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ABSTRACT: The chain length dependence of mean-square radius of gyration <S2 ) for several 

polymers, stiff or flexible, in dilute solution is compared with that for the Kratky-Porod (KP) 

wormlike chain, using representative literature data. In the region of nK, the number of Kuhn's 

statistical segments, below about 50, <S2 ) for all polymers examined is accurately described by 

Benoit-Doty's expression for the KP chain. Upward deviations from this expression occur at nK of 

about 50, regardless of the chain stiffness. Thus, the critical chain length Lc for the onset of 

excluded-volume effect on the average dimensions of a polymer is approximately proportional to q, 

the persistence length of the polymer, with a proportionality factor of about I 00. The value of Lc 

estimated from this relation is at least one order of magnitude larger than that predicted 

theoretically by Y amakawa and Stockmayer. 
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Previous work1 - 4 on stiff or semifiexible poly­

mers has shown that the mean-square radii of 

gyration (S2 ) of this class of macromolecules in 

dilute solution can, in general, be described ac­

curately by Benoit-Doty's theory5 for the Kratky­

Porod unperturbed wormlike chain6 (the KP chain). 

Ignoring the excluded-volume effect in dealing with 

stiff polymers is a reasonable approximation, since 

chain stiffness prevents segments from intramo­

lecular collision. This approximation, however, 

should eventually break down as the chain length 

increases. In fact, our recent studies 7 - 9 on stiff 

polymers, including poly(hexyl isocyanate) (PHIC), 

a typical example, demonstrate that the volume 

effect on (S2 ) becomes observable when the chain 

length exceeds a certain value Lc. 

The purpose of the present paper is to investigate 

the correlation between chain stiffness and Lc, using 

the (S2 ) data obtained in these and other well­

documented studies.3 •7 - 15 To make the data anal­

ysis quantitative, we express the stiffness of a given 

polymer in terms of the persistence length q of the 

associated KP chain and treat deviations of mea­

sured (S2 ) from the Benoit-Doty expression5 as 

due entirely to volume exclusion between chain 

segments. 

WORMLIKE CHAIN PARAMETERS 

Table I lists the reported values of q and ML (the 

molar mass per unit chain contour length) for the 

polymer+ solvent systems chosen. The values for 

DNA have been reestimated by analyzing the (S2 ) 

data of Godfrey and Eisenberg,3 using the method 

recently proposed by Murakami et a/.,8 and those 

for polystyrene in cyclohexane have been deter­

mined by the analysis described below. 

The data of Ballard et a!Y are plotted as (S2)/ 

Mw against log Mw in Figure 1, where Mw is the 

weight-average molecular weight of the polymer. 

This graph also includes the light scattering data of 

Miyaki et a/. 14 and Oyama et a/. 15 for higher 

molecular samples in the same solvent. The 

data points are fitted by a smooth curve, which rises 

sharply in the region of Mw below 104 and then 

levels off at a constant value. The initial rise is a 

reflection of a finite chain stiffness of the poly­

styrene molecule. 

Benoit-Doty's expression for (S2 ) of the KP 

chain may be written 
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<S 2 ) nK 1 1 1 
--=---+---[1-exp(-2nd] (1) 
(2q)2 6 4 4nK 8nK2 

where 

(2) 

with M the molecular weight of the chain. The 

quantity nK is the number of Kuhn's statistical 

segments in the chain and is related to the chain 

contour length L by L=2qnK. The nK value cor­

responding to the critical chain length Lc is denoted 

by nKc· 

From eq I it follows that 

CCN'= lim <S 2)/M=q/3ML (3) 
nK-+cx.} 

(4) 

where M 112 denotes the value of Mat which <S2 )/ 

M equals Coo'/2. From Figure I we find C00 '=8.6 

( ± 0.2) X w-IS cm2 and Ml/2 = 1400 ( ± 200). These 

Table I. Parameters associated with the 

dimensions of unperturbed and 

perturbed wormlike chains 

q ML 

Polymer 

nm nm- 1 

Schizophyllan• !50 2170 

DNAb 68 1970 

PHICC 42 715 50 1.2 

PTDPd 6.4 350 
ppope 3.7 330 

3.3' 330' 
80 1.06 

PlOP• 3.1 330 50 1.2 
pch 1.8 260 60 1.1 

Polystyrene J.Oi 390i 30i J.2i 

• In O.ol N NaOH at 25oC (ref 12). 

b In 0.2M NaC1+2mM EDTA+2mM Na-P04 (pH 7) 

at 25°C (ref 3). 

c Poly(hexyl isocyanate) in hexane at 25oC (ref 8). 

d Poly(terephthaloyl-trans-2,5-dimethylpiperazine) m 

trifiuoroethanol at 25°C (ref II). 

e Poly(phthaloyl-trans-2,5-dimethylpiperazine) in chlo­

roform at 25°C (ref I 0). 

' In N-methyl-2-pyrrolidone at 25oC (ref 10). 

• Poly(isophthaloyl-trans-2,5-dimethylpiperazine) in 

trifiuoroethanol at 25oC (ref 9). 

h Bisphenol A polycarbonate in tetrahydrofuran at 25oC 

(ref 7). 

i In cyclohexane at the theta temperature (ref 13-15). 

i In benzene at 25oC (ref 14). 
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Figure 1. Plot of <S2 )/Mw vs. log Mw for polystyrene 

in cyclohexane at the theta temperature. (e), Ballard et 

aU'; ( 0 ), Miyaki et a/. 14; (e), Oyama et a!Y The curve 

represents eq I with q= 1.0 nm and ML = 390 nm - 1 . 

values, substituted into eq 3 and 4, give q = 1.0 

(±0.1) nm and ML=390 (±30)nm- 1, which are 

presented in Table I. 

The solid curve in Figure I has been calculated 

from eql with q=l.Onm and ML=390nm-1. Its 

good fit to the data points substantiates that the 

unperturbed wormlike chain is a reasonable model 

for polystyrene in cyclohexane at the theta tempera­

ture. We note that the M L value of 390 nm -J is close 

to 408 nm -I, computed on the assumption that the 

polystyrene molecule assumes all-trans conforma­

tion.16 

CRITICAL CHAIN LENGTH 

If eq I holds, a reduced mean-square radius of 

gyration <S2 )/(2q)2 should be a universal function 

of nK. To check this prediction, we made log-log 

plots of <S2 )/(2q)2 against nK using the reported 

data for the systems listed in Table I. The results are 

shown in Figure 2. The points for the system 

polystyrene + benzene in this figure have been 

included, assuming that the q and ML for poly­

styrene in cyclohexane are also applicable to a 

good solvent benzene. 

All plotted points for nK below about 50 are seen 

to fall on the solid curve actually representing eq I. 

This implies that regardless of chain stiffness and 

solvent, polymers with nK less than 50 are not 

perturbed by excluded-volume effect and their sta­

tistical radii obey eq I. The data points start deviat­

ing upward from the solid curve in a region of nK 

around 50 and follow the dashed lines as indicated, 

except for those of polystyrene in cyclohexane. It is 
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Figure 2. Reduced mean-square radii of gyration plotted against the number of Kuhn's statistical 

segments for different polymer+ solvent systems. The solid line represents eq I. 

reasonable to assume these deviations to be due 

primarily to volume effects and to define nK at the 

intersection of the dashed and solid lines as the 

critical segment number nK c for the onset of volume 

effect in a given polymer. 

In Figure 3, the data in the region of nK between 30 

and 1100 are displayed on a larger scale, along with 

those for polystyrene in cyclohexane omitted. The 

values of nK c estimated from this figure are given in 

the fourth column of Table I. They are approx­

imately constant, ranging from 30 to 80 and 

showing no discernible correlation with chain stiff­

ness. In fact, the q values of polystyrene and PHIC 

differ as much as about 40 times. The effect of 

solvent on nKc is not clear by these limited data. 

Summarizing, we may write the following empirical 

relation between the critical chain length Lc = 2qnK c 

and the persistence length q: 

(5) 

Polymer J., Vol. 14, No. 2, 1982 

It should be noted that the proportionality factor 

in eq 5 is at least one order of magnitude higher than 

that estimated from the theory of Yamakawa and 

Stockmayer17 who developed a first-order pertur­

bation theory for the volume effect in the KP chain. 

In other words, chain stiffness prevents intramo­

lecular contact of chain segments more strongly 

than is predicted by this theory. 

The dashed lines in Figure 3, though giving 

approximately the same values of nKc, have dis­

tinctly different slopes v (see the fifth column of 

Table I) for different polymer + solvent systems. 

Apparently, no correlation can be seen between v 

and q. If inferred from our knowledge on flexible 

polymers, the major factor for v would be the binary 

cluster integral f3 for segment-segment interactions. 

Poly(methyl methacrylate) (PMMA) is known as 

a flexible polymer, but the data18 - 24 shown in 

Figure 4 indicate that it is stiff at very low molecular 

weight, just as is another flexible polymer poly-
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styrene of comparative molecular weights. In Figure 

4, the slope of the solid curve fitting the acetone 

data first decreases to 0.5, stays at this value over a 

certain range (from 103 to 2 x 104 , approximately), 

and then changes rather discontinuously to a higher 

IOOOr--------------------------------, 

nK 

Figure 3. Enlarged graph of Figure 3. The data for 

polystyrene in cyclohexane are not displayed. 

value 0.6. Interestingly, the portion with the slope of 

0.5 merges with the extension of the dashed line 

fitting the data points25 ·26 for n-butyl chloride at 

35°C, a theta solvent for PMMA. Thus, we may 

consider that PMMA in acetone, a good solvent for 

this polymer, undergoes no excluded-volume effect 

until the molecular weight reaches 2 x 104 and be­

haves like a stiff chain at molecular weights lower 

than 103 . 

The chemical structure of PMMA suggests that 

its M L be in the range between 3 30 and 400 nm - 1 . 

Yamakawa and Fujii27 estimated ML for atactic and 

syndiotactic PMMA to be 3 70 nm - 1 , by fitting the 

expression for the mean-square end-to-end distance 

(R2 ) of a helical wormlike chain to the values of 

(R2 ) computed by Yoon and Flory28 on the ro­

tational isomeric state models. If Yamakawa­

Fujii's value of ML and the relation (S2 ) 112 = 
2.2 X 10-9 Mw112 (em) representing the dashed line in 

Figure 4 are substituted into eq 1 with eq 2 and only 

the leading term in eq 1 is retained, a value of 0.53 

nm is obtained for q. With these values for q and 

Mu we find 50 for nK at the above-mentioned 

critical molecular weight 2 x l 04 • This nK c value is 

very consistent with those estimated above for other 

polymers. 

The dot-dash line in Figure 4 represents eq I with 

q=0.53nm and ML=370 nm- 1 • It does not fit the 

acetone data for Mw below 104 • This fact is in 

agreement with the finding of Kirste and 

IOOOr------------------------------------------------, 
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Figure 4. Molecular weight dependence of (S2 ) 112 for poly(methyl methacrylate) in acetone, a good 

solvent, and in n-butyl chloride (35°C), a theta solvent. 18 - 26 
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Wunderlich23 that low molecular weight PMMA in 

acetone cannot exactly be modeled by the KP chain, 

and illustrates the limitation of the KP chain as a 

model for actual polymer molecules. 
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