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Abstract

We construct the exact noncommutative solutions on tori. This gives an ex-
act description of tachyon condensation on bosonic D-branes, non-BPS D-branes
and brane-antibrane systems. We obtain various bound states of D-branes after
the tachyon condensation. Our results show that these solutions can be generated
by applying the gauge Morita equivalence between the constant curvature projec-
tive modules. We argue that there is a general framework of the noncommutative
geometry based on the notion of Morita equivalence which underlies this specific
example.



1 Introduction

D-branes have been playing the most prominent role in recent developments of string
theory. This is not only because they are the non-perturbative objects but also because
they possess many interesting characteristics which require mathematically distinguished
descriptions. It is very interesting to try to prove that these various viewpoints are
mutually consistent. Such an effort often gives profound relationships between physics
and mathematics.

One of such examples is the quantum field theory on the noncommutative space arising
from open string theory in B field background [1, 2]. In the commutative case, the space
of functions gives the basis of the quantum field theory, for example, through the mode
expansion. In the noncommutative space they are replaced by the noncommutative C*-
algebra A which is at the heart of the principle of the noncommutative geometry (see for
example [3]). In this paper we are mainly interested in the description of D-branes with
the direct use of such principle.

In the commutative approach, the soliton charges of the D-branes are derived from
the topological K-group [4, 5]. It is based on the observation that there are always the
massless gauge particles which define the vector bundle on the D-branes. We need to take
the formal difference of vector bundles to describe the brane-antibrane pair annihilation
process [6, 7].

In noncommutative geometry, the topological information of the ‘manifold’ is given by
the operator algebra version of the K-group K (.A). For example in Connes’ index theorem
3], the topological index is give by the pairing of the element of K-group with that of the
cyclic cohomology group of A. We note that Ky(.A) is defined by an equivalence class of
projection operators in Mat.(.A), the infinite dimensional matrix algebra with elements
in A.

From physical viewpoints, it is natural to conjecture that topological properties of
D-branes are described by the operator algebra K-group. It should be described through
the solitonic configurations which are proportional to projection operators. Remarkably
such configurations indeed appear as classical solutions (GMS soliton) in the scalar field
theory on the noncommutative plane (Moyal plane) in the large noncommutativity limit
[8]. This idea was immediately applied to the string theory in the tachyon condensation
process [7, 6], e.g. bosonic D-branes, non-BPS D-branes and brane-antibrane systems
9, 10]. If we use nontrivial GMS soliton, the lower dimensional D-branes are generated.
As pointed out in [11, 12] it can be seen as the noncommutative generalization [13] of the
correspondence between D-brane charges and K-theory [4, 5].

In this way the unstable systems of D-branes seem to give a good example for the
application of the geometrical methods of the noncommutative geometry to the string
theory. There are two directions to proceed. One is to challenge noncommutative spaces



with more complicated and richer structures. The simplest nontrivial example is the non-
commutative torus. This example is interesting from physical side since we expect to have
analogue of T-duality symmetry in the form of Morita equivalence. It was investigated in
[14, 15] by using Powers-Rieffel projection. Unlike the Moyal plane, we observed a sort
of instability [14]. It comes from the fact that we may construct the noncommutative
soliton with arbitrary small size. Mathematically it is related to the fact that K-group
of noncommutative tori is not quantized in Z but takes its value in R. It remained as a
puzzle whether it is natural to interpret the continuous value as the D-brane charge. Later
a different construction of the soliton configuration on the torus and on the orbifold was
discussed in [16]. Among other things, a remarkable suggestion is to use Morita equiva-
lence bimodule in the construction of the noncommutative soliton. Similar construction
of the projection operator on tori was also discussed in [17] and [18]. For fuzzy sphere,
GMS-like solitons were discussed in [19].

The other direction is to take the gauge field into account and to construct the exact
solution without taking the large B limit. It was pioneered in [20] when the base space is
Moyal plane. Certain constraint on the coupling of field strength and tachyon field should
be satisfied in order to have such property.

In the present paper we continue to study the noncommutative soliton on the two-
torus. We have mentioned two motivations, (1) how to resolve instability of the spectrum
and (2) the construction of exact solution. The use of Morita equivalence initiated in [16]
gives another motivation. For the nontrivial examples such as tori, we can not directly
construct the analogue of the shift operator. In this sense, we can not escape from using
more abstract Morita equivalence bimodule directly to construct the noncommutative
soliton. (A nice review of Morita equivalence for noncommutative torus is given by [21]).
Once we know how to use it, one may apply the method to other examples as well, namely
in the generic examples of the open string systems interpolating D-branes [2, 13]. We argue
that the Morita equivalence gives a natural generalization of the notion of the brane-
antibrane systems and leads to the description which is similar to the superconnection [5,
22,23, 24]. Inspired by this fact we propose an equation which defines the noncommutative
solitons on brane-antibrane systems in the generalized sense.

As we will see, we can obtain the exact solutions of the tachyon condensation on
the two-torus by employing the constant curvature connections. In the noncommutative
torus, the constant curvature connection parameterizes the equivalence class of the whole
projective modules (analogue of vector bundle). As a result we obtain various D2-D0
bound states after the tachyon condensation on a non-BPS D2-brane. We also find that
the gauge Morita equivalence [25, 21] (bimodule between constant curvature connection)
plays the crucial role of generating solutions. In fact one can construct exact solutions for
any C*-algebras if there exist the gauge Morita equivalence bimodules. Furthermore this
exact analysis explicitly shows that for finite B/g the above mentioned instability does



not occur.

The paper is organized as follows. In section 2, we discuss tachyon condensation on
generic noncommutative spaces. After we review the Morita equivalence, we construct
the projection operator of the brane-antibrane systems in the generalized sense. We
see that the structure of superconnection [26] naturally appears as the linking algebra
in the framework of C*-algebra. In section 3 we discuss the tachyon condensation on
a noncommutative two-torus. We construct the exact solutions for bosonic D-branes,
non-BPS branes and brane-antibrane systems in terms of flat curvature connection. We
also discuss the solution generating rule for this examples by using the gauge Morita
equivalence. This section also includes a review of some mathematical results on the
projective modules. In section 4 we summarize the conclusions. In the appendix A we
give a review of the explicit example of projections in noncommutative tori and we also
show the calculations of their topological charges.

2 DMorita equivalence and noncommutative soliton:
A General Strategy

We start from discussing relatively formal viewpoint which will be useful in the later
sections. While our main result is restricted to the noncommutative solitons on noncom-
mutative tori in section 3, we think that our method can be basically applied to the other
open string systems such as Dp — Dp’ as well.

Let us first recall the definition of the noncommutative solitons [8]. They are the
solutions to the equation of motion,

OV (+9)
d¢

Here x is the (noncommutative) product of the given C*-algebra A which defines the

= 0. (1)

noncommutative geometry on the single D-brane. It is solved in the following form,

¢x) =D NP, MeER, P eA”, (2)

where \;s are the solutions to the equation OV(A)/ON = 0 and P,’s are the mutually
orthogonal projections P; - P; = 0;;F;, P = P,. In this sense, the construction of non-
commutative solitons is reduced to find the projection operators .

In the mathematical context, the classification of the projection operator is directly

related to the definition of the Ky-group of the operator algebra K-theory. This is related

f the number of the D-branes is greater than one (say N), we need to consider the projector in the
matrix algebra Maty(A).



to the fact that the noncommutative analogue of the vector bundle is described by the
projective module of given C*-algebra A. Let us briefly illustrate the correspondence by
using the relationship with the commutative theory.

Let M be a smooth manifold (base space) and E be a vector bundle over M. In the
context of the topological K-theory, it is known that the isomorphism class of E is an
element of K°-group?. By Swan’s theorem, for any E there exists vector bundle F such
that E @ F is a trivial bundle over M. Let C*°(M) be the smooth function on M. The
trivial bundle can be written as (C°°(M))" with some N € N. Therefore, any vector
bundle over M can be obtained by acting P on (C°°(M))Y, where P is a projection in
Matyn(C°(M))3. The module which is constructed by applying the projection operator
to the free module is called projective module.

This characterization of the vector bundle can be generalized to noncommutative the-
ory. A noncommutative algebra A replaces C=(M) for ‘noncommutative space’. The
free module (A®)Y corresponds to the rank N trivial bundle on commutative space. Pro-
jective module E is defined as A(®)-module such that there exists the other .A®)-module F
with E@ F = (A®)Y. Thus the noncommutative analogue of a vector bundle is the pro-
jective module E = P(A®)Y which is defined by a projection operator P € Maty(A©).
In this sense, D-branes on noncommutative spaces are described by the projective mod-
ules, and the operator algebra Ky-group classifies the D-branes on the noncommutative
space [13, 11, 12].

Let us come back to the issue of the construction of the projection operator. We would
like to use the Morita equivalence bimodule as the abstract building block to construct
noncommutative soliton.

Morita equivalence is one of the central idea of the classification of C*-algebra. From
the mathematical viewpoint, it is essential to determine when two C*-algebras A, B define
the same type of noncommutative geometry. In the noncommutative geometry, the idea
of points is replaced by the set of ideals of C*-algebra. It is then known that two C*-
algebras A, B have the same set of ideals if there are A-B Morita equivalence bimodule
AXp (for example see [27]). It is defined as a bimodule on which A (resp. B) acts from
the left (resp. right) with two types of inner products (, ), (, )g of 4 X with value in
A and B, respectively with the following conditions

<ax7y>«4:a<x7y>¢4 ) <xay>f4: <yax>A ) acA 5
<xayb>3 - <J},y>3b ) <x7y>;3 - <y,x>3 ) bebB ) (3>
(xb,yy 4 = (x,yb*) 4 , (az,y)p = (x,a"y)p . (4)

2In general, the formal difference of the isomorphism class of vector bundles over M is the element of
K°.
3We define the algebra Matx(A) as the N times N matrix algebra with elements in A.
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The most important property which should be satisfied by them is the associativity

<x7y>¢42 = x<y72>37 T,Y,z € AXB' (5>

Two C*-algebras A and B which have such a Morita equivalence bimodule 4 Xz is called
Morita equivalent.

In the string theory, there is a natural interpretation of such equivalence relation.
It is well-known that the noncommutativity arises in the string theory on the D-branes
connected by the open string in the presence of B field. On the two ends of open string, we
have two D-branes and generally two different types of noncommutative geometry defined
on them. Suppose they are defined by the C*-algebras A, B *. Under such circumstances,
it is natural to conjecture (for example, see [2, 13]),

e The bimodule naturally interpreted as the open string field ¥ where A (resp. B)
acts from the left (resp. right).

e Two inner products are identified the product of open string fields. We have two
type of inner product because we have two choices (which side of the open string)
for the contraction.

e The associativity of the product corresponds to that of the product of the open
strings.

Although the actual justification of these statements is far from being obvious at this
stage, it gives a nice intuition to the otherwise abstract nature of Morita equivalence.

In the following, we use the Morita equivalence bimodule to define the projection
operator (= noncommutative soliton). In an abstract language, it can be described as
follows [28, 29, 27, 16]. In the very definition of the Morita equivalence, we actually
need to impose that the inner product ( , )45 maps 4Xp into a dense set of the A, B
respectively. Namely for any operator a € A, there should be a finite set z;, y; € 4 Xz such
that @ = > (@i, y;) 4. Suppose A has identity as its element and take 1 = Zf\;l@;i, Yi) A-
From z;, y; one may define the projection operator in Maty(B) as P = (y;, x;)5 since

Z<y¢,$j>8<?/j,$k>8 = Z(%Jj(%‘ﬁk)ﬁ)ﬁ = (i, Z<xjayj>Axk>B = (Yi, 1) - (6)
J J J
Unlike the original GMS soliton where the projection operator defines the lower dimen-

sional D-branes, it seems rather hard to identify the nature of the projected space. How-
ever, from the mathematical side, A can be embedded into Maty(B), as

A~ P-Maty(B)-P . (7)

4More precisely, let A(® be the algebra corresponding to the noncommutative base space, and let E,
(resp. Eps) be the projective A(®-module (D-brane) related to A (resp. B), then A = End 4 E, and
B =End 40 Es. Let a € A9, A € EndyoE and ¢ € E. End 4 E means (a-§)A = a(¢ - A). This is
the natural noncommutative generalization of the definition of endomorphisms for vector bundles.



Suppose A (resp. B) describes the noncommutative geometry on D-brane a (resp. ().
Then a physical interpretation of above identity is that a can appear as the noncommuta-
tive soliton on the N copies of the D-branes 8 through the tachyon condensation process
in a generalized sense.

In order that this type of interpretation is possible, we need the analogue of DD pair
for this generalized setting. In the study of DD pair, the tachyon condensation process is
described by the combination of gauge fields and tachyon fields (so called ‘superconnection’

[26]) as argued in [5, 22, 23, 24],
d+ A T
( T d+ A, ) ®)

where each entry represents the various sectors of the open string.

There exists an analogue of superconnection in C*-algebra which is called the linking
algebra C (see for example, [27]). It is defined in such way as containing the algebras A, B
as its complementary components. Namely there exists a projection P € C such that
A=P-C-Pand B=(1—-P)-C-(1— P). It is known that the linking algebra C exists
if and only if two C*-algebras A, B are Morita equivalent. Namely if the bimodule 4 Xz
exists, one may define the linking algebra by two by two matrices,

<; Z) ac A beDB, x,y e 4 Xz (9)

One may easily check that the matrix multiplication of such 2 x 2 matrices is well-defined
. L 1 0 . T
and the obvious projection operator P = ( 0 0 ) gives the projection into A. By com-

paring (8) and (9) one sees that the Morita equivalence bimodule plays the analogous role
as that of the tachyon field and that the two gauge fields correspond to the endomorphism
algebras A = End 40 E, and B = End 40 Es.

This analogy was implicitly used in the explicit calculation of the tachyon condensation
of DD system in the Moyal plane [30, 20]. We summarize our conventions for Moyal plane
in the appendix A. We recall that the noncommutative soliton in this case was constructed
out of the partial isometry described by the tachyon fields 7" and T which satisfy,

TTT =T, TTT =T. (10)

With these relations, 7T and TT becomes projection operators and defines the non-
commutative soliton. Explicit form of 7" can be constructed by using the shift operator
S =Y |n)(n + 1|, which satisfies SS = 1 and SS = 1 —|0)(0| and so on [20]. The
tachyon field is given by T'= S™ (m € IN) with this solution generating rule. In this case,
T gives the isometry between the subsets of the identical algebra A and A acts on T from
the both side.



In our more general situation, the role of T resembles that of the Moyal plane case but
the algebra acting on T" from left is in general different from that acting from right. Thus
T should be an element of an equivalence bimodule. If we replace the partial isometry
by the Morita equivalence bimodule, the statement which corresponds to (10) is that one
may choose an element T of the bimodule which satisfies

1. P={(T,T)4 and Q = (T, T)p are the projectors of A, B.
2. It satisfies the analog of the partial isometry relation,

(T, TYAT =T{T,T)g =T . (11)

While it is a nontrivial question whether we may find such T, the requirement of these two
conditions are actually equivalent [28]. Suppose that the partial isometry-like equation
(11) holds. P = (T, T) 4 and Q = (T, T)p are clearly self-adjoint, and direct calculation
shows that P? = P and Q* = @ by using the properties of the two inner products
(3)(4)(5). Conversely, if we start from the condition P? = P, the partial isometry-like
equations follows from vanishing of the norm,

(T, TYAT — T, (T, T\ 4T — T) 4 = 0. (12)

One can also see from this proof that P? = P implies Q? = Q.

We would like to propose that the equation (11) defines the noncommutative soliton
on the brane-antibrane systems in the generalized sense. We will see the explicit examples
on noncommutative tori in section 3.4.

3 Noncommutative Torus and D-branes

Because our discussions so far are given in the abstract language, it is desirable to
investigate explicit examples in order to illuminate the idea. The simplest example is D-
branes on noncommutative plane (Moyal plane) but it is too simple to use the machinery
we would like to examine since it reduces to the (infinite dimensional) matrix algebra.
Thus in this section we consider D-branes on noncommutative tori, where Morita equiv-
alence is interpreted as T-duality [1, 25, 31, 32] and has a rich structure.

The algebra of noncommutative two-torus is generated by unitary elements U; and U,
with the relation,

U1U2 = U2U162M6., (13)

where the real number 6 € [0, 1] is the parameter of the algebra. We write this algebra
by Ay. The generators can be written in terms of noncommutative coordinates (z!, z?)
with [z!, 2?] = —27id/0 as follows

U1 = eixl/\/a U2 = 6”2/\/&. (14)

Y
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A generic element a € Ay can be expanded by U; as®

a= > anU"Uy . (15)
m,neZ
While we can not realize this algebra as the matrix algebra for the irrational #, one may
formally define the trace for Ay as follows

Tr a = aopo, (16)

by using the above expansion. This is equal to the integration over (z!, z?). Tt is obvious
that it satisfies the fundamental relation Tr(ab) = Tr(ba).

As we saw in section 2, the gauge bundle on the D-brane is described by the projective
Ay-module. It is known that the isomorphic class of the projective modules on a noncom-
mutative torus is classified by their Chern characters [29] which specifies the element of
Ko(Ap). The relation of these mathematical facts to the RR-couplings of brane-antibrane
systems will be discussed later in the subsection 3.4.

In this section, after explaining some mathematical backgrounds on the projective
module on the noncommutative tori, we discuss mass spectrum of BPS D-branes and
their T-duality transformation. Finally we investigate tachyon condensation on non-BPS
D-branes and brane-antibrane systems.

3.1 Projective modules, Constant Curvature Connection and
Morita equivalence on Noncommutative Torus

In this subsection, we explain some mathematical results on Ay, especially the projec-
tions, the projective modules, the constant curvature connections and Morita equivalence®
which will be essential for later arguments. The readers who is familiar with the subject
may skip this subsection.

We start from defining the projection operators on Ay. In this algebra the unitary
equivalence class’ of projections is characterized by the value of the trace Tr [28, 33] as
follows

Tr(Pymg) =n—mb, (0<n—mbh<1), (17)

where for each pair of integers n,m which satisfy 0 < n—m#f < 1 there exists a equivalence
class of projections and we wrote an element in this class as P, _,,9. In other words K-
group Ky(Ay) is given by

Ko(Ag) =Z +0Z€R . (18)

°To be exact we should assume a,,,, tend to zero faster than any powers of |n|+ |m| as |n|+|m| — oo.

6See [21] for an more pedagogical review.

7A projection P is said to be unitary equivalent to another projection @ if an unitary element v € A
exists such that P = u*Qu.




The explicit construction of projections was given in [28] and is called Powers-Rieffel
projection. Some details of this construction are reviewed in the appendix A.

Let us turn to projective modules on the noncommutative torus Ay. Among various
projective modules, we are interested in those which has the constant curvature connec-
tion. The explicit construction can be found in [34, 29, 1, 21] and we review this below.

Starting from a set of the rapidly decreasing functions on R, ¢;(z), j € Z,,. We define
the right action of U; (i = 1,2) as follows,

(@U)(x) = et —0)
(@U)y(x) = ()i, (19)

One may easily confirm that the operators Uy, U, thus defined satisfies UyUy = 2™ U,U,.
It shows that the Schwartz space is right Ay module. It contains two integer parameters
n € Z,m e Z >0 and we denote it as E, ,,. It has the following properties,

1. The natural ‘covariant derivative’ for this module is given by

2mim 0
Vi=-— = — 20
! n—mf 7 or (20)
which satisfies V;U; = 27id;;U;. It has the constant curvature,
2mim
Fro=—F, = . 21
12 ey (21)

2. Its endomorphism End 4, E,, ,, is given by A; (6 = _—b_sfe)'

This acts on £, ,, from
the left. The integers a, b are determined from n,m by the condition an — bm = 1.
The generators of Aj; act on them as

(Z19)i(x) = djalz+1/m)

(Zog)j(x) = ¢y(x)e™ matam) (22)

One may easily confirm that the action of Z; are compatible with the action of U;
since [Z;, U;] = 0. Note that if the module is free (n,m) = (1,0), then 6 = 6.

Therefore the Schwartz space defines the Morita equivalence bimodule between Ay and Aj;.
More generally, if the integers (n,m) is not coprime, then one can construct the reducible
projective module E,, ,,, = Eyjam/a © Enjgm/a ® - - - ® Epnjamsa, where we have defined
d = g.c.d(n,m). From this one can conclude that A; is Morita equivalent to Maty(Ay)
if there exist coprime integers (ng, mg) = (n/d, m/d) and (a,b) such that § = mb%frz)a
ang —bmo = —1 [28].

It will be useful to define the explicit form of A = A; and B = Ay inner product

and

for the Schwartz space. This problem is solved in much more general sense by Rieffel
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[29]. However we write down some of the explicit forms for our specific example . For
¢, € S(R X Zy,), we define,

1
(6, 9)a = n_mQ;(Z;"Zf%,mer; (23)
(b, 0)s = Y (6, 0U;"UT™)sUT Uy
(605 = (,0)a= / dr 3" Gl)ei(a). (24)

1€24m

The basic properties of inner product (3) and (4) follows from the identities (a¢, )45
(P, a*V) ap, (@b, ) an = (¢, b*) a5 and so on. The derivation of the associativity (5) is
much more nontrivial. We need to use the Poisson resummation formula,

00 00 o

> fem=2 3 F(ER) dw= [ @)

n=—oo m=—o0

After some calculations, one may confirm,

(6, 0).ax)i(x) = ($(e, X)m)i(x) = Y (@U} (@) (27007, ()(Zix)ilx).  (26)

r,s€Z

Among all connections on a given projective module, the constant curvature connection
is the most useful in the physical application. One reason for this is that such a special
connection appears as the solution of the BPS equation [25, 21]. Another reason will be
given later in the arguments of the exact solution for the tachyon condensation.

Finally we would like to add a comment on the topological invariants. From the
constant curvature connection, it is rather easy to evaluate the Chern character [29, 25]
and it is known that each component becomes integer after the modification similar to
Myers term [35]?. It is of some interest to confirm this fact by using other form of
the connection/curvature. In general a connection on projective module (“Levi-Civita
connection”) is constructed in the form (see for example [34, 21, 11]) V; = P, _n9-0;* Pr_me-
The trace of the curvature (first Chern class) is the cyclic 2-cocycle 7 for P,_0. In
appendix A we evaluate it by using the Powers-Rieffel projection as P,_,,0 and derive
79 = m. This is of course consistent with the computation from the constant curvature
connection (21).

8General formula for the generic Heisenberg module is not difficult to write down. One outline is
sketched in Appendix A of [16].

9This modification can also be regarded as ‘quantum effect’ in terms of the quantum twisted bundle
[36]. This procedure shows the relation between a bundle on the commutative torus and that on the
noncommutative torus geometrically, and agrees with so-called Seiberg-Witten map[2]. We will use this
map in eq.(37).

10



3.2 Noncommutative Description of BPS D-branes and T-duality

Here we discuss the spectrum and the T-duality transformation rule of the BPS D-
branes on a two dimensional torus with a B-field flux. As is well-known, there are two
viewpoints for this system. One is the conventional description (commutative descrip-
tion) using the closed string variables. The other is by the open string variables with
the noncommutative geometry [1, 2]. The results given here will be useful in the later
discussions. Some general arguments can be found in [37, 21].

We investigate the dynamics of D-branes on the noncommutative two-torus Ay. Since
we restrict our interest to the two dimensional case, we discuss D2-D0 bound states on
the torus below. If the D2 charge and DO charge are given by (n, —m), the mass of D2-D0
bound state is determined as follows

MG = %}g\/det (g + 2ma/(B + F)), (27)

where we have defined the gauge field strength
J m 0 —1
F = — J= . 2
2o’ n (1 0 ) (28)

In this formula we have taken the effect of —m DO0-branes into account as the shift of

gauge field strength. Note that the value of n or —m can be negative integer because of
T-duality. For a review of T-duality on general tori see [38]. In the following we examine
the transformations from a D2-brane to various D2-D0 bound states.

We define F = g+ 2ma/ B € Mats(R). A single D2-brane has the mass,

1
ME = m\/det(E) : (29)

The T-duality group on T? is given by SO(2,2|Z) and this acts on g, B and g, as follows
[38]

E = T(E)=(AE+B)(CE+D)™" (30)
G = T(g;) = gsdet (CE + D) (31)
T = (“64 g) € 50(2,2|Z). (32)

The mass Mg{;f transforms into the following form

BP _ 1 e
TMGLS) = Tva det T (E)
- gs\l/J det(AE + B) . (33)
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When the dimension of the torus is two, the T-duality group can be decomposed as
SO(2,2|Z) ~ SL(2,Z) x SL(2,Z). One of two SL(2,Z) groups is the modular transfor-
mation of the target space T?. Because it preserves g, and y/det(E), we will not consider
this part. The other SL(2,Z) is related to Morita equivalence for noncommutative T?
[1, 25, 31, 32] and we concentrate on this part. This SL(2,Z) transformation can be
embedded into SO(2,2|Z) as follows

SL(2,Z) — SO(2,2|Z)
(m) - ()

Applying this transformation eq.(33) can be rewritten as

1
BPSY _
T(Mip) = m\/det(n(g +2ma’B) +mJ) . (35)

This is the same value as (27) and confirms that the D2-brane mass in the background
E = T(E) is equal to the mass of (n, —m) D2-D0 bound state. Note also that the mass
for (n, —m) is equal to that for (—n, m). This implies that these two configurations should
be an identical state and we can restrict the integers (n, —m) to n — m# > 0.

We translate these results into the noncommutative description. For simplicity, we fix
the choice of the parameter ® [25, 32, 2] as B = —®. The relation between the variables
in the open and closed string theories is given [2] as follows

1

B=—-®=—— ]
2o’

1
G = —(27ro/)QB§B, G, = g, det(2ma/Bg™1)z. (36)

This map is defined so that the mass of the single D2-brane coincides in both (open/
closed) descriptions. The transformed backgrounds G and Gy are called open string
metric and open string coupling respectively.

When the field strength F'is constant, the field strength F' in the open string descrip-
tion'? is given by [2]

A F
F=—w—.
14 27a/0JF (37)
If we apply this to the D0-D2 bound states, the flux (28) is transformed into
- 1
F= m (38)

2o’ n —mb

This is the same as the constant curvature connection on the projective module £, ,,
reviewed in the previous subsection.

10Note that the curvature in mathematical conventions in section 3.1 is related to the field strength 2
here such that F;; = —4n%ia’F};.
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Furthermore, the mass of DO-D2 bound states can also be written in terms of the open
string variables as follows

Ty = wmers = e g (B F))
Vg,

In| 1 m
- det (g— (- -3
\/ags o\ (6 n)
det(2ma/Bg™') "2
= e(woz g \/det< (2ma/)2Bg='B(n — 6m) + ZJ)

_ TiFG \/det G+ 2na/(F + ®)). (39)

Note that the rank |n| of the gauge field in the commutative description is replaced with

the non-integer ‘rank’ n —m6f > 0. In noncommutative geometry such an appearance of
non-integers is not surprising but very natural. Indeed this is equal to the dimension of
the projective module dim(E, ,,) = n — m#f. As we will show later, it appears naturally
in the processes of tachyon condensation. We also comment that the above formula is
correct for any choice of ®.

Finally we present an interpretation of the above results from the viewpoints of T-
duality 7" on the noncommutative side. It is derived by rewriting the action 7" in (34) in
terms of the open string variables in (36) [25, 32, 21],

~  b—al -~

Hzm, G = (n—mb)’G,,

S = (n—mh)G,, 2rd/® = (n—mh)*(2ra/® + ——J). 1
Gs = (n—mb)Gs, 21« (n —mb)*(2ma +n—m6’) (40)

The transformation for 6 is exactly the same as the Morita equivalence (22).

By the definition of the transformation (40), the map from the closed string variable
to the open string variable (36) and the action of the T-duality group on both (open
/closed ) sides (32) and (40) are compatible. Therefore the mass of a bound state Mgf;f)
in the last line of (39) can also be obtained by acting the transformation (40) on Mgf;f

in the open string variables

M ?n P rf) _ 1 ] n —mb

" ValG, VoG,

This shows that a (n, —m) D-brane on the noncommutative torus Ay is a single D2-brane

on Aj. This result is consistent with the previous arguments in the commutative (closed

string) side. Notice that the curvature F on the noncommutative torus Ay vanishes on
the corresponding single D2-brane on A due to the shift of ® in eq.(40).

The above arguments of T-duality can also be applied to non-BPS D-branes and

brane-antibrane systems in the same way. We will see later that this T-duality on the

Vdet(G +2ma(F+ @) . (41)

/(i)) —
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noncommutative side is more directly related to Morita equivalence in the arguments of
tachyon condensation.

3.3 Tachyon condensation on non-BPS D-branes

Let us discuss the tachyon condensation on non-BPS D-branes (see for example [6])
on the noncommutative torus Ag. The same arguments can be applied to the bosonic
string. Because any D2-D0 bound state of non-BPS D-branes can be transformed into a
D2-brane, we can begin with a non-BPS D2-brane. The relation between the variables in
open and closed string theories is the same as (36) and we continue to choose the value of
® as ® = — B to obtain the simplest expression. The solutions, however, do hold without
any modification for general values of ® with somewhat lengthy calculations.

On any non-BPS D-brane there exists!! a (real scalar) tachyon field T' and a gauge
field A,. As argued in [39] the effective action of a non-BPS D2-brane can be written as

V2
Va'Gy
where [V, T}, [V, F | denote the covariant derivative of the tachyon field 7" and the gauge

field strength F'; the symbol O([V,T],[V, F]) means those terms which include one or
more derivatives of T and F. As we will see below our exact arguments of tachyon

S

dtTr {V(T) Vdet(G + 2ra/(F + @) | + O(V,T], [V,F]),  (42)

condensation do not depend on the detailed form of the derivative terms. The factor V(T')
in front of the Born-Infeld term represents the tachyon potential. We normalized the value
of the tachyon potential such that its value before and after the tachyon condensation into
the vacuum are given by V(1) =1 and V' (0) = 0 following from Sen’ conjecture [7, 6].

We use here the open string variable and therefore all the fields on the brane are
regarded as the operators on the noncommutative torus Ay. On the non-BPS D-brane,
the tachyon and the gauge field belongs to the adjoint representation of the gauge group.
In the language of the noncommutative geometry they are expressed as elements in the
endomorphism End 40)E of the projective module E. Before the tachyon condensation,
the projective module should represent the original D2-brane itself £, = Ay. After the
tachyon condensation, it should be projected into a nontrivial projective module of Ay
which we investigate below.

We would like to solve the equation of motion of the tachyon field by imposing several
assumptions. Sufficient conditions are

ov(T)

—5p =0 [V.T]=0. (43)

The first equation is equivalent to the equation of motion if we take the large B limit
as discussed in [8, 9, 10]. The solutions to this equation are given by the projections in

Tn this paper we discuss the cases where the transverse scalars do not have expectation values.
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the noncommutative torus algebra 4y. The projections in Ay are classified by the values
of trace as in (17) and we write T = P,_,,9. Next we examine the second condition
[V, T] = 0. This is satisfied'? if we use the connection V; = P, _.0(0; + A;)Pry_mo- It
defines the projective module £ = P, _,,pF o and the endomorphism End 4, F is given by
Py o APy _mg. The projective module E' is twisted and its first Chern class (or cyclic
2-cocycle) is given by 79(P,_ng) = m as we explain in the appendix A.

Now let us turn to the equation of motion for the gauge field [V;, Fj;] = 0. It is
satisfied if the field strength is proportional to P,_,,¢. In a sense, P,_,.,9 can be regarded
as the identity in the algebra End4,£. The field strength which is proportional to the
projector should be regarded as constant curvature reviewed in the section 3.2.

One may prove that for any projection of type P,_,,s the projective module of the
form £ = P,_0E10 = P,_meAp has a constant curvature connection. As we saw in
the subsection 3.1, for every n,m one can construct a constant curvature connection
as the Heisenberg projective module. Because it is projective, it should be written as
E = Pn_mg./l(],v for a certain projection P,_,.g in M aty(Ag). Because any projection in
Maty(Ayp) for a given value of trace belongs to the same K-theory class [28], we can change
Pn_mg into any P,_,.9 € Ap via an unitary transformation. The transformed projective
module F = P,_,,0 A also possesses the induced constant curvature connection.

In this way we have found exact solutions of the equation of motion derived from (42).

1 m

T="P, g, F= Pomo J. (44)

2ra’ n — mb
Here we represents the fields as elements in the ‘large’ algebra Ay. In the small algebra

End 4, E, both T and A; are proportional to the identity. Unlike the Moyal plane case,
the small algebra is Morita equivalent to 4y and can be rewritten as

b— ab

End g E = Py_imoAgPrmo = Maty(Az), (= ———
nd, 0 A9 Prmy = Mata(Ag), (0 = —

s.t. ang —bmg = —1), (45)
where we have defined d = g.c.d.(n,m) and (n,m) = d(ng, mo).
We proceed to discuss what will be generated via the tachyon condensation (44). The

mass of this excitation can be evaluated by neglecting the derivative terms because of
V,T|=1[V,F] =0,

= @\/det (9 +2ma/(B+ F)), (46)
Vay,

120me can also satisfy [V,7T] = 0 if the connection acts only on the projective module E' = (1 —

Po_mg)E1,0. However a little analysis shows that this is not consistent with the descent relation [40]
and does not have a expected tension. Therefore we believe that this does not correspond to physical
solutions and neglect these in this paper.
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where the flux F' is given by (28). The factor v/2 is peculiar to non-BPS D-branes. The

above calculation can be done in the same way as in (39). The dimension of the projective

module naturally appears here as the trace of the projection. It is interesting that the

tachyon condensation on unstable D-brane systems gives an explicit physical realization

of the mathematically fundamental relation between projective modules and projections.
If we assume g;; = R26Zj to make discussion clearer, the mass reduces to

V2
Vay,

It explicitly shows that the resulting state is a bound state of n non-BPS D2-branes and

M(n’m) = \/n2R2 + (n/@ — m)2. (47)

(—m) non-BPS DO0-branes. We comment that our arguments of tachyon condensation
naturally derive the fact that —m or n can be negative which is consistent with the result
in the previous subsection'®. In this way we obtain all kinds of D2-D0 bound states via
tachyon condensation and thus our results are consistent with T-duality.

If we take the large B/g limit, the mass spectrum is proportional to dim(E) = n—mé
as can be seen from (47) and it is dense in R. This means that there exists a excitation of
which energy is arbitrary small. In [14] we investigated the tachyon condensation in this
limit and suggested that it leads to the instability. It means that any projection P,_,.¢
can be divided into infinite numbers of mutually orthogonal smaller projections while
the total value of the trace is preserved. This was proved by investigating an explicit
representation of projections.

The argument can be simplified as follows. We start from a projection P,_,,¢ in Ajg.
It can be regarded as the identity in the small algebra Mat,(A;) = Py—moAgPr—mo. One
can find another projection @) in the small algebra. The original projection is decomposed
into two mutually orthogonal projections,

Pn—m@ - (]- - Q)Pn—me + Q-Pn—me‘ (48)

One may continue this operation repeatedly to give the infinitely small mutually orthog-
onal projector.

We would like to claim that such instability does not appear for finite B/g. As
can easily be seen from the mass formula (47), the bound state can be divided into
d = g.c.d (n,m) pieces but is not divided further. It means the instability cannot appear.
We may interpret it from our exact tachyon solution. The key point is the requirement of
the constant field strength in (44) which is absent in large B/g limit. It is permitted to
be divided into only d mutually orthogonal parts, even though the tachyon field in (44)

130ne may ask the physical interpretation for the negative n. Assume that n is negative and thus —m
is positive. Since DO-branes with B-field on a torus generate (non-BPS) D2-brane, we can say that the
negative n means the annihilation of these induced non-BPS D2-branes with the |n| non-BPS D2-branes.
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can be divided into infinitely many pieces. We conclude that for finite B/g the bound
states are all stable if g.c.d (n,m) = 1.

The corresponding projective module E,, ,, = P,_n91 o can be written as a direct sum
of d projective modules of the same type as we saw in section 3.1. As shown in [41] (see also
[21]), the moduli space of constant curvature connection is given by the symmetric product
of d copies of a two-torus (T?)?/S,. This is actually the same as the physical moduli space
of the solutions of (42) up to gauge transformation. The freedom of unitary transformation
of the tachyon field is absorbed in the gauge transformation 7" — UTU*, U € Ay and
what remains is only the moduli space of constant curvature connection for the projective
module £, ,,, = P,,_m9F1 0. We note that this is consistent with the physical intuition. The
moduli space of a bound state for coprime (n, m) parameterizes the transverse coordinate
for a DO-brane, namely T?2. It is then obvious that the moduli space of the bound states
of d DO-branes should be (T?)?/S,.

The fluctuations of the gauge and tachyon fields around the solution (44) belong to
Matq(Az). This is physically interpreted as the gauge group on the brane is U(d).

Up to now we concentrate on the tachyon condensation from a single D2-brane. We
may, of course, start from plural or even infinitely many D2-branes. In such situation, we
can obtain arbitrary projective modules E,, ,,, from the projection in Mat.,(Ayp).

It is also important to note the relation between tachyon condensation on the above
noncommutative torus and that on the non-compact flat plane (Moyal plane). The exact
solution for the latter [20] can be rewritten in our convention as flows,

.1
T=R. F=gRJ (€220 (49)

where the noncommutativity © is defined as [z', 2% = i©. The level-l projection P in
the Moyal plane algebra is given by 22;10 |k) (k| and it corresponds to the generation of
[ DO-branes. To obtain such situation from the torus, we need to take the large radius
limit or equivalently the small 6 limit. In such a situation, the value of n is restricted to
0 or 1 which is consistent with the result (49). We note that in this limit one cannot take
B/g — oo limit and thus the instability does not occur.

Solution generating technique and Morita equivalence

We have seen the exact description of tachyon condensation is characterized by the
constant curvature connection. It is interesting to ask what is the solution generating
method which relates various solutions. In the Moyal plane, the exact solutions for tachyon
condensation were constructed in [20] by using the shift operator S = Y |n + 1)(n|.
We would like to find the analogous transformation on the two-torus Ag.

In this case we have to be careful since the corresponding operator in general interplotes
the different C*-algebras. Namely after the tachyon condensation the original free module
E,y = Ay (a D2-brane) is changed into the twisted projective module E, ,, (a D2-D0
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bound state). As we have seen in section 2, the transformation between these two solutions
should be identified with the Morita equivalence bimodule S. It depends on the integers
n, m and satisfies

En,m =S5 ®.A9 El,O- (5())

This maps the endomorphism End4, E1 o = Ap into End 4, E,, ,, = Maty(Aj). Physically
this induces the transformation of the world-volume field theories and this gives an explicit
realization of the descent relation [40].

In order to describe the exact solution, the projective module E, ,, should have the
constant curvature. In other words, we have to impose on the Morita equivalence Az-Ay
bimodule that S should keep this additional constraint. Actually it just fits the definition
of the gauge Morita equivalence bimodule discussed in [21, 25]. We claim that this is the
analogue of the shift operator on the noncommutative torus.

We mention that the T-duality transformation can also be represented by the gauge
Morita equivalence bimodules as argued in [25, 32, 21]. On a noncommutative torus .4y
there is a one-to-one correspondence between Ag-modules and the solutions found in (44).
They correspond to the projective module E,, ,, and take their values in End 4, E), ,,,. If we
perform T-duality so that the (n,—m) brane is transformed into d D2-branes (or equally
applying the Morita equivalence Ay ~ Aj), the projective module E,, ., is changed into
the free module Ed,o in the algebra Aj;. Such T-duality transformation can be constructed
by Ag-A; gauge Morita equivalence bimodule X

Ed,o - En,m ®.Ag X . (51)

The endomorphism End 4, £, = End 4, Ed,o acts on Ed,o from the left in (51). Especially,
the solution T' = 1 € Endy,E,,, is the identity in End AéEd,o- On the other hand,
F = m_J ¢ Endy,FE,,, is translated to 0 € EndAéEd’O, because Eg is the free

2ra’ n—mé

module over A;. The difference between the values of the constant curvatures comes
from the constant curvature of X. This is equivalent to the shift of the field ® by T-
duality as in (40). These imply that for general noncommutative algebras the exact
solution for tachyon condensation can be generated in the same way if there exist gauge
Morita equivalence bimodules.

3.4 Tachyon condensation on brane-antibrane systems

Brane-antibrane systems are more complicated and intriguing than non-BPS D-branes
from the viewpoint not only of string theory but also of the noncommutative geometry.
The crucial difference from non-BPS D-branes is that the tachyon field becomes complex
and belongs to a Morita equivalence A-B bimodule (we write this as X), where .4 and
B are the algebras of the brane and the antibrane as we discussed in section 2. If we
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define F and F' as the projective modules which represent the brane and the antibrane,
respectively and define A® as the noncommutative base space, the algebras A, B is given
by A = End 40 F, B = End 40 F. Remember that a Morita equivalence bimodule X is
defined by the bimodule which possesses two types of inner product (, )4, (, )sand
satisfies the conditions (3,4,5).

As in the previous subsection we use the example of noncommutative two-tori and
consider only D2-D0 bound states. We assume the original brane-antibrane system is
made of a (ny, —my) brane and a (ny, —mg) antibrane. For simplicity we consider only
the case where the pairs of integers (ni, —m;) and (ns, —ms) are coprime. A pair of
integers (n, —m) denote the indices of D2-D0 bound state or equivalently of those the
corresponding projective module £, ,,,. Note that if one specifies (n, m) such that n—m#@ >
0, then there are two types of D-branes, that is, branes and antibrane. In our examples
of the noncommutative torus the fundamental algebra A© is given by A©® = Ay, where
0 is represented in terms of closed string variables as in (36). The algebras A and B are

given by
by — a0
A = ./491, 91 = i, ((11711 — b1m1 = —1)
ny — m19
b2 — CLQQ
B = AGQ, ‘92 = m, (CLQTLQ - bgmg = —1) (52)

The tachyon field 7" belongs to a Ay, —Ap, bimodule. There are also the gauge fields on
the brane and the antibrane. We denote these as A and A®). These fields belong to
A = Ay, and B = Ay,, respectively. The covariant derivative of the tachyon field is given
by the connection for a bimodule X (see for example [25, 21]) specified by the requirement

VX(CLT) = (5A(CL)T +aVxT (VCL S A),
Vi (Th) = (VxT)b+ Tos(b) (Vb€ B), (53)

where 0 4 and dg denote the derivation in A and B, respectively. We also use the covariant
derivative of field strengths F'") and F®. Each of them is given by the commutator with
a connection for the algebra A or B as in the previous subsection.

Now we have prepared to discuss the tachyon condensation on noncommutative tori.
The effective action for a D2—D2 with two gauge fluxes was already computed in [24]
using the boundary string field theory [42, 43, 44]. Applying this to our system on a
noncommutative torus the result is given by

S = O},Gs / dtTr 4 {V (T, T).4) \/ det(G + 2ma/(FO) + @))}
+ ozl/Gs /dtTrB {V (T, T)p) \/det(G +2na/(FO + CD))}
+ O(VXT, [VA,F(D]’ [VB’ F(?)])7 (54>
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where O(VxT,- - -) denotes the derivative terms. We defined the traces for A and B by
embedding these algebras in Maty(A) for a sufficient large integer N. These satisfy
the following relation [28, 29]

TI'A<T1,T2> = TI'B<T2,T1>, (55)

and are normalized by Try q, a0yl = N.

We would like to solve the equation of motion for the action (54). Below we give
solutions by imposing ansatz similar to the previous subsection. We assume the existence
of the partial isometry-like equation [30, 20, 19] for the tachyon field (11)

(T,TYAT =T, T(T,T)z=T. (56)

Note that these two equations are equivalent thanks to the relation (5). The solu-
tions to this equation give the stationary points of the tachyon potential V ((T',T)4)
and V ((I',T)g). To make exact solutions for finite B/g, we should take account of the
gauge fields. It is easy to see the equation of motions for the tachyon T" and gauge fields
(AM - A®)) are satisfied if we require (56) and

VT =0, (57)
[Va, FY) =0, [Vg F?] =0, (58)

are satisfied. Since (56) is equivalent to the statement that (7,7)4 € A and (T, T)s € B
are both projections as explained in section 2, we can write these as follows

<T,T>A:1—Pa+391(El—P1>, <T,T>B:1—PW+592(51—P2). (59)
Using the relation (55) we obtain the constraint,
ni(l—a)=bif=ns(l —7) —bd, mi(l—a)—af=my(l—7)—a. (60)

They determine v and ¢ in terms of a and 3. The tachyon field which condensates as in
(59) belongs to the bimodule (1 — P;) - X - (1 — P). For this tachyon field the potential
is evaluated as

VT, T)a) = Patpor, VT, T)s) = Pyis0,- (61)

This is because we use the convention that the original brane-antibrane system corre-
sponds to 7" = 0 and that the vanishing of brane and antibrane corresponds to (T, T) 4 = 1
and (T, T) = 1, respectively.

!4Notice that this is the opposite convention to the tachyon potential of non-BPS D-branes in section
3.3.
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Let us turn to the next equation (57). This is satisfied if the gauge fields belong to
AV e P AP, A® ¢ P,BP,. (62)

The last equation (58) is solved if we assume that both of the gauge fields have constant
curvatures

. 1 Bay + mi«
Y = 1€ PAP
2ma/ nio + blﬂ — (ﬂ&l + mla)9 1A b
, 1 B
P = G2 + Moy 1 € P,BP,. (63)

2ma/ na7y + b26 - (5@2 + mgv)ﬁ

It finishes our calculation of the physical solutions of the tachyon condensation. Our
result does not depend on the detailed form of the derivative term because of (57,58).
We evaluate mass spectrum of these classical solutions,

1 A
M = Tra | Paypo, \/ det(G + 2ma/(F() 4 @ ]
\/&Gs Ta |i +56 \/ ( 7TO[( ))

1
o'Gy

Trp {Pwﬂggg \/det(G + 21 (F?) + CIJ))}

[V | Va|
= det(g + 27/ (B + FV)) + ———4/det(g + 2na/(B + F?)). (64
ey ety 2 (B o+ FO)) =2y fdet(g + 2ma (B + FC).  (64)

We have defined the fluxes as follows

J M1 J M2
FO=_ 1 p@=-_= -2 65
2ol Ny’ 2ol Ny’ (65)
where integers My, N1, M, and Ny are given by
Ny =any + Bby, M = Bay +am,
N2 = YNa + (562, Mg = (5(12 + Yma. (66)

We find that the products of the tachyon condensation are identified with a (N, —M;)
brane and a (N, —M;) anti-brane. If these integers are not coprime, each bound state
can be divided into several parts as before. Note that what are produced after the tachyon
condensation depend on the projections (61). The original brane-antibrane system cor-
responds to « =y =1, =06 = 0. If one assumes that the dimension of the projective
module F is larger than that of F', then the tachyon field v = 0,0 = 0 gives the maximal
condensation and this will produce a (n; — ng, —mq +my) brane. In the opposite case the
tachyon field o = 0, § = 0 will generate a (ny — ny, —msy + m;) anti-brane.

For general decay modes the differences of the D2-brane charge (N; — N3) and the
DO0-brane charge (My — M) are preserved as follows

Nl—NQZ’n,l—?’LQ, MQ—Mlzmg—ml. (67)
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The charge conservation can also be discussed in the framework of operator algebra
Ko-group Ko(Ag). If one would like to consider the Ky-group of noncommutative torus,
the Chern character [34] gives enough information [29]. In the brane-antibrane system
which corresponds to the pair of projective modules (E, F') € Ky(Ay) the K-theory charge
is given by the difference

ch(E) — ch(F) = Tryexp(2ra’FY) — Trgexp(2ra’ F®)
= (ny — m1f — ny + maf) + (my — my)da*da?, (68)

where dz'dz? is the two form along the two-torus. It is known that the RR-couplings on
a brane-antibrane system can be written by using K°-type superconnection [22, 23, 24].
Applying this idea to our examples we obtain the following RR-couplings

Spr ~ / Crr A [TrAv (T, T) ) exp(2na/ FD) — TegV (T, T) ) exp(2m'ﬁ<2>)] . (69)

Note that in our noncommutative description the derivative of tachyon field is always
zero and does not contribute. Also notice that the potential in the above can be regarded
as the identities in the algebras of gauge fields End4, £ and Endy4, F' because of (61).
Thus the conservation of RR-charge (67) is equal to that of operator algebra K-theory
charge and therefore this gives a further support to the relation between D-brane charge
and K-theory [4, 5, 13]. The intriguing characteristic that the above ‘noncommutative
Chern character’” depends on 6 will correspond to the physical fact that DO-branes in the
B-field background generate D2-brane charge [45]. Therefore it will also be interesting to
clarify the relation between the RR-couplings for non-abelian transverse scalars [35, 24]
and the above RR-couplings on various noncommutative tori [45] (see also [46] for the
Moyal plane).

4 Conclusions

We first discussed the open string theory in general noncommutative background. We
considered a general framework to handle open strings and D-branes in a unified way by
utilizing the Morita equivalence. In particular we proposed the equation which defines
noncommutative solitons on general brane-antibrane systems.

From this viewpoint we have examined the exact solutions on noncommutative tori
in tachyonic systems. For non-BPS branes the solutions are given by the tachyon field
which is proportional to the projection and the gauge field with a constant curvature. This
respects the one-to-one correspondence between a projection and a projective module. We
have also shown that these solutions can be generated by employing the (gauge) Morita
equivalence. Our exact description of tachyon condensation including the gauge field
solves for finite B/g the previously observed instability problem.
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More complicated and thus more intriguing examples are brane-antibrane systems.
In this case the tachyon field belongs to the Morita equivalence bimodule and we can
impose the partial isometry-like relation instead of the equation of motion. We can
construct the exact solutions and determine the decay products. We find the RR-charges
of brane-antibrane systems can be represented by the superconnection-like extension of
the Connes’s Chern character and check that these charges conserved in the process of
tachyon condensation. This also verifies the fact that the D-brane charge is classified by
the operator algebra K-theory.

Note added: After completing our calculations, we noticed the preprint [47] on the net
which has some overlaps with our results in section 3.3.
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A Powers-Rieffel Projections and Cyclic Cocyles

Here we give a review of Powers-Rieffel projections [28] on two dimensional noncom-
mutative tori and of the calculations of their topological charges [34, 3]. We also mention
some other projections constructed in [14].

First let us consider projections in any C*-algebra A and assume that there exist a
trace Tr : A — C and derivations 0; : A — A such that 6;(ab) = 0;(a)b + ad;(b). We also
normalize the trace as Tr(1) = 1. The index 7 corresponds to the basis of the derivations'®.
A projection p € A is defined to be a self-adjoint idempotent p* = p = p?. The Connes’s
Chern Character is defined as the exponential of the curvature ' € End4F of projective

module F [34]:

F =1
h(E) =T =N 2 (FLF. -, F). 1
C ( ) reXp(Q’]‘(i) kz:;k' 7—2k( s Ly y ) ( )
The each term 7o (F, F, - - -, F') of the above expansion represents the contribution which

is proportional to F*. Note that 7y is equal to the trace of identity and it gives the
dimension dim(FE) of the projective module.

5More precisely, the derivation is defined as an action of a Lie group G on the algebra A [34]. Then
the basis of the derivation can be said as those of the Lie algebra.
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Since any projective module E is described as P+ A" using a projection P in Maty(A)
for a sufficiently large integer IV, one can rewrite the curvature in terms of the projection.
More explicitly one can choose a connection of £ as V; = P -§; - P [34, 21]. Note that
the topological quantity such as the Chern character does not depend on the choice of
the connection. Then the curvature F' € End 4 F is expressed as

F,j = [Po;P, P§;P] = P(6;P)(0;P) — P(6,P)(6;P) + P(6;6; — 9,0;) P. (2)

Because the trace in End4F = P - Maty(A) - P is naturally induced from the trace in
Maty(A) normalized as Tr(1) = N, one can always calculate the Chern character (1) if
the projection P is given. Thus we write the 2k-th part by 79, (P). This can be regarded
as the cyclic 2k-cocycle where the projections are substituted.

For example, the cyclic O-cocycle is given by

70(P) = Te(P) = dim(E). (3)

Now let us investigate the explicit examples of cyclic cocycles. First we consider a
flat two dimensional plane (Moyal plane) algebra. We employ the operator representation

and define the noncommutative coordinate (z',z?) as [z',2?] = i©. Further we define
. . . . 1 . 1 .
the creation and annihilation operator af = T (et —iz?) and @ = —5(2! + i2?) such

that they satisfy [a,a'] = 1. Using this one can define the basis of the Hilbert space

as the familiar n-number state |n) = ﬁ(cﬂ)”\O). Then the algebra is expanded by

In)(m| (n,m >0). Let us consider the projection P, = >_7~} |k)(k| for a finite integer
n. The trace of this operator is given by Tr(P,) = 270 - n, where we have normalized the
trace so that it is equal to the integration [ dx'dxz? in the c-function representation. Now
it is straightforward to calculate m(P,) since the derivations 4,0, along the coordinate
xt, 2% are given by

oo L
= — =—— . 4
01 @[33,], 02 @[QS,] ()
Thus we obtain the result as follows
1
(P, = Tr [P,[a, P, P] — Pula, B,][a", )]
210
1
= 5o [P, + P.a'P,aP, — P,aP,a'P,]
= n. (5)

Therefore the value of 75(F,) is quantized and is positive. Note that this value is equal to
the first Chern class of the projective module and therefore should be quantized. Then
one may ask if one can obtain negative integers ? The answer is yes and one can construct
the corresponding projection as 1 — P,. In this case we obtain the value 75(1— P,) = —n.
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After this elementary example, let us turn to the two dimensional noncommutative
torus Ay. We assume 60 is irrational because for rational 6 there are finite dimensional
representations of the algebra and the calculations are simplified (see also [17, 14, 16, 18]).

As we have mentioned in section 3.1, the projections in Ay are generally characterized
by their values of trace as in eq.(17). The explicit construction of projections (Powers-
Rieffel projection) was given in [28] and let us review this below.

Because U; and U, do not commute (U,Uy = UsUpe*™), we can diagonalize only Us
2miz?

and define c-number z? as Uy = €2™@". Thus we obtain the following (infinite dimensional)

representation of Ay

Urla®) = |2* +0), (6)
Uslz®) = ™" |a). (7)

Then the trace of an element a € Ay is given by

1
Tr(a) = / dz®(x?|a|z?). (8)
0
In order to find explicit projections P we assume the following form
P=U; (9(Uz)" + f(Us) + g(Ua)Un. 9)

As we will see below, one can construct a projection for each n,m even under this re-
striction. Acting on the position space |z?), we require P?|z?) = P|z?). This defines a
projection in Ay if and only if f and g satisfy the following relations

9(627”'962)9(62#1'(124-9)) =0 ’
g( )L = f(&7) = f(eEmEI)] =0,
miz? X i (x
FET 1= F(@™0)] = |g(e™ ) + g(e™ )7 (10)
Explicit forms of f, g which satisfy these relations are given as follows. Choose any

small € > 0 such that e < 6 and 6 + € < 1, and let F(2?) = f(e*™*") for one period be
given in the range 22 € [0, 1] by

x2/e .CE2€[0,6]
o )1 22 € [¢, 0]
P = 1—(2*—0)/e ?elf,0+¢ (1
0 z? € [0 +¢1]

Then define g for one period by

orist) _ {¢F<x2><1 —F@?)  2*€[0.d,

0 z? € [e, 1] .

gle (12)
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It is easy to see that the functions f and g, defined as the periodic extensions of the
above, satisfy the relation (10). It can be easily shown that

1 1
Tr P :/ da?® < 2*|P|a? >:/ dr’F(x?) =0 . (13)
0 0
Thus the projection P now constructed corresponds to Fp.

Now how about more general projections P,_,,9 7 Such general projections can be con-
structed by slightly modifying the above constructed Py as follows. The general projection
P, _,.o can be regarded as the projection Py in the algebra Ay if we define #/ =n — mé.
It is easy to see that the algebra Ay can be embedded in Ay by replacing (Uy, Us) with
(i) (U, Ud") or (ii) (U™, Usy). Since one can construct the projection Py in the previous
way, we obtain the projection P,_,,» in Ay as desired.

In the first choice (i), the projection is described by functions f and g with period
1/|m| and the width of each lump of the function f is given by (n — m#)/|m|. This
preserves the form (9) and is called Powers-Rieffel projection [28]. On the other hand, in
the second choice (ii) the requirement for being a projection is given by the equation (10)
with 6 replaced by mf and this is not included in the form (9). Then the width of the
lump is enlarged to n — mf. This construction was given in [14] and used in the proof
that any projection can be divided into infinite numbers of mutually orthogonal smaller
projections, where the total value of trace is preserved. Note also that in either case, the
total area occupied by the lump is 0 < n —m# < 1.

Next we turn to the calculation of cyclic 2-cocyle mo(P). Define the derivations d;, 0o
along the two directions of the two dimensional torus as follows

5jUk == 27T7;(Sijk, (14)
where ¢;; is the ordinary Kronecker’s delta. Equivalently, one can express the derivations

as follows by using the noncommutative coordinate (z', %) defined by Uy = €2 U, =
2mix?
e2mie”,

61 = —i—[2% ], &y =i—[z', ] (15)

From these we can see that d; and d, do commute. Then the cyclic 2-cocyle is defined
by

T(a,b,c) = %Tr [a 61(b)d2(c) — a d9(b)d1(c)]. (16)
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If we substitute a = b = ¢ = Fp, then we get [34]

TQ(P@)
= —(4mi)Te[f/(U2)(g(U2))? — f(Ua)g'(Uz)g(Uz)Us
+ULf(U2)Us g (Ua) g(Ua)Us — (g(Us))2Uy f'(U2) U U]
— / A2 (F(? +0) — F(22)—(g(a2)?) + 2 /0 dr - (22 +0) — F(2*))(9(a*)?)

0 dx? dx?

— —6/0 dl‘2df(x2) (g(x2)2)

dx?

1
= —6/ dt (t—t*) = —1. (17)
0
It is also possible to generalize the result for the projections P,_,,s and we obtain
T2(Pn—m9) =m. (18)

In order to see this one has only to note that for the description (i) the evaluation of 7,
is equal to counting of the number of lumps with sign and also that for the description
(ii) the factor m is due to the derivation of U". Indeed this value of 7, is the same as
that computed from the previously discussed projective modules E,, ,, (0 <n—mb < 1)
which possess the constant curvature F' = 2221 ¢ End 4, E,, as follows

7 (F) = %mTr(F) =m. (19)

Finally let us discuss the relation between the results in the Moyal plane and those
in noncommutative torus. Since the radius of the torus is scaled in proportion to %, the
noncommutative torus will approaches the Moyal plane in the limit § — 0. In this limit
the value of integers n, m which satisfy 0 < n —mf < 1 is restricted ton =0 or n = 1.
Thus we obtain the projection P9 and P;_,,s. This is consistent with the previous result
that in the Moyal plane algebra the projection is given by P,, or 1 — P,, up to unitary

equivalence.
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Abstract

We construct the exact noncommutative solutions on tori. This gives an ex-
act description of tachyon condensation on bosonic D-branes, non-BPS D-branes
and brane-antibrane systems. We obtain various bound states of D-branes after
the tachyon condensation. Our results show that these solutions can be generated
by applying the gauge Morita equivalence between the constant curvature projec-
tive modules. We argue that there is a general framework of the noncommutative
geometry based on the notion of Morita equivalence which underlies this specific
example.



1 Introduction

D-branes have been playing the most prominent role in recent developments of string
theory. This is not only because they are the non-perturbative objects but also because
they possess many interesting characteristics which require mathematically distinguished
descriptions. It is very interesting to try to prove that these various viewpoints are
mutually consistent. Such an effort often gives profound relationships between physics
and mathematics.

One of such examples is the quantum field theory on the noncommutative space arising
from open string theory in B field background [1, 2]. In the commutative case, the space
of functions gives the basis of the quantum field theory, for example, through the mode
expansion. In the noncommutative space they are replaced by the noncommutative C*-
algebra A which is at the heart of the principle of the noncommutative geometry (see for
example [3]). In this paper we are mainly interested in the description of D-branes with
the direct use of such principle.

In the commutative approach, the soliton charges of the D-branes are derived from
the topological K-group [4, 5]. It is based on the observation that there are always the
massless gauge particles which define the vector bundle on the D-branes. We need to take
the formal difference of vector bundles to describe the brane-antibrane pair annihilation
process [6, 7].

In noncommutative geometry, the topological information of the ‘manifold’ is given by
the operator algebra version of the K-group K (.A). For example in Connes’ index theorem
3], the topological index is give by the pairing of the element of K-group with that of the
cyclic cohomology group of A. We note that Ky(.A) is defined by an equivalence class of
projection operators in Mat.(.A), the infinite dimensional matrix algebra with elements
in A.

From physical viewpoints, it is natural to conjecture that topological properties of
D-branes are described by the operator algebra K-group. It should be described through
the solitonic configurations which are proportional to projection operators. Remarkably
such configurations indeed appear as classical solutions (GMS soliton) in the scalar field
theory on the noncommutative plane (Moyal plane) in the large noncommutativity limit
[8]. This idea was immediately applied to the string theory in the tachyon condensation
process [7, 6], e.g. bosonic D-branes, non-BPS D-branes and brane-antibrane systems
9, 10]. If we use nontrivial GMS soliton, the lower dimensional D-branes are generated.
As pointed out in [11, 12] it can be seen as the noncommutative generalization [13] of the
correspondence between D-brane charges and K-theory [4, 5].

In this way the unstable systems of D-branes seem to give a good example for the
application of the geometrical methods of the noncommutative geometry to the string
theory. There are two directions to proceed. One is to challenge noncommutative spaces



with more complicated and richer structures. The simplest nontrivial example is the non-
commutative torus. This example is interesting from physical side since we expect to have
analogue of T-duality symmetry in the form of Morita equivalence. It was investigated in
[14, 15] by using Powers-Rieffel projection. Unlike the Moyal plane, we observed a sort
of instability [14]. It comes from the fact that we may construct the noncommutative
soliton with arbitrary small size. Mathematically it is related to the fact that K-group
of noncommutative tori is not quantized in Z but takes its value in R. It remained as a
puzzle whether it is natural to interpret the continuous value as the D-brane charge. Later
a different construction of the soliton configuration on the torus and on the orbifold was
discussed in [16]. Among other things, a remarkable suggestion is to use Morita equiva-
lence bimodule in the construction of the noncommutative soliton. Similar construction
of the projection operator on tori was also discussed in [17] and [18]. For fuzzy sphere,
GMS-like solitons were discussed in [19].

The other direction is to take the gauge field into account and to construct the exact
solution without taking the large B limit. It was pioneered in [20] when the base space is
Moyal plane. Certain constraint on the coupling of field strength and tachyon field should
be satisfied in order to have such property.

In the present paper we continue to study the noncommutative soliton on the two-
torus. We have mentioned two motivations, (1) how to resolve instability of the spectrum
and (2) the construction of exact solution. The use of Morita equivalence initiated in [16]
gives another motivation. For the nontrivial examples such as tori, we can not directly
construct the analogue of the shift operator. In this sense, we can not escape from using
more abstract Morita equivalence bimodule directly to construct the noncommutative
soliton. (A nice review of Morita equivalence for noncommutative torus is given by [21]).
Once we know how to use it, one may apply the method to other examples as well, namely
in the generic examples of the open string systems interpolating D-branes [2, 13]. We argue
that the Morita equivalence gives a natural generalization of the notion of the brane-
antibrane systems and leads to the description which is similar to the superconnection [5,
22,23, 24]. Inspired by this fact we propose an equation which defines the noncommutative
solitons on brane-antibrane systems in the generalized sense.

As we will see, we can obtain the exact solutions of the tachyon condensation on
the two-torus by employing the constant curvature connections. In the noncommutative
torus, the constant curvature connection parameterizes the equivalence class of the whole
projective modules (analogue of vector bundle). As a result we obtain various D2-D0
bound states after the tachyon condensation on a non-BPS D2-brane. We also find that
the gauge Morita equivalence [25, 21] (bimodule between constant curvature connection)
plays the crucial role of generating solutions. In fact one can construct exact solutions for
any C*-algebras if there exist the gauge Morita equivalence bimodules. Furthermore this
exact analysis explicitly shows that for finite B/g the above mentioned instability does



not occur.

The paper is organized as follows. In section 2, we discuss tachyon condensation on
generic noncommutative spaces. After we review the Morita equivalence, we construct
the projection operator of the brane-antibrane systems in the generalized sense. We
see that the structure of superconnection [26] naturally appears as the linking algebra
in the framework of C*-algebra. In section 3 we discuss the tachyon condensation on
a noncommutative two-torus. We construct the exact solutions for bosonic D-branes,
non-BPS branes and brane-antibrane systems in terms of flat curvature connection. We
also discuss the solution generating rule for this examples by using the gauge Morita
equivalence. This section also includes a review of some mathematical results on the
projective modules. In section 4 we summarize the conclusions. In the appendix A we
give a review of the explicit example of projections in noncommutative tori and we also
show the calculations of their topological charges.

2 DMorita equivalence and noncommutative soliton:
A General Strategy

We start from discussing relatively formal viewpoint which will be useful in the later
sections. While our main result is restricted to the noncommutative solitons on noncom-
mutative tori in section 3, we think that our method can be basically applied to the other
open string systems such as Dp — Dp’ as well.

Let us first recall the definition of the noncommutative solitons [8]. They are the
solutions to the equation of motion,

OV (+9)
d¢

Here x is the (noncommutative) product of the given C*-algebra A which defines the

= 0. (1)

noncommutative geometry on the single D-brane. It is solved in the following form,

¢x) =D NP, MeER, P eA”, (2)

where \;s are the solutions to the equation OV(A)/ON = 0 and P,’s are the mutually
orthogonal projections P; - P; = 0;;F;, P = P,. In this sense, the construction of non-
commutative solitons is reduced to find the projection operators .

In the mathematical context, the classification of the projection operator is directly

related to the definition of the Ky-group of the operator algebra K-theory. This is related

f the number of the D-branes is greater than one (say N), we need to consider the projector in the
matrix algebra Maty(A).



to the fact that the noncommutative analogue of the vector bundle is described by the
projective module of given C*-algebra A. Let us briefly illustrate the correspondence by
using the relationship with the commutative theory.

Let M be a smooth manifold (base space) and E be a vector bundle over M. In the
context of the topological K-theory, it is known that the isomorphism class of E is an
element of K°-group?. By Swan’s theorem, for any E there exists vector bundle F such
that E @ F is a trivial bundle over M. Let C*°(M) be the smooth function on M. The
trivial bundle can be written as (C°°(M))" with some N € N. Therefore, any vector
bundle over M can be obtained by acting P on (C°°(M))Y, where P is a projection in
Matyn(C°(M))3. The module which is constructed by applying the projection operator
to the free module is called projective module.

This characterization of the vector bundle can be generalized to noncommutative the-
ory. A noncommutative algebra A replaces C=(M) for ‘noncommutative space’. The
free module (A®)Y corresponds to the rank N trivial bundle on commutative space. Pro-
jective module E is defined as A(®)-module such that there exists the other .A®)-module F
with E@ F = (A®)Y. Thus the noncommutative analogue of a vector bundle is the pro-
jective module E = P(A®)Y which is defined by a projection operator P € Maty(A©).
In this sense, D-branes on noncommutative spaces are described by the projective mod-
ules, and the operator algebra Ky-group classifies the D-branes on the noncommutative
space [13, 11, 12].

Let us come back to the issue of the construction of the projection operator. We would
like to use the Morita equivalence bimodule as the abstract building block to construct
noncommutative soliton.

Morita equivalence is one of the central idea of the classification of C*-algebra. From
the mathematical viewpoint, it is essential to determine when two C*-algebras A, B define
the same type of noncommutative geometry. In the noncommutative geometry, the idea
of points is replaced by the set of ideals of C*-algebra. It is then known that two C*-
algebras A, B have the same set of ideals if there are A-B Morita equivalence bimodule
AXp (for example see [27]). It is defined as a bimodule on which A (resp. B) acts from
the left (resp. right) with two types of inner products (, ), (, )g of 4 X with value in
A and B, respectively with the following conditions

<ax7y>«4:a<x7y>¢4 ) <xay>f4: <yax>A ) acA 5
<xayb>3 - <J},y>3b ) <x7y>;3 - <y,x>3 ) bebB ) (3>
(xb,yy 4 = (x,yb*) 4 , (az,y)p = (x,a"y)p . (4)

2In general, the formal difference of the isomorphism class of vector bundles over M is the element of
K°.
3We define the algebra Matx(A) as the N times N matrix algebra with elements in A.
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The most important property which should be satisfied by them is the associativity

<x7y>¢42 = x<y72>37 T,Y,z € AXB' (5>

Two C*-algebras A and B which have such a Morita equivalence bimodule 4 Xz is called
Morita equivalent.

In the string theory, there is a natural interpretation of such equivalence relation.
It is well-known that the noncommutativity arises in the string theory on the D-branes
connected by the open string in the presence of B field. On the two ends of open string, we
have two D-branes and generally two different types of noncommutative geometry defined
on them. Suppose they are defined by the C*-algebras A, B *. Under such circumstances,
it is natural to conjecture (for example, see [2, 13]),

e The bimodule naturally interpreted as the open string field ¥ where A (resp. B)
acts from the left (resp. right).

e Two inner products are identified the product of open string fields. We have two
type of inner product because we have two choices (which side of the open string)
for the contraction.

e The associativity of the product corresponds to that of the product of the open
strings.

Although the actual justification of these statements is far from being obvious at this
stage, it gives a nice intuition to the otherwise abstract nature of Morita equivalence.

In the following, we use the Morita equivalence bimodule to define the projection
operator (= noncommutative soliton). In an abstract language, it can be described as
follows [28, 29, 27, 16]. In the very definition of the Morita equivalence, we actually
need to impose that the inner product ( , )45 maps 4Xp into a dense set of the A, B
respectively. Namely for any operator a € A, there should be a finite set z;, y; € 4 Xz such
that @ = > (@i, y;) 4. Suppose A has identity as its element and take 1 = Zf\;l@;i, Yi) A-
From z;, y; one may define the projection operator in Maty(B) as P = (y;, x;)5 since

Z<y¢,$j>8<?/j,$k>8 = Z(%Jj(%‘ﬁk)ﬁ)ﬁ = (i, Z<xjayj>Axk>B = (Yi, 1) - (6)
J J J
Unlike the original GMS soliton where the projection operator defines the lower dimen-

sional D-branes, it seems rather hard to identify the nature of the projected space. How-
ever, from the mathematical side, A can be embedded into Maty(B), as

A~ P-Maty(B)-P . (7)

4More precisely, let A(® be the algebra corresponding to the noncommutative base space, and let E,
(resp. Eps) be the projective A(®-module (D-brane) related to A (resp. B), then A = End 4 E, and
B =End 40 Es. Let a € A9, A € EndyoE and ¢ € E. End 4 E means (a-§)A = a(¢ - A). This is
the natural noncommutative generalization of the definition of endomorphisms for vector bundles.



Suppose A (resp. B) describes the noncommutative geometry on D-brane a (resp. ().
Then a physical interpretation of above identity is that a can appear as the noncommuta-
tive soliton on the N copies of the D-branes 8 through the tachyon condensation process
in a generalized sense.

In order that this type of interpretation is possible, we need the analogue of DD pair
for this generalized setting. In the study of DD pair, the tachyon condensation process is
described by the combination of gauge fields and tachyon fields (so called ‘superconnection’

[26]) as argued in [5, 22, 23, 24],
d+ A T
( T d+ A, ) ®)

where each entry represents the various sectors of the open string.

There exists an analogue of superconnection in C*-algebra which is called the linking
algebra C (see for example, [27]). It is defined in such way as containing the algebras A, B
as its complementary components. Namely there exists a projection P € C such that
A=P-C-Pand B=(1—-P)-C-(1— P). It is known that the linking algebra C exists
if and only if two C*-algebras A, B are Morita equivalent. Namely if the bimodule 4 Xz
exists, one may define the linking algebra by two by two matrices,

<; Z) ac A beDB, x,y e 4 Xz (9)

One may easily check that the matrix multiplication of such 2 x 2 matrices is well-defined
. L 1 0 . T
and the obvious projection operator P = ( 0 0 ) gives the projection into A. By com-

paring (8) and (9) one sees that the Morita equivalence bimodule plays the analogous role
as that of the tachyon field and that the two gauge fields correspond to the endomorphism
algebras A = End 40 E, and B = End 40 Es.

This analogy was implicitly used in the explicit calculation of the tachyon condensation
of DD system in the Moyal plane [30, 20]. We summarize our conventions for Moyal plane
in the appendix A. We recall that the noncommutative soliton in this case was constructed
out of the partial isometry described by the tachyon fields 7" and T which satisfy,

TTT =T, TTT =T. (10)

With these relations, 7T and TT becomes projection operators and defines the non-
commutative soliton. Explicit form of 7" can be constructed by using the shift operator
S =Y |n)(n + 1|, which satisfies SS = 1 and SS = 1 —|0)(0| and so on [20]. The
tachyon field is given by T'= S™ (m € IN) with this solution generating rule. In this case,
T gives the isometry between the subsets of the identical algebra A and A acts on T from
the both side.



In our more general situation, the role of T resembles that of the Moyal plane case but
the algebra acting on T" from left is in general different from that acting from right. Thus
T should be an element of an equivalence bimodule. If we replace the partial isometry
by the Morita equivalence bimodule, the statement which corresponds to (10) is that one
may choose an element T of the bimodule which satisfies

1. P={(T,T)4 and Q = (T, T)p are the projectors of A, B.
2. It satisfies the analog of the partial isometry relation,

(T, TYAT =T{T,T)g =T . (11)

While it is a nontrivial question whether we may find such T, the requirement of these two
conditions are actually equivalent [28]. Suppose that the partial isometry-like equation
(11) holds. P = (T, T) 4 and Q = (T, T)p are clearly self-adjoint, and direct calculation
shows that P? = P and Q* = @ by using the properties of the two inner products
(3)(4)(5). Conversely, if we start from the condition P? = P, the partial isometry-like
equations follows from vanishing of the norm,

(T, TYAT — T, (T, T\ 4T — T) 4 = 0. (12)

One can also see from this proof that P? = P implies Q? = Q.

We would like to propose that the equation (11) defines the noncommutative soliton
on the brane-antibrane systems in the generalized sense. We will see the explicit examples
on noncommutative tori in section 3.4.

3 Noncommutative Torus and D-branes

Because our discussions so far are given in the abstract language, it is desirable to
investigate explicit examples in order to illuminate the idea. The simplest example is D-
branes on noncommutative plane (Moyal plane) but it is too simple to use the machinery
we would like to examine since it reduces to the (infinite dimensional) matrix algebra.
Thus in this section we consider D-branes on noncommutative tori, where Morita equiv-
alence is interpreted as T-duality [1, 25, 31, 32] and has a rich structure.

The algebra of noncommutative two-torus is generated by unitary elements U; and U,
with the relation,

U1U2 = U2U162M6., (13)

where the real number 6 € [0, 1] is the parameter of the algebra. We write this algebra
by Ay. The generators can be written in terms of noncommutative coordinates (z!, z?)
with [z!, 2?] = —27id/0 as follows

U1 = eixl/\/a U2 = 6”2/\/&. (14)

Y
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A generic element a € Ay can be expanded by U; as®

a= > anU"Uy . (15)
m,neZ
While we can not realize this algebra as the matrix algebra for the irrational #, one may
formally define the trace for Ay as follows

Tr a = aopo, (16)

by using the above expansion. This is equal to the integration over (z!, z?). Tt is obvious
that it satisfies the fundamental relation Tr(ab) = Tr(ba).

As we saw in section 2, the gauge bundle on the D-brane is described by the projective
Ay-module. It is known that the isomorphic class of the projective modules on a noncom-
mutative torus is classified by their Chern characters [29] which specifies the element of
Ko(Ap). The relation of these mathematical facts to the RR-couplings of brane-antibrane
systems will be discussed later in the subsection 3.4.

In this section, after explaining some mathematical backgrounds on the projective
module on the noncommutative tori, we discuss mass spectrum of BPS D-branes and
their T-duality transformation. Finally we investigate tachyon condensation on non-BPS
D-branes and brane-antibrane systems.

3.1 Projective modules, Constant Curvature Connection and
Morita equivalence on Noncommutative Torus

In this subsection, we explain some mathematical results on Ay, especially the projec-
tions, the projective modules, the constant curvature connections and Morita equivalence®
which will be essential for later arguments. The readers who is familiar with the subject
may skip this subsection.

We start from defining the projection operators on Ay. In this algebra the unitary
equivalence class’ of projections is characterized by the value of the trace Tr [28, 33] as
follows

Tr(Pymg) =n—mb, (0<n—mbh<1), (17)

where for each pair of integers n,m which satisfy 0 < n—m#f < 1 there exists a equivalence
class of projections and we wrote an element in this class as P, _,,9. In other words K-
group Ky(Ay) is given by

Ko(Ag) =Z +0Z€R . (18)

°To be exact we should assume a,,,, tend to zero faster than any powers of |n|+ |m| as |n|+|m| — oo.

6See [21] for an more pedagogical review.

7A projection P is said to be unitary equivalent to another projection @ if an unitary element v € A
exists such that P = u*Qu.




The explicit construction of projections was given in [28] and is called Powers-Rieffel
projection. Some details of this construction are reviewed in the appendix A.

Let us turn to projective modules on the noncommutative torus Ay. Among various
projective modules, we are interested in those which has the constant curvature connec-
tion. The explicit construction can be found in [34, 29, 1, 21] and we review this below.

Starting from a set of the rapidly decreasing functions on R, ¢;(z), j € Z,,. We define
the right action of U; (i = 1,2) as follows,

(@U)(x) = et —0)
(@U)y(x) = ()i, (19)

One may easily confirm that the operators Uy, U, thus defined satisfies UyUy = 2™ U,U,.
It shows that the Schwartz space is right Ay module. It contains two integer parameters
n € Z,m e Z >0 and we denote it as E, ,,. It has the following properties,

1. The natural ‘covariant derivative’ for this module is given by

2mim 0
Vi=-— = — 20
! n—mf 7 or (20)
which satisfies V;U; = 27id;;U;. It has the constant curvature,
2mim
Fro=—F, = . 21
12 ey (21)

2. Its endomorphism End 4, E,, ,, is given by A; (6 = _—b_sfe)'

This acts on £, ,, from
the left. The integers a, b are determined from n,m by the condition an — bm = 1.
The generators of Aj; act on them as

(Z19)i(x) = djalz+1/m)

(Zog)j(x) = ¢y(x)e™ matam) (22)

One may easily confirm that the action of Z; are compatible with the action of U;
since [Z;, U;] = 0. Note that if the module is free (n,m) = (1,0), then 6 = 6.

Therefore the Schwartz space defines the Morita equivalence bimodule between Ay and Aj;.
More generally, if the integers (n,m) is not coprime, then one can construct the reducible
projective module E,, ,,, = Eyjam/a © Enjgm/a ® - - - ® Epnjamsa, where we have defined
d = g.c.d(n,m). From this one can conclude that A; is Morita equivalent to Maty(Ay)
if there exist coprime integers (ng, mg) = (n/d, m/d) and (a,b) such that § = mb%frz)a
ang —bmo = —1 [28].

It will be useful to define the explicit form of A = A; and B = Ay inner product

and

for the Schwartz space. This problem is solved in much more general sense by Rieffel
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[29]. However we write down some of the explicit forms for our specific example . For
¢, € S(R X Zy,), we define,

1
(6, 9)a = n_mQ;(Z;"Zf%,mer; (23)
(b, 0)s = Y (6, 0U;"UT™)sUT Uy
(605 = (,0)a= / dr 3" Gl)ei(a). (24)

1€24m

The basic properties of inner product (3) and (4) follows from the identities (a¢, )45
(P, a*V) ap, (@b, ) an = (¢, b*) a5 and so on. The derivation of the associativity (5) is
much more nontrivial. We need to use the Poisson resummation formula,

00 00 o

> fem=2 3 F(ER) dw= [ @)

n=—oo m=—o0

After some calculations, one may confirm,

(6, 0).ax)i(x) = ($(e, X)m)i(x) = Y (@U} (@) (27007, ()(Zix)ilx).  (26)

r,s€Z

Among all connections on a given projective module, the constant curvature connection
is the most useful in the physical application. One reason for this is that such a special
connection appears as the solution of the BPS equation [25, 21]. Another reason will be
given later in the arguments of the exact solution for the tachyon condensation.

Finally we would like to add a comment on the topological invariants. From the
constant curvature connection, it is rather easy to evaluate the Chern character [29, 25]
and it is known that each component becomes integer after the modification similar to
Myers term [35]?. It is of some interest to confirm this fact by using other form of
the connection/curvature. In general a connection on projective module (“Levi-Civita
connection”) is constructed in the form (see for example [34, 21, 11]) V; = P, _n9-0;* Pr_me-
The trace of the curvature (first Chern class) is the cyclic 2-cocycle 7 for P,_0. In
appendix A we evaluate it by using the Powers-Rieffel projection as P,_,,0 and derive
79 = m. This is of course consistent with the computation from the constant curvature
connection (21).

8General formula for the generic Heisenberg module is not difficult to write down. One outline is
sketched in Appendix A of [16].

9This modification can also be regarded as ‘quantum effect’ in terms of the quantum twisted bundle
[36]. This procedure shows the relation between a bundle on the commutative torus and that on the
noncommutative torus geometrically, and agrees with so-called Seiberg-Witten map[2]. We will use this
map in eq.(37).
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3.2 Noncommutative Description of BPS D-branes and T-duality

Here we discuss the spectrum and the T-duality transformation rule of the BPS D-
branes on a two dimensional torus with a B-field flux. As is well-known, there are two
viewpoints for this system. One is the conventional description (commutative descrip-
tion) using the closed string variables. The other is by the open string variables with
the noncommutative geometry [1, 2]. The results given here will be useful in the later
discussions. Some general arguments can be found in [37, 21].

We investigate the dynamics of D-branes on the noncommutative two-torus Ay. Since
we restrict our interest to the two dimensional case, we discuss D2-D0 bound states on
the torus below. If the D2 charge and DO charge are given by (n, —m), the mass of D2-D0
bound state is determined as follows

MG = %}g\/det (g + 2ma/(B + F)), (27)

where we have defined the gauge field strength
J m 0 —1
F = — J= . 2
2o’ n (1 0 ) (28)

In this formula we have taken the effect of —m DO0-branes into account as the shift of

gauge field strength. Note that the value of n or —m can be negative integer because of
T-duality. For a review of T-duality on general tori see [38]. In the following we examine
the transformations from a D2-brane to various D2-D0 bound states.

We define F = g+ 2ma/ B € Mats(R). A single D2-brane has the mass,

1
ME = m\/det(E) : (29)

The T-duality group on T? is given by SO(2,2|Z) and this acts on g, B and g, as follows
[38]

E = T(E)=(AE+B)(CE+D)™" (30)
G = T(g;) = gsdet (CE + D) (31)
T = (“64 g) € 50(2,2|Z). (32)

The mass Mg{;f transforms into the following form

BP _ 1 e
TMGLS) = Tva det T (E)
- gs\l/J det(AE + B) . (33)
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When the dimension of the torus is two, the T-duality group can be decomposed as
SO(2,2|Z) ~ SL(2,Z) x SL(2,Z). One of two SL(2,Z) groups is the modular transfor-
mation of the target space T?. Because it preserves g, and y/det(E), we will not consider
this part. The other SL(2,Z) is related to Morita equivalence for noncommutative T?
[1, 25, 31, 32] and we concentrate on this part. This SL(2,Z) transformation can be
embedded into SO(2,2|Z) as follows

SL(2,Z) — SO(2,2|Z)
(m) - ()

Applying this transformation eq.(33) can be rewritten as

1
BPSY _
T(Mip) = m\/det(n(g +2ma’B) +mJ) . (35)

This is the same value as (27) and confirms that the D2-brane mass in the background
E = T(E) is equal to the mass of (n, —m) D2-D0 bound state. Note also that the mass
for (n, —m) is equal to that for (—n, m). This implies that these two configurations should
be an identical state and we can restrict the integers (n, —m) to n — m# > 0.

We translate these results into the noncommutative description. For simplicity, we fix
the choice of the parameter ® [25, 32, 2] as B = —®. The relation between the variables
in the open and closed string theories is given [2] as follows

1

B=—-®=—— ]
2o’

1
G = —(27ro/)QB§B, G, = g, det(2ma/Bg™1)z. (36)

This map is defined so that the mass of the single D2-brane coincides in both (open/
closed) descriptions. The transformed backgrounds G and Gy are called open string
metric and open string coupling respectively.

When the field strength F'is constant, the field strength F' in the open string descrip-
tion'? is given by [2]

A F
F=—w—.
14 27a/0JF (37)
If we apply this to the D0-D2 bound states, the flux (28) is transformed into
- 1
F= m (38)

2o’ n —mb

This is the same as the constant curvature connection on the projective module £, ,,
reviewed in the previous subsection.

10Note that the curvature in mathematical conventions in section 3.1 is related to the field strength 2
here such that F;; = —4n%ia’F};.
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Furthermore, the mass of DO-D2 bound states can also be written in terms of the open
string variables as follows

Ty = wmers = e g (B F))
Vg,

In| 1 m
- det (g— (- -3
\/ags o\ (6 n)
det(2ma/Bg™') "2
= e(woz g \/det< (2ma/)2Bg='B(n — 6m) + ZJ)

_ TiFG \/det G+ 2na/(F + ®)). (39)

Note that the rank |n| of the gauge field in the commutative description is replaced with

the non-integer ‘rank’ n —m6f > 0. In noncommutative geometry such an appearance of
non-integers is not surprising but very natural. Indeed this is equal to the dimension of
the projective module dim(E, ,,) = n — m#f. As we will show later, it appears naturally
in the processes of tachyon condensation. We also comment that the above formula is
correct for any choice of ®.

Finally we present an interpretation of the above results from the viewpoints of T-
duality 7" on the noncommutative side. It is derived by rewriting the action 7" in (34) in
terms of the open string variables in (36) [25, 32, 21],

~  b—al -~

Hzm, G = (n—mb)’G,,

S = (n—mh)G,, 2rd/® = (n—mh)*(2ra/® + ——J). 1
Gs = (n—mb)Gs, 21« (n —mb)*(2ma +n—m6’) (40)

The transformation for 6 is exactly the same as the Morita equivalence (22).

By the definition of the transformation (40), the map from the closed string variable
to the open string variable (36) and the action of the T-duality group on both (open
/closed ) sides (32) and (40) are compatible. Therefore the mass of a bound state Mgf;f)
in the last line of (39) can also be obtained by acting the transformation (40) on Mgf;f

in the open string variables

M ?n P rf) _ 1 ] n —mb

" ValG, VoG,

This shows that a (n, —m) D-brane on the noncommutative torus Ay is a single D2-brane

on Aj. This result is consistent with the previous arguments in the commutative (closed

string) side. Notice that the curvature F on the noncommutative torus Ay vanishes on
the corresponding single D2-brane on A due to the shift of ® in eq.(40).

The above arguments of T-duality can also be applied to non-BPS D-branes and

brane-antibrane systems in the same way. We will see later that this T-duality on the

Vdet(G +2ma(F+ @) . (41)

/(i)) —
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noncommutative side is more directly related to Morita equivalence in the arguments of
tachyon condensation.

3.3 Tachyon condensation on non-BPS D-branes

Let us discuss the tachyon condensation on non-BPS D-branes (see for example [6])
on the noncommutative torus Ag. The same arguments can be applied to the bosonic
string. Because any D2-D0 bound state of non-BPS D-branes can be transformed into a
D2-brane, we can begin with a non-BPS D2-brane. The relation between the variables in
open and closed string theories is the same as (36) and we continue to choose the value of
® as ® = — B to obtain the simplest expression. The solutions, however, do hold without
any modification for general values of ® with somewhat lengthy calculations.

On any non-BPS D-brane there exists!! a (real scalar) tachyon field T' and a gauge
field A,. As argued in [39] the effective action of a non-BPS D2-brane can be written as

V2
Va'Gy
where [V, T}, [V, F | denote the covariant derivative of the tachyon field 7" and the gauge

field strength F'; the symbol O([V,T],[V, F]) means those terms which include one or
more derivatives of T and F. As we will see below our exact arguments of tachyon

S

dtTr {V(T) Vdet(G + 2ra/(F + @) | + O(V,T], [V,F]),  (42)

condensation do not depend on the detailed form of the derivative terms. The factor V(T')
in front of the Born-Infeld term represents the tachyon potential. We normalized the value
of the tachyon potential such that its value before and after the tachyon condensation into
the vacuum are given by V(1) =1 and V' (0) = 0 following from Sen’ conjecture [7, 6].

We use here the open string variable and therefore all the fields on the brane are
regarded as the operators on the noncommutative torus Ay. On the non-BPS D-brane,
the tachyon and the gauge field belongs to the adjoint representation of the gauge group.
In the language of the noncommutative geometry they are expressed as elements in the
endomorphism End 40)E of the projective module E. Before the tachyon condensation,
the projective module should represent the original D2-brane itself £, = Ay. After the
tachyon condensation, it should be projected into a nontrivial projective module of Ay
which we investigate below.

We would like to solve the equation of motion of the tachyon field by imposing several
assumptions. Sufficient conditions are

ov(T)

—5p =0 [V.T]=0. (43)

The first equation is equivalent to the equation of motion if we take the large B limit
as discussed in [8, 9, 10]. The solutions to this equation are given by the projections in

Tn this paper we discuss the cases where the transverse scalars do not have expectation values.
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the noncommutative torus algebra 4y. The projections in Ay are classified by the values
of trace as in (17) and we write T = P,_,,9. Next we examine the second condition
[V, T] = 0. This is satisfied'? if we use the connection V; = P, _.0(0; + A;)Pry_mo- It
defines the projective module £ = P, _,,pF o and the endomorphism End 4, F is given by
Py o APy _mg. The projective module E' is twisted and its first Chern class (or cyclic
2-cocycle) is given by 79(P,_ng) = m as we explain in the appendix A.

Now let us turn to the equation of motion for the gauge field [V;, Fj;] = 0. It is
satisfied if the field strength is proportional to P,_,,¢. In a sense, P,_,.,9 can be regarded
as the identity in the algebra End4,£. The field strength which is proportional to the
projector should be regarded as constant curvature reviewed in the section 3.2.

One may prove that for any projection of type P,_,,s the projective module of the
form £ = P,_0E10 = P,_meAp has a constant curvature connection. As we saw in
the subsection 3.1, for every n,m one can construct a constant curvature connection
as the Heisenberg projective module. Because it is projective, it should be written as
E = Pn_mg./l(],v for a certain projection P,_,.g in M aty(Ag). Because any projection in
Maty(Ayp) for a given value of trace belongs to the same K-theory class [28], we can change
Pn_mg into any P,_,.9 € Ap via an unitary transformation. The transformed projective
module F = P,_,,0 A also possesses the induced constant curvature connection.

In this way we have found exact solutions of the equation of motion derived from (42).

1 m

T="P, g, F= Pomo J. (44)

2ra’ n — mb
Here we represents the fields as elements in the ‘large’ algebra Ay. In the small algebra

End 4, E, both T and A; are proportional to the identity. Unlike the Moyal plane case,
the small algebra is Morita equivalent to 4y and can be rewritten as

b— ab

End g E = Py_imoAgPrmo = Maty(Az), (= ———
nd, 0 A9 Prmy = Mata(Ag), (0 = —

s.t. ang —bmg = —1), (45)
where we have defined d = g.c.d.(n,m) and (n,m) = d(ng, mo).
We proceed to discuss what will be generated via the tachyon condensation (44). The

mass of this excitation can be evaluated by neglecting the derivative terms because of
V,T|=1[V,F] =0,

= @\/det (9 +2ma/(B+ F)), (46)
Vay,

120me can also satisfy [V,7T] = 0 if the connection acts only on the projective module E' = (1 —

Po_mg)E1,0. However a little analysis shows that this is not consistent with the descent relation [40]
and does not have a expected tension. Therefore we believe that this does not correspond to physical
solutions and neglect these in this paper.
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where the flux F' is given by (28). The factor v/2 is peculiar to non-BPS D-branes. The

above calculation can be done in the same way as in (39). The dimension of the projective

module naturally appears here as the trace of the projection. It is interesting that the

tachyon condensation on unstable D-brane systems gives an explicit physical realization

of the mathematically fundamental relation between projective modules and projections.
If we assume g;; = R26Zj to make discussion clearer, the mass reduces to

V2
Vay,

It explicitly shows that the resulting state is a bound state of n non-BPS D2-branes and

M(n’m) = \/n2R2 + (n/@ — m)2. (47)

(—m) non-BPS DO0-branes. We comment that our arguments of tachyon condensation
naturally derive the fact that —m or n can be negative which is consistent with the result
in the previous subsection'®. In this way we obtain all kinds of D2-D0 bound states via
tachyon condensation and thus our results are consistent with T-duality.

If we take the large B/g limit, the mass spectrum is proportional to dim(E) = n—mé
as can be seen from (47) and it is dense in R. This means that there exists a excitation of
which energy is arbitrary small. In [14] we investigated the tachyon condensation in this
limit and suggested that it leads to the instability. It means that any projection P,_,.¢
can be divided into infinite numbers of mutually orthogonal smaller projections while
the total value of the trace is preserved. This was proved by investigating an explicit
representation of projections.

The argument can be simplified as follows. We start from a projection P,_,,¢ in Ajg.
It can be regarded as the identity in the small algebra Mat,(A;) = Py—moAgPr—mo. One
can find another projection @) in the small algebra. The original projection is decomposed
into two mutually orthogonal projections,

Pn—m@ - (]- - Q)Pn—me + Q-Pn—me‘ (48)

One may continue this operation repeatedly to give the infinitely small mutually orthog-
onal projector.

We would like to claim that such instability does not appear for finite B/g. As
can easily be seen from the mass formula (47), the bound state can be divided into
d = g.c.d (n,m) pieces but is not divided further. It means the instability cannot appear.
We may interpret it from our exact tachyon solution. The key point is the requirement of
the constant field strength in (44) which is absent in large B/g limit. It is permitted to
be divided into only d mutually orthogonal parts, even though the tachyon field in (44)

130ne may ask the physical interpretation for the negative n. Assume that n is negative and thus —m
is positive. Since DO-branes with B-field on a torus generate (non-BPS) D2-brane, we can say that the
negative n means the annihilation of these induced non-BPS D2-branes with the |n| non-BPS D2-branes.
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can be divided into infinitely many pieces. We conclude that for finite B/g the bound
states are all stable if g.c.d (n,m) = 1.

The corresponding projective module E,, ,, = P,_n91 o can be written as a direct sum
of d projective modules of the same type as we saw in section 3.1. As shown in [41] (see also
[21]), the moduli space of constant curvature connection is given by the symmetric product
of d copies of a two-torus (T?)?/S,. This is actually the same as the physical moduli space
of the solutions of (42) up to gauge transformation. The freedom of unitary transformation
of the tachyon field is absorbed in the gauge transformation 7" — UTU*, U € Ay and
what remains is only the moduli space of constant curvature connection for the projective
module £, ,,, = P,,_m9F1 0. We note that this is consistent with the physical intuition. The
moduli space of a bound state for coprime (n, m) parameterizes the transverse coordinate
for a DO-brane, namely T?2. It is then obvious that the moduli space of the bound states
of d DO-branes should be (T?)?/S,.

The fluctuations of the gauge and tachyon fields around the solution (44) belong to
Matq(Az). This is physically interpreted as the gauge group on the brane is U(d).

Up to now we concentrate on the tachyon condensation from a single D2-brane. We
may, of course, start from plural or even infinitely many D2-branes. In such situation, we
can obtain arbitrary projective modules E,, ,,, from the projection in Mat.,(Ayp).

It is also important to note the relation between tachyon condensation on the above
noncommutative torus and that on the non-compact flat plane (Moyal plane). The exact
solution for the latter [20] can be rewritten in our convention as flows,

.1
T=R. F=gRJ (€220 (49)

where the noncommutativity © is defined as [z', 2% = i©. The level-l projection P in
the Moyal plane algebra is given by 22;10 |k) (k| and it corresponds to the generation of
[ DO-branes. To obtain such situation from the torus, we need to take the large radius
limit or equivalently the small 6 limit. In such a situation, the value of n is restricted to
0 or 1 which is consistent with the result (49). We note that in this limit one cannot take
B/g — oo limit and thus the instability does not occur.

Solution generating technique and Morita equivalence

We have seen the exact description of tachyon condensation is characterized by the
constant curvature connection. It is interesting to ask what is the solution generating
method which relates various solutions. In the Moyal plane, the exact solutions for tachyon
condensation were constructed in [20] by using the shift operator S = Y |n + 1)(n|.
We would like to find the analogous transformation on the two-torus Ag.

In this case we have to be careful since the corresponding operator in general interplotes
the different C*-algebras. Namely after the tachyon condensation the original free module
E,y = Ay (a D2-brane) is changed into the twisted projective module E, ,, (a D2-D0
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bound state). As we have seen in section 2, the transformation between these two solutions
should be identified with the Morita equivalence bimodule S. It depends on the integers
n, m and satisfies

En,m =S5 ®.A9 El,O- (5())

This maps the endomorphism End4, E1 o = Ap into End 4, E,, ,, = Maty(Aj). Physically
this induces the transformation of the world-volume field theories and this gives an explicit
realization of the descent relation [40].

In order to describe the exact solution, the projective module E, ,, should have the
constant curvature. In other words, we have to impose on the Morita equivalence Az-Ay
bimodule that S should keep this additional constraint. Actually it just fits the definition
of the gauge Morita equivalence bimodule discussed in [21, 25]. We claim that this is the
analogue of the shift operator on the noncommutative torus.

We mention that the T-duality transformation can also be represented by the gauge
Morita equivalence bimodules as argued in [25, 32, 21]. On a noncommutative torus .4y
there is a one-to-one correspondence between Ag-modules and the solutions found in (44).
They correspond to the projective module E,, ,, and take their values in End 4, E), ,,,. If we
perform T-duality so that the (n,—m) brane is transformed into d D2-branes (or equally
applying the Morita equivalence Ay ~ Aj), the projective module E,, ., is changed into
the free module Ed,o in the algebra Aj;. Such T-duality transformation can be constructed
by Ag-A; gauge Morita equivalence bimodule X

Ed,o - En,m ®.Ag X . (51)

The endomorphism End 4, £, = End 4, Ed,o acts on Ed,o from the left in (51). Especially,
the solution T' = 1 € Endy,E,,, is the identity in End AéEd,o- On the other hand,
F = m_J ¢ Endy,FE,,, is translated to 0 € EndAéEd’O, because Eg is the free

2ra’ n—mé

module over A;. The difference between the values of the constant curvatures comes
from the constant curvature of X. This is equivalent to the shift of the field ® by T-
duality as in (40). These imply that for general noncommutative algebras the exact
solution for tachyon condensation can be generated in the same way if there exist gauge
Morita equivalence bimodules.

3.4 Tachyon condensation on brane-antibrane systems

Brane-antibrane systems are more complicated and intriguing than non-BPS D-branes
from the viewpoint not only of string theory but also of the noncommutative geometry.
The crucial difference from non-BPS D-branes is that the tachyon field becomes complex
and belongs to a Morita equivalence A-B bimodule (we write this as X), where .4 and
B are the algebras of the brane and the antibrane as we discussed in section 2. If we
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define F and F' as the projective modules which represent the brane and the antibrane,
respectively and define A® as the noncommutative base space, the algebras A, B is given
by A = End 40 F, B = End 40 F. Remember that a Morita equivalence bimodule X is
defined by the bimodule which possesses two types of inner product (, )4, (, )sand
satisfies the conditions (3,4,5).

As in the previous subsection we use the example of noncommutative two-tori and
consider only D2-D0 bound states. We assume the original brane-antibrane system is
made of a (ny, —my) brane and a (ny, —mg) antibrane. For simplicity we consider only
the case where the pairs of integers (ni, —m;) and (ns, —ms) are coprime. A pair of
integers (n, —m) denote the indices of D2-D0 bound state or equivalently of those the
corresponding projective module £, ,,,. Note that if one specifies (n, m) such that n—m#@ >
0, then there are two types of D-branes, that is, branes and antibrane. In our examples
of the noncommutative torus the fundamental algebra A© is given by A©® = Ay, where
0 is represented in terms of closed string variables as in (36). The algebras A and B are

given by
by — a0
A = ./491, 91 = i, ((11711 — b1m1 = —1)
ny — m19
b2 — CLQQ
B = AGQ, ‘92 = m, (CLQTLQ - bgmg = —1) (52)

The tachyon field 7" belongs to a Ay, —Ap, bimodule. There are also the gauge fields on
the brane and the antibrane. We denote these as A and A®). These fields belong to
A = Ay, and B = Ay,, respectively. The covariant derivative of the tachyon field is given
by the connection for a bimodule X (see for example [25, 21]) specified by the requirement

VX(CLT) = (5A(CL)T +aVxT (VCL S A),
Vi (Th) = (VxT)b+ Tos(b) (Vb€ B), (53)

where 0 4 and dg denote the derivation in A and B, respectively. We also use the covariant
derivative of field strengths F'") and F®. Each of them is given by the commutator with
a connection for the algebra A or B as in the previous subsection.

Now we have prepared to discuss the tachyon condensation on noncommutative tori.
The effective action for a D2—D2 with two gauge fluxes was already computed in [24]
using the boundary string field theory [42, 43, 44]. Applying this to our system on a
noncommutative torus the result is given by

S = O},Gs / dtTr 4 {V (T, T).4) \/ det(G + 2ma/(FO) + @))}
+ ozl/Gs /dtTrB {V (T, T)p) \/det(G +2na/(FO + CD))}
+ O(VXT, [VA,F(D]’ [VB’ F(?)])7 (54>
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where O(VxT,- - -) denotes the derivative terms. We defined the traces for A and B by
embedding these algebras in Maty(A) for a sufficient large integer N. These satisfy
the following relation [28, 29]

TI'A<T1,T2> = TI'B<T2,T1>, (55)

and are normalized by Try q, a0yl = N.

We would like to solve the equation of motion for the action (54). Below we give
solutions by imposing ansatz similar to the previous subsection. We assume the existence
of the partial isometry-like equation [30, 20, 19] for the tachyon field (11)

(T,TYAT =T, T(T,T)z=T. (56)

Note that these two equations are equivalent thanks to the relation (5). The solu-
tions to this equation give the stationary points of the tachyon potential V ((T',T)4)
and V ((I',T)g). To make exact solutions for finite B/g, we should take account of the
gauge fields. It is easy to see the equation of motions for the tachyon T" and gauge fields
(AM - A®)) are satisfied if we require (56) and

VT =0, (57)
[Va, FY) =0, [Vg F?] =0, (58)

are satisfied. Since (56) is equivalent to the statement that (7,7)4 € A and (T, T)s € B
are both projections as explained in section 2, we can write these as follows

<T,T>A:1—Pa+391(El—P1>, <T,T>B:1—PW+592(51—P2). (59)
Using the relation (55) we obtain the constraint,
ni(l—a)=bif=ns(l —7) —bd, mi(l—a)—af=my(l—7)—a. (60)

They determine v and ¢ in terms of a and 3. The tachyon field which condensates as in
(59) belongs to the bimodule (1 — P;) - X - (1 — P). For this tachyon field the potential
is evaluated as

VT, T)a) = Patpor, VT, T)s) = Pyis0,- (61)

This is because we use the convention that the original brane-antibrane system corre-
sponds to 7" = 0 and that the vanishing of brane and antibrane corresponds to (T, T) 4 = 1
and (T, T) = 1, respectively.

!4Notice that this is the opposite convention to the tachyon potential of non-BPS D-branes in section
3.3.
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Let us turn to the next equation (57). This is satisfied if the gauge fields belong to
AV e P AP, A® ¢ P,BP,. (62)

The last equation (58) is solved if we assume that both of the gauge fields have constant
curvatures

. 1 Bay + mi«
Y = 1€ PAP
2ma/ nio + blﬂ — (ﬂ&l + mla)9 1A b
, 1 B
P = G2 + Moy 1 € P,BP,. (63)

2ma/ na7y + b26 - (5@2 + mgv)ﬁ

It finishes our calculation of the physical solutions of the tachyon condensation. Our
result does not depend on the detailed form of the derivative term because of (57,58).
We evaluate mass spectrum of these classical solutions,

1 A
M = Tra | Paypo, \/ det(G + 2ma/(F() 4 @ ]
\/&Gs Ta |i +56 \/ ( 7TO[( ))

1
o'Gy

Trp {Pwﬂggg \/det(G + 21 (F?) + CIJ))}

[V | Va|
= det(g + 27/ (B + FV)) + ———4/det(g + 2na/(B + F?)). (64
ey ety 2 (B o+ FO)) =2y fdet(g + 2ma (B + FC).  (64)

We have defined the fluxes as follows

J M1 J M2
FO=_ 1 p@=-_= -2 65
2ol Ny’ 2ol Ny’ (65)
where integers My, N1, M, and Ny are given by
Ny =any + Bby, M = Bay +am,
N2 = YNa + (562, Mg = (5(12 + Yma. (66)

We find that the products of the tachyon condensation are identified with a (N, —M;)
brane and a (N, —M;) anti-brane. If these integers are not coprime, each bound state
can be divided into several parts as before. Note that what are produced after the tachyon
condensation depend on the projections (61). The original brane-antibrane system cor-
responds to « =y =1, =06 = 0. If one assumes that the dimension of the projective
module F is larger than that of F', then the tachyon field v = 0,0 = 0 gives the maximal
condensation and this will produce a (n; — ng, —mq +my) brane. In the opposite case the
tachyon field o = 0, § = 0 will generate a (ny — ny, —msy + m;) anti-brane.

For general decay modes the differences of the D2-brane charge (N; — N3) and the
DO0-brane charge (My — M) are preserved as follows

Nl—NQZ’n,l—?’LQ, MQ—Mlzmg—ml. (67)
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The charge conservation can also be discussed in the framework of operator algebra
Ko-group Ko(Ag). If one would like to consider the Ky-group of noncommutative torus,
the Chern character [34] gives enough information [29]. In the brane-antibrane system
which corresponds to the pair of projective modules (E, F') € Ky(Ay) the K-theory charge
is given by the difference

ch(E) — ch(F) = Tryexp(2ra’FY) — Trgexp(2ra’ F®)
= (ny — m1f — ny + maf) + (my — my)da*da?, (68)

where dz'dz? is the two form along the two-torus. It is known that the RR-couplings on
a brane-antibrane system can be written by using K°-type superconnection [22, 23, 24].
Applying this idea to our examples we obtain the following RR-couplings

Spr ~ / Crr A [TrAv (T, T) ) exp(2na/ FD) — TegV (T, T) ) exp(2m'ﬁ<2>)] . (69)

Note that in our noncommutative description the derivative of tachyon field is always
zero and does not contribute. Also notice that the potential in the above can be regarded
as the identities in the algebras of gauge fields End4, £ and Endy4, F' because of (61).
Thus the conservation of RR-charge (67) is equal to that of operator algebra K-theory
charge and therefore this gives a further support to the relation between D-brane charge
and K-theory [4, 5, 13]. The intriguing characteristic that the above ‘noncommutative
Chern character’” depends on 6 will correspond to the physical fact that DO-branes in the
B-field background generate D2-brane charge [45]. Therefore it will also be interesting to
clarify the relation between the RR-couplings for non-abelian transverse scalars [35, 24]
and the above RR-couplings on various noncommutative tori [45] (see also [46] for the
Moyal plane).

4 Conclusions

We first discussed the open string theory in general noncommutative background. We
considered a general framework to handle open strings and D-branes in a unified way by
utilizing the Morita equivalence. In particular we proposed the equation which defines
noncommutative solitons on general brane-antibrane systems.

From this viewpoint we have examined the exact solutions on noncommutative tori
in tachyonic systems. For non-BPS branes the solutions are given by the tachyon field
which is proportional to the projection and the gauge field with a constant curvature. This
respects the one-to-one correspondence between a projection and a projective module. We
have also shown that these solutions can be generated by employing the (gauge) Morita
equivalence. Our exact description of tachyon condensation including the gauge field
solves for finite B/g the previously observed instability problem.
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More complicated and thus more intriguing examples are brane-antibrane systems.
In this case the tachyon field belongs to the Morita equivalence bimodule and we can
impose the partial isometry-like relation instead of the equation of motion. We can
construct the exact solutions and determine the decay products. We find the RR-charges
of brane-antibrane systems can be represented by the superconnection-like extension of
the Connes’s Chern character and check that these charges conserved in the process of
tachyon condensation. This also verifies the fact that the D-brane charge is classified by
the operator algebra K-theory.

Note added: After completing our calculations, we noticed the preprint [47] on the net
which has some overlaps with our results in section 3.3.
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A Powers-Rieffel Projections and Cyclic Cocyles

Here we give a review of Powers-Rieffel projections [28] on two dimensional noncom-
mutative tori and of the calculations of their topological charges [34, 3]. We also mention
some other projections constructed in [14].

First let us consider projections in any C*-algebra A and assume that there exist a
trace Tr : A — C and derivations 0; : A — A such that 6;(ab) = 0;(a)b + ad;(b). We also
normalize the trace as Tr(1) = 1. The index 7 corresponds to the basis of the derivations'®.
A projection p € A is defined to be a self-adjoint idempotent p* = p = p?. The Connes’s
Chern Character is defined as the exponential of the curvature ' € End4F of projective

module F [34]:

F =1
h(E) =T =N 2 (FLF. -, F). 1
C ( ) reXp(Q’]‘(i) kz:;k' 7—2k( s Ly y ) ( )
The each term 7o (F, F, - - -, F') of the above expansion represents the contribution which

is proportional to F*. Note that 7y is equal to the trace of identity and it gives the
dimension dim(FE) of the projective module.

5More precisely, the derivation is defined as an action of a Lie group G on the algebra A [34]. Then
the basis of the derivation can be said as those of the Lie algebra.
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Since any projective module E is described as P+ A" using a projection P in Maty(A)
for a sufficiently large integer IV, one can rewrite the curvature in terms of the projection.
More explicitly one can choose a connection of £ as V; = P -§; - P [34, 21]. Note that
the topological quantity such as the Chern character does not depend on the choice of
the connection. Then the curvature F' € End 4 F is expressed as

F,j = [Po;P, P§;P] = P(6;P)(0;P) — P(6,P)(6;P) + P(6;6; — 9,0;) P. (2)

Because the trace in End4F = P - Maty(A) - P is naturally induced from the trace in
Maty(A) normalized as Tr(1) = N, one can always calculate the Chern character (1) if
the projection P is given. Thus we write the 2k-th part by 79, (P). This can be regarded
as the cyclic 2k-cocycle where the projections are substituted.

For example, the cyclic O-cocycle is given by

70(P) = Te(P) = dim(E). (3)

Now let us investigate the explicit examples of cyclic cocycles. First we consider a
flat two dimensional plane (Moyal plane) algebra. We employ the operator representation

and define the noncommutative coordinate (z',z?) as [z',2?] = i©. Further we define
. . . . 1 . 1 .
the creation and annihilation operator af = T (et —iz?) and @ = —5(2! + i2?) such

that they satisfy [a,a'] = 1. Using this one can define the basis of the Hilbert space

as the familiar n-number state |n) = ﬁ(cﬂ)”\O). Then the algebra is expanded by

In)(m| (n,m >0). Let us consider the projection P, = >_7~} |k)(k| for a finite integer
n. The trace of this operator is given by Tr(P,) = 270 - n, where we have normalized the
trace so that it is equal to the integration [ dx'dxz? in the c-function representation. Now
it is straightforward to calculate m(P,) since the derivations 4,0, along the coordinate
xt, 2% are given by

oo L
= — =—— . 4
01 @[33,], 02 @[QS,] ()
Thus we obtain the result as follows
1
(P, = Tr [P,[a, P, P] — Pula, B,][a", )]
210
1
= 5o [P, + P.a'P,aP, — P,aP,a'P,]
= n. (5)

Therefore the value of 75(F,) is quantized and is positive. Note that this value is equal to
the first Chern class of the projective module and therefore should be quantized. Then
one may ask if one can obtain negative integers ? The answer is yes and one can construct
the corresponding projection as 1 — P,. In this case we obtain the value 75(1— P,) = —n.

24



After this elementary example, let us turn to the two dimensional noncommutative
torus Ay. We assume 60 is irrational because for rational 6 there are finite dimensional
representations of the algebra and the calculations are simplified (see also [17, 14, 16, 18]).

As we have mentioned in section 3.1, the projections in Ay are generally characterized
by their values of trace as in eq.(17). The explicit construction of projections (Powers-
Rieffel projection) was given in [28] and let us review this below.

Because U; and U, do not commute (U,Uy = UsUpe*™), we can diagonalize only Us
2miz?

and define c-number z? as Uy = €2™@". Thus we obtain the following (infinite dimensional)

representation of Ay

Urla®) = |2* +0), (6)
Uslz®) = ™" |a). (7)

Then the trace of an element a € Ay is given by

1
Tr(a) = / dz®(x?|a|z?). (8)
0
In order to find explicit projections P we assume the following form
P=U; (9(Uz)" + f(Us) + g(Ua)Un. 9)

As we will see below, one can construct a projection for each n,m even under this re-
striction. Acting on the position space |z?), we require P?|z?) = P|z?). This defines a
projection in Ay if and only if f and g satisfy the following relations

9(627”'962)9(62#1'(124-9)) =0 ’
g( )L = f(&7) = f(eEmEI)] =0,
miz? X i (x
FET 1= F(@™0)] = |g(e™ ) + g(e™ )7 (10)
Explicit forms of f, g which satisfy these relations are given as follows. Choose any

small € > 0 such that e < 6 and 6 + € < 1, and let F(2?) = f(e*™*") for one period be
given in the range 22 € [0, 1] by

x2/e .CE2€[0,6]
o )1 22 € [¢, 0]
P = 1—(2*—0)/e ?elf,0+¢ (1
0 z? € [0 +¢1]

Then define g for one period by

orist) _ {¢F<x2><1 —F@?)  2*€[0.d,

0 z? € [e, 1] .

gle (12)
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It is easy to see that the functions f and g, defined as the periodic extensions of the
above, satisfy the relation (10). It can be easily shown that

1 1
Tr P :/ da?® < 2*|P|a? >:/ dr’F(x?) =0 . (13)
0 0
Thus the projection P now constructed corresponds to Fp.

Now how about more general projections P,_,,9 7 Such general projections can be con-
structed by slightly modifying the above constructed Py as follows. The general projection
P, _,.o can be regarded as the projection Py in the algebra Ay if we define #/ =n — mé.
It is easy to see that the algebra Ay can be embedded in Ay by replacing (Uy, Us) with
(i) (U, Ud") or (ii) (U™, Usy). Since one can construct the projection Py in the previous
way, we obtain the projection P,_,,» in Ay as desired.

In the first choice (i), the projection is described by functions f and g with period
1/|m| and the width of each lump of the function f is given by (n — m#)/|m|. This
preserves the form (9) and is called Powers-Rieffel projection [28]. On the other hand, in
the second choice (ii) the requirement for being a projection is given by the equation (10)
with 6 replaced by mf and this is not included in the form (9). Then the width of the
lump is enlarged to n — mf. This construction was given in [14] and used in the proof
that any projection can be divided into infinite numbers of mutually orthogonal smaller
projections, where the total value of trace is preserved. Note also that in either case, the
total area occupied by the lump is 0 < n —m# < 1.

Next we turn to the calculation of cyclic 2-cocyle mo(P). Define the derivations d;, 0o
along the two directions of the two dimensional torus as follows

5jUk == 27T7;(Sijk, (14)
where ¢;; is the ordinary Kronecker’s delta. Equivalently, one can express the derivations

as follows by using the noncommutative coordinate (z', %) defined by Uy = €2 U, =
2mix?
e2mie”,

61 = —i—[2% ], &y =i—[z', ] (15)

From these we can see that d; and d, do commute. Then the cyclic 2-cocyle is defined
by

T(a,b,c) = %Tr [a 61(b)d2(c) — a d9(b)d1(c)]. (16)
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If we substitute a = b = ¢ = Fp, then we get [34]

TQ(P@)
= —(4mi)Te[f/(U2)(g(U2))? — f(Ua)g'(Uz)g(Uz)Us
+ULf(U2)Us g (Ua) g(Ua)Us — (g(Us))2Uy f'(U2) U U]
— / A2 (F(? +0) — F(22)—(g(a2)?) + 2 /0 dr - (22 +0) — F(2*))(9(a*)?)

0 dx? dx?

— —6/0 dl‘2df(x2) (g(x2)2)

dx?

1
= —6/ dt (t—t*) = —1. (17)
0
It is also possible to generalize the result for the projections P,_,,s and we obtain
T2(Pn—m9) =m. (18)

In order to see this one has only to note that for the description (i) the evaluation of 7,
is equal to counting of the number of lumps with sign and also that for the description
(ii) the factor m is due to the derivation of U". Indeed this value of 7, is the same as
that computed from the previously discussed projective modules E,, ,, (0 <n—mb < 1)
which possess the constant curvature F' = 2221 ¢ End 4, E,, as follows

7 (F) = %mTr(F) =m. (19)

Finally let us discuss the relation between the results in the Moyal plane and those
in noncommutative torus. Since the radius of the torus is scaled in proportion to %, the
noncommutative torus will approaches the Moyal plane in the limit § — 0. In this limit
the value of integers n, m which satisfy 0 < n —mf < 1 is restricted ton =0 or n = 1.
Thus we obtain the projection P9 and P;_,,s. This is consistent with the previous result
that in the Moyal plane algebra the projection is given by P,, or 1 — P,, up to unitary

equivalence.
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