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Abstract. The initial value problem for the drift-di¤usion equation arising from a

model of semiconductor-devices is studied. The goal in this paper is to derive well-

posedness and real analyticity of solutions of the initial value problem for the drift-

di¤usion equation with its dissipating term L ¼ ð�DÞ1=2. In the preceding works for

some associated equations, the case corresponding to this is known as critical. In this

case, the drift-di¤usion equation with L is of elliptic type, so we may not apply the

L p-theory for parabolic partial di¤erential equations used in the case that the dissipating

term is Ly ¼ ð�DÞy=2 with 1 < ya 2.

1. Introduction

We consider the following initial value problem for the drift-di¤usion

equation arising from a model of semiconductors:

qtuþ Lyu� ‘ � ðu‘cÞ ¼ 0; t > 0; x A Rn;

�Dc ¼ u; t > 0; x A Rn;

uð0; xÞ ¼ u0ðxÞ; x A Rn;

8><
>: ð1Þ

where nb 2, 1a ya 2, qt ¼ q=qt, ‘ ¼ ðq1; . . . ; qnÞ, qj ¼ q=qxj ð j ¼ 1; . . . ; nÞ,
Lyj ¼ F�1½jxjyF½j��, D ¼

Pn
j¼1 q

2
j , and u0 ¼ u0ðxÞ is given real valued initial

data. The unknown functions u ¼ uðt; xÞ and c ¼ cðt; xÞ stand for the density

of electrons and the potential of electromagnetic-field in a semiconductor,

respectively. When y ¼ 2, the dissipative operator L2 gives the positive

Laplacian �D. When 1a y < 2, the fractional Laplacian Ly involves the

jumping-process in the stochastic-process and it gives the suitable dissipation to

describe the dynamics of electrons in a semiconductor. This operator yields

the anomalous di¤usion in dissipative equations. For the basic properties of
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the anomalous di¤usion we refer to Brandolese and Karch [1], Karch [14],

Metzler and Klafter [25], and references therein. In particular, when y ¼ 1, the

operator Lj ¼ F�1½jxjF½j�� is called the half-Laplacian and the first equation

on (1) is of elliptic type.

The drift-di¤usion equation was first considered as a Neumann problem on

a bounded domain with y ¼ 2 in Mock [27]. The first equation qtu� Du�
‘ � ðu‘cÞ ¼ 0 is derived from the mass-conservation-law for electrons and the

Poisson equation �Dc ¼ u provides the potential of an electromagnetic-field.

For this Neumann problem, well-posedness and asymptotic-stability of time

steady solutions were shown. For the initial value problem (1) with 1 < ya 2,

well-posedness, global existence in time, decay and spatial analyticity of solu-

tions were proved in Kawashima and Kobayashi [19], Kurokiba and Ogawa

[21], Ogawa and the first author [29], Matsumoto and Tanaka [24] and the first

author [35]. These facts were shown by employing the Lp-theory for equation

of parabolic type. Unfortunately these arguments are di‰cult to extend into

the case y ¼ 1 since the dissipation balances the nonlinearity. Namely our

equation is of elliptic type in the case y ¼ 1 (see the remark after Theorem 1 in

this section). Our goal is to derive well-posedness and analyticity of solutions

of (1) when y ¼ 1.

Before stating our results, we refer to some preceding works for involving

equations. When y ¼ 2, we see the Navier-Stokes equation describes the

model of incompressible fluid flow and the Keller-Segel equation appearing

in the model of chemotaxis (cf. Escudero [9], Giga, Miyakawa and Osada

[11], Keller and Segal [20], and Nagai, Senba and Yoshida [28]). For those

problems, well-posedness, global existence in time and decay of solutions are

considered by many authors. Moreover spatial analyticity of solutions under

several conditions was shown in Giga and Sawada [12], Kahane [13], Masuda

[23], and Sawada [30]. When 1a ya 2, we refer to the following two-

dimensional quasi-geostrophic equation with the fractional dissipation:

qtuþ Lyu� ‘?c � ‘u ¼ 0; t > 0; x A R2;

ð�DÞ1=2c ¼ u; t > 0; x A R2;

(

where ‘? ¼ ð�q2; q1Þ. We remark that, for the potential-term on this equa-

tion, the divergence-free condition ‘ � ‘?c ¼ 0 holds. The quasi-geostrophic

equation is a model which corresponds to geophysical fluid dynamics. This

is very much related to the three-dimensional incompressible Euler equation

(see Chae, Constantin and Wu [4], and Constantin, Majda and Tabak [5]).

For the initial value problem of this equation with 1 < ya 2, existence of

smooth solutions was shown. On the preceding studies for the quasi-

geostrophic equation, the case y ¼ 1 is known as critical (cf. Ca¤arelli and
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Vasseur [3], Constantin and Wu [7], Cordoba and Cordoba [8], Kiselev and

Nazarov [17], Kiselev, Nazarov and Volberg [18] and references therein).

Indeed the structure of the quasi-geostrophic equation with y ¼ 1 is similar to

that of the three-dimensional Navier-Stokes equation. For this fact we refer to

Miura [26]. On the studies for the critical case by Constantin, Cordoba and

Wu [6], smallness of the initial data in LyðR2Þ was assumed in order to derive

existence of solutions. Moreover the structure of the potential-term, namely

the divergence-free condition, was applied in those preceding works. Maekawa

and Miura [22] also studied well-posedness of solutions to the fractional

dissipative equation with a generalized potential-term which satisfies the

divergence-free condition. Since our potential-term ‘c has not such a struc-

ture, the idea of the preceding studies might not work to our problem (1).

Before considering the critical case, we briefly review the results of the

subcritical case for our problem. For the initial value problem (1) with

1 < ya 2, Ogawa and the first author [29] and Matsumoto and Tanaka

[24] showed the following properties.

Proposition 1. Let nb 2, 1 < ya 2, n=ya p < n and u0 A LpðRnÞ.
Then there exist a positive constant T and a unique solution u of (1) such that

u A Cð½0;TÞ;LpðRnÞÞVCðð0;TÞ;W y;pðRnÞÞVC 1ðð0;TÞ;LpðRnÞÞ:

Moreover, if u0 b 0 and u0 A L1ðRnÞ are assumed, then uðt; xÞb 0 and

kuðtÞk1 ¼ ku0k1 hold for any t > 0 and x A Rn. In addition, assume that

u0 A L1ðRnÞVLyðRnÞ, then the solution of (1) exists globally in time and

satisfies

kuðtÞkL pðR nÞ aCð1þ tÞ�ðn=yÞð1�1=pÞ

for any t > 0 and 1a pay.

Proposition 2. Let nb 2, 1 < ya 2 and u0 A Ln=yðRnÞ. Assume that the

solution u of (1) exists globally in time and satisfies

kuðtÞkL pðR nÞ aCð1þ tÞ�ðn=yÞðy=n�1=pÞ

for any t > 0 and n=ya pay. Then there exist positive constants K1 and K2

and 1=y < d < 1 such that

k‘buðtÞkL pðR nÞ aK1ðK2jbjÞjbj�d
t�ðn=yÞðy=n�1=pÞ�jbj=y

for any n=ya pay, b A Zn
þnf0g and t > 0. Especially, the solution u is

analytic in x.
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Proposition 2 was proved in [35]. The above propositions are proved by

employing the Lp-theory for equation of parabolic type. Unfortunately, in the

case y ¼ 1, we cannot extend those propositions since our equation is of elliptic

type. Hereafter we consider this case. Namely we study

qtuþ Lu� ‘ � ðu‘cÞ ¼ 0:

In order to discuss our results, we introduce the following weighted-Sobolev

spaces:

Hs
mðRnÞ ¼ fj A D 0ðRnÞ j hximJ sj A L2ðRnÞg;

Hs
mðRnÞ ¼ fj A D 0ðRnÞ j jxjmJ sj A L2ðRnÞg;

ð2Þ

where J s ¼ ð1� DÞs=2 and hxi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jxj2

q
. For simplicity, we represent

HmðRnÞ ¼ H 0
mðRnÞ and HmðRnÞ ¼ H0

mðRnÞ. The inner-products on Hs
mðRnÞ

and H s
mðRnÞ are given by

h f ; giH s
mðR nÞ ¼ hhximJ sf ; hximJ sgiL2ðR nÞ;

h f ; giH s
m ðR nÞ ¼ hjxjmJ sf ; jxjmJ sgiL2ðR nÞ;

where h� ; �iL2ðRnÞ is the standard inner-product on L2ðRnÞ. Then we give

well-posedness of solutions of (1).

Theorem 1. Let nb 3, y ¼ 1, s > n
2 þ 1 and u0 A Hs

2ðRnÞ. Then there

exist a positive constant T > 0 and a unique solution u of (1) such that

u A Lyð0;T ;Hs
2ðRnÞÞVL2ð0;T ; _HHsþ1=2ðRnÞÞ;

where H s
2ðRnÞ is defined as (2).

In the assumption of this theorem the regularity HsðRnÞ with s > n=2þ 1

is not essential. Indeed it is possible that we solve (1) on some natural class

in view of the invariant-scaling ulðt; xÞ ¼ luðlt; lxÞ ðl > 0Þ but we will not

develop this point here. Also we can prove the assertion of this theorem if

the initial function is in Hs
1ðRnÞ instead of in Hs

2ðRnÞ. However the proof

would be longer in this case, because the estimate of the term ½hxiJ s;L� is

more complicated than that of ½jxj2J s;L� in (20) for example. For simplicity,

we assume that the initial function is in Hs
2ðRnÞ in this paper. A more

complete claim will be proved in our forthcoming paper [32]. The proof of

Theorem 1 is based on the energy method with weighted L2ðRnÞ-norm. When

1 < ya 2, we have derived Proposition 1 by employing the energy method

with usual L2ðRnÞ-norm and the Sobolev inequality (see [21, 29]). Unfortu-
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nately, when y ¼ 1, we cannot apply the similar procedure as in the proof of

Proposition 1 since the regularizing e¤ect from L is too weak in this case. In

Section 3, we prove Theorem 1 by employing a commutator estimate via Kato

and Ponce [16] and Hardy’s inequality.

Our second objective is established as follows.

Theorem 2. Let nb 3, y ¼ 1, s > n
2 þ 1 and u0 A Hs

2ðRnÞ, where H s
2ðRnÞ is

defined as (2). Then the solution of (1) is real analytic with respect to both the

space and the time variable on ð0;TÞ � Rn, where T is the positive constant

which is determined in Theorem 1.

We do not use the decay property that hxi2uðt; xÞ A L2ðRnÞ in the proof of

Theorem 2. Our proof works when u A Cyðð0;TÞ;HyðRnÞÞ is ensured. In

[15], the second author showed analyticity of the solution to elliptic equations

by using a cut-o¤ function. In Section 4, we employ this idea in order to

prove Theorem 2.

By using the similar arguments as in this paper, we can treat some

fractional dissipative equations with a potential-term. For example we con-

sider the following Keller-Segel equation of parabolic-elliptic type:

qtuþ Lyuþ ‘ � ðu‘cÞ ¼ 0; t > 0; x A Rn;

c� Dc ¼ u; t > 0; x A Rn;

uð0; xÞ ¼ u0ðxÞ; x A Rn:

8><
>: ð3Þ

Then we have well-posedness of solutions of (3) with 0 < ya 2. In particular

we obtain analyticity of the solution when 1a ya 2.

Notation. In this paper, we use the following notation. For x ¼
ðx1; . . . ; xnÞ and y ¼ ðy1; . . . ; ynÞ A Rn, we denote x � y ¼ x1 y1 þ � � � þ xn yn,

jxj ¼
ffiffiffiffiffiffiffiffiffi
x � x

p
and hxi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jxj2

q
. We define the Fourier transform and the

Fourier inverse transform by F½j�ðxÞ ¼ ð2pÞ�n=2 Ð
R n e�ix�xjðxÞdx, F�1½j�ðxÞ ¼

ð2pÞ�n=2 Ð
R n eix�xjðxÞdx, Ft;x½j�ðt; xÞ ¼ ð2pÞ�ðnþ1Þ=2 Ð Ð

R�Rn e�itt�ix�xjðt; xÞdxdt,
F�1

t;x ½j�ðt; xÞ ¼ ð2pÞ�ðnþ1Þ=2 Ð Ð
R�Rn eittþix�xjðt; xÞdxdt; where i ¼

ffiffiffiffiffiffiffi
�1

p
. For sim-

plicity we denote ĵjðxÞ ¼ F½j�ðxÞ. The partial derivative operators are denoted

by qt ¼ q=qt, qj ¼ q=qxj ð1a ja nÞ, ‘ ¼ ðq1; . . . ; qnÞ, D ¼ q21 þ � � � þ q2n , L
yj ¼

F�1½jxjyF½j�� and J sj ¼ ð1� DÞs=2j ¼ F�1½ð1þ jxj2Þs=2F½j��. The gamma

function GðpÞ for p > 0 is provided by GðpÞ ¼
Ðy
0 e�ttp�1 dt. We write

½A;B� ¼ AB� BA for operators A and B. For a ¼ ða1; . . . ; anÞ and b ¼
ðb1; . . . ; bnÞ A Zn

þ, we use ‘a ¼
Qn

i¼1 q
ai
i and jbj ¼

Pn
i¼1 bi, where Zþ ¼ NU f0g.

We write aa b if aj a bj ð1a ja nÞ, and a < b if aa b and a0 b. We

denote b
a

� �
¼
Qn

j¼1

bj !

aj !ðbj�ajÞ! for a and b A Zn
þ such as aa b. We denote Lp

and Hs the Lebesgue spaces and the Sobolev spaces for 1a pay and s A R.
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The norm of LpðRnÞ and HsðRnÞ are represented by k � kL pðR nÞ and k � kH sðR nÞ.

In particular the inner-products on L2ðRnÞ and HsðRnÞ are denoted by

h f ; giL2ðRnÞ ¼
Ð
R n f ðxÞgðxÞdx and h f ; giH sðR nÞ ¼ hJ sf ; J sgiL2 . The homoge-

nous Sobolev spaces and their inner-products are represented by _HHsðRnÞ and

h f ; gi _HH sðR nÞ ¼ hLsf ;LsgiL2ðR nÞ. We denote the set of all functions f on Rn

whose Lipschitz-norm k f kLipðRnÞ ¼ k f kLyðR nÞ þ k‘f kLyðRnÞ is finite by LipðRnÞ.
For m A R, the Gauss’ symbol ½m� describes ½m� ¼ maxfm A Z jma mg. The

dual space of a normed space X is denoted by X �. We denote the coupling

of f A X � and x A X by h f ; xi. For normed spaces X and Y , we denote

the set of linear bounded operators X to Y by LðX ;Y Þ. Especially we

denote LðXÞ ¼ LðX ;X Þ and kAkLðXÞ ¼ supx00kAxkX=kxkX for A A LðX Þ.
Various constants are simply denoted by C.

2. Preliminaries

In this section, we prepare several lemmas to be used in the proof of our

main conclusions.

Lemma 1 (Kato-Ponce’s inequality). Let s > 0 and f A HsðRnÞVLipðRnÞ
and g A Hs�1ðRnÞVLyðRnÞ. Then the following inequality holds:

k½J s; f �gkL2ðRnÞ aCðk f kH sðR nÞkgkLyðRnÞ þ k f kLipðR nÞkgkH s�1ðRnÞÞ;

where J s ¼ ð1� DÞs=2 and C is a positive constant which is independent of f

and g.

Proof. For the proof of this lemma, see [16]. r

Lemma 2 (Hardy’s inequality). Let 0a s < n=2. Then there exists a

positive constant C such that the inequality

k jxj�s
f kL2ðR nÞ aCkLsf kL2ðR nÞ

holds for any f A HsðRnÞ.

Proof. The proof of this lemma is given in [33]. r

Hardy’s inequality provides the following inequalities.

Lemma 3. Let nb 3. Then there exists a positive constant C such that

the inequality

k‘ð�DÞ�1jkL2ðR nÞ aCkjkH1ðR nÞ

holds for any j A H1ðRnÞ.
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Proof. Using the Perseval identity, we see that

k‘ð�DÞ�1jkL2ðR nÞ aCk jxj�1ĵjkL2ðRnÞ:

Applying Lemma 2, we obtain the desired inequality. r

Lemma 4. Let s > n
2 þ 1. Then there exists a positive constant C such that

the inequality

k‘ð�DÞ�1jkLyðR nÞ aCðkjkH s�1ðR nÞ þ kjkH1ðR nÞÞ

holds for any j A Hs�1
1 ðRnÞ.

Proof. The Sobolev inequality yields

k‘ð�DÞ�1jkLyðR nÞ aCk‘ð�DÞ�1jkH sðRnÞ:

Hence, employing the Perseval identity, we see that

k‘ð�DÞ�1jk2H sðR nÞ aC

ð
R n

ð1þ jxj2Þs

jxj2
jĵjðxÞj2dx

¼ C

ð
jxja1

ð1þ jxj2Þs

jxj2
jĵjðxÞj2dx

þ C

ð
jxj>1

ð1þ jxj2Þs

jxj2
jĵjðxÞj2dx: ð4Þ

Lemma 2 yields

ð
jxja1

ð1þ jxj2Þs

jxj2
jĵjðxÞj2dxaC

ð
R n

jĵjðxÞj2

jxj2
dx

aCkjk2H1ðR nÞ:

For the second term on the right hand side of (4), we have

ð
jxj>1

ð1þ jxj2Þs

jxj2
jĵjðxÞj2dxaC

ð
R n

ð1þ jxj2Þs�1jĵjðxÞj2dx

aCkjk2H s�1ðRnÞ:

Thus we obtain that

k‘ð�DÞ�1
jkH sðRnÞ aCðkjkH s�1ðR nÞ þ kjkH1ðR nÞÞ: ð5Þ

Consequently we derive the desired inequality. r
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The following lemma is well-known in functional analysis.

Lemma 5 (Banach-Alaoglu’s theorem). Let X be a separable normed

space, and let f fngn AN HX � be a sequence which is norm bounded. Then there

exists a subsequence of f fngn AN which converges weakly*. Namely there exists

f A X � such that

lim
n!y

h fn; xi ¼ h f ; xi

holds for any x A X.

Proof. For the proof of Lemma 5, we refer [2]. r

On the Sobolev spaces, a product of functions is treated by the following

inequality.

Lemma 6. Let s > 0. Then there exists a positive constant C such that the

inequality

kuvkH sðRnÞ aCðkukH sðR nÞkvkLyðRnÞ þ kukLyðR nÞkvkH sðR nÞÞ

is satisfied for any u; v A HsðRnÞVLyðRnÞ.

Proof. The proof of this lemma is given in [34]. r

For a pseudo-di¤erential operator, we obtain the following lemma.

Lemma 7 (Calderón-Vaillancourt’s theorem). Let p A C2nþ1ðRn � RnÞ and

the pseudo-di¤erential operator Pðx;DxÞ be defined by

Pðx;DxÞjðxÞ ¼
ð
R n

eix�xpðx; xÞĵjðxÞdx

for j A L2ðRnÞ. Assume that

X
jaþbja2nþ1

k‘a
x‘

b
x pkLyðRn�R nÞ < y ð6Þ

is satisfied. Then

Pðx;DxÞ A LðL2ðRnÞÞ

holds.

Proof. For the proof of Lemma 7, we refer to [10]. r
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3. Proof of well-posedness of solutions

In order to prove Theorem 1, we represent our problem as

qtuþ Lu� ‘ð�DÞ�1
u � ‘uþ u2 ¼ 0; t > 0; x A Rn;

uð0; xÞ ¼ u0ðxÞ; x A Rn;

(

where the operator ð�DÞ�1 is defined by

ð�DÞ�1
jðxÞ ¼ Gðn=2Þ

2pn=2ðn� 2Þ

ð
R n

jðyÞ
jx� yjn�2

dy:

For some s > n
2 þ 1 and T > 0, we introduce the following complete metric

spaces XT and YT :

XT ¼ Lyð0;T ;Hs
2ðRnÞÞ; kukXT

¼ sup
t A ð0;TÞ

khxi2J suðtÞkL2ðRnÞ;

YT ¼ Lyð0;T ;H2ðRnÞÞ; kukYT
¼ sup

t A ð0;TÞ
khxi2uðtÞkL2ðRnÞ;

where Hs
2ðRnÞ and H2ðRnÞ are defined as (2). For M > 0, we define

XT ;M ¼ fu A XT j kukXT
aMg; ð7Þ

in which we look for solutions.

Proposition 3. Let the function spaces XT ;M and YT be defined as

above. Then XT ;M is a closed subset in YT .

Proof. Since YT is a Banach space, for any Cauchy sequence fumgm AN

in YT with fumgm AN HXT ;M , there exists u A YT satisfying um ! u as m ! y
in YT . Namely

lim
m!y

hxi2um ¼ hxi2u in Lyð0;T ;L2ðRnÞÞ:

We show u A XT ;M . Since um A XT ;M , we see that

sup
0<t<T

khxi2J sumðtÞkL2ðR nÞ aM:

In addition Lyð0;T ;L2ðRnÞÞ is the dual space of L1ð0;T ;L2ðRnÞÞ. Hence

Lemma 5 states that there exist a subsequence fumj
gj AN H fumgm AN and

v A Lyð0;T ;L2ðRnÞÞ such that

w�- lim
j!y

hxi2J sumj
¼ v in Lyð0;T ;L2ðRnÞÞ:

We define the function ~uu by ~uu ¼ J�sðhxi�2vÞ. Then we see that

~uu A Lyð0;T ;Hs
2ðRnÞÞ
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and

sup
0<t<T

khxi2J s~uuðtÞkL2ðRnÞ ¼ sup
0<t<T

kvðtÞkL2ðR nÞ

a lim inf
j!y

sup
0<t<T

khxi2J sumj
ðtÞkL2ðR nÞ aM:

Namely we have that ~uu A XT ;M . On the other hand, since the limit value

of fumj
gj AN is unique, we obtain that ~uu ¼ u. Thus we complete the proof.

r

For v A XT ;M , we introduce the following linearized problem:

qtuþ Lu� ‘ð�DÞ�1
v � ‘uþ vu ¼ 0; 0 < t < T ; x A Rn;

uð0; xÞ ¼ u0ðxÞ; x A Rn:

(
ð8Þ

The solution of (8) can be constructed by using the following approximated

problem of (8):

qtue þ LJeðDxÞue � JeðDxÞ‘ð�DÞ�1
v � ‘JeðDxÞue þ vue ¼ 0;

ueð0; xÞ ¼ u0ðxÞ;

(
ð9Þ

where JeðDxÞ is a Friedrich’s mollifier. (9) can be regarded as a linear

ordinary di¤erential equation for ue in Banach space HsðRnÞ, which is solved

for each e. The same estimate as in the proof of Proposition 4 and the

standard weak convergent argument show existence and uniqueness of solutions

of (8) (see [34, Chapter 5] for more details). Then (8) has a unique solution

u A Lyð0;T ;Hs
2ðRnÞÞVL2ð0;T ; _HHsþ1=2ðRnÞÞ

associated with v. We define a map F by

F½v� ¼ u ð10Þ

for v A XT ;M . Then the following proposition holds.

Proposition 4. Let s > n
2 þ 1 and M ¼ 4ku0kH s

2
. Let the function-class

XT ;M and the mapping F be defined by (7) and (10). Then the inequality

kF½v�kXT
aM ð11Þ

holds for all v A XT ;M, if T > 0 is su‰ciently small. Moreover there exists a

constant 0 < L < 1 such that the inequality

kF½v1� �F½v2�kYT
aLkv1 � v2kYT

ð12Þ

is satisfied for all v1 and v2 A XT ;M.
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Proof. We show the inequality (11). Using (8), we see that

hqtJ
suðtÞ; J suðtÞiL2ðRnÞ þ hLJ suðtÞ; J suðtÞiL2ðRnÞ

¼ hJ sð‘ð�DÞ�1
v � ‘uÞðtÞ; J suðtÞiL2ðR nÞ � hJ sðvuÞðtÞ; J suðtÞiL2ðR nÞ:

Hence we obtain that

1

2

d

dt
kuðtÞk2H sðR nÞ þ kL1=2uðtÞk2H sðR nÞ

¼ h‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH sðR nÞ � hvðtÞuðtÞ; uðtÞiH sðR nÞ; ð13Þ

since L1=2 is self-adjoint on L2ðRnÞ. For the first term on the right hand side

of this equality, we see that

h‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH sðR nÞ ¼ h‘ð�DÞ�1

vðtÞ � ‘J suðtÞ; J suðtÞiL2ðRnÞ

þ h½J s;‘ð�DÞ�1
v�‘uðtÞ; J suðtÞiL2ðR nÞ: ð14Þ

Using integration by parts for the first term on the right hand side of (14), we

have that

h‘ð�DÞ�1
vðtÞ � ‘J suðtÞ; J suðtÞiL2ðR nÞ ¼

1

2

ð
R n

‘ððJ suðtÞÞ2Þ � ‘ð�DÞ�1
vðtÞdx

¼ 1

2

ð
R n

ðJ suðtÞÞ2vðtÞdx:

Hence, applying the Hölder inequality and the Sobolev inequality, we obtain

that

jh‘ð�DÞ�1
vðtÞ � ‘J suðtÞ; J suðtÞiL2ðR nÞjaCkvðtÞkLyðR nÞkJ suðtÞk2L2ðR nÞ

aCkvðtÞkH sðRnÞkuðtÞk
2
H sðR nÞ:

Thus the condition of vðtÞ concludes that

jh‘ð�DÞ�1
vðtÞ � ‘J suðtÞ; J suðtÞiL2ðR nÞjaCMkuðtÞk2H sðR nÞ:

Schwarz’ inequality and Lemma 1 yield that the second term on the right hand

side of (14) satisfies

jh½J s;‘ð�DÞ�1
v�‘uðtÞ; J suðtÞiL2ðR nÞj

aCk½J s;‘ð�DÞ�1
v�‘uðtÞkL2ðR nÞkJ suðtÞkL2ðRnÞ

aCk‘ð�DÞ�1
vðtÞkH sðRnÞkuðtÞk

2
H sðR nÞ:
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Thus, applying (5) to this inequality, we have that

jh½J s;‘ð�DÞ�1
v�‘uðtÞ; J suðtÞiL2ðR nÞjaCkvðtÞkH s

2
ðR nÞkuðtÞk

2
H sðR nÞ

aCMkuðtÞk2H sðR nÞ:

Consequently, employing those inequalities on (14), we conclude that the first

term on the right hand side of (13) satisfies

jh‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH sðR nÞjaCMkuðtÞk2H sðR nÞ: ð15Þ

For the second term on the right hand side of (13), the Hölder inequality,

Lemma 6 and the Sobolev inequality yield that

jhvðtÞuðtÞ; uðtÞiH sðR nÞjaCkvðtÞkH sðR nÞkuðtÞk
2
H sðRnÞ

aCMkuðtÞk2H sðR nÞ: ð16Þ

Applying (15) and (16) into (13), we see that

1

2

d

dt
kuðtÞk2H sðR nÞ þ kL1=2uðtÞk2H sðR nÞ aCMkuðtÞk2H sðR nÞ:

Hence we obtain that the inequality

kuðtÞk2H sðR nÞ þ
ð t
0

kL1=2uðtÞk2H sðRnÞdta ku0k2H sðR nÞ þ CMT sup
0<t<T

kuðtÞk2H sðR nÞ

holds for any t A ð0;TÞ. Consequently, if T > 0 is su‰ciently small, we con-

clude that

sup
0ataT

kuðtÞk2H s þ
ðT
0

kL1=2uðtÞk2H sdtaM 2=4: ð17Þ

We estimate kuðtÞkH s
2 ðR

nÞ in order to conclude the inequality (11). Using

(8), we obtain that

1

2

d

dt
kuðtÞk2H s

2 ðR
nÞ þ hLuðtÞ; uðtÞiH s

2 ðR
nÞ

¼ h‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH s

2 ðR
nÞ � hvðtÞuðtÞ; uðtÞiH s

2 ðR
nÞ: ð18Þ

The second term on the left hand side of this equality is split into

hLuðtÞ; uðtÞiH s
2 ðR

nÞ ¼ hjxj2J sLuðtÞ; jxj2J suðtÞiL2ðR nÞ

¼ hLðjxj2J suÞðtÞ; jxj2J suðtÞiL2ðR nÞ

þ h½jxj2J s;L�uðtÞ; jxj2J suðtÞiL2ðR nÞ:
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Since the operator L1=2 is self-adjoint on L2ðRnÞ, the first term on the right

hand side of this satisfies

hLðjxj2J suÞðtÞ; jxj2J suðtÞiL2ðR nÞ ¼ kL1=2ðjxj2J suÞðtÞk2L2ðR nÞ

and the equation (18) is represented as

1

2

d

dt
kuðtÞk2H s

2 ðR
nÞ þ kL1=2ðjxj2J suÞðtÞk2L2ðR nÞ

¼ h‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH s

2 ðR
nÞ � hvðtÞuðtÞ; uðtÞiH s

2 ðR
nÞ

� h½jxj2J s;L�uðtÞ; jxj2J suðtÞiL2ðR nÞ: ð19Þ

In the last term on the right hand side of (19), the commutator ½jxj2J s;L�
is represented as

½jxj2J s;L�u ¼ jxj2F�1½jxjð1þ jxj2Þs=2F½u�� �F�1½jxjF½jxj2J su��

¼ F�1½ð�DxÞðjxjð1þ jxj2Þs=2F½u�Þ�

�F�1½jxjð�DxÞðð1þ jxj2Þs=2F½u�Þ�

¼ F�1½ð�DxjxjÞð1þ jxj2Þs=2F½u��

þ 2F�1½ð�‘xjxjÞ � ‘xðð1þ jxj2Þs=2F½u�Þ�: ð20Þ

The Plancherel identity and Lemma 2 yield that the first term on the right hand

side of (20) satisfies

kF�1½ð�DxjxjÞð1þ jxj2Þs=2F½u��ðtÞkL2ðR nÞ

aCk jxj�1ð1þ jxj2Þs=2F½u�ðtÞkL2ðR nÞ:

Applying Lemma 2 and the Plancherel identity again, we obtain that

kF�1½ð�DxjxjÞð1þ jxj2Þs=2F½u��ðtÞkL2ðR nÞ

aCðkuðtÞkH sðRnÞ þ kuðtÞkH s
2 ðR

nÞÞ: ð21Þ

For the second term on the right hand side of (20), employing the Plancherel

identity and the Hölder inequality, we have that

kF�1½ð�‘xjxjÞ � ‘xðð1þ jxj2Þs=2F½u�Þ�ðtÞkL2ðR nÞ

a k‘xðð1þ jxj2Þs=2F½u�ÞðtÞkL2ðR nÞ:
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Hence the Plancherel identity yields that

kF�1½ð�‘xjxjÞ � ‘xðð1þ jxj2Þs=2F½u�Þ�ðtÞkL2ðR nÞ

aCkuðtÞkH s
1 ðR

nÞ

aCðkuðtÞkH sðR nÞ þ kuðtÞkH s
2 ðR

nÞÞ: ð22Þ

Applying the inequalities (21) and (22) into (20), we obtain that

k½jxj2J s;L�uðtÞkL2ðRnÞ aCðkuðtÞkH1ðR nÞ þ kuðtÞkH sðR nÞ þ kuðtÞkH s
2 ðR

nÞÞ

aCðM þ kuðtÞkH s
2 ðR

nÞÞ:

Hence the last term on the right hand side of (19) satisfies that

jh½jxj2J s;L�uðtÞ; jxj2J suðtÞiL2ðR nÞj

a k½jxj2J s;L�uðtÞkL2ðR nÞk jxj
2
J suðtÞkL2ðR nÞ

aCðM þ kuðtÞkH s
2 ðR

nÞÞkuðtÞkH s
2 ðR

nÞ: ð23Þ

We consider the first term on the right hand side of (19). The identity

jxj2J sð‘ð�DÞ�1
v � ‘uÞ

¼ ½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞ þ ½J s;‘ð�DÞ�1

v�ðjxj2‘uÞ

þ ‘ð�DÞ�1
v � ½J s; jxj2�‘uþ jxj2‘ð�DÞ�1

v � J s‘u

gives that

h‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH s

2 ðR
nÞ

¼ h½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞðtÞ; jxj2J suðtÞiL2ðR nÞ

þ h½J s;‘ð�DÞ�1
v�ðjxj2‘uÞðtÞ; jxj2J suðtÞiL2ðR nÞ

þ h‘ð�DÞ�1
vðtÞ � ½J s; jxj2�‘uðtÞ; jxj2J suðtÞiL2ðR nÞ

þ hjxj2‘ð�DÞ�1
vðtÞ � J s‘uðtÞ; jxj2J suðtÞiL2ðRnÞ: ð24Þ

By the similar calculation as in (20), the commutator on the first term on the

right hand side of this equality is represented by

½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞ ¼ F�1½ð�Dxð1þ jxj2Þs=2ÞF½‘ð�DÞ�1

v � ‘u��

� 2F�1½ð‘xð1þ jxj2Þs=2Þ � ‘xF½‘ð�DÞ�1
v � ‘u��:
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Since ‘xð1þ jxj2Þs=2 ¼ sxð1þ jxj2Þs=2�1 and Dxð1þ jxj2Þs=2 ¼ snð1þ jxj2Þs=2�1 þ
sðs� 2Þjxj2ð1þ jxj2Þs=2�2, we have that

k½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞðtÞkL2ðR nÞ aCkJ s�2ð‘ð�DÞ�1

v � ‘uÞðtÞkL2ðR nÞ

þ CkJ s�1ðx‘ð�DÞ�1
v � ‘uÞðtÞkL2ðRnÞ:

Thus Lemma 6, the Sobolev inequality and (5) give

k½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞðtÞkL2ðR nÞ aCðkvðtÞkH s

2
ðR nÞ þ kuðtÞkH s

1
ðR nÞÞ

aCðM þ kuðtÞkH s
1
ðR nÞÞ

and we see that the first term on the right hand side of (24) satisfies

jh½jxj2; J s�ð‘ð�DÞ�1
v � ‘uÞðtÞ; jxj2J suðtÞiL2ðR nÞj

aCðM þ kuðtÞkH s
1
ðR nÞÞkuðtÞkH s

2 ðR
nÞ: ð25Þ

The Hölder inequality and Lemma 1 give that the second term on the right

hand side of (24) satisfies

jh½J s;‘ð�DÞ�1
v�ðjxj2‘uÞðtÞ; jxj2J suðtÞiL2ðR nÞj

a k½J s;‘ð�DÞ�1
v�ðjxj2‘uÞðtÞkL2ðR nÞk jxj

2
J suðtÞkL2ðR nÞ

aCk‘ð�DÞ�1
vðtÞkH sðRnÞk jxj

2‘uðtÞkH s�1ðR nÞkuðtÞkH s
2 ðR

nÞ:

Thus the inequality (5) and the condition of vðtÞ provide that

jh½J s;‘ð�DÞ�1
v�ðjxj2‘uÞðtÞ; jxj2J suðtÞiL2ðR nÞj

aCkvðtÞkH s
2
ðRnÞðkuðtÞkH s�2ðRnÞ þ kuðtÞkH s

2 ðR
nÞÞkuðtÞkH s

2 ðR
nÞ

aCMðM þ kuðtÞkH s
2 ðR

nÞÞkuðtÞkH s
2 ðR

nÞ: ð26Þ

The commutator on the third term on the right hand side of (24) is represented

as

½J s; jxj2�‘u ¼ �F�1½ð�Dxð1þ jxj2Þs=2ÞF½‘u��

þ 2F�1½ð‘xð1þ jxj2Þs=2Þ � ‘xF½‘u��:

Hence we see that

k½J s; jxj2�‘uðtÞkL2ðR nÞ aCkJ s�2‘uðtÞkL2ðRnÞ þ CkJ s�1ðx‘uÞðtÞkL2ðRnÞ

aCkuðtÞkH s�1
1

ðR nÞ:
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A combination of this and Lemma 4 gives that the third term on the right hand

side of (24) satisfies

jh‘ð�DÞ�1
vðtÞ � ½J s; jxj2�‘uðtÞ; jxj2J suðtÞiL2ðR nÞj

a k‘ð�DÞ�1
vðtÞkLyðR nÞk½J s; jxj2�‘uðtÞkL2ðRnÞkuðtÞkH s

2 ðR
nÞ

aCkvðtÞkH s
2
ðRnÞkuðtÞkH s�1ðRnÞkuðtÞkH s

2 ðR
nÞ:

Thus, using (17) and the condition of vðtÞ, we conclude that

jh‘ð�DÞ�1
vðtÞ � ½J s; jxj2�‘uðtÞ; jxj2J suðtÞiL2ðR nÞjaCM 2kuðtÞkH s

2 ðR
nÞ: ð27Þ

Applying integration by parts, we have that the last term on the right hand

side of (24) is split into

hjxj2‘ð�DÞ�1
vðtÞ � J s‘uðtÞ; jxj2J suðtÞiL2ðR nÞ

¼ �2hð‘jxj2Þ � ‘ð�DÞ�1
vðtÞJ suðtÞ; jxj2J suðtÞiL2ðRnÞ

þ hjxj2vðtÞJ suðtÞ; jxj2J suðtÞiL2ðR nÞ

� hjxj2‘ð�DÞ�1
vðtÞJ suðtÞ; jxj2J s‘uðtÞiL2ðR nÞ: ð28Þ

We transport the last term on the right hand side of (28) into the left hand

side of (28), then we obtain

hjxj2‘ð�DÞ�1
vðtÞ � J s‘uðtÞ; jxj2J suðtÞiL2ðR nÞ

¼ �hð‘jxj2Þ � ‘ð�DÞ�1
vðtÞJ suðtÞ; jxj2J suðtÞiL2ðRnÞ

þ 1

2
hjxj2vðtÞJ suðtÞ; jxj2J suðtÞiL2ðRnÞ:

Hence the Hölder inequality and Lemma 4 provide that

jhjxj2‘ð�DÞ�1
vðtÞ � J s‘uðtÞ; jxj2J suðtÞiL2ðR nÞj

aCðk‘ð�DÞ�1
vðtÞkLyðR nÞkuðtÞkH s

1 ðR
nÞkuðtÞkH s

2 ðR
nÞ

þ kvðtÞkH s�1ðR nÞkuðtÞk
2
H s

2 ðR
nÞÞ

aCkvðtÞkH s
2
ðR nÞkuðtÞk

2
H s

2 ðR
nÞ:

Thus the condition of vðtÞ gives that

jhjxj2‘ð�DÞ�1
vðtÞ � J s‘uðtÞ; jxj2J suðtÞiL2ðR nÞjaCMkuðtÞk2H s

2 ðR
nÞ: ð29Þ
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Applying (25)–(27) and (29) into (24), we see that the first term on the right

hand side of (19) satisfies

jh‘ð�DÞ�1
vðtÞ � ‘uðtÞ; uðtÞiH s

2 ðR
nÞj

aCð1þMÞðM þ kuðtÞkH s
2 ðR

nÞÞkuðtÞkH s
2 ðR

nÞ: ð30Þ

Schwarz’ inequality gives that the second term on the right hand side of (19)

satisfies

jhvðtÞuðtÞ; uðtÞiH s
2 ðR

nÞja kvðtÞuðtÞkH s
2 ðR

nÞkuðtÞkH s
2 ðR

nÞ:

Since the equality

jxj2J sðvuÞ ¼ F�1½ð�DxÞðð1þ jxj2Þs=2F½vu�Þ�

is satisfied, we see by Lemma 6 and the Sobolev inequality that

kvðtÞuðtÞkH s
2 ðR

nÞ aCðkvðtÞuðtÞkH s�2ðR nÞ þ kð‘xð1þ jxj2Þs=2Þ �F½xvu�ðtÞkL2ðR nÞ

þ k jxj2vðtÞuðtÞkH sðR nÞÞ

aCMðkuðtÞkH sðR nÞ þ kuðtÞkH s
2 ðR

nÞÞ:

Thus we obtain that

jhvðtÞuðtÞ; uðtÞiH s
2 ðR

nÞjaCMðM þ kuðtÞkH s
2 ðR

nÞÞkuðtÞkH s
2 ðR

nÞ: ð31Þ

Applying the inequalities (23), (30) and (31) into (19), we obtain that

d

dt
kuðtÞk2H s

2 ðR
nÞ þ kL1=2ðjxj2J suÞðtÞk2L2ðR nÞ

aCð1þMÞðM þ kuðtÞkH s
2 ðR

nÞÞkuðtÞkH s
2 ðR

nÞ: ð32Þ

Using Gronwall’s inequality, we have that

sup
0<t<T

kuðtÞk2H s
2 ðR

nÞ a eCð1þMÞTku0k2H s
2 ðR

nÞ þ Cð1þMÞM 2ðeCð1þMÞT � 1Þ:

Hence we derive that

sup
0<t<T

kuðtÞk2H s
2 ðR

nÞ aM 2=4

holds if T > 0 is su‰ciently small. Summing up this inequality and (17), we

obtain the desired inequality (11).
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Next we show the inequality (12). For v1 and v2 A XT ;M , we denote

uj ¼ F½vj� ð j ¼ 1; 2Þ, ~vv ¼ v1 � v2 and ~uu ¼ u1 � u2. Then we obtain

qt~uuþ L~uu ¼ ‘ð�DÞ�1
v1 � ‘~uu� v1~uu

þ ‘ð�DÞ�1~vv � ‘u2 � ~vvu2; t > 0; x A Rn;

~uuð0; xÞ ¼ 0; x A Rn:

8><
>: ð33Þ

We multiply the first equation on this by ~uu and obtain

d

dt
k~uuðtÞk2L2ðR nÞ þ kL1=2~uuðtÞk2L2ðRnÞ

¼ 1

2

ð
R n

~uuðtÞ2v1ðtÞdx� hv1ðtÞ~uuðtÞ; ~uuðtÞiL2ðR nÞ

þ h‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; ~uuðtÞiL2ðR nÞ � h~vvðtÞu2ðtÞ; ~uuðtÞiL2ðR nÞ: ð34Þ

The first, the second and the last terms on the right hand side of this equality

are estimated in the similar way as in the derivation of (17). Indeed the

inequalities ð
R n

~uuðtÞ2v1ðtÞdxaCMk~uuðtÞk2L2ðRnÞ

and

jhv1ðtÞ~uuðtÞ; ~uuðtÞiL2ðRnÞj þ jh~vvðtÞu2ðtÞ; ~uuðtÞiL2ðR nÞj

aCMk~uuðtÞkL2ðR nÞk~vvðtÞkL2ðRnÞ

hold. Since s > n=2þ 1, the Hölder inequality and Lemma 4 imply that the

third term on the right hand side of (34) satisfies

jh‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; ~uuðtÞiL2ðRnÞj

a k‘ð�DÞ�1~vvðtÞkL2ðR nÞk‘u2ðtÞkLyðR nÞk~uuðtÞkL2ðR nÞ

aCk~vvðtÞkH1ðR nÞku2ðtÞkH sðR nÞk~uuðtÞkL2ðRnÞ

aCMk~vvðtÞkH1ðR nÞk~uuðtÞkL2ðR nÞ:

Hence we obtain that

d

dt
k~uuðtÞk2L2ðRnÞ þ kL1=2~uuðtÞk2L2ðR nÞ

aCðk~uuðtÞkL2ðR nÞ þ k~vvðtÞkH1ðRnÞÞk~uuðtÞkL2ðR nÞ: ð35Þ
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Before concluding the estimate for k~uuðtÞkL2ðR nÞ, we estimate k~uuðtÞkH2ðR nÞ ¼
k jxj2~uuðtÞkL2ðR nÞ. We multiply the first equation on (33) by jxj2~uujxj2 and obtain

d

dt
k~uuðtÞk2H2ðR nÞ þ hL~uuðtÞ; ~uuðtÞiH2ðRnÞ

¼ h‘ð�DÞ�1
v1ðtÞ � ‘~uuðtÞ; ~uuðtÞiH2ðR nÞ � hv1ðtÞ~uuðtÞ; ~uuðtÞiH2ðR nÞ

þ h‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; ~uuðtÞiH2ðR nÞ � h~vvðtÞu2ðtÞ; ~uuðtÞiH2ðR nÞ: ð36Þ

The first, the second and the last terms on the right hand side and the second

term on the left hand side of this equality are treated in the same way as in

the derivation of (32). Indeed the first and the second term on the right hand

side of (36) can be estimated as

jh‘ð�DÞ�1
v1ðtÞ � ‘~uuðtÞ; ~uuðtÞiH2ðR nÞjaCMk~uuðtÞk2H2ðRnÞ ð37Þ

and

jhv1ðtÞ~uuðtÞ; ~uuðtÞiH2ðR nÞj þ jh~vvðtÞu2ðtÞ; ~uuðtÞiH2ðR nÞj

aCMk~uuðtÞkH2ðR nÞðk~uuðtÞkH2ðR nÞ þ k~vvðtÞkH2ðR nÞÞ: ð38Þ

The second term on the left hand side of (36) satisfies

hL~uuðtÞ; ~uuðtÞiH2ðRnÞ ¼ kL1=2ðjxj2~uuðtÞÞk2L2ðR nÞ þ h½jxj2;L�~uuðtÞ; jxj2~uuðtÞiL2ðR nÞ ð39Þ

and

jh½jxj2;L�~uuðtÞ; jxj2~uuðtÞiL2ðRnÞjaCk~uuðtÞk2H2ðRnÞ: ð40Þ

For the third term on the right hand side of (36), using the Hölder inequality,

we see that

jh‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; ~uuðtÞiH2ðRnÞj

¼ jhjxj2‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; jxj2~uuðtÞiL2ðR nÞj

a k‘ð�DÞ�1~vvðtÞkL2ðR nÞk jxj
2‘u2ðtÞkLyðR nÞk jxj

2~uuðtÞkL2ðR nÞ:

Employing Lemma 3 and the Sobolev inequality, we obtain that

jh‘ð�DÞ�1~vvðtÞ � ‘u2ðtÞ; ~uuðtÞiH2ðRnÞj

aCk~vvðtÞkH1ðR nÞk jxj
2
‘u2ðtÞkH s�1ðR nÞk~uuðtÞkH2ðR nÞ

aCMk~vvðtÞkH1ðR nÞk~uuðtÞkH2ðR nÞ: ð41Þ
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Hence, applying (37)–(41) into (36), we have that

d

dt
kuðtÞk2H2ðR nÞ þ kL1=2ðjxj2uÞðtÞk2L2ðRnÞ

aCðkuðtÞkH2ðR nÞ þ kvðtÞkH2ðRnÞÞkuðtÞkH2ðRnÞ:

By summing up this and (35), we obtain that

d

dt
k~uuðtÞk2H2ðR nÞ aCðk~uuðtÞkH2ðR nÞ þ k~vvðtÞkH2ðR nÞÞk~uuðtÞkH2ðR nÞ:

Thus Gronwall’s inequality provides that

k~uuk2YT
aCðeCT � 1Þk~vvk2YT

:

Consequently we conclude (12) if T > 0 is su‰ciently small. r

We remark that the norm kuðtÞk2H s
2
may not be di¤erentiated with the

time variable. The proof of Proposition 4 is justified by employing a mollifier.

In the following, we give our proofs with formal calculus, but we can justify

the proofs by applying the argument with mollifier.

Proposition 4 provides the proof of Theorem 1.

Proof of Theorem 1. Since XT ;M is a closed subset on YT , Proposition 4

and Banach’s contraction mapping theorem imply that there exists u A XT ;M

such that F½u� ¼ u if we take T > 0 as su‰ciently small. Especially this u is

a unique solution of (1) with y ¼ 1. Employing (17), we see thatðT
0

kL1=2uðtÞk2H sðR nÞdt < y:

In particular we have u A L2ð0;T ; _HHsþ1=2ðRnÞÞ. Thus we complete the proof.

r

4. Proof of analyticity of the solution

Ellipticity of the equation (1) with respect to ðt; xÞ gives the following

proposition which is proved in the same way as in Proposition 7.1.B in Taylor’s

textbook [34].

Proposition 5. Let nb 3, s > n
2 þ 1 and u0 A Hs

2ðRnÞ. Then the solution

of (1) satisfies

u A Cyðð0;TÞ;HyðRnÞÞ;

where T is the positive constant which appears in Theorem 1.
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Proof. We prove this proposition by applying the formal argument,

which can be justified by employing a mollifier. We put

M ¼ sup
0<t<T

kuðtÞkH s0
2
ðR nÞ

for some s0 A
�
1þ n

2 ; s
�
. Since u A Lyð0;T ;L2ðRnÞÞVL2ð0;T ; _HHsþ1=2ðRnÞÞ, we

see that uðtÞ A Hsþ1=2ðRnÞ for almost all t A ð0;TÞ. We show that uðtÞ A
Hsþ1=2ðRnÞ for any t A ð0;TÞ and

u A L2ð0;T ;Hsþ1ðRnÞÞVLyð0;T ;Hsþ1=2ðRnÞÞ:

In the similar way as in the proof of Theorem 1, we have that

1

2

d

dt
kuðtÞk2H sþ1=2ðRnÞ þ kL1=2uðtÞk2H sþ1=2ðRnÞ

¼ h‘ð�DÞ�1
uðtÞ � ‘uðtÞ; uðtÞiH sþ1=2ðRnÞ � huðtÞ2; uðtÞiH sþ1=2ðR nÞ: ð42Þ

The first term on the right hand side of this equality is split into

h‘ð�DÞ�1
uðtÞ � ‘uðtÞ; uðtÞiH sþ1=2ðR nÞ

¼ h‘ð�DÞ�1
uðtÞ � ‘J sþ1=2uðtÞ; J sþ1=2uðtÞiL2ðRnÞ

þ h½J sþ1=2;‘ð�DÞ�1
u� � ‘uðtÞ; J sþ1=2uðtÞiL2ðR nÞ: ð43Þ

Using integration by parts, we have that

h‘ð�DÞ�1
uðtÞ � ‘J sþ1=2uðtÞ; J sþ1=2uðtÞiL2ðR nÞ

¼ 1

2
huðtÞJ sþ1=2uðtÞ; J sþ1=2uðtÞiL2ðR nÞ:

Hence the Hölder inequality and the Sobolev inequality give that the first term

on the right hand side of (43) satisfies

h‘ð�DÞ�1
uðtÞ � ‘J sþ1=2uðtÞ; J sþ1=2uðtÞiL2ðRnÞ aCkuðtÞkLyðR nÞkJ sþ1=2uðtÞk2L2ðR nÞ

aCkuðtÞkH s0 ðRnÞkuðtÞk
2
H sþ1=2ðR nÞ:

Applying the Schwarz inequality and Lemma 1 into the second term on the

right hand side of (43), we have that

h½J sþ1=2;‘ð�DÞ�1
u� � ‘uðtÞ; J sþ1=2uðtÞiL2ðR nÞ

aCðk‘ð�DÞ�1
uðtÞkLipðRnÞk‘uðtÞkH s�1=2ðR nÞ

þ k‘ð�DÞ�1
uðtÞkH sþ1=2ðRnÞk‘uðtÞkLyðR nÞÞkuðtÞkH sþ1=2ðR nÞ:
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Thus Lemma 4, the inequality (5) and the Sobolev inequality provide that

h½J sþ1=2;‘ð�DÞ�1
u� � ‘uðtÞ; J sþ1=2uðtÞiL2ðRnÞ aCMð1þ kuðtÞk2H sþ1=2ðR nÞÞ:

Consequently, by those inequalities on (43), the following estimate holds for the

first term on the right hand side of (42):

h‘ð�DÞ�1
uðtÞ � ‘uðtÞ; uðtÞiH sþ1=2ðR nÞ aCMð1þ kuðtÞk2H sþ1=2ðR nÞÞ: ð44Þ

Employing Lemma 6, we see that the second term on the right hand side of

(42) satisfies

huðtÞ2; uðtÞiH sþ1=2ðRnÞ aCM 2kuðtÞkH sþ1=2ðRnÞ: ð45Þ

Applying (44) and (45) into (42), we obtain that

d

dt
kuðtÞk2H sþ1=2ðR nÞ þ kL1=2uðtÞk2H sþ1=2ðR nÞ aCMð1þ kuðtÞk2H sþ1=2ðR nÞÞ: ð46Þ

Here we choose t0 A ð0;TÞ such that uðt0Þ A Hsþ1=2ðRnÞ. Then Gronwall’s

inequality gives that

kuðtÞk2H sþ1=2ðR nÞ þ
ð t
t0

eCMðt�sÞkL1=2uðsÞk2H sþ1=2ðRnÞdsa ð1þ kuðt0Þk2H sþ1=2ðRnÞÞeCMt:

Especially we have that uðtÞ A Hsþ1=2ðRnÞ for any t A ðt0;TÞ and

u A L2ðt0;T ;Hsþ1ðRnÞÞ:

Since we can choose t0 > 0 su‰ciently small, we conclude that uðtÞ A Hsþ1=2ðRnÞ
for any t A ð0;TÞ and u A L2ð0;T ;Hsþ1ðRnÞÞ. From (46), we have that for any

t; t A ð0;TÞ,

j kuðtÞk2H sþ1=2ðR nÞ � kuðtÞk2H sþ1=2ðR nÞj þ
ð t
t

kL1=2uðsÞk2H sþ1=2ðR nÞdsaCjt� tj;

where the positive constant C depends on M and T , which implies that

u A Cðð0;TÞ;Hsþ1=2ðRnÞÞVC 1ðð0;TÞ;Hs�1=2ðRnÞÞ;

by the equations in (1) and the fact that u A L2ð0;T ;Hsþ1ðRnÞÞ. By repeating

this procedure, we obtain the desired conclusion. r

In order to prove Theorem 2, we introduce a cut-o¤ function as follows.

We choose t0 A ð0;TÞ arbitrarily. For this t0, we introduce a real-valued

function r1 A Cy
0 ð0;TÞ such that 0a r1ðtÞa 1 and r1 ¼ 1 on a neighborhood

of t0. We prove the following proposition.
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Proposition 6. Let nb 3, s > n
2 þ 1, u0 A Hs

2ðRnÞ and u be the solution of

(1). Let r1 ¼ r1ðtÞ be defined as above. Let s be an even integer which satisfies

sb
�
nþ1
2

�
þ 1. Then there exist positive constants C � and K such that

kr1ðtÞmþjajþ1
qm
t ‘

aukH sðR�R nÞ aKmþjajðmþ jajÞ! ð47Þ

and

kr1ðtÞmþjaj
qm
t ‘

a‘ckH sðR�R nÞ aC �Kmþjaj�1ðmþ jaj � 1Þ! ð48Þ

hold for any ðm; aÞ A Zþ � Zn
þnfð0; 0Þg.

Proof. By the definition of r1, there exists a small constant d > 0 such

that supp r1 H ðt0 � d; t0 þ dÞ. We introduce a cut-o¤ function z0 A Cy
0 ðRÞ

such that 0a z0ðtÞa 1 and

z0ðtÞ ¼ 1; t A ðt0 � d; t0 þ dÞ;
z0ðtÞ ¼ 0; t A ð�y; t0 � 2dÞU ðt0 þ 2d;yÞ:

�

Since we estimate uðt; xÞ only on supp r1, we can identify uðt; xÞ with

z0ðtÞuðt; xÞ. By Proposition 5, we see that (47) with ðm; aÞ ¼ ð0; 0Þ holds. We

prove (47) and (48) by induction in three steps. For N A Zþ, we assume that

(47) and (48) hold for any ðm; aÞ A Zþ � Zn
þ with mþ jajaN. Under this

assumption, we show that (47) for any ðm; aÞ A Zþ � Zn
þ with jaj0 0 for

mþ jaj ¼ N þ 1 in the first step, (47) with jaj ¼ 0 for mþ jaj ¼ N þ 1 in the

second step and (48) for mþ jaj ¼ N þ 1 in the third step. Those are done if

we take C � and K su‰ciently large, which are determined later.

First Step. We take and fix a; b A Zn
þ and m A Zþ with mþ jaj ¼ N and

jbj ¼ 1. We estimate

r1ðtÞmþjajþ2‘bqm
t ‘

au ¼ ‘bðr1ðtÞmþjajþ2qm
t ‘

auÞ:

The crucial point of the first step is to replace ‘b by qt þ L� ‘c � ‘, which
is carried out in (60). Putting

Uðt; xÞ ¼ r1ðtÞmþjajþ2qm
t ‘

auðt; xÞ; ð49Þ

we prove that

k‘bUkH sðR�R nÞ aKNþ1ðN þ 1Þ!: ð50Þ

We introduce a positive function z1 A Cy
0 ðR� RnÞ such that 0a z1 a 1 and

z1ðt; xÞ ¼
1 for jðt; xÞja 1;

0 for jðt; xÞjb 2;

�

where jðt; xÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ jxj2

q
. We put

z2ðt; xÞ ¼ 1� z1ðt; xÞ: ð51Þ
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Then, employing the Plancherel identity, we obtain that

k‘bUkH sðR�RnÞ ¼ kF�1
t;x ½x

bFt;x½U ��kH sðR�R nÞ

a kF�1
t;x ½jðt; xÞjz1ðt; xÞFt;x½U ��kH sðR�R nÞ

þ F�1
t;x

jðt; xÞjxbz2ðt; xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jðt; xÞj2

q Ft;x½U �

2
64

3
75

�������
�������
H sðR�R nÞ

: ð52Þ

Since jðt; xÞjz1 a 2 holds, the assumption of induction shows

kF�1
t;x ½jðt; xÞjz1Ft;x½U ��kH sðR�RnÞ a 2KNN!a

1

2
KNþ1ðN þ 1Þ!; ð53Þ

if K satisfies Kb 4.

Putting L ¼ qt þ L� ‘c � ‘, integration by parts yields that

Ft;x½LU �ðt; xÞ ¼ ðitþ jxjÞFt;x½U �ðt; xÞ �Ft;x½uU �ðt; xÞ

� ð2pÞ�ðnþ1Þ=2
ix �
ðð

R�Rn

e�ist�iy�xðU‘cÞðs; yÞdyds: ð54Þ

We divide the first term of the right hand side of the above into

ðitþ jxjÞFt;x½U �ðt; xÞ

¼ ðitþ jxjz4ðxÞÞFt;x½U �ðt; xÞ þ jxjz3ðxÞFt;x½U �ðt; xÞ; ð55Þ

where z3 A Cy
0 ðRnÞ is a positive function such that 0a z3 a 1 and

z3ðxÞ ¼
1 for jxja 1

8 minf1; ðsup½0;T � k‘ckLyÞ�1g;
0 for jxjb 1

4 minf1; ðsup½0;T � k‘ckLyÞ�1g;

(

z4ðxÞ ¼ 1� z3ðxÞ:

ð56Þ

Here we assume that ‘c2 0 without of loss of generality. Indeed, when

‘c1 0, our problem is trivial. Since the Taylor expansion of c is represented

by

‘cðs; yÞ ¼
X

kþjgjal

qk
t ‘

g‘cðt; xÞ
k!g!

ðs� tÞkðy� xÞg

þ
X

kþjgj¼lþ1

ð1
0

qk
t ‘

g‘cðtþ lðs� tÞ; xþ lðy� xÞÞ
k!g!

� ð1� lÞ ldlðs� tÞkðy� xÞg; ð57Þ
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the equalities (54) and (55) provide that

Ft;x½LU �ðt; xÞ

¼ ðitþ jxjz4ðxÞ � ix � ‘cðt; xÞÞFt;x½U �ðt; xÞ �Ft;x½uU �ðt; xÞ

þ jxjz3ðxÞFt;x½U �ðt; xÞ þ
X

1akþjgjal

~RRk; gðt; t; x; xÞ þ ~RRlðt; t; x; xÞ; ð58Þ

where

~RRk; gðt; t; x; xÞ ¼ �ð2pÞ�ðnþ1Þ=2 ix � qk
t ‘

g
x‘xcðt; xÞ
k!g!

�
ðð

R�R n

e�ist�iy�xUðs; yÞðs� tÞkðy� xÞgdyds;

~RRlðt; t; x; xÞ ¼ �ð2pÞ�ðnþ1Þ=2
ðð

R�R n

e�ist�iy�xUðs; yÞix

�
X

kþjgj¼lþ1

ð1
0

qk
t ‘

g
x‘xcðtþ lðs� tÞ; xþ lðy� xÞÞ

k!g!
ð1� lÞ ldl

� ðs� tÞkðy� xÞgdyds: ð59Þ

We determine l A Zþ on (57) later. Dividing the both sides of (58) by

ðitþ jxjz4ðxÞ � ix � ‘cðt; xÞÞ, we obtain that

Ft;x½U �ðt; xÞ ¼ ðitþ jxjz4ðxÞ � ix � ‘cðt; xÞÞ�1

 
Ft;x½LU �ðt; xÞ þFt;x½uU �ðt; xÞ

� jxjz3ðxÞFt;x½U �ðt; xÞ �
X

1akþjgjal

~RRk; gðt; t; x; xÞ � ~RRlðt; t; x; xÞ
!
:

The second term on the right hand side of (52) is represented by

ð1þ jðt; xÞj2Þs=2rðt; xÞFt;x½U �ðt; xÞ

¼ ð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞ
 
Ft;x½LU �ðt; xÞ þFt;x½uU �ðt; xÞ

� jxjz3ðxÞFt;x½U �ðt; xÞ �
X

1akþjgjal

~RRk; gðt; t; x; xÞ � ~RRlðt; t; x; xÞ
!
; ð60Þ
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where

rðt; xÞ ¼ jðt; xÞjxbz2ðt; xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jðt; xÞj2

q
and

Sðt; t; x; xÞ ¼ rðt; xÞðitþ jxjz4ðxÞ � ix � ‘cðt; xÞÞ�1:

The symbol Sðt; t; x; xÞ is smooth since this contains the cut-o¤ functions

z2ðt; xÞ and z4ðxÞ which are defined by (51) and (56). The symbol Sðt; t; x; xÞ
satisfies the assumption on Lemma 7 with p ¼ S. Namely the inequality

X
m1þm2þjaþbja2nþ3

kqm1
t qm2

t ‘a
x‘

b
x SkLyðR�R�Rn�R nÞ < y

holds. The symbol satisfies that

jqk
t ‘

g
x Sðt; t; x; xÞjaCð1þ t2Þ�1ð1þ jxj2Þ�ðsþnþ1Þ=2 ð61Þ

for any k A Zþ and g A Zn
þ with k þ jgjb l if we choose l A Zþ as su‰ciently

large. We remark that l depends only on Sðt; t; x; xÞ. Thus l is independent

of N. The inequality (61) can be checked easily by using the inequality

jðt; xÞjaCjitþ jxjz4ðxÞ � ix � ‘cðt; xÞj;

where z4ðxÞ is defined by (56). We remark that the symbol Sðt; t; x; xÞ does

not belong to the standard class S0
1;0, where the definition of S0

1;0 is given in

[10]. Indeed the coe‰cient ðitþ jxjz4ðxÞ � ix � ‘cðt; xÞÞ�1 on Sðt; t; x; xÞ is

not included in S0
1;0. Putting ~SSðt; t; x; xÞ ¼ ð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞ, we have

that the equality (60) derives

F�1
t;x ½ð1þ jðt; xÞj2Þs=2rFt;x½U ��ðtÞ

¼ ~SSðt;Dt; x;DxÞðLU þ uU � Lxz3ðDxÞUÞðtÞ þ RðUÞðtÞ; ð62Þ

where ~SSðt;Dt; x;DxÞ is the pseudo-di¤erential operator provided by

~SSðt;Dt; x;DxÞvðt; xÞ ¼ ð2pÞ�ðnþ1Þ=2
ðð

R�Rn

eittþix�x ~SSðt; t; x; xÞFt;x½v�ðt; xÞdxdt;

RðUÞ ¼ R1ðUÞ þ R2ðUÞ ð63Þ

and
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R1ðUÞðt; xÞ ¼ �ð2pÞ�ðnþ1Þ=2 X
1akþjgjal

ðð
R�Rn

eittþix�xð1þ jðt; xÞj2Þs=2

� ~SSðt; t; x; xÞ ~RRk; gðt; t; x; xÞdxdt;

R2ðUÞðt; xÞ ¼ �ð2pÞ�ðnþ1Þ=2
ðð

R�R n

eittþix�xð1þ jðt; xÞj2Þs=2

� ~SSðt; t; x; xÞ ~RRlðt; t; x; xÞdxdt:

Lemma 7 implies that

Sðt;Dt; x;DxÞð1þ jðDt;DxÞj2Þs=2 A LðH sðR� RnÞ;L2ðR� RnÞÞ;

from which, the second term of the right hand side of (52) can be estimated as

F�1
t;x

jðt; xÞjxbz2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jðt; xÞj2

q Ft;x½U �

2
64

3
75

�������
�������
H sðR�RnÞ

¼ kF�1
t;x ½ð1þ jðt; xÞj2Þs=2rFt;x½U ��kL2ðR�RnÞ

a k ~SSðt;Dt; x;DxÞLUkL2ðR�R nÞ þ k ~SSðt;Dt; x;DxÞðuUÞkL2ðR�R nÞ

þ k ~SSðt;Dt; x;DxÞLxz3ðDxÞUkL2ðR�RnÞ þ kRðUÞkL2ðR�R nÞ

aC1ðkLUkH sðR�R nÞ þ kuUkH sðR�R nÞ þ kLxz3ðDxÞUkH sðR�R nÞÞ

þ kRðUÞkL2 ; ð64Þ

where

C1 ¼ k ~SSðt;Dt; x;DxÞkLðH sðR�R nÞ;L2ðR�R nÞÞ: ð65Þ

The first term on the right hand side of (64) is rewritten by (49) and the

equation Lu ¼ u2 as

LU ¼ ½L; r1ðtÞmþjajþ2qm
t ‘

a
x �uþ r1ðtÞmþjajþ2qm

t ‘
a
xðu2Þ

¼ ½L; r1ðtÞmþjajþ2�qm
t ‘

a
xuþ r1ðtÞmþjajþ2½L; qm

t �‘a
xu

þ r1ðtÞmþjajþ2
qm
t ½L;‘a

x �uþ r1ðtÞmþjajþ2
qm
t ‘

a
xðu2Þ: ð66Þ

Since

½L; r1ðtÞmþjajþ2�qm
t ‘

a
xu ¼ ½qt; r1ðtÞmþjajþ2�qm

t ‘
a
xu

¼ qtðr1ðtÞmþjajþ2Þqm
t ‘

a
xu;
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by the assumption of induction, the first term on the right hand side of (66)

satisfies

k½L; r1ðtÞmþjajþ2�qm
t ‘

a
xukH sðR�R nÞ

¼ ðmþ jaj þ 2Þkr1ðtÞmþjajþ1
r 01ðtÞq

m
t ‘

a
xukH sðR�RnÞ

aC2ðmþ jaj þ 2Þkr1ðtÞmþjajþ1qm
t ‘

a
xukH sðR�R nÞ

aC2ðmþ jaj þ 2ÞKmþjajðmþ jajÞ!;

where C2 is a positive constant such that

r 01ðtÞaC2 ð67Þ

holds. If K satisfies Kb 64C1C2, then we have

C1k½L; r1ðtÞmþjajþ2�qm
t ‘

a
xukH sðR�R nÞ a

1

32
Kmþjajþ1ðmþ jaj þ 1Þ!; ð68Þ

where the constant C1 is appeared in (64). Since ½L; qm
t � ¼ ½‘xc � ‘x; q

m
t �, the

second term on the right hand side of (66) is represented by

r1ðtÞmþjajþ2½L; qm
t �‘a

xu ¼ r1ðtÞmþjajþ2½‘xc � ‘x; q
m
t �‘a

xu

¼ r1ðtÞmþjajþ2
Xm�1

k¼0

m

k

� 	
qm�k
t ‘xc � qk

t ‘x‘
a
xu:

Hence we have by Lemma 6, the Sobolev inequality and the assumption of

induction that

kr1ðtÞmþjajþ2½L; qm
t �‘a

xukH sðR�R nÞ

a
Xm�1

k¼0

m

k

� 	
kr1ðtÞmþjajþ2qm�k

t ‘xc � qk
t ‘x‘

a
xukH sðR�RnÞ

aC3

Xm�1

k¼0

m

k

� 	
kr1ðtÞm�kqm�k

t ‘xckH sðR�R nÞkr1ðtÞ
kþjajþ2qk

t ‘x‘
a
xukH sðR�R nÞ

aC3C
�Kmþjaj

Xm�1

k¼0

m

k

� 	
ðm� k � 1Þ!ðk þ jaj þ 1Þ!;
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where C3 is a positive constant such that the following product estimate

k fgkH sðR�R nÞ aC3k f kH sðR�R nÞkgkH sðR�R nÞ ð69Þ

holds. Thus, if K satisfies Kb 64C1C3C
�, then we derive that

C1kr1ðtÞmþjajþ2½L; qm
t �‘a

xukH sðR�R nÞ a
1

32
Kmþjajþ1ðmþ jaj þ 1Þ!: ð70Þ

Similarly the third term on the right hand side of (66) is rewritten by

r1ðtÞmþjajþ2qm
t ½L;‘a

x �u

¼ r1ðtÞmþjajþ2qm
t ½‘xc � ‘x;‘

a
x �u

¼ �r1ðtÞmþjajþ2
Xm
k¼0

X
g<a

m

k

� 	
a

g

� 	
qm�k
t ‘a�g

x ‘xc � qk
t ‘

g
x‘xu:

This gives that

kr1ðtÞmþjajþ2
qm
t ½L;‘a

x �ukH sðR�RnÞ

aC3

Xm
k¼0

X
g<a

m

k

� 	
a

g

� 	
kr1ðtÞm�kþja�gjqm�k

t ‘a�g
x ‘xckH sðR�R nÞ

� kr1ðtÞkþjgjþ2qk
t ‘

g
x‘xukH sðR�RnÞ

aC3C
�Kmþjaj

Xm
k¼0

X
g<a

m

k

� 	
a

g

� 	
ðm� k þ ja� gj � 1Þ!ðk þ jgj þ 1Þ!:

Hence the last term on the right hand side of (66) satisfies

C1kr1ðtÞmþjajþ2qm
t ½L;‘a

x �ukH sðR�R nÞ a
1

32
Kmþjajþ1ðmþ jaj þ 1Þ!; ð71Þ

if K satisfies Kb 64C1C3C
�. Applying (68), (70) and (71) into (66), we

conclude that the first term on the left hand side of (66) satisfies

C1k½L; r1ðtÞmþjajþ2qm
t ‘

a
x �ukH sðR�R nÞ a

3

32
Kmþjajþ1ðmþ jaj þ 1Þ!: ð72Þ

The last term on the right hand side of (66) can be estimated as
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kr1ðtÞmþjajþ2qm
t ‘

a
xðu2ÞkH sðR�RnÞ

aC3

Xm
k¼0

X
gaa

m

k

� 	
a

g

� 	
kqk

t ‘
g
xukH sðR�R nÞkqm�k

t ‘a�g
x ukH sðR�R nÞ

aC3K
mþjaj

Xm
k¼0

X
gaa

m

k

� 	
a

g

� 	
ðja� gj þm� kÞ!ðjgj þ kÞ!

¼ C3K
mþjajðmþ jajÞ!

Xm
k¼0

X
gaa

m

k

� 	
a

g

� 	 jaj þm

jgj þ k

� 	�1

¼ C3K
mþjajðmþ jajÞ!

Xmþjaj

j¼0

X
gaa;kam
jgjþk¼ j

m

k

� 	
a

g

� 	 jaj þm

jgj þ k

� 	�1

:

Here we used Lemma 6 and the assumption of induction. From the fact that

X
gaa;kam
jgjþk¼ j

m

k

� 	
a

g

� 	
¼ jaj þm

j

� 	
;

we have that

C1kr1ðtÞmþjajþ2qm
t ‘

a
xðu2ÞkH sðR�R nÞ a

3

32
Kmþjajþ1ðmþ jaj þ 1Þ!; ð73Þ

if K satisfies Kb 32C1C3.

This estimate is given by employing Lemma 6 and the assumption of

induction. Using (72) and (73) on (66), we estimate the first term on the right

hand side of (64) as

C1kLUkH sðR�R nÞ a
1

8
KNþ1ðN þ 1Þ!; ð74Þ

where N ¼ mþ jaj. Lemma 6 and Sobolev’s inequality provide that the

inequality

C1kuUkH sðR�RnÞ a
1

8
KNþ1ðN þ 1Þ!: ð75Þ

Employing the Plancherel identity, the definition (56) and the assumption of

induction, the third term on the right hand side of (64) satisfies

C1kLxz3ðDxÞUkH sðR�R nÞ aC1C4kUkH sðR�R nÞ a
1

8
KNþ1ðN þ 1Þ!; ð76Þ
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where

C4 ¼ sup
R n

jxjz3ðxÞ ð77Þ

and we take Kb 8C1C4.

Applying integration by parts, we have that

R1ðUÞ ¼ ð2pÞ�ðnþ1Þ X
1akþjgjal

iqk
t ‘

g‘cðt; xÞ
k!g!

�
ðð

R�Rn

ðð
R�Rn

eiðt�sÞtþiðx�yÞ�x

� xð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞUðs; yÞðs� tÞkðy� xÞgdydsdxdt

¼ ð2pÞ�ðnþ1Þ X
1akþjgjal

ð�iÞkþjgjþ1qk
t ‘

g‘cðt; xÞ
k!g!

�
ðð

R�R n

ðð
R�Rn

e iðt�sÞtþiðx�yÞ�xqk
t ‘

g
x ðxð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞÞ

�Uðs; yÞdydsdxdt:

If we put

Pk; gðt; t; x; xÞ ¼ qk
t ‘

g
x ðxð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞÞ;

then we obtain that

jR1ðUÞj ¼
X

1akþjgjal

1

k!g!
Pk; gðt;Dt; x;DxÞUðt; xÞ � qk

t ‘
g
x‘cðt; xÞ














:

By the similar argument as in the derivation of (64), we obtain that

Pk; gðt;Dt; x;DxÞ A LðH sðR� RnÞ;L2ðR� RnÞnÞ:

We put

C5 ¼ max
1akþjgjal

1

k!g!
kPk; gðt;Dt; x;DxÞkLðH sðR�R nÞ;L2ðR�R nÞ nÞ: ð78Þ

Employing the assumption of induction and Sobolev’s inequality, we have

that

kR1ðUÞkL2ðR�R nÞ aC5

X
1akþjgjal

kUkH sðR�R nÞkqk
t ‘

g
x‘ckLyðR�R nÞ

aC5C6

X
1akþjgjal

kqk
t ‘

g
x‘ckH sðR�R nÞK

NN!; ð79Þ
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where C6 is a constant such that the following Sobolev’s inequality

k f kLyðR�R nÞ aC6k f kH sðR�R nÞ ð80Þ

holds. We consider the term R2ðtÞ on (63). Since

eiðt�sÞtþiðx�yÞ�xð1þ jt� sj2Þð1þ jx� yj2Þnðs� tÞkðy� xÞg

¼ ð�iÞkþjgjð1� q2t Þð1� DxÞnqk
t ‘

g
x e

iðt�sÞtþiðx�yÞ�x;

using integration by parts, we have that

jR2ðUÞja ð2pÞ�ðnþ1Þ X
kþjgj¼lþ1






ðð

R�R n

ðð
R�Rn

e iðt�sÞtþiðx�yÞ�x

� ð1þ jt� sj2Þ�1ð1þ jx� yj2Þ�n

� ð1� q2t Þð1� DxÞnqk
t ‘

g
x ðxð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞÞ

� qk
s ‘

g
y‘

~ccðt; s; x; yÞUðs; yÞdydsdxdt




;

where

‘ ~ccðt; s; x; yÞ ¼
ð1
0

‘xcðtþ lðs� tÞ; xþ lðy� xÞÞdl:

Similarly we obtain that

jR2ðUÞja ð2pÞ�ðnþ1Þ X
kþjgj¼lþ1






ðð

R�R n

ðð
R�R n

eiðt�sÞtþiðx�yÞ�x

� ð1þ jx� yj2Þ�nð1þ t2Þ�s=2

� ð1� q2t Þð1� DxÞnqk
t ‘

g
x ðxð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞÞ

� ð1� q2s Þ
s=2ðð1þ jt� sj2Þ�1qk

s ‘
g
y‘

~ccðt; s; x; yÞUðs; yÞÞdydsdxdt




:

The inequality (61) provides that

max
kþjgj¼lþ1

jð1� q2t Þð1� DxÞnqk
t ‘

g
x ðxð1þ jðt; xÞj2Þs=2Sðt; t; x; xÞÞj

aC7ð1þ t2Þs=2�1ð1þ jxj2Þ�ðnþ1Þ=2; ð81Þ
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since l is su‰ciently large. Hence, since s is an even integer, we see that

jR2ðUÞj

a ð2pÞ�ðnþ1Þ
C7C8

X
kþjgj¼lþ1

X
m1þm2as

ðð
R�R n

ðð
R�R n

ð1þ t2Þ�1ð1þ jxj2Þ�ðnþ1Þ=2

� ð1þ jt� sj2Þ�1ð1þ jx� yj2Þ�njqkþm1
s ‘g

y‘
~ccðt; s; x; yÞj

� jqm2
s Uðs; yÞjdydsdxdt

¼ ð2pÞ�ðnþ1Þ
C7C8C9

X
kþjgj¼lþ1

X
m1þm2as

ðð
R�R n

ð1þ jt� sj2Þ�1ð1þ jx� yj2Þ�n

� jqkþm1
s ‘g

y‘
~ccðt; s; x; yÞj jqm2

s Uðs; yÞjdyds;

where C8 is a positive constant such that

jð1� q2s Þ
s=2

f ðsÞgðsÞjaC8

X
m1þm2as

jqm1
s f ðsÞj jqm2

s gðsÞj ð82Þ

holds and

C9 ¼
ðð

R�R n

ð1þ t2Þ�1ð1þ jxj2Þ�ðnþ1Þ=2
dxdt: ð83Þ

Thus, applying the Hausdor¤-Young inequality and the Hölder inequality, we

obtain that

kR2ðUÞkL2ðR�R nÞ a ð2pÞ�ðnþ1Þ
C7C8C9

X
kþjgj¼lþ1

X
m1þm2as

kð1þ t2Þ�1ð1þ jxj2Þ�n
qkþm1
t ‘g

x‘xckL1ðR�R nÞkqm2
t UkL2ðR�RnÞ

a ð2pÞ�ðnþ1Þ
C7C8C9C10kUkH sðR�RnÞ

�
X

kþjgj¼lþ1

X
m1þm2as

kqkþm1
t ‘g

x‘xckL2ðR�R nÞ;

where

C10 ¼
ðð

R�Rn

ð1þ t2Þ�2ð1þ jxj2Þ�2n
dxdt

� 	1=2
: ð84Þ

Consequently the assumption of induction gives that

kR2ðUÞkL2ðR�RnÞ aC7C8C9C10C11

X
1akþjgjalþ1

kqk
t ‘

g
x‘ckH sðR�R nÞK

NN!; ð85Þ
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where

C11 ¼ ð2pÞ�ðnþ1Þ X
m1þm2as

¼ ð2pÞ�ðnþ1Þ sðsþ 1Þ
2

: ð86Þ

In (79) and (85), if K satisfies that

KbmaxfC5C6;C7C8C9C10C11g
X

1akþjgjalþ1

kqk
t ‘

g
x‘ckH sðR�R nÞ;

then we have that

kRðUÞkL2ðR�R nÞ a
1

8
KNþ1ðN þ 1Þ!: ð87Þ

Applying (74), (75), (76) and (87) into (64), we derive that

F�1
t;x

jðt; xÞjxbz2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jðt; xÞj2

q Ft;x½U �

2
64

3
75

�������
�������
H sðR�RnÞ

a
1

2
KNþ1ðN þ 1Þ!: ð88Þ

Using (53) and (88) on (52), consequently we conclude that the desired estimate

(50) holds for any m A Zþ and a; b A Zn
þ with mþ jaj ¼ N and jbj ¼ 1.

Second Step. We show (47) with jaj ¼ 0 for mþ jaj ¼ N þ 1. Since u is

the solution to qtuþ Lu� ‘ � ðu‘cÞ ¼ 0, we see that

kr1ðtÞNþ2qNþ1
t ukH sðR�RnÞ

a kr1ðtÞNþ2
qN
t LukH sðR�RnÞ þ kr1ðtÞNþ2

qN
t ðu2ÞkH sðR�R nÞ

þ kr1ðtÞNþ2qN
t ð‘u � ‘cÞkH sðR�R nÞ: ð89Þ

In the same way as in the proof of (73), the assumption of induction implies

that the second term on the right hand side of this inequality is estimated

as

kr1ðtÞNþ2
qN
t ðu2ÞkH sðR�R nÞ a

1

3
KNþ1ðN þ 1Þ!: ð90Þ

The Plancherel identity gives that the first-term on the right hand side of (89)

satisfies

kr1ðtÞNþ2
qN
t LukH sðR�R nÞ a

X
jbj¼1

kr1ðtÞNþ2
qN
t ‘bukH sðR�R nÞ:
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In the similar way as in first step we conclude that

kr1ðtÞNþ2qN
t LukH sðR�R nÞ a

1

3
KNþ1ðN þ 1Þ!: ð91Þ

The Leibnitz rule on the third term on the right hand side of (89) yields that

kr1ðtÞNþ2qN
t ð‘u � ‘cÞkH sðR�R nÞ a

XN�1

j¼0

N

j

� 	
kr1ðtÞNþ2q j

t‘u � q
N�j
t ‘ckH sðR�R nÞ

þ kr1ðtÞNþ2
qN
t ‘u � ‘ckH sðR�R nÞ:

In the same way as in the proof of (73), the first term on the right hand side of

this inequality is estimated as

XN�1

j¼0

N

j

� 	
kr1ðtÞNþ2q j

t‘u � q
N�j
t ‘ckH sðR�R nÞ aC3C

�KNN!

a
1

6
KNþ1ðN þ 1Þ!;

if K satisfies that Kb 6C3C
�. By the similar argument as in the first step,

the second term is estimated as

kr1ðtÞNþ2qN
t ‘u � ‘ckH sðR�R nÞ a

1

6
KNþ1ðN þ 1Þ!:

Hence we obtain that

kr1ðtÞNþ2
qN
t ð‘u � ‘cÞkH sðR�RnÞ a

1

3
KNN!: ð92Þ

By substituting (90), (91) and (92) into (89), we derive that (50) holds for

jaj ¼ 0 and m ¼ N þ 1.

Third Step. Using (47), we can show (48) with mþ jaj ¼ N þ 1. Indeed,

when a0 0, we have that

kr1ðtÞmþjajqm
t ‘

a‘ckH sðR�RnÞ aCkr1ðtÞmþjajqm
t ‘

bukH sðR�RnÞ

for some b A Zn
þ with jbj ¼ jaj � 1. Here we used the Plancherel identity.

Thus the assumption (47) concludes (48) with mþ jaj ¼ N þ 1 and a0 0. We

consider the case m ¼ N þ 1 and a ¼ 0. Since

qt‘c ¼ ‘ð�DÞ�1ð‘ � ðu‘cÞ � LuÞ;

309Analyticity for the drift-di¤usion equation



using the Plancherel identity, we have that

kr1ðtÞNþ1qNþ1
t ‘ckH sðR�R nÞ a kr1ðtÞNþ1qN

t ðu‘cÞkH sðR�R nÞ

þ kr1ðtÞNþ1
qN
t ukH sðR�R nÞ: ð93Þ

The second term on the right hand side of this inequality is treated by the

assumption of induction. Namely

kr1ðtÞNþ1qN
t ukH sðR�R nÞ aKNN! ð94Þ

is satisfied. The first term on the right hand side of (93) can be estimated as

kr1ðtÞNþ1qN
t ðu‘cÞkH sðR�R nÞ a kr1ðtÞNþ1qN

t u‘ckH sðR�RnÞ

þ
XN
l¼1

N

l

� 	
kr1ðtÞNþ1qN�l

t uq l
t‘ckH sðR�RnÞ:

Hence, by the similar argument as in (92), we derive that

kr1ðtÞNþ1qN
t ðu‘cÞkH sðR�R nÞ aC3ðC � þ KÞKN�1N!: ð95Þ

Thus, by substituting (94) and (95) into (93), we obtain that

kr1ðtÞNþ1qNþ1
t ‘ckH sðR�RnÞ a ð1þ C3Þð1þ C � þ KÞKN�1N!:

Consequently, if Kbmaxf1;C �g and C � b 3ðC3 þ 1Þ, then we have that

kr1ðtÞNþ1qNþ1
t ‘ckH sðR�R nÞ aC �KNN!:

Thus we conclude that the inequality (48) holds for any m A Zþ and a A Zn
þ

with mþ jaj ¼ N þ 1.

If we take C � b 3ðC3 þ 1Þ and

K bmaxf4; 64C1C2; 64C1C3C
�; 8C1C4;C12;C13g;

from the above three steps, (47) and (48) for mþ jajaN yield that (47) and

(48) for mþ jaj ¼ N þ 1, where

C12 ¼ C5C6

X
1akþjgjalþ1

kqk
t ‘

g
x‘ckH sðR�R nÞ

and

C13 ¼ C7C8C9C10C11

X
1akþjgjalþ1

kqk
t ‘

g
x‘ckH sðR�R nÞ:
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From (65), (67), (69), (77), (78), (80), (81), (82), (83), (84) and (86), K and C �

can be taken to be independent of N. Consequently, employing the induction

with N, we complete the proof. r

Proof of Theorem 2. Proposition 6 states that the solution uðt; xÞ of (1)

is analytic on ð0;TÞ � Rn (see [15]). Hence we complete the proof. r
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