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EXCEPTIONAL VALUES OF DIFFERENTIAL
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WILLIBALD DOERINGER

Let f be a meromorphic non-rational function on C and
QLf1, P[f] differential polynomials in f. Assuming that
neither of them vanishes identically, functions of the form
f*QIf1+ PIf], n€ N, are shown not to have zero as a Picard
or Borel exceptional value for sufficiently large n. Examples
show that the estimates given for » are optimal.

1. Introduction and results, In the present paper we concern
ourselves with the value-distribution of differential polynomials. We
make use or results from value-distribution theory and we use the
common notations m(r, f), N(r, f), T(r, f), N(r, f), S(r, f) and so on.
(cf., e.g., [3], [8D]).

There has been quite a bit of investigation (cf. [2], [12]-[14]) of
Picard values of certain expressions in a meromorphic function f such
as f"f’ or f + f'. Our article extends some of the previous results,
especially those of W.K.Hayman [4] and L. R. Sons [9]. Let f be
a meromorphic function—in this paper always in the sense of mero-
morphic in the whole plane—and let n, n,, ---, #; be nonnegative
entire numbers. We call

(1) MLf} = fro(fm - (fF @)

a monomial in f (cf. L.R. Sons [9)), vYu: =n,+n + --- + m, its
degree and I'y: =n, + 2n, +---+ (1 + k)n, its weight. Further, let

Mjfl, -+, MJf] denote monomials in f and a,, ---, a, meromorphic
functions satisfying T(r, a;) = S(r, f), 1 £ § < 4, then
(2) Plfl = eMIf] + -+ + a,M.[f]

is called a differential polynomial in f of degree v,:= maxi, v,
and weight I'p:= max{, I'y; with coefficients a;.
Using these definitions we can state the following results:

THEOREM 1. Let f be a nonrational meromorphic function and
let Q[ f1, PLf] be differential polynomials in f satisfying Q[f](z) £ 0,
P[fl(z) £0. Then zero is neither a Picard nor a Borel exceptional
value of

¥ = fQLf] + PLf]
Jor any ne N with n = 3 + I'» and in particular
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lil?_iul) %—)— >0.

As an immediate consequence we get

COROLLARY 1. Let f be a nonrational meromorphic function and

U = qfro... (foym

a differential polynomial in f, a = 0. Barring zero, ¥ has no finite
Picard or Borel exceptional values if only n, = 3 holds. And again

holds for ¢ < C\{0}.

REMARK. L. R. Sons proved similar results in [9] for the case
a =1 and 7, = 2, however under the additional assumptions 7, =1
and 2%(n, + 2, (L + 9)n,) < (2* + m, — DG, 1 + Dny).

Theorem 1 can be sharpened by considering entire functions only.

THEOREM 2. Let f be a transcendental entire function and let
QlLf1, PLf]1 be differential polynomials in f, both not identically
vanishing. Then

¥ = fQLf]1+ PLf]

does not assume zero as a Picard or Borel exceptional value for any
neN, n=2+ vp; and here also

1in£1j°up —Z%({—’;’lg—)— >0

holds for these m.

REMARK. Assuming f to be entire Corollary 1 holds already for
Ny = 2.

We conclude by giving two examples which show that the
estimates given for » are optimal in the sense that they cannot be
improved. First consider a nonconstant solution of the Riccati dif-
ferential equation w' = —2(w — 1)(w + 1) which is a transcendental
meromorphic function satisfying w* + w’ = 1 (cf., e.g., [10], [11]);
this settles Theorem 1.

Regarding Theorem 2 we choose an entire transcendental solution
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of the linear differential equation w'’ = —2ac(w — ¢), j€ N, where
a and ¢ are nonzero constants. Then we have w" + aw?® = ac® what
is all we wanted to show.

2. Some lemmas. We prove a few auxiliary results. The fol-
lowing notations help to simplify our presentation. By \(f) and o(f)
we shall always denote the upper and lower order of growth of a
meromorphic function f; for a differential polynomial Q[f] in f we
write Q'[f] instead of (d/d2)Q[f]. (Note that for an arbitrary monomial
M[f] in f, M'[f] can always be represented as a differential poly-
nomial in f, each of whose monomials have the same degree as M[f].
Those differential polynomials are often called homogeneous).

Finally we shall say, following W. K. Hayman [4], that a certain
property & = Z#(r), r€ D € R, holds “nearly everywhere” (n.e.) in
D, if there is a subset A & D of finite linear measure such that .Z(»)
holds for all » € D\A.

LEMMA 1. Let f be a nonconstant meromorphic function. If
Qlf] is a differential polynomial in f with arbitrary meromorphic
coefficients q;, 1 < j =< n then
(1) m@r, QLf]) = vom(r, f) + X m(r, ¢;) + S(, f)
and -

(ii) N(r, QIf]) = I'(N(r, f) + 2j- N(r, ¢;) + OQ).

Proof. Starting with Q[f] = 337, ¢;M,[f] (ef. (2)) we can repre-
sent Q[f] as Q[f] = X33, ¢f f™9 with m; := v, and with meromorphic
functions ¢} satisfying m(r, ¢f) < m(r, ¢;) + S(», ), 7 =1, ---, n.
This settles (i). Further, in an arbitrary z,€C let Q[f], f, ¢; and
M,[f] have poles of order g, v, ¢; and v; respectively (as usual a
meromorphic function f has poles of order zero in points ze€C with
f(z) %= o). It follows immediately, that ¢ < max{v, + &, ---, v, + .}
and because of v; < I'y,-v = -y, 1 = j <u, we have

(3) pETev + 31
Hence n(r, QUfD) < I'gn(r, f) + >, n(r, q;) and therefore (ii) holds.

Now we use Lemma 1 to improve a result of Clunie (cef. [1],
Lemmas 1 and 2).

LEMMA 2. Let f be a nonconstant meromorphic function. And
let @*[f] and Q[f] denote differential polynomaials in f with arbitrary
meromorphic coefficients qf, ---, q¢F and q, .-+, q, respectively; fur-
ther, let P be a nonconstant polynomial of degree p. Then from
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P(HR*1f] = Qlf]
we can infer the following:
(i) if 7o =, then
m(r, @D S Symlr, a) + Fmlr, g) + S, )
(i) if 'y < p we have in addition

Nr, Q17D = 5 N, a) + 3, N, ¢ + 01 -

Proof. For a proof of the first proposition see Clunie [1]. (ii)
Let ny(r, @*[f]) denote the number of those poles of @*[f]in {z| < »
that are also poles of f with the poles of Q*[f] being counted ac-
cording to their order. Set n/(r, @*[f]) := n(r, Q*[F1]) — ns(r, Q*[f])
and define N(r, @*[f]), N’(r, Q*[f]) correspondingly. We obtain
immediately

(4) M@QWWééMnm+om.

Now we choose a point z,€ C where Q*[f] and f have poles of
order p and v respectively; denoting by v, ---, v, the orders of the
poles of ¢, ---, ¢, in %z, and considering (8) we get

py+ p=Iyv+max{y, - -, v}

and I', < p yields
Z
ns(r, QLD = X nlr, ¢5) -
Adding (4) this proves (ii).

We conclude by proving a lemma that will enable us to compare
the orders of growth of a differential polynomial in f with those of f.

LEMMA 3. Let T.(r), Ty(r) be real valued, nonnegative and non-
decreasing functions defined for r > r, >0 and satisfying T.(r) =
O(T,(7)), » — «, n.e., then we have

(i) lim sup,...log T.(#)/log r < lim sup,._.. log T,(r)/log »
and

(ii) liminf,.. log T,(r)/log r < lim inf,_. log Ty(r)/log r.
This implies in particular that for meromorphic functions f, and f,
with T(r, f1) = O(T(r, f,)), » — <o, n.e., the inequalities Mf1) < N[>
and o(f) = (O(fz) hold.
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Proof. (i) Assume without loss of generality that

+
A= limsupw < oo,
7o log »

For arbitrary ¢ > 0 there exist B > max {r,, 1}, K > 0 and D & [R, «)
such that T,(r) < »** for »r = R, T\(r) £ KT,(r) for re[R, «)\D and
m:=mes (D) < . Here m denotes the Lebesgue-measure of D.
Now for »> R+ m and €D one can find r, r,¢ D, R=<r, <r<r, and
r, — 1. < m + 1 such that T,(») £ KT,(r,) < Kri*e < K(r,/r)*rtte <
Cr**e with C: =K(m + 2)**¢, i.e., T.(r) < Cr**e for all » > R + m.
Henece we obtain

+
lim sup log T'() < + ¢ for arbitrary ¢ > 0;
7o log r

We conclude that (i) holds.
(ii) Assume the contrary and carry on as above.

3. The proofs of Theorems 1 and 2. With the assumptions
of Theorem 1 let

¥ = fRLf] + PIf].

By means of Lemmas 1 and 2 we see that ¥ connot be constant
and setting v = ¥'/¥ we get

(5) f*H = vP[f] — P'[f]
where
(6) H = nf'Qlf] + fQLf] — vfQLSf] .

Now Lemmas 1 and 2 show that H = 0. Otherwise ¥'/T =
P'[£f1/PLf], i.e. ¥ = KP[f] for a suitable K ¢C leading to f"Q[f] +
(1 — K)P[f]=0. However, since I'x; < n — 3 by assumption this
implies T(r, Q[f]) = S(», f) by use of Lemma 2 and therefore
T(r, ") < T(r, P[f]) + S(r, f) since Q[f] # 0, again by assumption.
Now Lemma 1 leads to nT(r, f) < I'p;T(r, f) + S(r, f) which is im-
possible.

Further we infer from S(r, ¥) < S(r, f)

(7) vPlf]1 — P'[f]1 = T[f] with v =7

where all coefficients ¢ of the differential polynomial T'[f] satisfy
m(r, ¢) = S(r, f).
Therefore we can invoke Lemma 2 and (5) leads to

(8) m(r, H) = S(r, f) .
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It remains to be shown

(9) N, H) < N(r, =) + S, 1) -

First choose z,& C such that H(z,) = oo.
If f(z,) = o with order v we get

p=Tpy+maxfy, -0} +1—(n—1)v<max{y, ---, v}

where v, ---, v, and g denote the orders of the poles of the coeffi-
cients p,, -+, », of P[f] and H in z, respectively (remember that
n = 8 + I'» by assumption).

Using the notations of Lemma 2 we can write this as

(10) Ny(r, H) < 3\ N(r, p)) + S, ) = S(r, f) .
Further, let ¢, ---, g, be the coeflicients of Q. Then we can conclude

N(r, H) £ 2 5, N, g) + N/(r, v) + S(r, )

and because of

N, ) S N(r, ) + $ N, 0 + 3, Nir, p) + S0, )

we finally arrive at

11 Ni(r, H) < N<7~, %) + S, f) .
Now (10) and (11) together prove that (9) is valid.

Noting that H % 0 one infers from (3), (8) and (9) using

T(r, f*) = T(r, vPLf] — P'IfD) + TCr, H) + S(r, f)

and

Ner, oPLf] = PIfD £ ToNGr, £) + Nr, £) + N(r, ) + Str, £)
the inequality

Ter, ;) Iy TGr, f) + NG, f) + 2N(r, 22) + 80, ).

Here use was made of Lemma 1(i). Keeping in mind however that

I's<n—3 we get

(12) T(r, f) = O(N('r, %)) , r— o, n.e.

The rest is easy.
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First one clearly sees that the assumption N(r, 1/¥) = S(r, 1)
leads to a contradiction, hence zero cannot be a Picard exceptional
value of ¥ and we have

. N(r, 1)%)
1 DL N BV N | IS
1m Sup T(r, ¥) >

Applying Lemma 3 to equation (12) we get

log Ner, 1/¥) _,

M) = lingjoup Tog

’

and observing » < M¥) £ Mf) we see, that zero cannot be a Borel
exceptional value of ¥ either. This completes the proof of Theorem 1.

REMARK. Using (12) and Lemma 3 we obtain A(f) = M%) and
o(f) = p(¥) under the stated assumptions.

The proof of Theorem 2 is now easily accomplished. Assume
N(r, f) = S(r, f) then due to

T(r, PIfD £ (n — 2)T(r, f) + S(r, f) and N(r, Q[f]) = S(r, f)

(cf. Lemmas 1 and 2, (5) and (6)) one gets just as in the proof of
Theorem 1

a3 Fxe, H0, To,H)=N(r,o)+80 0
where analogous notation is used. And from
n—1 w, ’

fH = 2PIf] - P'If]

we infer that
n — VTG, f) < (m — 2)TCr, f) + 21\7@,%) + S0, f)

and therefore

_ N 1 -

T(r, ) = O<N(7‘,—g—r—>> , r——> o, n.e.,

holds again.
The statements of Theorem 2 are now obvious.

REMARK. As above, ¥ and f have again the same upper and
lower orders of growth.
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