but the condition is that they still must contain

at most one power of Ricci tensor. The Ricci tensor can be contracted with indices on

covariant derivatives and can be further multiplied by other powers of the Ricci curvature

scalar. Moreover in full generality, if we have conformal matter source then all conformally

flat manifolds being solutions of Einstein’s gravity (with the same matter content) are ex-

act solutions of the theory (4.2). Once again, our analysis is not exhaustive and we cannot

exclude possibilities that among terms forbidden (for the sake of simplicity) above some

cancellations happen and equation of motion is satisfied. Only description of how to obtain

some selected particular solutions is presented here.

Now we continue the discussion of the ambiguity initiated in 2.2.2. Of course the

Riemann tensor in the EOM is not desirable at all, but it is not a problem, if its effect can

be written entirely in terms of Weyl tensors and one Ricci tensor. Hence it is again not

advised here to commute derivatives to produce new curvature tensors for the same reason

as described in 2.2.2 (typically by doing commutation a new Riemann tensor is produced

and then if rewritten in terms of Weyl generates unwanted powers of Ricci tensors, which

we always want to avoid here). As mentioned in 2.2.2 our ansatz will not work for different

order of derivatives, or if they originate from the use of Bianchi identities. Hence if one

starts with the action written in a different basis, the classical theory will not admit the

solutions found. We may consider the presence of generalized Gauss-Bonnet terms, but

typically they will not be harmless to those found solutions. Only in D = 4 will the original

Gauss-Bonnet term preserve everything, because there it is a topological invariant.

The last issue concerns the usage of killers. It is possible to use them in such a form

which will not spoil our solutions. They could tentatively look like R2�n−2
(

R2
)

and

C2�n−2
(

C2
)

, so differently from the standard postulated form in (1.2) and (2.8). One

can show that they would do the killing properly as in the standard case. These new

killers would be harmless to our just found cosmological solution, hence those will be also

a solution in a theory finite on the quantum level.

The solution found here has a Big-Bang singularity that seems very difficult to avoid

in the FRW universe in the presence of radiation. However, it is sufficient to have a small

amount of dust matter and R is no more identically zero, but actually again, like in the

Ricci-flat case, we expect a delocalization of the energy density and likely a smearing of

the initial singularity. Another very appealing possibility will probably be present when

considering non-conformal perturbations. In such case the form factor will play again a

crucial role.

4.4 Other solutions

For a general higher derivative theory in the Weyl basis the action including the matter

reads as follows,

S = −2κ−2
4

∫

dDx
√

|g|
(

R− 2Λcc + ωRR�
nR+ ωCC

µνρσ
�

nCµνρσ + LM

)

. (4.7)
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From the appendix the EOM for the FRW spacetime are (A.15):

Rµν − 1

2
gµνR+ Λccg

µν − ωRJ
µν = 8πGNTµν , (4.8)

Tµ
ν = −4κ−2

4 (
√

|g|)−1gσν
δ(
√

|g|LM )

δgµσ
= diag(−ρ, p, . . . , p) . (4.9)

For the specific case of our nonlocal theory of gravity the discussion above simplifies as

follows. Since the FRW spacetime is conformally flat, then the Weyl tensor is identically

zero and we can focus on the EOM for the following reduced Lagrangian,

LW = −2κ−2
4

√

|g|
[

R− 1

6
R
eH(−�Λ) − 1

�
R

]

. (4.10)

For radiation Tµ
µ ≡ 0 and tracing the equation of motion, it is evident from the EOM (A.15)

that the trace of EOM is identically zero for the ansatz R = 0. If we now replace R = 0 in

the same equation of motion we turn out with the Friedman EOM for radiation. Therefore,

the classical solution is still a valid solution for our nonlocal gravity.

In the theory (4.10), there also exist solutions with non-zero but constant Ricci scalar.

First we notice that under the condition of constant R and an absence of a constant term

in the IR expansion of the form factor eH(z)−1
z , Jµν in (A.13) vanishes. To check the

consistency of this ansatz, it suffices to take the trace of (4.8), after which we see that only

constant Tµ
µ is consistent with constant R. In the trace EOM we do have terms quadratic

in Ricci scalars, but only with derivatives, hence they vanish on the ansatz R = const. This

restricts the matter content, and physically there are solutions only for situations where

cosmological constant, radiation or curvature of space as matter content are present at the

same time. Hence effective equation of motion looks exactly like this of Einstein gravity

with cosmological constant in the presence of conformal radiation.

For the convenience of the reader we present here the form of these solutions for positive

Λcc. This is motivated by the accelerated expansion of the Universe, which is maybe caused

in part by a positive value of the cosmological constant. If we define parameters α and

β > 0 such that Λcc = 3β2 6= 0 and α = 10π
3 GNρ0a(0)

4 with ρ0 the density for radiation

at the initial time t = 0, the expressions for the scale factor and components of the Ricci

tensor are

a(t) =
e−β(t−t1)

2β

√

1

15

(

e2β(t−t1) + 15k
)2 − 16αΛcc (4.11)

R00 =
12α

5
a−4 − Λcc

Rij =
(4α

5
a−4 + Λcc

)

gij ,

(4.12)

where the spatial metric equals to

gij = a2(t)diag

(

1

1− kr2
, r2, r2 sin2 θ

)

(4.13)
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and t1 is a quite complicated function of four other parameters of the solution: Λcc, k, α

and a(0) written below

t1 =
1

2β
log

[

10a(0)2Λcc − 2
√
5
√

Λcc (12α+ 5a(0)4Λcc − 15a(0)2k)− 15k

15(15k2 − 16αΛcc)

]

. (4.14)

Again we see that the limit Λcc → 0 to get solutions (4.4) is not continuous. Here for the

presentation of the final results we found easier to set the initial conditions at time t = 0,

than at a general t0, but still we can exploit the freedom of time reparametrization. From

the traced equation of motion we read that

R = 4Λcc . (4.15)

Note that for k = 1, (4.11) can be well-behaving provided that αΛcc < 15
16 . In that

case, a(t) is everywhere nonzero, and the solution does not exhibit the Big Bang singular-

ity; instead, we have a bounce at time tb given by solution of the equation exp(4βtb) =

15 exp(4βt1)(15k
2 − 16αΛcc).

Let us discuss the issue of occurrence of singularities in these solutions. For the case

of positively curved space k = 1 we have the initial singularity at time ts given by relation

exp(2β(ts − t1)) = −15 + 4
√
15αΛcc, which has the real solution only when αΛcc ≥ 15

16 .

The solution is defined for times later than ts (t ≥ ts). When k = −1 we have two types of

solutions, which describes respectively closing or opening of the universe. For αΛcc < 15
16

we have first the universe living eternally in the past, which closes itself in a Big Crunch

at ts given by the solution of an equation exp(2β(ts − t1)) = 15− 4
√
15αΛcc. Later there

exists a solution that is initiated in a Big Bang at ts from an equation exp(2β(ts − t1)) =

15 + 4
√
15αΛcc and which extends to infinite future. If αΛcc ≥ 15

16 , then we are left only

with the second solution describing the opening, which starts at the same time. Also in

the last case, when k = 0 (flat space) the solution is of the same character as the last one,

but here it starts at ts, which satisfies an equation exp(2β(ts − t1)) = 4
√
15αΛcc.

Regarding the character of the singularity we find again that the Ricci scalar is con-

stant, but not divergent, so for curvature singularity we look for in other invariants. We find

again the relation, but between the divergent pieces only, namely 2Ric2|div = Riem2|div
and that near the singularity

Riem2|div =
3

2

1

|t− ts|4
+O

(

1

|t− ts|3
)

. (4.16)

Again we find that this is a curvature singularity in all cases. Moreover the behaviour near

the singularity is always universal and given by the power-law divergence |t−ts|−4 with the

universal coefficient 3
2 . We believe that this universality and endemicity of singularities is

because of the fact that close to the singularities radiation component of the matter content

matters the most. This is the explanation of the universality of the singular behaviour -

near the singularity the scale factor shrinks to zero, hence the matter species with the

biggest barotropic index w are the most relevant (recalling that the scale factor scales

as a(t) ∼ t
2

3(w+1) ). In our case radiation is the fluid with the biggest value of w index,
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so the radiation shapes the dynamics leading inevitably to the singularity. The addition

of other matter components (like dust, for which we do not have analytical solutions at

hand or the cosmological constant solved in this subsection) can not change this picture

because typically other fluids have lower w. Therefore, we can make even stronger our

conjecture about the existence of singularities every time there is radiation and the space

is flat (k = 0). Since radiation is in our Universe, which is thought to be spatially-flat, then

we inevitably hit singularities, in this case always the initial singularity. The cases, when

we do not meet any singularity are quite special and we think they are not so common. We

found them in our solutions, when Λcc = 0, k = −1 and a0 > t0 or when Λcc > 0, k = 1

and αΛcc <
15
16 only.

The above conjecture can be also supported by a preliminary approximate analysis

near the initial time t = 0. Looking at the equation (4.3) in the local case we can search

for an asymptotic behaviour near the origin of the time in a power-like series. We find that

for standard matter (with the barotropic index w between -1 and 1/3) an initial evolution

can be also generically singular. This is explained by the fact that close to the initial

time t = 0 the highest derivative term R is the dominant one for small time asymptotics

and it gives the exponent x in power-law behaviour. We can analyze here explicitly the

asymptotics of the solution with pure dust (w = 0). We have that T = ρ and ρ ∼ a−3 (as

a consequence of the conservation of the total mass of the dust). We exploit the following

ansatz for the scale factor near time t = 0, namely a(t) ∼ tx. By equating terms with the

same powers of time t in the expansion of the equation (4.3) for small times we find that

the exponent is x = 2+2n/3, where n is the exponent of the � operator in the action (4.7).

The minimal positive x for the scale factor signifies that there is a singularity for t = 0.

Of course when we add radiation, the latter takes the lead as was described above. For

cosmologies with other pure perfect fluids (with different w) we also find that the highest-

derivative term is the dominant one near the initial time of the singularity because there we

are in the UV regime of the theory and also in these cases the exponents x are positive. The

conclusion of the above theorem can be avoided, if we for example add a point-like source

of the gravitational field (for example a seed of dust or a fundamental p-brane soliton).

In such circumstances typically the appropriate solutions are not singular, because the

delocalization mechanism from the section 2.3. is at work. However, in this case the initial

assumption about homogeneity of our cosmological model is not satisfied and the FRW

ansatz can not be used anymore. Probably for the case of the nonlocal theory we can avoid

the singularity [44–47], but we can not exclude to also have singular solutions as extensively

showed in this paper.

It is also interesting to look at spacetimes not based on FRW ansatz. For the reader

generally interested in nonlocal theories (4.10) regardless of their good ultraviolet proper-

ties, we note that the Gödel Universe [74]

ds2 =
1

2ω2

[

−(dt+ exdz)2 + dx2 + dy2 +
1

2
e2xdz2

]

(4.17)

is an exact solution. Theories belonging to the class of (4.10) are now understood not as

an effective theory for FRW, but as our starting point, which are in general unitary but
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non-renormalizable, if considered as fundamental theories. Indeed for the Gödel spacetime

R = const, but Rµν 6= const, Jµν = 0 in the EOM. Moreover, for the Vaidya spacetime [75]

it is true that R = 0, so this is also an exact solution of the nonlocal theory (4.10). These

metrics are solutions, if the form factor does not have a constant term in the expansion

around z = 0. Finally we can give an example of black hole solutions in the theory (4.10).

In the case, where the spacetime around a black hole is filled with radiation, then the EOM

again reduce to Einstein equations. This means that the Reissner-Nordström spacetime,

whose metric is given by line element

ds2 = −
(

1− 2GNM

r
+

GNQ2

r2

)

dt2 +

(

1− 2GNM

r
+

GNQ2

r2

)−1

dr2 + r2 dΩ2 (4.18)

is another exact solution.

Note that the energy momentum sources for both solutions above are the same as those

in standard Einstein-Hilbert gravity. They are solutions to theory (4.10) provided that the

constant term in the expansion of the form factor near z = 0 is zero. This constant term

has little to do with the UV asymptotic behaviour of the form factor, and the vanishing

of this constant term is confirmed by the choice of Tomboulis form factor (1.5) for any

UV polynomial. Additionally we remark that the form factor as in equation (1.3) has �−1

term in the UV expansion, but not in IR. The construction of the interpolating function

by Tomboulis gives no constant term (n = 0) in IR expansion even for the theory, which in

UV tends to quadratic Stelle gravity and whose UV polynomial is p(z) = z. The reason for

this is that the polynomial p(z) does not have a constant term p(0) = 0 and in the explicit

construction (1.4) we use only square p(z)2.

4.5 Conformal invariance

We remark that the theory written in the Ricci basis possesses different cosmological so-

lutions from the ones we found in the Weyl basis. It is obvious that on the classical level

these two theories are not the same. However, on the quantum level they give rise to

the same expression for graviton propagator around flat spacetime. The only slight differ-

ence is in vertices resulting from the two theories. For the interested reader we note here

that a complete basis with three algebraically distinct combinations of terms quadratic in

curvatures, namely

R γ0(�)R, Ric γ2(�)Ric and Riem γ4(�)Riem, (4.19)

can be transformed to another one, where only the first two elements contribute to the

flat spacetime two-point function. The other complete basis in question is given by the

following combinations of terms:

R γ0(�)R ,

C γC(�)C = Riem γC(�)Riem− 4

D − 2
Ric γC(�)Ric+

2

(D − 1)(D − 2)
R γC(�)R ,

GBγ(�) = Riem γ(�)Riem− 4Ric γ(�)Ric+R γ(�)R . (4.20)
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It is known that the third element of the above basis (so called generalized Gauss-Bonnet

term) contributes only to perturbative vertices (3-leg and higher) around flat spacetime.

This analysis is valid in any dimension D ≥ 4. Therefore, the super-renormalizability and

unitarity issues are solved in exactly the same way as in the theories written with terms

in the Ricci or Weyl basis. For vacuum and MSS solutions we found it better to use the

basis with Ricci tensors. Here however, we decided to change the theory and write it in

the Weyl basis, because this is well suited for study of cosmological solutions. We add

here the following note: a theory in the Ricci basis is a theory with elements in (4.19)

and with γ4 = 0, and a theory in Weyl basis is a theory with basis elements in (4.20) and

with γ(�) = 0.

From the previous discussion it is obvious that the presence of singularities in the

context of cosmological solutions we found is inevitable. Nevertheless, we can propose the

following resolution of this problem, which embodies the idea of conformal invariance of

the quantum effective action. We believe that in full quantum theory the action will be

conformally invariant, because only such actions can describe the theory at an ultraviolet

(UV) fixed point (here it is assumed that the theory is UV complete or even finite). It

is well-known that only conformal matter can be coupled to conformal gravity. On the

other hand, FRW solutions are conformally flat metrics, so they do not require any matter

source in a conformally invariant theory. If one still wants to describe cosmological models

with a non-trivial source, the assumption of isotropy or homogeneity of space (i.e. the

FRW ansatz) must be abandoned. This still leaves us with some freedom in choosing

solutions suitable for cosmology, Lemâıtre-Tolman-Bondi (LTB) metric being an example of

spherically symmetric, but inhomogeneous spacetimes. Another examples of homogenous,

but anisotropic spacetimes are Bianchi models. This accounts for the fact that the FRW

solution just found is not a very physical one.

Since FRW spacetime with whatever form of the scale factor a(t) (in particular pos-

sessing Big Bang singularity) is equivalent to the flat spacetime in conformal gravity, the

problem of singularity disappears, because obviously on flat spacetime singularities do not

occur. This idea of resolving the singularities by conformal transformations originated from

Penrose’s ideas [76–82].6

We want to comment on the FRW solutions in the classical action of quantum grav-

ity as proposed in [83, 84]. The theory (4.7) may be generalized even further by including

terms higher in Weyl curvature (than quadratic) and containing more covariant derivatives.

In [83, 84] similar theory was considered as a basis for classical action of quantum gravity.

There are no terms higher in Ricci scalar than the Einstein-Hilbert term and all the other

gravitational curvatures are in Weyl tensors. It was found that all FRW spacetimes are so-

lutions to the theory in [83, 84]. This finding can be generalized to any (locally) conformally

6In solutions of the form (4.11) found earlier, there are two different regimes. At large t, the solutions

are cosmological constant-dominated. When t is close to zero, there is Big Bang singularity. However, we

notice that in the early stage of the evolution the solutions are dominated by conformal matter. Therefore,

it is possible to remove such singularity using the same arguments (related to conformal transformations)

in conformal gravity. Note, however, that such spacetimes are only approximate solutions to the equation

of motion derived from the action principle of conformal gravity.
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flat spacetime, namely for the theory all conformally flat solutions of Einstein’s theory are

also solutions there with the same matter content. All these properties come from the fact,

that on conformally flat manifolds Weyl tensor vanishes. However, in the theory (4.7) this

last statement is not generally true as we have shown above. The reason is the presence

of terms of the type R�nR. If we have conformal matter source then all conformally flat

manifolds being solutions of Einstein’s gravity (with the same matter content) are exact

solutions of the theory (4.7) with generalizations first introduced by Anselmi in [83, 84].

We feel obliged to comment on the following issue. In the work of Anselmi [83, 84] it was

shown, that the action he proposed is the most general classical action of quantum gravity

up to the field redefinitions defined using Einstein’s equations of motion. In such theory

conformally flat spacetimes are solutions for some generally non-vanishing matter source.

In conformal gravity they are vacuum solutions of the theory, so matter energy tensor is zero

everywhere. This is only in apparent contradiction to the similar statements in conformal

gravity, which is also candidate theory embodying quantum effective action of gravity. In

tentative form of conformal quantum gravity we expect terms as in the action (4.7), which

are quadratic in curvatures, supplemented by other terms higher in curvature, which indeed

may be constructed using only conformal curvature tensors. This is the difference between

this action of conformal gravity and the one proposed by Anselmi. According to [83, 84]

terms quadratic in curvature can be redefined on-shell, this is genuinely true using Einstein’s

equations of motion. Since in conformal gravity we have different EOM and since Einstein

gravity is not conformally covariant in D = 4, then by applying field redefinition method

we lose conformal symmetry in the theory. This is already obvious in the simple example

of Weyl gravity, described by the Lagrangian C2, where field redefinition to E-H gravity is

possible, but the final theory does not enjoy conformal symmetry anymore. Therefore, all

our statements about resolutions of cosmological singularity problem in conformal quantum

gravity hold true and do not disagree with conclusions of Anselmi.

5 Multi-scale black holes in vacuum

We explicitly showed that Schwarzschild or Kerr black holes are exact solutions of a

large class of local higher derivative theories and, in particular of our candidate super-

renormalizable theory. We also stressed that probably such black hole solutions are not

physical in nonlocal theories because the delocalization is here at work. However, mathe-

matically they are solutions and we can speculate about some astrophysical implications.

We also note the possible existence of black hole solutions of different sizes and same mass,

due to new energy scales present in the higher derivative theory. We remind that in Ein-

stein gravity the Schwarzschild metric obtained by integrating the EOM, Ric = 0, shows a

free integration constant that is fixed to be the Schwarzschild radius rs = 2GNM in order

to read out the gravitational Newtonian potential from the g00 component of the metric.

The Einstein equations are second order and we only have the scale of the Newton’s con-

stant GN in the game in D = 4, so we only have the reminded above Schwarzschild radius

of the event horizon. As already pointed out in this theory we can have Schwarzschild (or

Kerr) black holes with standard locations of horizon, whose scales are characterized by the

dimensionful GN .
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Of course, we have GN in our theory too and so the usual black holes of Einstein theory

are present there, provided the conditions from subsection 2.2.1 hold true. However, in

higher derivative theories there are new mass scales Λi (i = 1, . . . , k, with k related to the

higher derivative order of the theory) and in principle we can not exclude the following

Schwarzschild-like vacuum solutions

ds2 = −
(

1− rΛi

r

)

dt2 +
dr2

(

1− rΛi

r

) + r2dΩ2 , rΛi
=

2M

Λ2
i

. (5.1)

In addition to spherically symmetric black holes with horizons given by rΛi
we can also

consider Kerr-like black holes characterized by different scales than GN . It is crucial to

consider vacuum spacetime solutions whether we want to support the idea of gravitational

multi-scales characterizing these solutions. By multi-scale solutions we mean here these

one with gravitational scales different from the standard one given by GN . Only in the

case of higher derivative gravity without extra fields permeating the spacetime, a purely

mathematical vacuum solution leaves us free to fix the extra scale as an extra gravita-

tional radius. However, it remains to be seen whether these solutions are viable from the

astrophysical point of view.

Assuming at the moment physical viability of the above multi-scale black hole solutions,

we can evaluate the Hawking temperature of Schwarzschild-like black hole characterized

by a new gravitational scale GΛi
= Λi

−2, namely

TΛi
=

1

8πGΛi
M

=
Λ2
i

8πM
, while in the standard theory TH =

1

8πGNM
=

M2
p

8πM
. (5.2)

The black hole lifetime will be shorter or longer depending on the value of the scales in

the problem. For example for the Starobinsky theory R + R2/6m2 [85], the new scale

is actually smaller than the Planck scale Mp, namely m ≈ 10−5Mp. If Λi < Mp, the

black hole’s Hawking temperature is lower and its lifetime is longer than in the standard

case. Therefore, if they were created in the early universe, through a mechanism not easily

identifiable, they will evaporate later in time. Here we assume the Starobinsky model to

be the best candidate to explain early universe inflation. Therefore, if a mechanism exists

to create such compact objects in the epoch without any matter, then we should expect in

the universe a population of black holes with the same mass, but event horizon 105 times

bigger and Hawking temperature 10−10 times lower than the standard one.

In a nonlocal theory multi-scale black holes cannot be created by gravitational collapse

because it is the Newton constant GN that appears as an overall coupling in the gravity

sector, and finally in coupling gravity with matter, namely,

Eµν = 8πGNTµν , where Eµν is as indicated in (3.2). (5.3)

The new mass scale Λ, appearing in (1.3), is responsible for the delocalization of source

and in the result exact Ricci-flat black holes with different than GN gravitational scales are

not physical solutions. On the other hand, for higher derivative theories we do not have

delocalization and we do not see any reason why to exclude singular spherically symmetric

spacetimes, possibly with various gravitational scales.7

7Of course, in higher derivative theories we can also have regular solutions as shown in the calculation

of the gravitational potential [41].
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6 Conclusions

In this paper we considered exact solutions for the classical equation of motion of local

and nonlocal higher derivative gravitational theories. Greater attention has been devoted

to the following two classes of nonlocal theories, which both enjoy the same properties at

quantum level: unitarity and super-renormalizability or finiteness,

Lg = −2κ−2
D

√

|g|
[

− 2Λcc +R+R γ0(�)R+Ric γ2(�)Ric+V
]

, (6.1)

with γ0(�) = −γ2(�)

2
= −eH(−�Λ) − 1

2�
,

LW = −2κ−2
4

√

|g|
[

− 2Λcc +R+CγC(�)C+R γS(�)R+V(C)
]

, (6.2)

with γC =
eH(−�Λ) − 1

2�
, γS = −1

3
γC , (6.3)

where γ2, γC and γ0 are entire functions (form factors) of the covariant d’Alembertian

operator. These are just two examples of theories weakly nonlocal, but in the section 2. we

attempted to be more general and we derived our results for almost any generally covariant

local or weakly nonlocal theory of gravitation.

Let us start summarizing the results about the first class of theories (6.1). Specifically,

it has been shown that a large class of exact solutions of Einstein gravity contains also

solutions for the theory with higher derivative terms. By virtue of our construction, when

only the Ricci tensor and Ricci scalar appear in the classical action, the EOM always

consists of monomials of the Ricci curvature tensor and derivatives thereof. Hence it

was quite obvious that Minkowski and Ricci-flat spacetimes are classical solutions in a

region without matter content. Therefore, for example the most famous and well tested

Schwarzschild spacetime is an exact solution of the nonlocal theory (6.1). Moreover, Kerr

spacetime and all other vacuum solutions of Einstein gravity are also exact solutions here.

If the Riemann tensor was present in the construction of a Lagrangian, then the Ricci-flat

ansatz might fail unless under special circumstances, for instance when Riem appears in

the particular combination of the Gauss-Bonnet term. We also commented on the impact

of Goroff-Sagnotti-like terms and killers of the beta functions on the Ricci-flat solutions in

the theory.

Despite the agreement with Einstein gravity on Ricci-flat spacetimes, these higher

derivative theories have some novel features. It is known that curvature of spacetime is

determined by matter content and distribution, and therefore the Ricci-flat ansatz can

describe only part of the spacetime. In fact the simplest vacuum solutions usually possess

singularities. Regarding this problem, a nonlocal higher derivative theory might come as

a rescue because of the presence of a weakly nonlocal differential operator. This operator,

which effectively delocalizes the matter content and smears out the singularities to some

smooth core, is most often constructed based on the covariant box operator.

Next class of solutions of interest are maximally symmetric spacetimes where the Ricci

tensor is proportional to the metric with a constant coefficient, Ric ∼ g. The examples

in Lorentzian signature are de Sitter and Anti-de Sitter spacetimes. In this case the EOM
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greatly simplifies because the derivatives of the Ricci tensor vanish. The resultant equation

of motion is at most a quadratic algebraic equation from which the value of the Ricci scalar

and hence the characteristic radius of curvature can be obtained in terms of the cosmological

constant, the spacetime dimension, and the coefficients of the higher derivative terms. The

de Sitter or Anti-de Sitter solutions are generally exact solutions in any spacetime dimension

D. We notice that a bit counterintuitively under some special conditions and in D > 4

(A)dS spacetimes are solutions with (positive) negative value of the cosmological constant.

For the case of nonlocal form factors with H(0) = 0 or in D = 4 the characteristic equation

reduces to the linear one identical to the one in Einstein gravity.

For the case of cosmological models we decided to work in the Weyl basis (6.2), where

the conformal flatness of FRW spacetimes is exploited. We found that the presence of

conformal matter as a source is consistent with the same solutions as in Einstein gravity

and the Big Bang singularity seems to be unavoidable. The simple modifications are here:

inclusion of curvature of space and addition of cosmological constant fluid to the matter

content of the model, however the conclusions remain unchanged.

Other interesting cosmological models like the Gödel universe or the Vaidya metric

for the gravitational collapse also fit into the general framework of weakly nonlocal grav-

itational theories. In particular they are solutions of an incomplete theory that can be

obtained from the Lagrangian (6.2) by removing (by hand) the term quadratic in the Weyl

tensors CγC(�)C.

While FRW models are physically meaningful solutions for describing the universe,

they are rather trivial (conformally flat) from the point of view of conformal gravity that

is a possible approach to solve the singularity problems brought up by Penrose. Coupling

to non-trivial conformal matter would spoil the isotropy and homogeneity of the space,

rendering the FRW solutions uninteresting. However, the validity of conformal gravity for

describing the universe still is not fully accepted.

Due to one or more new independent mass scales introduced in the higher derivative

action, it was speculatively suggested that new black holes characterized by the new mass

scales may populate the universe. We can for instance read off this mass scale from the

Starobinsky model for inflation in order to be consistent with the cosmology of the very

early universe. In principle we have black hole solutions characterized by this lower mass

scale. These black holes cannot, however, result from gravitational collapse of any mat-

ter. As a consequence of new intrinsic gravitational scale such black holes are with much

larger radius of the event horizon and much lower Hawking temperature. This is the main

reason why to consider this interesting idea of multi-scale solutions, consistent from the

mathematical point of view, but very speculative from the physical point of view.

In this work we have found solutions in higher derivative and nonlocal gravity theories

only identical to solutions in two-derivative gravity. However we know that besides them in

the theory exist for sure other exact solutions not shared with Einstein theory. Among many

we can mention here: Starobinsky inflationary solutions [85], solutions with delocalized

matter, and solutions in Weyl [70] and Stelle quadratic gravity [71]. Only in the cases of

globally empty spacetime and filled uniformly by cosmological constant we are sure that

unique solutions are flat and maximally symmetric spacetimes respectively. In a general
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class of theories considered in this paper vacuum solutions may not be necessarily Ricci-flat

and similarly cosmological spacetimes with radiation as a matter may not be consistent

with condition of vanishing of the Ricci scalar. We remark that these last two conditions

were just useful ansatze used in this paper to find some solutions. Other interesting exact

solutions of the theories here studied have been discovered and classified in [86–89].

We comment here on the relation between the source and the gravitational field hoping

that this did not confuse the reader. We wrote for completeness the general conditions for

matter energy tensor to be satisfied to have the same solutions as in the case of vacuum

solutions or solutions with cosmological constant. As it is known the question here can be

asked in both directions. Given the matter source we ask for viable gravitational solutions

or given the spacetime metric we can ask for the matter source, which is the cause for such

curvature of the spacetime. The first type of approach to the problem is a traditional way

in GR. However, having at our hand the explicit EOM we were generally able to answer the

question definitely also in the other direction, which can be useful for example in studying

Calabi-Yau manifolds. In other words, what is the corresponding matter source (if any)

for such spacetimes. In particlar Calabi-Yau manifolds are Ricci-flat and for sure exact

solutions of the theory (6.1). The result of our analysis is that in most cases the standard

source for gravitational spacetimes is also the unique possible matter source. This is why

we spoke about the equivalence, that the respective solutions are solutions if and only if.

Finally we want to summarize the issues of the presence of singular solutions in these

theories. It is commonly argued that nonlocal theories are in general able to tame spacetime

singularities, nevertheless here we have a large class of exact solutions with singularities. We

think that our results can only be taken seriously for distances larger than the characteristic

scale of nonlocality Λ−1. At very short distances the solutions are not physically viable

because a “delocalization mechanism” is at work. The form factor acts on the matter

sources turning them into smooth distributions with bigger support spread everywhere

in the spacetime. More concretely, any point-like source, described by an energy tensor

proportional to the Dirac delta δ(x), usually giving rise to singularities in Einstein gravity,

is delocalized into a Gaussian-like effective source [42–47], for example

e�Λδ(x) = e−Λ2x2
. (6.4)

For classical localized δ(x)-like sources, the special feature of physical solutions of the

Lagrangian (6.1) is to interpolate between the Minkowski vacuum at large distances and

the de Sitter core asymptotically at short distances. In conclusion in these cases the

singularity is resolved.

We do not know now whether singularities are typical or not. However based on our

example we can simply disprove some statements presented in papers [9–13, 42], that the

nonlocal theories considered there are completely without cosmological singularities. We

emphasize that in our theory with Weyl terms we found specific singular cosmological solu-

tions, when the matter content of the Universe is dominated by radiation. Therefore, it is

incorrect to say that such theories are singularity-free and the problem of desingularization

of GR solutions returns. We conclude that it is more subtle than it was originally thought

and the simple resolution of it invoking nonlocality may not be enough.
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However, it is proper to remark here that the typicality of these singular solutions

within the framework of nonlocal theories is not yet clear to us and certainly it deserves

further investigations. Till now we have only pointed out the problem in the cosmological

context for a particular theory (4.2) with conformal matter. We have given many examples

(at least 8) of such singular solutions in previous subsections. But as we argued before

in section 4.4, when we have radiation among possible other matter species, then the

singularities are quite common and their characteristics are universal depending only on

the presence of this radiation. The cosmologically viable solutions (based on FRW ansatz)

in different theories, like the theory in Ricci basis (1.1) with γ4 = 0 andV = 0, or with other

types of matter are not known and therefore we can not say, whether the singularities are

present there or not. However, some non-singular cosmological solutions have been found

in simple models with a form factor only in between Ricci scalars (namely γC = V = 0

in (6.2) [48–56, 68]. However, these theories are not renormalizable at quantum level.

In this paper we actually proved for the first time that such solutions are exact for the

renormalizable theory (6.2) because for FRW spacetimes the Weyl tensor is identically zero.

Indeed, the nonlocal theory must possess terms quadratic in Ricci, Riemann or Weyl

tensors to have good quantum UV properties like renormalizability.) We can not state

that the singular cosmological solutions in nonlocal gravity models are surely endemic.

But we have proven that such singular exact solutions exist under some conditions, which

are quite broad. Additionally we now understand that it is not so crucial to have the exact

analytic solutions for all times, we need to know the behaviour only for small values of the

scale factor, so close to the singularity and this is decided by the fluid with the biggest

barotropic index w. We found that every time there is a radiation and flat space (k = 0)

the initial singularity is inevitable. The precise theorem, we just have sketched the proof,

is that for the theory written in the Weyl basis (4.2) with the matter content containing

conformal radiation (with w = 1/3) the spatially-flat FRW spacetime always develops an

initial singularity, irrespectively of the other details of the matter sector provided that

radiation is the fluid with the biggest w. This strongly supports our claims about typicality

and universality of singularities in this class of theories. It remains for future investigations,

whether the initial conditions or matter content favour such solutions or maybe some non-

singular bouncing solutions [42, 48–56, 68] are more common. For this decision we can also

wait for data from observational cosmology about our early Universe. We plan to perform

the full analysis of the cosmological dynamics including the evolution of perturbations in

our future works. Finally after having this done we could firmly assess whether the singular

cosmological solutions are the rule or not.

We consider the exact solutions found in this paper very interesting from the mathe-

matical point of view and also for the physics in the infrared regime, but we expect a very

different and non-singular structure of the spacetime will be manifest in the UV regime.

Moreover, a general feature of the theories in (6.1) is asymptotic freedom, which is in

agreement with effective flatness at distances much shorter than the de Sitter radius. For

the case of FRW homogeneous and isotropic spacetimes, asymptotic freedom together with

a soft propagator in the UV imply a bouncing (singularity-free) universe in the case of cos-

mology and/or in the gravitational collapse case [3–6, 38–41, 44, 45]. However, those last
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FRW solutions are just approximate solutions. Here we are considering the theory written

in the Ricci basis, i.e. (6.1). For a conformally invariant theory to be discussed below,

the mechanism to solve the singularity problem is different and based on the conformal

invariance itself.

We can ask the the following question: what about exact cosmological solutions based

on the FRW ansatz? Are they regular or singular in theories (6.1)? There is an extensive

literature about exact solutions in nonlocal theories [48–56, 68], but here we are interested

in looking for singular spacetimes in theories well defined at quantum level. Indeed, as

reminded above, we would like to confirm or disprove the following conjecture:

“finite theories at quantum level are singularity-free at classical level”.

For this goal we consider the theory (6.2) in the Weyl basis, which is here proposed for

the first time. This theory is ghost-free and super-renormalizable or finite at quantum

level depending on the front coefficients for the killer operators (not undergoing renormal-

ization at quantum level) in the potential V(C). We note right at the beginning that

Ricci-flat spacetimes are not exact vacuum solutions here, contrary to the case of theories

written in the Ricci basis. Therefore spacetimes with Schwarzschild-like singularities are

not problematic, because these solutions can be viewed at most as approximate valid only

at large distances.

For the FRW spacetimes the Weyl tensor is identically zero and when conformal matter

(radiation) is coupled to the gravitational theory (6.2) only the term quadratic in the Ricci

scalar and the Einstein-Hilbert term give contribution to the EOM. However, for conformal

matter the trace of the energy tensor T is identically zero and taking the trace of the EOM

for the reduced theory (4.10) we also find R = 0 as a consistent ansatz. We end up with

exactly the same reduced EOM as for Einstein gravity and the usual Big Bang singular

solution for a radiation dominated universe seems unavoidable. For the universe filled with

radiation source is distributed everywhere uniformly in space, hence delocalization cannot

help here in removing the initial singularity.

At this level the conjecture seems disproved because here we can not use the delocal-

ization arguments invoked above for localized sources. However, here we must be careful

before reaching hasty conclusions. If the theory is only super-renormalizable we still have

singularities at quantum level (loop divergences) and the above conjecture is not disproved.

On the other hand the finite theory is scale-invariant at quantum level (without divergences)

and we expect the quantum action to enjoy full conformal symmetry when all the finite

contributions are taken into account.8 Therefore, the chain of implications, just mentioned

above for FRW spacetimes,

trT = 0 =⇒ consistent ansatz R = 0 =⇒ G = 8πGN T =⇒ Big Bang Singularity

(6.5)

does not apply anymore. This happens because despite that reduced EOM is not con-

formally covariant, the full theory is invariant and hence conformal transformations are

8It was proven in [90] that any reasonable unitary 4-dimensional quantum field theory enjoying scale-

invariance can be easily promoted to a conformal field theory.
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allowed as symmetry transformations of the theory. They map solutions found from re-

duced EOM (coinciding with Einstein equation) to other field configurations, which are

not solutions of the same reduced EOM (with the same matter content), but which are

good solutions in the full theory. Actually, in the conformally invariant theory all the FRW

spacetimes belong to the same equivalence class of conformally flat spacetimes, hence sin-

gular and regular ones are equivalent. In this theory with a conformal transformation we

can always map a singular solution into a regular one.

Even though we have full knowledge of the scale-invariant theory, the conformally

invariant extension is at the moment under careful investigation at quantum as well as at

classical level.9 If we succeed, the outcome will be an explicit realization of the Penrose

conjecture for cyclic conformally invariant cosmology [76].

Eventually we want to emphasize that in this paper we have concentrated our at-

tention mainly on singularities of the same type like met in solutions of Einstein two-

derivative theory. And the singularities present there satisfy Hawking criteria about

geodesic-incompleteness. However, we understand that the main driving force for the pro-

gram of desingularization promised by nonlocal gravitational theories was instead concen-

trated on curvature singularities (where some curvature invariants diverge.) Due to these

different types of singularities considered in the two approaches we understand that the hy-

pothetical proof of desingularization in nonlocal theories could only touch upon curvature

singularities. We think that such hypothetical proof could say probably nothing about the

existence of Hawking-like type of singularities in solutions. But as we have proved such

proof is not possible, because we have found viable counterexamples. Therefore, we think

that our work sheds an important light on the issue of singularities in gravitational theories.

A Equation of motion

A.1 EOM in higher derivative gravity

We here evaluate the EOM for a general higher derivative gravitational theory in a D-

dimensional spacetime. The result can be directly applied to the weakly nonlocal theory

in the Ricci basis, but not to the theory written in the Weyl basis. The action has the

following form,

S = −2κ−2
D

∫

dDx
√

|g|
(

R− 2Λcc + ωRR�
nR+ ωRicR

µν
�

nRµν

)

, (A.1)

where Λcc is the cosmological constant, Rµν is the Ricci curvature tensor, and R denotes

the Ricci scalar. In formula above ωR and ωRic are dimensionful parameters measuring the

strength of O(R2) terms. Let hµν = δgµν denote the variation of the covariant spacetime

metric. In terms of hµν , the change in the action S is

δS =

∫

dDx
√

|g|Eµνhµν , (A.2)

where E is a rank-2 symmetric tensor, we want to calculate. The EOM will simply amount

to Eµν = 0.
9Here the conformally invariant quantum effective action is viewed as a classical one, hence it makes

sense to perform classical conformal transformations to its solutions.
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To make easy the computation several definitions and simple identities are listed below

for the reader’s convenience:

Gµν = Rµν − 1

2
gµνR , (A.3)

δΓρ
µν =

1

2
gρσ

(

∇µhσν +∇νhµσ −∇σhµν

)

, (A.4)

δ
√

|g| = 1

2

√

|g|gµνhµν , (A.5)

δgρσ = −gµρgσνhµν , (A.6)

δRµν = ∇ρδΓ
ρ
µν −∇νδΓ

ρ
µρ = −1

2
�hµν +∇σ∇(µhν)σ − 1

2
gρσ∇ν∇µhρσ, (A.7)

δRµν = δ (gµρgνσRρσ) = −2hρ(µRν)
ρ + gµρgνσδRρσ

= −2hρ(µRν)
ρ − 1

2
�hµν +∇σ∇(µhν)σ − 1

2
gρσ∇ν∇µhρσ, (A.8)

δR = δ(gµνRµν) = −Rµνhµν − gµν�hµν +∇µ∇νhµν , (A.9)

(δ�)φ = δ(gµν∇µ∇νφ) = − (∇νhµν)∇µφ+
1

2
gµν (∇σhµν)∇σφ− hµν∇µ∇νφ, (A.10)

where the φ in the last equation is some general scalar defined on the spacetime manifold.

It will take the form of �nR in following calculations. Moreover we need also the first

variation of the covariant box operator acting on a general symmetric tensor with two

covariant indices αµν . This is given by

(δ�)αµν = −hρσ∇ρ∇σαµν −
1

2

(

∇η
(

(

∇ηh
λ
µ +∇µh

λ
η −∇λhηµ

)

αλν

)

+∇η
(

(

∇ηh
λ
ν +∇νh

λ
η −∇λhην

)

αλµ

)

+
(

∇ηhλη +∇ηhλη −∇λhαβg
αβ

)

∇λαµν

+
(

∇ηhλµ+∇µh
ηλ−∇λhηµ

)

∇ηαλν+
(

∇ηhλν+∇νh
ηλ−∇λhην

)

∇ηαλµ

)

. (A.11)

In following computations as a tensor αµν we will use �nRµν .

The variation of the first two terms in (A.1) gives us the well known Einstein tensor

plus a cosmological constant term:

δ

∫

dDx
√

|g|
(

R− 2Λcc

)

= −
∫

dDx
√

|g|
(

Gµν + Λccg
µν
)

hµν . (A.12)

The variation of the next two terms are similar, but more complicated:

δ

∫

dDx
√

|g|(R�
nR)=

∫

dDx
(

δ
√

|g|R�
nR+ 2

√

|g|δR�
nR+

√

|g|
n−1
∑

i=0

R�
n−1−i(δ�)�iR

)

=

∫

dDx
√

|g|
(1

2
gµνR�

nR− 2Rµν
�

nR− 2gµν�n+1R+ 2∇µ∇ν
�

nR

+

n−1
∑

i=0

∇(ν
(

(∇µ)
�

iR)(�n−1−iR)
)

− 1

2
gµν

n−1
∑

i=0

∇σ
(

(∇σ�
iR)(�n−1−iR)

)

−
n−1
∑

i=0

(∇µ∇ν
�

iR)(�n−1−iR)
)

hµν
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=

∫

dDx
√

|g|
(1

2
gµνR�

nR− 2Rµν
�

nR− 2gµν�n+1R+ 2∇µ∇ν
�

nR

+
n−1
∑

i=0

(∇(µ
�

iR)(∇ν)
�

n−1−iR)− 1

2
gµν

n−1
∑

i=0

∇σ
(

(∇σ�
iR)(�n−1−iR)

)

)

hµν

≡
∫

dDx
√

|g|Jµνhµν . (A.13)

δ

∫

dDx
√

|g|(Rµν
�

nRµν) =

∫

dDx

{

δ
√

|g|(Rµν
�

nRµν) + 2
√

|g|δgρµgσν(Rµν�
nRρσ)

+2
√

|g|δRµν�
nRµν+

√

|g|
n−1
∑

i=0

Rµν
�

n−1−i(δ�)(�iRµν)

}

=

∫

dDx
√

|g|
{

1

2
gµνRαβ�

nRαβ

− 2Rβ(ν
�

nR
µ)
β −�

n+1Rµν + 2∇β∇(ν
�

nR
µ)
β − gµν∇α∇β�

nRαβ

− 2
n−1
∑

i=0

∇β

(

(�iR (ν
α )(∇µ)

�
n−1−iRαβ)

)

+ 2
n−1
∑

i=0

∇β

(

(�iR β
α )(∇(µ

�
n−1−iRν)α)

)

+

n−1
∑

i=0

(∇(ν
�

iRαβ)(∇µ)
�

n−1−iRαβ)− 1

2
gµν

n−1
∑

i=0

∇ρ

(

(∇ρ
�

iRαβ)(�
n−1−iRαβ)

)

}

hµν

≡
∫

dDx
√

|g|Kµνhµν . (A.14)

Hence the EOM is:

Eµν = −2κ−2
(

Gµν + Λccg
µν − ωRJ

µν − ωRicK
µν
)

= 0 . (A.15)

A.2 EOM with two form factors

It is also interesting to see the compact form of EOM for the case of a theory with two

form factors

Lg = −2κ−2
D

√

|g|
[

− 2Λcc +R+R γ0(�)R+Ric γ2(�)Ric
]

. (A.16)

For simplicity we reduced the term Riem γ4(�)Riem, which appeared in (1.1), to two

possible structures with R and Ric tensors respectively. This was possible under the sign

of integral by exploiting Bianchi identities for Riem tensor and integration by parts - the

result differs only by terms higher than quadratic in curvature (vertices), which are put in

neglected here curvature potential V. Each of the function γ0, γ2 has expansion as it was

written in (1.3). The form of the equation of motion is the following

Eµν =
δ
[

√

|g|
(

R− 2Λcc +Rγ0(�)R+Rαβγ2(�)Rαβ
)

]

√

|g|δgµν

= Gµν + Λcc gµν −
1

2
gµν (Rγ0(�)R)− 1

2
gµν

(

Rαβγ2(�)Rαβ
)

+ 2
δR

δgµν
(γ0(�)R) +

δRαβ

δgµν

(

γ2(�)Rαβ
)

+
δRαβ

δgµν
(γ2(�)Rαβ)

+
δ�r

δgµν

(

γ0(�
l)− γ0(�

r)

�l −�r
RR

)

+
δ�r

δgµν

(

γ2(�
l)− γ2(�

r)

�l −�r
RαβR

αβ

)

, (A.17)
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where �l,r act on the left and right arguments (on the right of the incremental ratio) as

indicated inside the brackets. It is of great importance for finding approximate solutions

to study the expansion of this EOM in powers of gravitational curvatures [47]. Here we

will concentrate mainly on the approximation that retains only terms linear in curvature.

In this case the EOM greatly simplifies to

Eµν = Gµν +Λcc gµν +2
δR

δgµν
γ0(�)R+

δRαβ

δgµν
γ2(�)Rαβ +

δRαβ

δgµν
γ2(�)Rαβ +O(R2). (A.18)

To this order we can put simplified variations δR = gαβδRαβ and δRαβ = gακgβλδRκλ

and get

Eµν = Gµν + Λcc gµν + 2
δRαβ

δgµν

(

gαβγ0(�)R+ γ2(�)Rαβ
)

+O(R2) . (A.19)

We see, that if the first condition from (1.3) holds (γ2 = −2γ0), then this simplifies even

more and we get gravitational EOM, when coupled to matter

Gµν + Λcc gµν + 2
δRαβ

δgµν
γ2(�)Gαβ +O(R2) = 8πGNTµν . (A.20)

Using the fact that under the integral

δRαβ

δgµν
=

1

2
gα(µgν)β�+

1

2
gµν∇α∇β − gα(µ|∇β∇|ν) , (A.21)

and contracted Bianchi identity ∇µGµν = 0 we arrive to EOM in a form

Gµν + Λcc gµν +�γ2(�)Gµν +O(R2) = 8πGNTµν . (A.22)

Reminding from (1.3) that γ2(�) = eH(−�Λ)−1
�

we rewrite above as

Λcc gµν + eH(−�Λ)Gµν +O(R2) = 8πGNTµν . (A.23)

Finally we define effective energy tensor of the system as

Teff, µν = e−H(−�Λ)
(

Tµν−(8πGN )−1 Λcc gµν

)

= e−H(−�Λ)Tµν−(8πGN )−1 e−H(0)Λcc gµν ,

(A.24)

and cast the equation in the familiar Einstein form

Gµν = 8πGNTeff, µν +O(R2) . (A.25)

This EOM is divergence-free thanks to the Bianchi identity of the Einstein tensor. The

presence of the cosmological constant term does not spoil the analysis here, and for the

standard choice H(0) = 0 it does not get delocalized in effective energy-momentum tensor

of the system.

In the case, where there is no relation between two form factors γ0(�) and γ2(�), the

full EOM takes the following form

Gµν + Λcc gµν +� (gµνγ0(�)R+ γ2(�)Rµν)

+gµν∇α∇β (gαβγ0(�)R+ γ2(�)Rαβ)

−2∇α∇(µ

(

gν)αγ0(�)R+ γ2(�)Rν)α

)

+O(R2) = 8πGNTµν . (A.26)
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Here the simplification with the first term, Einstein tensor, does not happen and effective

EOM can not be written in the Einstein form for some effective energy tensor. Using

contracted Bianchi identity ∇µRµν = 1/2∇νR and neglecting additional curvature tensors

resulting from commutation of covariant derivatives we write above EOM as

Gµν + Λcc gµν +�

(

gµν

(

2γ0(�) +
1

2
γ2(�)

)

R+ γ2(�)Rµν

)

−∇µ∇ν (2γ0(�) + γ2(�))R+O(R2) = 8πGNTµν . (A.27)

Now we reshuffle some terms and use the second condition in (1.3), and eventually EOM

takes the simple form

eH2(−�Λ)Gµν+Λcc gµν+(gµν�−∇µ∇ν) (2γ0(�) + γ2(�))R+O(R2) = 8πGNTµν . (A.28)

As we see the structure of terms is different than in the case of one form factor. However,

this is still a good gravitational EOM, because is divergence-free. Here this feature is

brought by the fact of transversality in µ, ν indices of the first variation of Ricci tensor.

We have namely that

∇µ Rαβ

δgµν
= 0 , (A.29)

which can be also understood from the fact of the presence of terms proportional to the

transverse projector gµν�−∇µ∇ν in (A.28).

Both theories (with one or two independent form factors) are gauge theories of metric

fluctuations and they can be coupled consistently to conserved matter energy tensor. We

notice that in the second case the IR limit (z → 0) and the limit of small curvature do

not coincide. For the case of entire functions expanding to the first order in z we get

2γ0(�) + γ2(�) ∼ 1/Λ2 (because of dimensional reasons), and in (A.28) the contributions

∇2R are suppressed.
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