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Exhausting domains of the symmetrized bidisc

Peter Pflug and Wlodzimierz Zwonek

Abstract. We show that the symmetrized bidisc may be exhausted by strongly linearly
convex domains. It shows in particular the existence of a strongly linearly convex domain that
cannot be exhausted by domains biholomorphic to convex ones.

1. Introduction

In our paper we show that the symmetrized bidisc can be exhausted by strongly
linearly convex domains. Additionally, the symmetrized bidisc cannot be exhausted
by domains biholomorphic to convex ones. These two facts have many interesting
consequences. In particular we get a solution to open problems and we get alterna-
tive proofs of known results for the symmetrized bidisc.

Recall that a domain DCC"™ is C-convex if for any complex line ¢ intersecting
D the intersection ¢ND is connected and simply connected. A bounded domain
DcCC" with C%-boundary is called strongly linearly convex (sometimes it is called
strongly C-convez) if the defining function r of D satisfies the inequality
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for any boundary point zy and any non-zero vector X from the complex tangent
space to 0D at z.

Basic facts on C-convex domains and strongly linearly convex ones that we
use in the paper can be found in [2] and [6]. Let us recall only that strong linear
convexity implies C-convexity.
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For e€[0,1) let us define

(2) D :={(s,p) €C*:/|s—3p[>+e+|p|> <1}.

Note that Dy is the symmetrized bidisc Gz (see [1] for the above description of the
symmetrized bidisc) and D. /Gy as e—0*. Moreover, D.CCxD, e€(0,1).
Note that the mapping

(3) CxD 3 (s,p)— (s—35p, p) € C*

is an R-diffeomorphism onto the image. It shows in particular that the set D, is
R-diffeomorphic to the convex domain G.={(w, z) €C?:y/|w[>+e+]|z[*<1}. More-
over, it is elementary to see that the strongly convex domains G., £€(0, 1), exhaust
the (non-strongly) convex domain Gy.

We show that a similar result holds for the domains D,.

Theorem 1.1. The domain D. is strongly linearly convex, e€(0,1). Con-
sequently, the symmetrized bidisc can be exhausted by an increasing sequence of
strongly linearly convexr domains.

Combining Theorem 1.1 with the fact that the symmetrized bidisc cannot be
exhausted by domains biholomorphic to convex ones (see [4]) we get the following
corollary, which gives a negative answer to a long-standing open problem on the ex-
istence of a strongly linearly convex domain not biholomorphic to a convex domain.
Note that examples of strongly linearly convex domains, which are not convex are
well known (see [11] and also [2]).

Corollary 1.2. The domains D for >0 small enough are examples of strongly
linearly conver domains that are not biholomorphic to convez ones (and even cannot
be exhausted by such domains).

Remark. Recall that the equality between the Lempert function and the Cara-
théodory distance (i.e. the Lempert theorem) holds for strongly linearly convex
domains (see [9]). Therefore, Theorem 1.1 implies that the equality between the
two functions on the symmetrized bidisc follows directly from the Lempert theorem.
It gives an alternative proof of that fact (to that in [1] and [3]). Moreover, it also
implies that the tetrablock (recall that the tetrablock is the image under the proper
mapping A (aq1, age, det A) of the Cartan domain of the first type Ry(2,2)) is the
only known non-trivial example of a domain (i.e. bounded and pseudoconvex) for
which the fact that the Lempert theorem holds does not follow directly from the
papers [8] and [9] (see [5]). It would be interesting to know whether the tetrablock
can be exhausted by strongly linearly convex domains.
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Remark. Recall that in two papers ([8] and [9]) Lempert showed the equality of
the Lempert function and the Carathéodory distance for different classes of domains
(convex ones and strongly linearly convex). It was however unclear whether domains
from the second class were not (up to biholomorphisms) equivalent to domains from
the first one. Theorem 1.1 shows that this is not the case.

Remark. Theorem 1.1 also implies that Go is a C-convex domain—it gives an
alternative proof to that in [10].

2. Proofs

Proof of Theorem 1.1. Let us fix £€(0, 1) and choose one of the possible (global)
defining C'*° functions for the domain Dy,

(4) re(s,p):=r(s,p):=|s—35p|*+e—(1—[|p[*)*, (s,p) €CxD.

Note that the defining function is even real-analytic.

First we note that the gradient of r does not vanish on 0D, (we shall calculate
the complex tangent below).

Now for a point (sg,po)€0D. and (s,p) being a non-zero tangent vector to
0D, (in the complex sense), we shall show that py5(0)>|pax(0)], where p(\):=
r(so+As, po+Ap), AeC. Note that for p(sg,po)=0 and arbitrary (s,p) we have by
Taylor expansion

p(A) = 2Re(((50—s0P0) (s—50p) — (50— 50po) sPo+2D0p—2|po|*Pop) A)
+IAP (15— 50p|* +|s[*[po]* —2 Re( (50— s0po)3p) +2Ip|* 2o *[p|*)

(5) —Re(2(s—50p) sPoA?) — (Re(2popA)) * +0(A?).

The above formula shows in particular that tangent vectors (s,p) to 0D, are
given by the formula
(6) 5(50 = 5080 —Po(s0 —50p0)) = (50 (50— s0P0) — 2P0 +2[po| *Po)-

It is also elementary to see that for a C2-function

v(A) =Re(AN)+a|A*+Re(bA?) — (Re(cA))? 4+-0()\?),

where a€R, A, b, c€C, the condition for vy5(0)>|vax(0)] is
] c?
2

(7) a——>|b—

2
2
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Applying this information to the function p we get the following inequality

) . 2pop)|?
350|232 ~ 2 Re( (50— s07)3p) + 2Jpf2 2 22— 2292

2% 2

(8) > 2(s—§op)sﬁo+@

that when proven for boundary points (sp,po) and non-zero tangents (s,p) will
finish the proof of the theorem.

Substitute the condition on the tangency of the vector (s,p). Since the in-
equality is trivial when sp=0 we may neglect this case. Then we divide both sides
by |p|? and after reductions we get the inequality

|2|p0 |* o — 2P0 +50P0 (S0 — S0p0) |2
+ Ipol*|50(50 — s0B0) — 2P0 +2lpo \2150‘2
—2Re((50—s0P0) (50(s0—50p0) —2P0+2|po|*po) (50— s0Po — Po (50— Sopo)))
+2|50 — s0po —Po (50 —50p0)|* —4|po|* |50 — 00 — Do (50— Sopo)|?
9) > |2(2|P0|2150 —2P0+30P0 (80— 530p0) ) (80(50 — S0P0) — 2P0 +2|po|*Po) Po
+2p5 (50— soPo —Do(so—50p0))?|-

Let us get rid of subscripts. After elementary calculations we get the inequality

2 _ _ a2
[pI?[21p]* —2+5(s—3p)|” +|p|*|5(s —sp) +2[p|* p—2p|
—2Re((5—sp)(s(s—3p) —2p+2|p|*p) (5 sp—p(s—5p)))
+2|5—sp—p(s—3p) | —4Ip|*|5—sp—p(s—35p)|?
(10) > 2[p[?|(2[p|* —2+5(s—5p)) (5(5—sp) —25+2|p|*P)
+(5—sp—p(s—5p))?|.
Note that the above function is invariant with respect to the mapping (s, p)—
(eits, ei?tp),
that

which means that we may assume that s>0. Since p(s,p)=0 we get
P
[1-p|?

(and p may be an arbitrary complex number satisfying the inequality ¢ <(1—|p|?)?).
Therefore, we get that
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Ip?]2(|pl = 1) (1=p) + (1~ |p[*)* |’

+Ip| (1= p)2 —e—2p(1— |p|*) (1-p)|*

(-2 Re (1) (FEE=E g ) ) (2415

(1—[p*)2—e)|1—2p+p)|”
(1=|p|*)* —e—2p(1—[p|*)(1—p))

+2((1—[p|*)? =) |1 =2+ |p|?|* — 4[p|?
(11) > 2|p?|(2(|p]*—1)(1—p)+(1—[p|*)* —¢)
+((1=p[*)*—e)(1—2p+p|*)?

(
(

which is equivalent to the inequality

2
|1—2p+|p|?|"2|p|*e +2|p|*e® +2¢((1— [p|*)* —¢) Re(1—2p+]p|*)
(12) > 2|p|?|e® —e(1—2p+|p|*)?].

Note that Re(1—2p+|p|?)=|1—p|?>>0, which easily implies that the above inequal-
ity holds for all possible p (i.e. satisfying the inequality (1—[p|?)?>¢). O

Remark. Let us recall some of the open questions concerning the strongly lin-
early convex and C-convex domains that still remain open and that can be found
in [2] and [12]:

(a) Does the Lempert theorem hold for any bounded C-convex domain?

(b) Can any bounded C-convex domain be exhausted by strongly linearly con-
vex ones? The answer is positive under an additional assumption of smoothness

of D, see [7].

References

1. AGLER, J. and YOUNG, N. J., The hyperbolic geometry of the symmetrized bidisc,
J. Geom. Anal. 14 (2004), 375-403.
2. ANDERSSON, M., PASSARE, M. and SIGURDSSON, R., Complex Convezity and Analytic
Functionals, Birkhauser, Basel, 2004.
3. CosTARA, C., The symmetrized bidisc and Lempert’s theorem, Bull. Lond. Math. Soc.
6 (2004), 656-662.
4. EDIGARIAN, A., A note on C. Costara’s paper: “The symmetrized bidisc and Lempert’s
theorem” [Bull. London Math. Soc. 36 (2004), 656—662], Ann. Polon. Math.
3 (2004), 189-191.
5. EDIGARIAN, A., KOsINSKI, L. and ZWONEK, W., The Lempert theorem and the tetra-
block, Preprint, 2010.
6. HORMANDER, L., Notions of Convexity, Birkhauser, Boston, MA, 1994.



402

10.

Peter Pflug and Wlodzimierz Zwonek: Exhausting domains of the symmetrized bidisc

JAcQUET, D., C-convex domains with C? boundary, Complex Var. Elliptic Equ. 51
(2006), 303-312.

LEMPERT, L., La métrique de Kobayashi et la représentation des domaines sur la boule,
Bull. Soc. Math. France 109 (1981), 427-474.

LEMPERT, L., Intrinsic distances and holomorphic retracts, in Complex Analysis and
Applications ‘81 (Varna, 1981), pp. 341-364, Publ. House Bulgar. Acad. Sci.,
Sofia, 1984.

Nikorov, N., PFLuG, P. and ZWONEK, W., An example of a bounded C-convex do-
main which is not biholomorphic to a convex domain, Math. Scand. 102 (2008),
149-155.

11. STEPANENKO, V. A., On an example of a bounded linearly convex but not convex
domain in C", in On Holomorphic Functions of Several Complex Variables,
pp- 200-202, Inst. Fiz. Sibirsk. Otdel. Akad. Nauk SSSR, Krasnojarsk, 1976
(Russian).

12. ZNAMENSKII, S. V., Seven C-convexity problems, in Complex Analysis in Modern Math-
ematics, pp. 123131, Izdatel’stvo FAZIS, Moscow, 2001 (Russian).

Peter Pflug Wiodzimierz Zwonek

Institut fir Mathematik Instytut Matematyki

Carl von Ossietzky Universitdt Oldenburg  Uniwersytet Jagielloniski

Postfach 2503 Lojasiewicza 6

DE-26111 Oldenburg PL-30-348 Krakéw

Germany Poland

peter.pflug@uni-oldenburg.de Wlodzimierz.Zwonek@im.uj.edu.pl

Received August 24, 2010
in revised form May 29, 2011
published online September 6, 2011


mailto:peter.pflug@uni-oldenburg.de
mailto:Wlodzimierz.Zwonek@im.uj.edu.pl

	Exhausting domains of the symmetrized bidisc
	Abstract
	Introduction
	Proofs
	References


