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Existence and Estimates of Green’s Function
for Degenerate Elliptic Equations

S. CHANILLO - R.L. WHEEDEN

L. - Introduction

In this paper, we study the Green function for equations Lu = 0 in a
bounded open set  in R®, n > 2, in case L has divergence form

d 3
L=- ; 3z, (@i 5)
and the coefficient matrix A = (a,;) satisfies

(LY w(z)|€? < < 4 &¢> < o(z)[€), EeRr™

Here, < -,- > denotes the usual dot product in R"® and w and v are
nonnegative functions which will be further stipulated.

More specifically, we show that a Green function exists and derive interior
estimates for its size. By “Green function for 1 with pole y” we mean a function
G(z,y) = Gy(z), =,y € Q, which solves LG, = §, in the weak sense, i.e.

/<AVGy,V§o> dz = p(y), if @ €Lipo(9),
Q

where Lipo(£2) denotes the class of Lipschitz continuous functions supported
in (. Moreover, G, vanishes on 8 in the sense that it is the limit, in an
appropriate norm, of functions supported in Q. It is also possible to represent
the solution u of

Lu= f in Q, with « =0 on 381,

in terms of a potential of f which has G as its kernel. This representation will
be discussed below.

Research partly supported by NSF Grant DMS 86-01119 for the first author and DMS
85-03329 for the second one.
Pervenuto alla Redazione il 17 Febbraio 1987.



310 S. CHANILLO - R.L. WHEEDEN

In order to state our main result, we need to introduce some notation. We
shall assume throughout that w € A5, i.e. that

1 1 1
s < An
(|B|/u/) (\B]/w ) ¢ for all balls B c R*,

B B

although this condition can be somewhat relaxed as indicated at the end of
the paper, and that v satisfies the doubling condition: v(2B) < cv(B), where
v(B) = [v(z)dz and 2B denotes the ball with the same center as B which

B -
is twice as large. We write v € D* for such ». The assumption that w € Az

ensures that w € D™. We write Bp(z) for the ball with center z and radius h,
and assume that v and w are related by

a2 [-‘B—‘—”Ts [z

% n
h U(Bh(:c)) w(Bh(:E))] , 0<s<h, z€X"*,

for some ¢ > 2. We shall consistently use the notation ¢ = ¢/2, so that 0 > 1,
and we set so = 20/(0 + 1). Thus, 1 < 55 < 2. In the classical strongly elliptic
case (v and w identically equal to positive constants), the value of g is 2n/(n—2)
so that 0 = n/(n - 2) and sg = n/(n — 1).

For 1 < p < o0, we let

1

L= flifllee = ( /lf(z)l"u(z)d:c <o0},
Q

and we write simply LP in the case of Lebesgue measure.

Similarly, Llloc stands for the class of functions which are locally integrable
with respect to Lebesgue measure. We use the notation X = X, , for the Banach
space which is the closure of Lip(Q) with respect to the norm

1flles + 19 £)s.

If1<s<oo,deﬁnes’by%+%:1.

We can now state our main result. Since we consider only interior
estimates, it will be convenient to think of {} as contained in a large ball

and derive the existence and estimates of the Green function for an open ball
B when the pole lies in the middle half of B.
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THEOREM (1.3). Suppose that w € Az, v € D® and (1.2) holds. Let A
be a symmetric matrix which satisfies (1.1) and let B = Bg(z) be a ball. For
almost every y € %B, there is a nonnegative function G(z,y), =z € B, which

satisfies

(1)

(ii)

(iii)

(iv)

W

GeX,, for t <o and s < 20/(c + 1), and the sizes of the norms are

uniform in y,; thus,

vedB

sup l:/G(:z:,y)t v(a:)d:c+/leG(a:,y){’w(z)dzJ < o0
B B

Sfor such t and s;
g < AV,G(z,y), Ve(z) > dz = p(y), ¢ € Lipo(B),

if (;”v—)sl we L for some s' > 20/(c —1) (i.e., s < 20/(c+ 1))

loc

ed

R
B c—1 2 dt
ess G < JJ_)TI” t\Y ¢ gt
z:r/2<|xSEE|<r (z.9) = c/ [w(Bt(y )] w{B:(y)) t

r

ifO0<r<R/2and 0 < p< o, with ¢ independent of B,y and r,

R 1
A B 2 2 dt
£ S _ D\ Y L4
x:r/e2s<slmlily[<rG(z’y) - C/ P ( - [w(Bt(y } ) B

r

S

if 0 < r< R/4, with ¢ and ¢y independent of B,y and r;
G € L*(B) for t <max {n/(n - 2), o}.

The size of the norm in part (v) may depend on y.

The assumption that (%)8 w € L'(B) is made only in part (ii) and is not
needed in the other parts of the theorem. This assumption guarantees that the

integral in (ii) converges since

/; < AVG, Ve > | < ”Vgo”Lm/[VG]v (by (1.1))
B B

_1,
vy* °
< Vel nvanm,( | &) w) :

B

Of course, VG € L by (i). There are alternates for (ii) which do not
require the assumption that (2)° w € L!(B). In order to state these, we need

to introduce some more notation.

There are two Hilbert spaces H, and H naturally associated with the
differential operator L. The properties of these spaces will be discussed in §2.
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Here, we mention only that H, consists of the elements of H which vanish in
an appropriate sense at B, and that the inner product ag(u, ) on Hp satisfies

ao(u, p) = / < AVy, Vo >
B

if u, € Lipo(B). Furthermore, a¢(u, ) can be defined for u,o € H, and
there are then associated functions #,& € L2(B) (even L2°(B)) such that
Vi,V$ € L2 (B) and

ao(u, @) = / < AV, V@ > .
B

An argument based on the Lax-Milgram theorem shows (see §6) that, if

flve L2V (B) and the assumptions of Theorem (1.3) hold, then it is possible
to solve the problem

(1.49) Lu=f in B, with u=0 on 3B,

in the sense that 3 u € Hy with
(15) wlue)= [ 16, peHo
Q

We shall refer to u as the Lax-Milgram solution of (1.4).

Similarly, if F is a vector with |F|/w € L2 (B), it is possible to solve
(1.6) —Lu= div F in B, with u =0 on 8B,

in the sense that 3 u € Hy with

a.7n ao(u, ) = f < B,V >, p € Hy.
B

We shall refer to u as the Lax-Milgram solution of (1.6).
The following result gives representations of these solutions in terms of

G, without assuming that (3)° w e LL_ for some s' > 20/(c — 1).

THEOREM (1.8). Let v, w and A satisfy the hypothesis of Theorem (1.3). If
f/v € LY (B) for some t < o and u is the Lax-Milgram solution of (1.4), then

ii(yj = / f(z) G(z,y)dz for ae. ye€ %B.
B
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Furthermore, if |F|/w € L, (B) for some s < 20/(c + 1) and u is the
Lax-Milgram solution of (1.6), then

i(y) = / < F(z), VG(z,y) >dz forae yc %B.
B

The proofs of the theorems rely partly on adapting the methods in [7]
for the strongly elliptic case. We also need some facts from [2], including a
mean-value inequality and Harnack’s inequality, as well as Sobolev’s inequality

; )
1 . 1 1 .
(1.9) (me |f|vdz < ¢|B] (——w(B)B/|Vf|2wda:) , f € Lipo(B),

w_ith ¢ independent of f and B. The value of ¢ in (1.9) is the same as in (1.2),
and the fact that (1.9) is valid, if w € A5, v € Dy and (1.2) holds, is proved in
(1]. Some of the required inequalities from [2], together with other background
facts, are given in §2. In §§3-4, estimates for an approximate Green function
are derived. In §5, Theorem (1.3) is proved except for the uniform nature of
the estimates in part (i); this uniformity is proved together with Theorem (1.8)
in §6. In the case of equal weights (by which we mean the case when v is at
most a constant multiple of w), our results are contained in [3] and {4]. The
classical strongly elliptic case is also treated in [9].

We now state a version of the Wiener test, i.e. a criterion which gives a
condition for a point of 80} to be a regular point. A proof can be obtained by
modifying the arguments in [5] or [6], p. 206. In order to state the result, we
need a few more definitions. First, we say that v € A, 1< p < oo, if for all

balls B
p—1
_.1_,./1, L/U"l/(l’—l) <¢, when 1< p<oo
Bl |B] o

B B

1
TB_|/U <c essBinf v, when p=1,
B

with ¢ independent of B. We say that v € A, if v € A, for some p.

Next, for any open bounded set §2, the Hilbert spaces H(Q) and Ho ()
can be defined as before. As noted in [2], a simple argument based on the
Lax-Milgram theorem shows that if ¢ € H(Q), the Dirichlet problem Lu = 0
in , with u = ¢ on 311, can be solved in the sense that 3 u € H(1) with
a(u, ) = 0 for all ¢ € Hy() and u — 4 € Ho(1).

We can also give a meaning to solving Lu = 0 in Q) with u =+ on 3Q in
case ¢ is a function which is defined and continuous only on 3§1. This can be
done by choosing a sequence {p;} of polynomials which converge uniformly to
% on 3(Q1 and solving Lug = 0 in Q with ug —px € Ho(Q). It can be shown from
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the weak maximum principle (§2) that sup Jig] < sup |px|- From this inequality

and Caccioppoli’s inequality, we can show that {ux} converges to a limit » in
H(Q) for any Q' with closure in  and that ag(u, p) = 0 for p € Lipo(Q). We
say that a point = € 311 is a regular point if

]. b —_ = 0
P 28, (P 19~ 9

whenever u is a solution, in the sense described above, of Lu = 0 in Q with
u = % on 31, ¢ continuous on 3.

Finally, if B is a fixed open ball containing 1 and E ¢ B, define the
capacity of E by

cap E = inf {/<AV<p,V<p> p>1on E, o€ Lipg(B)
B

The Wiener test can now be stated as follows.

THEOREM (1.10). Let A be symmetric and satisfy (1.1) for a pair of weights

v, w for which v € Ay, w € Az and (1.2) holds. Let Q0 be a bounded open set
and z € 3S). There is a positive constant cy such that if

s o(Bi(s)) 13 2 dt
0/exp (—c1 [w(Bt(x))] ) u(B¢(2)) cap(B;(z)\(2) < =t

for some € > 0, then z is a regular point.

In passing, we note that if z € 8Q and the complement of {1 contains a
truncated cone with vertex z, then

cap(By (2)\0) > ¢ M

as is easy to see by Sobolev’s inequality. Thus, in this case, z is a regular point

if
0/ exp (*“[;((%i((?)))r) W ¢

2. - Preliminaries
As in [2], for a bounded open set Q, let

ao(u, ) = f < AVu, Vo >, u, p € Lip(Q),
0
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where Lip(Q1) denotes the class of functions which are Lipschitz continuous in
the closure of (1. By the degeneracy condition (1.1),

2.1 /[Vu]zw < ag(u,u) < / |Vu|?v.
Q Q

It follows that ag(u, ¢) is an inner product on Lipg (), and therefore that
a{u,u)? is a norm on Lipo(f2). In particular, ao(u, 9} < ag(u,u)? ao(p, p)3.
Note also that since A is symmetric, | < Az,y > | < < Az,z2>7 < Ay,y >7.

We denote the completion of Lipo(fl) with respect to this norm by
Hy = Hy(Q). An element u of H, is thus an equivalence class of Cauchy
sequences {uz}, ux € Lipo((2).

If u,0 € Hy with u = {ux} and o = {px}, uk, ek € Lipo(Q), it is easy
to see that aq(ux, k) converges, and we define

ao(u, ) = lim ao(ux, ox).

It follows that Hu“o = ao(u,u)% is a norm on Hj.

We now show that it is possible to associate with each ¢ € Hy a unique
pair (@, V) so that if o = {4} then @ — @ in L2(Q) (even in L29(0))
and Vg — V@ in L2 (). We shall refer to (@, V@) as the pair of functions
associated with . To see this, note that since @ € Lipo(f2), @i can be
extended to a function in Lipg(R") by setting ¢, = 0 outside 1. In particular,
if Bg is any ball containing €1, for this new @4 € Lipo(Bg), and by Sobolev’s
inequality (1.9),

1

(_—U(;R) [lee-eilv] scr (—w(};R) / |V(sok—<p]-)|2w)
Bp Br

1 . )
=c R (m(}/W(Pk - o) w)

< cw.Br lox —wjlo (by (2.1).

Thus, {@x} is a Cauchy sequence in L2(f2). Also, by the last inequality,
{Ver} is a Cauchy sequence in L2 (). Let ¢ and V@ denote the limits,
respectively, and observe that these are independent of the particular sequence
{vw} representing . Of course, if ¢ € Lipo{Q), then ¢ = ¢ and V@ = V.
Since w=! € L'(Q), it is easy to see that V¢ is the distributional gradient
of &; in fact, by Schwarz’s inequality, it follows that ¢, — @ in L'(f2) and
Vo, — V@ in L(Q) (since also v=1 € L*(Q)), and therefore if ¢ € Lip(Q),

[ 6= im [orvo=-tim [ve, v=-[véu.
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We will also have to consider the Hilbert space H = H(f) which is the
completion of Lip{{1) under the inner product

2.2) alu, p) = ao(u, ) + /u«pv, u, € Lip(Q).
0

Facts about H are given in [2]. In particular, Hy < H continuously by
Sobolev’s inequality, and if uw € H, u = {u}, uwx € Lip(Q), then ug
converges in L2 to a function & and Vu, converges in L2 to a vector Vi.
Furthermore, if ¢ € H, ¢ = {4k}, the limits a(u, o) = lim a(uk, px) and
ao(u, ) = lim ag(uk, px) exist and satisfy

a(u, 0) = ao(u, ©) +fa¢u,
0
and a(u, ) is an inner product on H.
It will be useful to have a representation for ag(u, ) in terms of Vi and
V&. This is given in the following lemma.

LEMMA (2.3). Let u,p € H and let Vi and V@ be the associated
gradients, respectively. If u = {uz} and ¢ = {p}, then

< AVuy, Vi >—< AV, V@ > in LHQ).

In particular,

ao(u, @) = / < AV, V@ > and a(u,p) = / < AV§, Vo > +[ﬁ<ﬁv.
0 Q Q

PROOF. Let hx =< AVug, Vi >. It is easy to see that {hx} is a Cauchy
sequence in L!(§1) by using the inequality

1 1
| < Az,y > | < < Az,2 >2< Ay,y >2 .

Thus, hxy — h in L'(Q) for some h. Consequently, [hy — [ h. Since also
a 3] .
[ hi = ao(uk, ©x) — aolu, @), we obtain ao(u,) = [h. The lemma will

(t)herefore be proved if we show that h = < AV{#, V@ >na.e. Since hy — h in
L' and both Vui — Vi and Ve, — V@ in L2, this follows easily by selecting
subsequences which converge pointwise a.e.

An element u € H is called a solution of Lu = 0 if ao(u,e) = 0 for all
@ € Hy. Also, if w € H, we say u > 0 in Q if u can be represented by a
sequence {ux}, ux € Lip(Q), with u, > 0 in Q. If u > 0 in Q, then clearly
%> 0 ae. in 2. We will need the following two facts from [2] about solutions.
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These facts are valid assuming (1.1) with w € A2, v € D> and (1.2). First, a
solution u in H(2B) satisfies the mean-value inequality

$(527) e

B) |?'e- 1

2.4 i 2(B) /'P

2.4) ess sup 14| < ¢p [w(B)} (v(B) J 4] v) , 0< p< oo,
2

Moreover, if also u > 0, it satisfies Harnack’s inequality

' 3
(2.5) ess sup @ < exp (c1 [i((%ﬂ essBinf .

The next two lemmas may be viewed as maximum (or minimum)
principles. The first one is an adaptation of a similar result in [11] or [8].

LEMMA (2.6) (Weak Maximum Principle). Let u be a supersolution in
H(Q), ie, v € H(Q) and ao(u,@) 2 0 if ¢ € Lipo(f)), » > 0. Let
v = {w}, ux € Lip(Q), and assume that uy > O in some neighborhood
(depending on k) of 3Q. Then &> 0 a.e. in .

PROOF. Consider u;y = —min {ux,0}. Note that u; € Lipg(€1) since
ux > 0 near 8. Since {u;} is bounded in H it is easy to see that {u;} is
bounded in Hy. We may then select a subsequence ug, Which converges weakly
in I:'IO to ¢ € Hy. Thus,

lim ao(uk],u,:]) = lim aq(y, u,:J) = ao(u,9) >0
since u is a supersolution. Thus,
lim/ < AVuy, , Vy > 20,

ie.
lim/ < AVug, Vu > <0.

Therefore, ||Vug |13 — 0. Extending w to a large ball containing 1
(uj, has support in Q) and applying Sobolev’s inequality, we see |u lzz — 0.
But uy, — 4 in L2, so uy — (%)~ in L2. Thus (&)~ = 0 ae. in Q and the
proof is complete. ’

LEMMA (2.7). Let By, By and Bs be balls with a common center and radii
™1, 72,73, respectively, satisfying ry < ry <rs. If p € H(Bs3) and ¢ < £ a.e.
in Bs\Bi, then given L > ¢, there exists ¢ € Lip(Bz) such that o — ¢ in
H(B3) and ¢ < L in some neighborhood of 8 By. Moreover, if u is a solution
in H(By), u = {ug}, and if ux < @i near 8B, for these oy, then &4 < L a.e.
n Bz.
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PROOF. The second statement follows from the first by applying the weak
maximum principle to the solution L — u in By: since L —uy > L — ¢ >0
near 3B, we obtain L — & > 0 a.e. in B,.

To prove the first statement, note that since ¢ € H(B;), 3 hi € Lip(B3)
with hy — ¢ in H(Bs). Thus, hy — @ in LZ(Bs), and by using a subsequence,
we may assume that hy — ¢ a.e. in Bs. By hypothesis, ¢ < £ a.e. in B3\ By,
so by Egorov’s theorem, given L > £ and § > 0, 3 E C B3\B; and ko such
that |{(Bs\B1)\E| < § and hy < L on E if k > ko. Make a smooth partition
of unity x; + x2 + x3 = 1 on Bz such that y, is supported on B\B,, where
B is a ball with the same center as B, and radius r satisfying ro < r < r3,
and x; = 1 on B; and is supported on a slight enlargement of B;. Then
hg = hgx1 + hrxz + hixs, and we define or = hgx: + (hxxaaL). Clearly,
or € Lip(Bz) and ¢ < L near 8B,. It remains to show that g — ¢ in
H(B;). We will do this by showing (see (2.2))

@8) ok — helZaay + / < AV(o ~ hi), V(ox — hy) >— 0.
Ba

We have

ek = hellLz(ss) = [ (Rex2aL) — haxzllL3(B2\B1)-

Since hy — @ in L2(Bj), also hgxxs — @xz in this norm; moreover,
hixaaL — @xaa L in this norm since

l(@aL) — (BAL)| € | — B] for any a, B.

Since ¢ < £ on By\Bj, it follows that both hxx, and hxyasL converge in
L3(Bz\By) to the same limit, and so |ex — hillL2(B,) — 0.
The second term in (2.8) equals

< AV(lhx2aa L] — hix2), V([hex2sL]l — hexz2) >
B,\B,

- [ <4V0uxa), Vimwx) >
(Ba\Bi1)n{hkx2>L}

< / < AV(hkxz), V(hkxz) >,
(B2\B1)\E

if k > ko, since then h;y < L on E. The integrand in the last integral is
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nonnegative and equals

< hi AVyz + x2AVhg, hVxz + x2Vhg >
= hi < AVx2, Vx2 > +2x2hi < AVx2, Vhy >
+xZ < AVhy, Vhy >
< h2 < AVxg, Vxa > +2x2lhe| < AVxa, Vxa >3 < AVh, Vhy >3
+x2 < AVhg, Vhy >
< B2|Vxal?v + 2x2|hi| |Vxa|vE < AV, Vhy >3
+x2 < AVhy, Vhg > .

Thus, using Schwarz’s inequality and the fact that 0 < x5 < 1, we see
that the last integral is bounded by

C“V)(gnim / hzu + / < AVhy, Vh, > .

(Ba\B1)\E (Ba\B1)\E

Since hy converges in L2, hZv converges in L!. Furthermore, by lemma (2.3),
V< AVhg, Vhy > converges in L', Thus, since the domain of integration in both
integrals above has small measure (< §), the integrals are small uniformly in k
for large k, and the lemma follows.

We shall need the following compactness result.

LEMMA (2.9). Let Q be a bounded open set and w € As. Let & be a ball
in Q and {f;} be a sequence of functions each supported in Q with
[ £illzz @ane) + IV fillzz a\s) S ¢ < o0
uniformly in j. Then 3 a subsequence {f; } such that if £* is any enlargement
of B, {f;} converges in L2 (Q\X*).
PROOF. Let y(z) be a smooth function supported in |z| < 1 with [ 5 =1,
and let 7, (z) = t~"n(x/t) for t > 0. If g(z) is defined in R", let

g'(z) = /g(y) n¢(z — y)dy.

Note that the definition of g*(z) only involves values of g(y) with y € B,(z).
Also, if X* and Q* are neighborhoods of ¥ and {1, resp., and if =z € Q\X* and
t is small, then Bi(z) c 0*\X. Thus, for such z and ¢,

d@l<e [ o< lolugonm | [ v
B;(=z) Q*\z
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and
3
Vi@l <a [l <em gl | [ w7
Bq(=) Q*\o
Moreover,
g (z) — g(=)| = lfly(y) — g(z)] m(z — y)dyl
<et™ / l9(y) — g(=)|dy.
By(=)
By Lemma (1.4) of [3], this is bounded by
(2.10) c / —lzg% dy
|z — y|"

By (=)

If z € Q\X* and ¢ is small, we may rewrite (2.10) after multiplying and dividing
by t as

ct 1 IVa(y)Ixa-\=(¥)
|z — yln—?

dy

bl
lz—yl<t

which is at most ¢t M(|Vg|xqa+\z)(z), where M denotes the Hardy-Littlewood
maximal operator. Since w € A, it then follows from [10] that for small t,

”gt - gHqu(ﬂ\E*) <ct ”Vg“L?u(Q*\g].

Since the f; are supported in {1, we may think of them as defined on all
of R™ by just setting f, = O outside 1. Then

I fillez ey + IV Eiliey s = I filleg o) + 1V fillzz\m) S e
Hence, by above, 3 ¢ independent of j such that if z € Q\X* and ¢ is small,
Q1D |fj(z)l <™, [Vfi(z)| < et and | f} — fillLaarze) S et
The rest of the proof follows from (2.11) by applying Ascoli’s theorem to the
first two inequalities in (2.11) for each fixed t. We shall not give the details
but instead refer to [6], p. 167.

COROLLARY (2.12). The previous lemma holds as stated if we replace the

hypothesis that the f; have support in Q by the hypothesis that 3 fJ’-c supported
in Q such that f§f — f; and V¥ — Vf; in LZ(Q\E) as k — co.
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This follows easily by applying the previous lemma to the sequence { fJ'.‘f }s
where for a given j we choose k; so that the LZ (Q2\X) norm of both f; — ff’

and Vf; — V¥ tend to 0.

REMARK (2.13). (i) Lemma (2.9) has an analogue for LP norms,
1< p< oo, if we A,. Similarly, there are versions for Lf (€2) norms, i.e. for
all of 0 without deleting =*. In case 1 < p < oo, the proof is the same as when
p = 2 except that LZ norms are replaced by Lf norms. In case p = 1, a small
change is needed when estimating (2.10). Instead of majorizing (2.10) by the
rr;)aximal function, we simply integrate over 2\X* and use Fubini’s theorem to
obtain

lg* = gllzs (ayz+) < et / [Va(y)] {% / }Tj)—gl—_f dz} dy

2.14) o\ O De(y)

< ct ||Vygllyas\s)s
since the part of the integrand in curly brackets is at most cM(w)(y) < cw(y)
due to w € 4;.

(ii) We note that other variants of Lemma (2.9) can be obtained by altering
its proof. For example, the conclusion holds for L. (Q\X*) instead of L2 (2\Z*)
if we still assume that the f, are supported in Q) and that {f;} and {Vf;} are
bounded in L2 (Q\X) but replace the hypothesis that w € Ao by the weaker
hypothesis that w~! is integrable over a neighborhood of 1 and

2

2.1 i _w(e) ~1(y)dy =

(2.15) tll_l}g) ( / Tyt dz wH{y)dy = 0.
Q QnB:(y)

This last condition is valid if w € A, since then w™! € A, and the integral in
(2.15) is at most

fltM(an)(y)]Qw(y)"ldy < ct2/w(y)dy (by [10D),

0
which tends to 0 with ¢. The only real change in the proof of the lemma comes
in estimating || f} — f;||1 (a\g+), which by the first inequality in (2.14) is at

most
c / Iij(y)l( / ﬁ—iﬂ;—?ﬁdz) dy.

4 a\z OnB:(y)
By Schwarz’s inequality, this is bounded by

¢ [Vfillaa\x) /( / ]z—j)gjl—”l dm) w i (y)dy |
a

QnB:(y)
and the result follows as before if (2.15) holds.
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3. - Estimates for G*

Fix y € N and p > 0 with B, = B,(y) c Q. For ¢ € Hy, let $ be the
associated function in L2. The mapping

1 /,,
o ——= | pv
v(B,)
B,

is a continuous linear functional on Hj: see, e.g. the argument in §2 showing
how to associate ¢ with . Since the bilinear form ag(u, @) is continuous and

coercive on Hy, the Lax-Milgram theorem implies there is a unique G* € Hy
such that

1
3.1 ao(G*, p) = o(B,) / v, ® € Hop.
p

rd

G* will be called the approximate Green function for § with pole y.

We claim that G# > 0 as an element of Ho, i.e. that 3 G}, € Lipo(€2) with
Gy > 0 and G — G* in Hy. This of course implies that G” > 0 a.e. since
G" — G? in L2 and thus 3 a subsequence G4 — G* a.e. To prove the claim,
let G’ = {G}}, G% €Lipg(fl). Note that {iGPT} is bounded in Hy: in fact,

ao{|GEl, [GX]) = ao(Gk, GY)

since V|G;| = (sign G}) VG where G # 0. Hence, a subsequence |G}, | — h
(weak convergence in Hy). Thus,

ag(G?, h— G?) = lim ag(G" ]——Gp)

~lim —— /(1G —GL ) by ).

Since the last expression is clearly nonnegative,

ao(G*?, G?) < ao(G*, h), so that ao(G?,G?) = ¢ ag(G*, h)
for some ¢ with 0 < ¢ < 1. We have
0.<11G° —€lG%, | lo = a0(G” —ciGY, |, & |G, )
= ao(G*, G*) — 2cao(G¥, |Gf |) +c?ao(|GE, . |Gk, 1)
= ag(G*, G*) — 2cao(G?, ]szl) + czag(sz,Gij).

The right side converges to

ao(G*?, G*) — 2cap(G®, h) + c?ap(G?, G?) = (¢* — 1)ao(G*,G*) £ 0



EXISTENCE AND ESTIMATES OF GREEN’S FUNCTION ETC. 323

Hence [|G#~¢|Gf, | [lo — 0. This shows that G is the limit in Ho of Gy |20,
and so estabhshes the claim. It follows incidentally that ¢ = 1, since by : above,
¢|Gh = Gr in L2, while also Gf — G in L2: hence, ¢|G?| = G* ae.
and ¢ = 1. Thus, the argument above shows that if G* = {G};}, then also
GP={ |G£J |} for some subsequence.

Consider now the case 1 = B = Bg(zo). By above, we may assume that
G} > 0. For t > 0, define

BN S U I ¢ O 3
Pk = ?’_GZ - t G;: x{Gﬁ)t}'

Then o

VG
Vo = @)? X{Ge>t})

and @y € Lipg(B). We have

“‘pk”3=/<AVpk,Vpk > = / < AVG?, VG >
B {Ge>t}

< {-/ < AVGY, VGE >
B

(Gx)*

= Zletl

Since this is bounded in %, there is a subsequence @k , P in Hy. Then
lim ao(sz, (ij) = lim ag(GP, (p,kf) = CLO(GP: ‘P)a
where the second equality follows from weak convergence and the first follows

from the strong convergence of Gy to G* in H, and the boundedness of [[ox|lo-
The middle term equals

lim ——1—/
u(B,) ] ¥**

I3

eo.lp-t
[y

, since @, = pg, < T

Therefore,

lim _/‘<AVG£}, Vep, > <7, or

1
t
X , VG 1
hm/ < AVGk_,? '(—C;—z—)"é‘ X{G£J>t} > < 't—
j)

By the degeneracy condition,

. vep 2 1
k< -,

im sup / AR <5
{6 >t} 7
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If we deﬁnt:,) Y = |log G —log tlx(ae>:y = [log Gf —log t|*, then
Vg = (V—GGp“)x{GPt} and ¢ € Lipg(B). From the estimate above,
k

)

lim sup /]prkjlzw < %
so that by Sobolev’s inequality (integration is over B = Bg(z¢)),
2
! 2
1 R 1
li — 1 o 4 < -.
im sup +(B) f (log(Gy, /8))* v <ce w(B) ¢
Bn{Gﬁjx}

Restricting the integration to {G}, > 2t} gives

w(B)

We may replace 2t by ¢ without affecting the form of this inequality. Since
G; — GP in L, by using a further subsequence if necessary, we may assume
Gﬁj — G° Pointwise ae. Thus, x(z,,,y < lim inf X{Gy >t} de. and by Fatou’s
lemma, v(G? > t) <lim inf »(G} > t). Therefore,

2
. v(Gh > 2t)79 Rz 1
1 2] by 20 =
(log 2)*lim sup [ o(B) } <e¢ :

~ R? 1% 1
(3.2) U(GP > t) <c [m] t_o' ‘U(B), o = 'g"

Here, G* is the approximate Green function for B — Bgr(zo). Note that the
constant ¢ in (3.2) is independent of p and y.

Consider now the special case R =r, g = y, and look at values of z in
the annulus r/2 < |z — y| < 3r/4. Fix p < r/4. Then B, 4(z) C B.\B,. Note
G is a solution in B,\B, since if ¢ € Hy(B,\B,) then ao(G?, ) = 0: this is
because of (3.1) since o is the limit with respect to ||-|/o of functions supported
outside B,. Hence, by the mean-value property (2.4) and the doubling condition
(6(Brja(2)) = v(Br), w(B,/a(s)) ~ w(B,)),

-

1o
ess sup G < ¢ [u(B,)ro—l 1 f (GP)Pv
Br/a(x U(Br)

Br/l(z)

To estimate the integral, we use (3.2) with R = r and g, = y together with the
obvious inequality v(B, 4(z); G® > t) < cv(B,) to obtain

. s2 P .
(G?)Pv < ¢ u(B,) [m} , provided 1 < p < 0.
B,/;(I)
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Substituting this estimate above and recalling that z is any point in r/2 <
|z — y| < 3r/4 gives

(3.3) esssup  GP(z) < ¢

ifp<o, p<r/4.
z:r)2<|z~y|<3r /4 = p<o, p<r/

v(B,) 32T r?
w(B,) w(B,)’
Here, G* is the approximate Green function for B, = B, (y) with pole y.

We wish to show that (3.3) holds without the restriction |z — y| < 3r/4
on the left, i.e. that

5% 2
v(B,)JPO r ,ifp<o, p<r/4.

(B4)  esssup GP<ec [w(B,) w(B,)

*\By/2

This will clearly follow from (3.3) by replacing r by 4r/3 and using doubling
provided we show that G* increases when we enlarge domains, i.e. that if G*
and G** are defined for Q2 and 0* resp., then 1 C Q* implies G* < G*# in Q.
This follows from the weak maximum principle applied to O and G*# — G* if
we verify the appropriate hypotheses. Note that G** — G* € H{({l) (not Hy())
and G;” — GY = G} — 0 > 0 near 30 for each k; moreover, as it is easily seen
from (3.1), G** — G* is a solution in .

LEMMA (3.5). Let B = Bg(zo) and y € L B. If G* is the approximate
Green function for B with pole y and if 0 < r < R/2, then
[oBO) P72 4 s
~ v(D; -
ess su G?(z) < — s ——y T P<
z:r/2<[a:-5|<r (:E) - C/ [w(Bt(y))} p

w(B:(y)) ¢ 4
Jor 0 < p < o. The constant ¢ is independent of R, zo, y, v and p.

PROOF. We first claim that it is enough to prove the lemma in case y = Zo.

To see this, first note that if y € 1B then B C Byr(y) = £, so that G# < é";”;
y<2

in B, where é‘z’ denotes the approximate Green function for ¥ with pole y.
Hence, if we knew the estimate for balls centered at y, we would have

o .
":'/ezsglws}‘lgRrG (:I:) - z:r/e2sglfggl<er(m)
2R
<of [M}%v’% 2 &
- w(B(y)) w(B:(y)) t

rR 2R R
caf o fse]
r R r

) 2R R
since by doubling [ ~ [ <
R R)2

'Q&T_sm
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Thus, we may consider only balls centered at y. For s > 0, let B, = B, (v)
and let G" denote the approxxmate Green function for B, with pole y. Our goal

is to prove that if r < -2—, p < 3 and p < o, then

(3.6) ess Sup Gs < d / [

r/ﬂ

] 2 dt

w(B,) w(By) t°

-1 m
Pick m=1,2, with r (3)" <R<r(})" In BBz,
3.7 Go <@ ,( ),,,=c”: +Z [éf(%), —éf( ),_,].

We now estimate the size of each term on the right in (3.7). For the first term,

from (3.4), L
€ss su G [1}(—B'—)] #el o7
BB 0T = | w(B,) w(B,)’

To estimate the remaining terms, we claim that if p < § £ then

l_ga
AP _ A v(B,) P71 &°
a8 esypon (64, - &) < |25 [T Sy

If so, it follows from (3.7) and doubling that

o

1 o
ess squ" <CZ [_B3/2 ’f)]po ! (3/2 J’)

Bira =5 Lw(Bayay w(Bisz)r)
R 1o 2
Sc/[v(Bt)]pa— 4t r<E,
w(Bt) U)(Bt) t ! 2

which proves (3.60).

The proof of (3.8) uses Lemma (2.7) with ¢ there taken to be GQ’, /2
u= G§5/2 — GY, By, B2, Bs taken to be Bs,;s, B,, Bs,;; tesp. and

-

Note that by (3.4) with r = 3s/2 and doubling, we have ¢ < £ ae. m
B3, /2\Bs,/s. Choose {pr} as in Lemma (2.7) for L = 2£. Note that u 18
a solution in B, and u = {ux}, ux = @ — b5 where G? = {5} With ¢ > 0 in

B,. Thus u; < ¢ in B,, so by Lemma (2.7), & < 2¢ a.e. in B,, which proves
(3.8).
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COROLLARY (3. 9) With the same notation and hypothesis as in Lemma

(3.5), for ae. y € 1B there is a constant ¢ independent of r and p (but
depending on y, R, w, v) such that

~ . - . f‘
ess sup G¥(z) < ¢ min{r?~" r "/"}, p<—, n>2
i <|z—y|<r 4

PROOF. This will follow from Lemma (3.5). The integral in the conclusion
18 at most
1_o_ R
¢ <Bt<ynr o s ] [ £
(B.(v)) <k w(B)] ) 7

R
—Cwav/tl ndt<cwav 7'2 "1

With ¢y g ., finite for ae. y. Similarly, since w—(é—f(m < ¢ v(By(y))~? for
t < R by (1.2), the integral in the conclusion of Lemma (3.5) is also majorized

by
R
/wﬂdt
t o -—
t

=Cy.Rwow T

Qe

o ] e

ajs

4. - Estimates for VG?

The goal of this section is to obtain an estimate for |VG#| L (5) which
is uniform in p. We shall prove

LEMMA (4.1). Let B = Bg(zo) and G* denote the approximate Green
funcnon for B with pole y. There is a number sq, with 1 < sq < 2, such that
f’VGPP w is bounded uniformly in p for each s < so and a.e. y € B The
bound depends on s,y, B,w and v.

As we shall see, the value of so is 20/(c + 1).

The first step in proving the lemma is the following Caccioppoli-type
estimate.

LEMMA (4.2). Let B and G? be as above, and let B, = B, (y) for r < —121
Forye {B and p <,

/ < AVGP, V&P > < —:5 / (G*)?v
B\Bf Br\Br/ﬂ
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with ¢ independent of r,p and y.

PROOF. The proof is very similar to that of Lemma (3.1) in [2]. Pick
n(z) so that n = 1 outside B,, n = 0 in B,); and |Vg| < c¢/r. The function
ex = Gin? belongs to Lipo(B) and the argument of Lemma (3.1) of 2], with
v and B there taken to be G* and 1 resp., yields (cf. (3.7) of [2])

[<Avag,vag>n2g2[/ < AV, vn>(cg)2+;5kq

<2 U V|2 (GR)?o + Wi}

with 6§, — 0. One small change is needed in the argument in [2]: namely, since
G* is not a subsolution, we must justify (3.3) of [2]. However, if {g,} is a
subsequence which converges weakly in H, to ¢, then, as usual,
lim aO(sz’ka) = aO(GP: 90) = lim a()(Gpa @k])
=0, since g, =0 on B,,p < % .
This serves as a replacement for (3.3) of [2].
From the properties of n,

1
/ < AVG,, VG > <¢ 3 / (G4)%v + |6k
B\B, Bv\Br/z
The lemma now follows by letting k — oo and applying Lemma (2.3).

LEMMA (4.3). Let B and G° be as in Lemma (4.1), and let B, = B, (y)
for r < % For ae. y € —%—B,

VG Pw<cr o
B\B,

with ¢ dependent on y, R, w and v but independent of p and r.

PROOF. We consider first the case p < J. Combining Lemma (4.2), (1.1)
and Corollary (3.9), we see that for ae. y € %B,

|Vép\2w < :—2 min {rz_",r""/"}2 v(B,)
B\B,
(Br)

. v
— Cr*ﬂ/o’ mm{TZ—n—{—n/o’ r—(24n+n/o)}

u(B,)

Tﬂ

T
rn

< cr /e
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with ¢ = ¢, g »., independent of r and p. Since

sup | 5)

tn

v(B,)

rﬂ

< ] =Cy.Ro < OO

for a.e. y, we obtain the desired estimate.
In case p > ;’i— write

rd Py __ 1 o ) 1 14 1y
s i)

] B,

18 ffms

. Enlarge the domain of integration in the last integral to B, recall that Gf
1s supported in B, and apply Sobolev’s inequality to obtain

)74
ao(G*?,Gy) < cR ((BB 174 ( /}VG;;F )

= l/q (/IVGplz ) y €= CBw.y

¢ o p
< _———_v(B,,)l/q (/ < AVG}, VG >)

Since aog{G*, G%) — ao(G®, G*), Lemma (2.3) gives

(S

~ -~ C ~ ~ 2
< AVG?, VGf > € ————~ AVG?, VG* >
/ G*, >"v(B,,)1/4 (/< G )

Thus,
~ ~ [ [
< AVG*,VG* < =
/ A s > < U(Bp)z/q U(Bp)l/a
c . T
S—__v(B,.)l/”’ smcep>z.

Multiplying and dividing on the right by /7, letting

rn
sup T) = ¢y.p.v (< 0o for ae. y},
r

and using (1.1), we obtain
/ IVG*)Pw < er™ 7, €= Cy.B.w.y-

This completes the proof of Lemma (4.3).
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PROOF OF LEMMA (4.1). For any ¢ > 0 and r > 0,

w({z : |[VG*(2)| > t}) < w({z € B\B, : [VG*(z)| > t}) + w(B,)

Sti? / VG Pw + w(By).

B\B,

For r < —g use Lemma (4.3) to estimate the first term on the right, and

e o) < [sug 220

r< r7

to estimate the second one. Thus, for a.e. y € %B, 3 ¢ = ¢y.R.w.v such that

w([VE| > 1) < el ™7 57, 7 <

w|';u

20 _ n{o+1
Choosing r =t nle+1] which is less than % if t > (—gi)_ T, we get

jan

w(|VEP| > t) < et~ T = et~

Since we also have the trivial estimate w(Wé"\ > t) < w(B) for all t, Lemma
(4.1) follows easily.

5. - Existence of the Green Function

In §4, we showed that 3 sy, 1 < so < 2, such that VG* € L¢, uniformly
in p for s < s9 and ae. y € %B. Also, from (3.2),

o(G? >t) < ¢ min{[%r 21;, 1} v(B)

with ¢ independent of p, y and ¢. Thus, G” € LY uniformly in p and y fort < o.
Since G} is supported in B and G} — G in L2“ and VGy, — VGr in L2,

follows that GP belongs to X = Xt o uniformly in p for 1<t <o, 1 <35 <3
and ae. y € 2B. Since ¢,s > 1, X is reflexive, so 3 a subsequence {G'PJ} which
converges weakly in X to an element G € X. Moreover, by taking sequences

of ¢ and s values increasing 10 ¢ and so resp. and using a diagonal method,
we may choose G independent of ¢ and s for t < o, s < sg, i.e. = {G*s} and
G such that

~ 1
GP1 — G (weakly) in X; , forall t <o, s < sy and ae. y € EB'
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We have

(6, 8) = 55 [ v for @ € Lino(@)

It follows by applying Lemma (2.3) to the left side that

- 1
(5.1 /< AVGP, Vo> = ———/gpv.
”(BP)B

i

The right side of (5.1) converges to p(y) as p — 0. The left side, by (1.1) and
Holder’s inequality, is at most

/ VG| Vol < [VE|1y Vel

(v/w)s w

s 19elze [ (2)w

B

< VG|

Since (Z)*'w € L'(B), it follows that the left side of (5.1) defines a continuous
linear functional on X for fixed ¢, i.e.

Z(f):/<AVf, Ve >

is a continuous linear functional on X. Since G*» — G in X, we obtain from
(5.1) by passing to the limit that

1
/ < AVG, Vo > = p(y), ¢ €Lipo(B), ae. y € §B.

This proves part (ii) of Theorem (1.3). It also proves part (i) except for the
uniformity in y of the sizes of the norms of G and VG. Actually, the uniformity
is shown for the norm of G but not for the norm of VG. In §6, we will establish
the uniformity by using an argument that works equally well for G_and VG.
We now wish to show that there 1s a subsequence of {G#'} which
converges to G pointwise a.e. Let r < 2R and B, = B,(y). By Corollary

(3.9) and Lemma (4.2), for ae. y € 3B,

1G? L2 (m\8,) + | VG?llLzB\B,) S ¢ <00, p<T1/4

with ¢ independent of s (but depending on r): in fact, the same would be true
if the first summand were replaced by |G?|| L= (B\B,)- Of course, G — G* in
L2, so also in L2, and V&% — V@G* in L2. Since Gf is supported in B, the

hypothesis of Corollary (. 12) holds with f; taken to be Grs. Tt follows that
there is a subsequence G which converges in LZ (B\B,). (The subsequence
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depends on r). We now show that the limit must be G. Given a bounded
function ¢, let

£g) = fmpw-

This defines a continuouns linear functional on X since

(g)] < llellz=ligley < {flelzew(B)*} liglizy, < cllollx-

/épfww —»/G(pw.

But if G# is the limit in L2 (B\B,) of G*u%, then

Thus,

/é’"lk pw — / G* pw for any bounded ¢ supported in B\ B,.

Thus, [Gew = [G¥puw for such @, and consequently, G* = G ae. in
B\B,. Summarizing, we have now shown that G?» — G in L2 (B\B,) for
a subsequence {p, } which depends on r, p; — 0. Hence, there is a further

subsequence, again denoted {p;, }, such that G*+ — @ pointwise a.e. in B\B,.
Letting » — 0 through a sequence and using repeated subsequences and a
diagonal process, we see there is a fixed subsequence {p, } — 0 such that
&GP — G ae. in B, as desired.

We now obtain (ili) and (v) of Theorem (1.3) from Lemma (3.5) and
Corollary (3.9) by letting g = p;, — 0. Note also that G## converges to G
weakly in X, (strongly) in LZ (B\B,) for any r > 0, and pointwise a.c.

Finally, to prove part (iv) of Theorem (1.3), recall from Lemma 4.2)
that if G” is the approximate Green function for B, = Bs,(y)Theorem (1.3),

recall from Lemma (4.2) that if G® is the approximate Green function for
Ba, = Ba,(y) with pole y, then

< AVGP, VG > < % / (G")%v, p<1/2,
r
B2, \B, Bsr/2\B;j2
£ Ap)2
= G, ) B

Since G” is a nonnegative solution in B,,\ B,, Harnack’s inequality (2.5) gives

ess sup GP < e“#Br) ess inf GP, with u(B,) = [u(Br)/w(Br)E%-

Bars2\B./2 Bivs2\Bysa
Thus, if p < %,
~ o r2 ~ ~
(5.2) ( essinf G*)2>¢ e~ c1#(Br) < AVGP, VG > .
Bar/2\Byyz v(B;)

B'.’r\Br
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Now pick ¢ with ¢(z) = 1 in B,, supp(p) C B, and |Ve| < ¢/r. If
p<r,

1= ;T;ij/gov:ao(G”,p) :/< AVG? Vo >
,
: !
< < AVG?,VG* > (/ < AVp, Vi >>
SUppv e
2 1
< < AVEP, VG > ([f}%(a,)) 2
B3, \B,

since supp V¢ C By, \B,. Combining this estimate with (5.2) gives

2

(5.3) ess inf G° >
Bar/z\lgy/z - C'U(Br)

Here, G» = G%, is the approximate Green function for Bs, = B, (y) with pole
Y.

The rest of the proof of part (iv) of Theorem (1.3) will be similar to the
summing procedure used to prove Lemma (3.5). It follows from (5.3) by using
Lemma (2.7) with ¢ = —G%, (note G5, € H(Bs,/2)) that

T2

G >c¢ (B e <1#(B-) pear 9B,.
, (B,
Thus,
2
K c—(TB—)e‘C“‘(Bf’ near 3B, .
. T. U r

Consequently, by the weak maximum principle,

2
e aulBr) g0 in B,.

Gh — G >
2r GTACU(B,-)

, choose a

vl

Assume now for simplicity that B = By has center y. If r <
positive integer m with r2™ < R < r2™*1. In B,

m—1
- ~ - ~ 5p )
Gf?, 2 szm = Ggr + E :[szﬁl - Gr J-I‘ )

=1
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if m = 1, the sum is missing. Thus. a.e. in B,\B, /.

__ m—1

Gp > c—— e~cm(Br) | o e~ c1i(Bagy)
NTAK Z =,

B 2
> C/ t e"C’lIl(Btl gt_
,

for some ¢} > 0 by the doubling condition on the weights. The desired result
follows by letting p — 0. In case B is not centered at y, note that y € B

implies B D Bgj2{y) = B', and apply the estimate above to B', r < 1R

6. - Theorem (1.8)

In this section, we prove Theorem (1.8) and the uniformity for y € %B
of the estimates in part (i) of Theorem (1.3).

To prove Theorem (1.8), first note by Hélder’s inequality that

the) = [ rods
B

. . . . 4 .
defines a continuous linear functional on Hy if f/v e L?°V(B) since

1/20 %
/W’l%“ < Cy.w.B /\Véizw by (1.9)
B B
< couw.BllellH, by (L.1).

Hence, by the Lax-Milgram theorem, there is a unique u € Hq with ag(u, @) =
[ 76 (cf. (1.4) and (1.5)). Moreover,
B

”u”Hc < Cy.w.B ”f/UHL;'.’o)'(B)-

Taking ¢ = G* (with pole y), we get
6.1) ao(u, G*) :ffép dz.

The left side equals

o(B,) /&u—»ﬁ(y), for ae. ye B as p — 0.
B,
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(1) (=)

([(%)U)'mm,(x=&n

Hence, under the hypothesis of the first part of Theorem (1.8), the map g — [ fg
B

Note that

1

IA

is a continuous linear functlonal on X for some t < o. Since G*1(z) converges
weakly in X to G(z,y) if y€ 5 B t <o and s < s, it follows that the right

side of (6.1), with p = p;, converges to [ f(z)G(z,y)dz, y € 1B This proves

the first part of Theorem (1.8).
The proof of the second part is similar. In fact, since

(g ()
s(!(%gw)zwmm

there is a unique u € H, with

ao(u,<p)=/<F,V<[6>da:, <p€H0.
B

nwms(!(gjﬂaé

Taking ¢ = G* and observing that

(1) (=)
(/(—f—)w) lollx,

Also,

/<F,Vg>
B

IA
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the result follows as before if s < 20/{(c + 1), ie., s’ > 20/(c — 1).

We now show that the sizes of the norms in part (i) of Theorem (1.3) are
uniform in y for y € B The proof uses the representations in Theorem (1.8)
and an iteration of the Moser type as in [2]. Since many of the details are like
those in the proof of Lemma (3.1) of [2], we shall be brief. Let u be the Lax-
Milgram solution of Lu = f, u € Ho, u = {u;}, u; € Lipo(B), |u; —ulo — 0.

Let t < o and e
- PN I
OB

For > 1 and k < M < oo, define Hp(r) = 7# — kP for v € |k, M] and

Hu(r) = MP — kP + BMP~1(7r — M) for 7 > M. Let ¢; = u} + k, and for
fixed M define o)
’I)J z

eile) = Glty(a) = [ Hifln) an

As in [2], ¢, € Lipo(B) and |je,|lo is bounded. Hence, there is a subsequence,
which we again denote by {¢;}, which converges weakly in Ho to ¢. Then

Hm ag(uj, ¢;) = lim agly, ;) = aoly, ©),
and since

ag(uj, ;) = f < AVu,;, Vo, >
B
and (Lax-Milgram)

sl = [ 1o
B

we obtain

(6.2) /<AVuj,V<p,- >=/f<pj+5j, 6y — 0.
B

The left side equals

/ < AVY%;, Vi, > G'(¢;) > / |V, 2G' (5)w.

B B

Writing ¢, = G(p;) and using G(r) < 7G'(r) and 4; > k, we obtain

[19sra e < ¢ [ 11936 W) +16
B B
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Since the integrand on the left is |V(Has(¥;))?w and the one on the right is
|| 1H}(;)%;]%, Sobolev’s inequality gives

1
( / IHM(«/J,-)F%) < (% i IHh(¢j)¢jl2+lﬁjl)
B B

1/t
s¢ ( /iHJ'u(TIJj)%FtU) + c|6;],
B

by Holder’s inequality and the definition of k. As j — oo, ¢; — 4 + k ae.
for a subsequence. Setting ¢ = &% + k, we obtain

1/2¢
( / HM(w)P“v) < ( / |Ha,(¢)¢12‘v)
B B

Note that Ha(7) > (r# — kP)x(r.an)(r) and Hj(r) < prP~1. Thus, letting

1/2t

M — oo,
1/2¢0 1/2t
( / (47— #7)* v) <cf ( / z/ﬂ“’u)

B B

Since ¥ > k,
1/2t 1/2¢
k< e ( ¢2“’v) <cp ( t/ﬂ“’v) ; (8> 1).
/ /

Hence, by Minkowski’s inequality,

1/208 1/2tp
6.3) ( /¢20,Bv) < (cﬂ)l/ﬂ ( /gozwv) .

B B

When =1 and t < o, the integral on the right of (6.3) is finite, then

1/2t 1/2¢0 - 1/20
(/i/)Ztv) <e¢ ( f¢2°v) <e¢ ( /|t’2]2°v) +ck
B
1

B B

2
<e¢ ( / fVﬁFw) + ck < cllullo + ck

B
< cljullo + ck < ck.
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Hence, starting with § =1 in (6.3) and assuming ¢ > ¢, iteration of (6.3) leads
to |%liLe(p) < &~ together
with the representation

/f (z,y)dz, for ae. y e B

given by Theorem (1.8), implies by duality that if ¢ < o,

/G(z,y)tv(x)d:c < ¢ independent of y
B

for ae. y & %B, as desired.

The argument for V,G(z,y) is similar. In this case, u is the Lax-Milgram
solution of —Lu = div F, ie. v € Hy and

ag(u,cp) = / < F,V@ >
if ¢ € Ho. We assume that s' > 20/(c — 1), (> 2), and |F|/w € L” (B); then

ily) = / < F(a),VG(z,y) > da, for ae. y € %B
B

by Theorem (1.8). Use the same test functions ¢, as before except that now

(fe

1/s’

The analogue of (6.2) is

/ < AVu;, Ve, > = / < F,Vp; > +6;
B B

- / < F GIW’J’)V’pj > +6;.
B
Thus, for € > 0,
‘/\Vd)ﬂgG,("p]')w < 5/ ‘V“l’jizGl("J’J 'LU+ 1/ ( ) ??L])u’+ 15 |
B B

[
B
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Taking € = 5 and using the fact that 4, > k. we obtain

o=

B

[ ) 2o < /( )(HM(%)%)MZM
B

’
8 —Ig
Y

/ HM %) ﬁ'a w + 26,1,
B

by Hélder’s inequality with exponents s'/2 and s'/(s" — 2). Now use Sobolev’s
inequality and let § — coc and M — co as before to obtain

20 (-‘"42)/28‘
/(v,bﬂ -k w)M? < e /d)zs’ﬂ/(s'—z)
B B
Thus,
1/208 (a'~2)/2s' 8
b B

When g =1 and s'/(s' — 2) < 0. the expression on the right is bounded by a
multiple of k, and iteration leads to [&|pep) < ck. It follows that

/‘VEG(.’L‘, y)|“w(z)dz < ¢ independent of y

for ae. y e %B. The condition s'/(s' — 2) < o is the same as s' > 20/(0 — 1),
or s < 20/(o+1).

REMARK. A careful examination of the proof shows that the assumptions
w € Az and (1.2) can be replaced by assuming w € D*°, Sobolev’s inequality
(1.9), the analogous Poincaré inequality in [1], w™! € L _ and (2.15). Of these
the last two guarantee a version of the compactness lemma (2.9) with L1
the conclusion rather than L2 (see the last part of remark (2.13)), whlch means
that where we used G#» — G# in L2 (B\B,) earlier, we can use G#% — G#
in L, (B\B,). and this makes the argument work.

We also note that (1.2) is necessary for Sobolev’s inequality for doubling
weights; see [1].
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