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1 Introduction
We consider the system of nonlinear ordinary fractional differential equations

S) Dg u(t)+f(t,v(t) =0, te(0,1),n-1<a<n,
Db v(t) +g(t,u(t)) =0, te(0,1), m—1<B <m,

with the integral boundary conditions

BC u(0) =/ (0) = --- = u"2(0) = 0, u(l) = fol u(s) dH(s),

(BC) { v0) =v(0) = --- = v"2(0) = 0, v(l) = fol v(s) dK (s),

where n,m e N, n,m > 2, D, and Dg , denote the Riemann-Liouville derivatives of orders
a and B, respectively, and the integrals from (BC) are Riemann-Stieltjes integrals.

Under sufficient conditions on functions f and g, which can be nonsingular or singular
in the points ¢ = 0 and/or ¢ = 1, we study the existence and multiplicity of positive solutions
of problem (S)-(BC). We use the Guo-Krasnosel'skii fixed point theorem (see [1]) and some
theorems from the fixed point index theory (from [2] and [3]). By a positive solution of
problem (S)-(BC) we mean a pair of functions (¢, v) € C([0,1]) x C([0,1]) satisfying (S)
and (BC) with u(t) > 0, v(t) > 0 for all £ € [0,1] and sup,(o; () > 0, sup,c(oy; ¥(¢) > 0.
The system (S) with « = n, 8 = m and the boundary conditions (BC) where H and K are
scale functions (that is, multi-point boundary conditions) has been investigated in [4] (the
nonsingular case) and [5] (the singular case). In [6], the authors give sufficient conditions

for A, i, f, and g such that the system

, te(0,1),n-1<a<n,
, t€(0,1), m-1<B<m,

D§, u(t) + Af (&, u(t), v(t)) =

(S1) Dl v(t) + ug(t, u(t), v(t)) =
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with the boundary conditions (BC) with H and K scale functions, has positive solutions
(u(t) = 0, v(t) > 0 for all £ € [0,1], and (1, v) # (0,0)).

Fractional differential equations describe many phenomena in various fields of engineer-
ing and scientific disciplines such as physics, biophysics, chemistry, biology, economics,
control theory, signal and image processing, aerodynamics, viscoelasticity, electromagnet-
ics, and so on (see [7-13]).

In Section 2, we present the necessary definitions and properties from the fractional cal-
culus theory and some auxiliary results dealing with a nonlocal boundary value problem
for fractional differential equations. In Section 3, we give some existence and multiplicity
results for positive solutions with respect to a cone for our problem (S)-(BC), where f and
g are nonsingular functions. The case when f and g are singular at £ = 0 and/or £ =1 is
studied in Section 4. Finally, in Section 5, we present two examples which illustrate our
main results.

2 Preliminaries and auxiliary results
We present here the definitions, some lemmas from the theory of fractional calculus and

some auxiliary results that will be used to prove our main theorems.

Definition 2.1 The (left-sided) fractional integral of order « > 0 of a function f : (0, c0) —
R is given by

o _L ‘ _ el
(IOJ)(t)—F(a)/O(t )" f(s)ds, t>0,

provided the right-hand side is pointwise defined on (0,00), where I'(«) is the Euler
gamma function defined by I'(«) = [~ *~'e”" dt, a > 0.

Definition 2.2 The Riemann-Liouville fractional derivative of order o > 0 for a function
f:(0,00) = R is given by

v (AN e L (AN Y S
(D0+f)(lf)—<%> (10+ )(t)_F(n—a)<dt) L (t—S)a’")'ldS, t>0,

where n = [a] + 1, provided that the right-hand side is pointwise defined on (0, co).

The notation [«] stands for the largest integer not greater than «. We also denote the
Riemann-Liouville fractional derivative of f by D§,f(£). If « = m € N then D’ f(¢t) = f ) (¢)
for t >0, and if o = 0 then DY, f(¢) = f(¢) for ¢ > 0.

Lemma 2.1 ([10]) Let @ >0 and n = [a] +1for @ ¢ N and n =« for a € N; that is, n is the
smallest integer greater than or equal to . Then the solutions of the fractional differential
equation D§, u(t) =0,0 <t <1, are

u@) =t Pt 2+ e, O<t<l,

where c1, ¢y, ..., ¢, are arbitrary real constants.
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Lemma 2.2 ([6,10]) Let « > 0, n be the smallest integer greater than or equal to o (n—1 <
a < n)and y € L}(0,1). The solutions of the fractional equation D% u(t) +y(£) =0,0 <t <1,

are

1 t
u(t) = ——— / (t—s)"y(s)ds +cit* + -+ ", O<t<l,
() Jo

where ¢, ¢y, ..., ¢, are arbitrary real constants.

We consider now the fractional differential equation
Dy u(t)+y(t)=0, O<t<l,n—-l<a<n, (1)
with the integral boundary conditions
1
w0)=u'(0)=---=u"2(0)=0,  ul)= / u(s) dH(s), (2)
0

wheren e N, n > 2,and H : [0,1] — R is a function of the bounded variation.

Lemma 2.3 IfH :[0,1] — R is a function of bounded variation, A; =1 — fol s TdH(s) #0
and y € C([0,1]), then the solution of problem (1)-(2) is given by

u(t) = l"( )/ t—s)*" 1y(s)ds+ X F( )[/( —8)*” 1y(s)ds

1, pl
- / (/ (r—s)! dH(t))y(s) ds], 0<t<l. (3)
0 s

Proof By Lemma 2.2, the solutions of equation (1) are

1 t
ut)=——— [ (t—s)""y(s)ds+cit* + -+ t*",
I'(er) Jo
where ci,...,c, € R. By using the conditions %(0) = #/(0) = - -- = u"*-2(0) = 0, we obtain
¢y =---=¢, =0. Then we conclude
1 1 ‘ 1
u(t) =ct* " — —— | (t-9)""y(s)ds.
1 T@) Jo J

Now, by condition (1) = fol u(s) dH(s), we deduce

1 1 1 s
_ gl — -1 _ = _ \e-l
; (1-9)""y(s)ds /0 |:cls F(a)/o (s—1) y(r)dt] dH(s)

or

1 1
a <1—/0 s“ldH(s)) = ﬁ/ (1—5)"y(s)ds

a—1
F(a) (/ (s—1) y(r)dr)dH(s)
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So, we obtain

= _ al - a1l
Cl_Alr(a /(l $)"yls)ds A1F f(f (s—1) (r)dr)dH(s)

= _ ool _ e
_AF(oe)/(l ) y(s)ds Aﬂ"(a /(/ (s—1) dH(S))y(r)dr

1 1 1
= _s)l JE— _ o)1
- Alr(a)/o (1 -5)*"y(s)ds All“(a)/(; (/S (t-s) dH(r))y(S)ds

Therefore, we get the expression (3) for the solution of problem (1)-(2). O

Lemma 2.4 Under the assumptions of Lemma 2.3, the Green’s function for the boundary
value problem (1)-(2) is given by

a-1 1
Gi(t,s) =@t s) + tAl / ai(t,8)dH(r), (ts)€[0,1] x [0,1], (4)
0
where
1 et -s)et—(t-9*, 0<s<t<l,
&(bs)= () [t"‘l(l—S)“‘l, 0<t<s<l. )

Proof By Lemma 2.3 and relation (3), we conclude

1

t 1
u(t) = m {/0 [t"‘_l(l B ey s)"‘_l]y(s) ds + ‘/t 711 - 5)* Ly(s) ds

_ / L ey ds 4 e [ / (1= 9™y (s) ds
0 4 A1 LJo 4

1/ p1
- / </ (r —5)*! dH(T))y(s) ds]}
0 s

1

= ) {/0 [t”"l(l e (2 s)"’l]y(s) ds

. 1
+ / (1= 5)*y(s) ds — Ai (1 - / 71 dH(T))
; 1 0

1
X/o 11— 5)"Yy(s) ds

ﬁ ! _ -1 _ 1 1 B a1 ) i|}
" Uo (=97 o) ds /0 (/ (r —5)* dH(2) )y(s) ds

‘ 1
- ﬁ{ /0 [ -9 = (£ —5)*]p(s)ds + / £ (1= 5)*"y(s) ds

+ % [/:(/01 79711 — 5)* dH(t))y(s) ds
1/ pl
—/0 </S (r —5)*t dH(r))y(s) ds:H

1

£ 1
" T {/0 [(*M 1 -9 = (£ -9 ]y(s)ds + /t 711 - )% Ly(s) ds
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1 1
! - a_l_ - - dH ) d}}
+/0(/S [t*'1-5s) (v —)* '] dH(t) )y(s) ds

1 o— 1 1
:/(; gl(t,s)y(s)ds+tA11/0 (/0 gl(r,s)dH(t)>y(s)ds

1
_ /0 Git,5)y(s) ds,

where g; and Gj are given in (5) and (4), respectively. Hence u(t) = fol Gi(t,s)y(s) ds for all
te[0,1]. O

Lemma 2.5 ([6]) The function g given by (5) has the properties:
(@) @:[0,1] x [0,1] = R, is a continuous function and g(¢t,s) > 0 for all
(t,s) € [0,1] x [0,1].
(b) &i(t,5) < @(61(5),5), for all (t,5) € [0,1] x [0,1].
(c) Foranyc€(0,1/2),

min g(4,5) > nga (Ol(s),s) foralls €0,1],

telc1-c]

where yy = ¢, 0,(s) =s if l<a <2 (n =2), and

£+, s€(0,1],
O1(s) = § 1-Q-s)a=2

ifn-1<a<nn=>3.

Lemma 2.6 If H :[0,1] — R is a nondecreasing function and A, > 0, then the Green’s
function Gy of the problem (1)-(2) is continuous on [0,1] x [0,1] and satisfies Gy(t,s) > 0
for all (¢,s) € [0,1] x [0,1]. Moreover, if y € C([0,1]) satisfies y(t) > 0 for all t € [0,1], then
the unique solution u of problem (1)-(2) satisfies u(t) > 0 for all t € [0,1].

Proof By using the assumptions of this lemma, we have Gi(¢,s) > 0 for all (¢,s) € [0,1] x
[0,1], and so u(t) > 0 for all £ € [0,1]. O

Lemma 2.7 Assume that H : [0,1] — R is a nondecreasing function and A, > 0. Then the
Green’s function Gy of the problem (1)-(2) satisfies the inequalities:
(a) Gi(t,s) <Ji(s), V(¢t,s) € [0,1] x [0,1], where

1
Jis) =g (91(5),3) + AL/O a(r,s)dH(t), se[0,1].

1

(b) Forevery c € (0,1/2), we have

min ]G1(t:S) > nh(s) = nGi(t,s), Vt,s€[0,1].

telel-c

Page 5 of 17
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Proof The first inequality (a) is evident. For part (b), for c € (0,1/2) and £ € [¢,1 -], ¥,s €
[0,1], we deduce

o—1

Gilt,s) = g1 (61(s), 5) + A

1
/0 (.5 dH(x)

1

1
=t (g1 (61(s),5) + Ail / a(t,s)dH (f)) =ph(s) = nGi(t,s).
0

Therefore, we obtain the inequalities (b) of this lemma. g

Lemma 2.8 Assume that H : [0,1] — R is a nondecreasing function and A, > 0, ¢ €
(0,1/2), and y € C([0,1]), y(¢) > O for all t € [0,1]. Then the solution u(t), t € [0,1] of prob-
lem (1)-(2) satisfies the inequality minse(,1— u(t) > y1 maxyejo,) u(t).

Proof Force (0,1/2),t € [c,1 -], t' €[0,1], we have

1 1 1
u(t) = / Gi(t,s)y(s)ds =y / Ji(s)y(s)ds = y1 / Gi(t,s)y(s) ds = yiu(t').
0 0 0

Then we deduce the conclusion of this lemma. O

We can also formulate similar results as Lemmas 2.3-2.8 above for the fractional differ-
ential equation

Dg+v(t)+h(t)=0, O<t<l,m-1<B<m, (6)

with the integral boundary conditions

1
v(0) = (0) =--- =v"2(0) = 0, v(1) = f w(s) dK(s), (7)
0

where m € N, m > 2, K : [0,1] — R is a nondecreasing function and % € C([0,1]). We
denote by Aj, 12, &, 62, Go, and J, the corresponding constants and functions for the
problem (6)-(7) defined in a similar manner as Ay, 11, &1, 61, Gi1, and /i, respectively.

3 The nonsingular case
In this section, we investigate the existence and multiplicity of positive solutions for our
problem (S)-(BC) under various assumptions on nonsingular functions f and g.
We present the basic assumptions that we shall use in the sequel.
(H1) H,K:[0,1] — R are nondecreasing functions, Ay =1 — fol s*1dH(s) > 0,
Ay =1- [y sP1dK(s) > 0.
(H2) The functions f,g: [0,1] x [0,00) — [0, 00) are continuous and f(¢,0) = g(¢,0) =0
forall £ € [0,1].
A pair of functions (u,v) € C([0,1]) x C([0,1]) is a solution for our problem (S)-(BC) if
and only if (»,v) € C([0,1]) x C([0,1]) is a solution for the nonlinear integral system

ult) = [, Git,8)f (s, [, Gals, T)g(r, u(r))dr)ds, tel0,1],
Wt) = [y Galt,s)gls, u(s))ds, te[0,1].
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We consider the Banach space X = C([0,1]) with supremum norm || - || and define the
cone PC X by P={u e X,u(t) > 0,Vt € [0,1]}.
We also define the operators A: P — X by

1 1
(.Au)(t):/0 Gl(t,s)f<s,/(; Gz(s,f)g(t,u(r)) dt> ds, te][0,1],

and B:P— X,C:P— X by

1 1
(Bu)(t):f0 Gi(t, s)u(s) ds, (Cu)(t):/o Ga(L,s)u(s)ds, tel0,1].

Under the assumptions (H1) and (H2), using also Lemma 2.6, it is easy to see that A,
B, and C are completely continuous from P to P. Thus the existence and multiplicity of
positive solutions of the system (S)-(BC) are equivalent to the existence and multiplicity

of fixed points of the operator A.

Theorem 3.1 Assume that (H1)-(H2) hold. If the functions [ and g also satisfy the condi-
tions:
(H3) There exist positive constants p € (0,1] and ¢ € (0,1/2) such that

. P . ftu)
T .
O S m R iy € (o
. t
(i) g =liminf inf gow _

u—>00 telc,l—c] ullp

(H4) There exists a positive constant q € (0,00) such that

tr
(i) f3 =limsup sup [ € [0, 00);
u—0*+ telo,]] U
tr
(i) g =limsup sup g l/u) =0,
u—0* tefo1] 41

then the problem (S)-(BC) has at least one positive solution (u(t), v(t)), t € [0,1].

Proof Because the proof of the theorem is similar to that of Theorem 3.1 from [4], we will
sketch some parts of it. From assumption (i) of (H3), we deduce that there exist C;, C; > 0
such that

flt,u) = Cuf = Cy, V(tu)€[c,1-c] x [0,00). (8)

Then for u € P, by using (8), Lemma 2.6, and Lemma 2.7, we obtain after some computa-

tions
1-c 1-c
(D) = C; f Gl(t,s)< / (Gz(s,f))P(g(f,u(f)))Pdr) ds—Cs, Vie[0,1], (9)

where C; = C, fCl*C]l(s) ds.

Page 7 of 17
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For ¢ given in (H3), we define the cone Py = {u € P,inf,c[;1- u(t) > y |lu||}, where y =
min{yi, y»}. From our assumptions and Lemma 2.8, for any y € P, we can easily show that
u =By e Pyandv=Cye Py, that is, B(P) C Py and C(P) C Py.

We now consider the function u(¢) = fol Gi(t,s)ds = (Byy)(t) > 0,t € [0,1], with yo(¢) = 1
for all £ € [0,1]. We define the set

M = {u € P; there exists A > 0 such that u = Au + Aup).

We will show that M C Py and M is a bounded subset of X. If # € M, then there exists
A > 0 such that u(¢) = (Au)(t) + Aug(¢), t € [0,1]. From the definition of u,, we have

u(t) = (Au)(®) + 1(Byo)(t) = B(Fu(?)) + 1(Byo)(t) = B(Fu(?) + Ayo(t)) € Po,

where F : P — P is defined by (Fu)(t) = f(¢, fol Ga(2,5)g(s, u(s)) ds). Therefore, M C Py, and

from the definition of Py, we get

1
lu|| < — inf u(t), YueM. (10)

Y telel—]

From (ii) of assumption (H3), we conclude that for & = (2/(Cymmay1y2))? > 0 there
exists C4 > 0 such that

(g, u))p >efu—Cy, V(tu)€lc,1-c] x [0,00), (11)

where m; = fclfcll(r)dr >0, my = fclfc(]z(r))p drt > 0.
For u € M and ¢ € [¢,1 - ¢], by using Lemma 2.7 and the relations (9) and (11), it follows
that

u(t) = (Au)(t) + ruo(t) = (Au)(t)
1-c 1-c
> Cl)’lyzp/ ]1(S)</ (2(0)) (ehu(z) - C4) dr) ds—C;3

1-c 1-c
> Ciegnvs (/ J1(s) dS) (f (fz(f))pu(f)df> -Gs

1-c 1-c
> C18‘g)/1)/§( Ji(s) ds) </ (fz(f))p df) . re%?lf—c] u(t) — Cs

=2 inf u(r)-Cs,

€[c,1-c]

where Cs = C3 + C;Cymmmay1yl > 0.
Hence, infye(e1-¢ u(t) > 2infie(c1-¢ u(t) — Cs, and so

inf u(t)<Cs, VueM. (12)

telc,1-c]

Now from relations (10) and (12), one obtains |u| < (infie[¢1-q 4(£))/y < Cs/y, for all
u € M, that is, M is a bounded subset of X.
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Besides, there exists a sufficiently large L > 0 such that
u# Au+ Aug, VYu€dB, NP,VYL>0.

From [2], we deduce that the fixed point index of the operator A over B; N P with respect
to P is

i(A,BLNP,P)=0. (13)

Next, from assumption (H4), we conclude that there exist My > 0 and §; € (0,1) such
that

S(&u) < Mou',  V¥(t,u) €[0,1] x [0,1]; )
14
g(t) I/i) = 81u1/q1 V(t» I/l) € [0’1] X [0» 81];

where & = min{1/M,, (1/(2MoM; M%)V} > 0, M; = f01]1(s) ds >0, My = folfz(S) ds > 0.
Hence, for any u € 1_351 NP and ¢ € [0,1], we obtain

1 1
f Ga(t,$)g(s, uls)) ds < & f Jo(5) (u(s)) " ds < 1M [lul] " < 1. (15)
0 0

Therefore, by (14) and (15), we deduce that for any u € E;l NPandte[0,1]

1 1 q
(Au)(t) §M0/ Gl(t,s)</ Gg(s,r)g(r,u(t)) dt) ds
0 0
1
1
< MOS;IMZHMHf Ji(s) ds = Moe! MyM? ||u|| < §||M||-
0

This implies that || Ax|| < [|u||/2 for all # € dBs, N P. From [2], we conclude that the fixed
point index of the operator A over Bs; N P with respect to P is

i(A,B;, NP,P) =1. (16)
Combining (13) and (16), we obtain
i(A, (B, \ Bs;) N P,P) = i(A,B, N P,P) - i(A,Bs, N P,P) = -1.

We deduce that A has at least one fixed point u; € (B \E;l) NP, that is, 8; < ||u1]| < L.
Let vi(¢) = fol Ga(2,5)g(s, u1(s)) ds. Then (uy,v1) € P x P is a solution of (S)-(BC). In addi-
tion ||v1|| > 0. Indeed, if we suppose that v;(¢) = 0, for all ¢ € [0,1], then by using (H2) we
have f(s,v1(s)) = f(s,0) = 0, for all s € [0,1]. This implies u(£) = fol Gi(t,s)f (s,v1(s))ds = 0,
for all ¢ € [0,1], which contradicts ||u;|| > 0. The proof of Theorem 3.1 is completed. O

Using similar arguments as those used in the proofs of Theorem 3.2 and Theorem 3.3
in [4], we also obtain the following results for our problem (S)-(BC).

Theorem 3.2 Assume that (H1)-(H2) hold. If the functions f and g also satisfy the condi-
tions:
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(H5) There exists a positive constant r € (0, 00) such that

(i) f5 =limsup sup ACLD)

u—oo tel0,1] U

€ [0, 00);

t;
(i) g, =limsup sup & - /u) =0.
u—oo tefo1] U
(H6) There exists ¢ € (0,1/2) such that
) t,
M £ —timinf inf L% (0,001,
u—0% telel—c] u
) t,
(i) g =liminf inf gew _

u—0% telel—c] u
then the problem (S)-(BC) has at least one positive solution (u(t), v(t)), t € [0,1].

Theorem 3.3 Assume that (H1)-(H3), and (H6) hold. If the functions f and g also satisfy
the condition:

(H7) Foreach t € [0,1], f(¢, u) and g(t, u) are nondecreasing with respect to u, and there
exists a constant N > 0 such that

0

1
f(t,m()/o g(s,N) ds) < mﬁ’ vVt €[0,1],

where mg = max{Ki, Ky}, Ki = maxc(o,1) /1(5), Kz = maxse(o,1 /2(s), and J1, J» are
defined in Section 2, then the problem (S)-(BC) has at least two positive solutions
(ul(t)’ Vl(t))r (I/tz(t), VZ(t))x te [071]

4 The singular case

In this section, we investigate the existence of positive solutions for our problem (S)-(BC)
under various assumptions on functions f and g which may be singular at ¢t = 0 and/or
t=1.

The basic assumptions used here are the following.

(
(

= (HI1).
The functions f,g € C((0,1) x R,,R,) and there exist p; € C((0,1),R;), g; € C(R,,
R,),i=1,2,with 0 < folpi(t) dt<o0,i=1,2,4:(0) =0, q2(0) = 0 such that

Hl)
H2)

f(t’x) SPl(t)‘h(x)» g(t’x) SPZ(t)qZ(x)’ Vt S (0, 1): RS R+'

We consider the Banach space X = C([0,1]) with supremum norm and define the cone
PC XbyP={ueX, u(t) >0,Vt € [0,1]}. We also define the operator AP X by

~ 1 1
(Au)(t) = /0 Gl(t,s)f<s,/(; Go(s, T)g(t, u(t)) dr) ds.

Lemma 4.1 Assume that (I—ﬁ)—(ﬁﬁ) hold. Then A:P — P is completely continuous.
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Proof We denote by = fol J1(s)p1(s) ds and E = fol J2(s)pa(s) ds. Using (I:Iv2), we deduce that

0<d <ooand 0 < f < oo. By Lemma 2.6 and the corresponding lemma for G,, we see that
A maps P into P.

We shall prove that A maps bounded sets into relatively compact sets. Suppose D C P
is an arbitrary bounded set. Then there exists M; > 0 such that |u| < M; for all u € D.
By using (ﬁz) and Lemma 2.7, we obtain IIVZMH < &M; for all u € D, where M; =

SUP,.c (0,53, 91 (x), and M, = SUp,c(o.31,] 92 (*). In what follows, we shall prove that .Z(D) is
equicontinuous. By using Lemma 2.4, we have

~ 1 1
G = [ Gy (s [ G oieuce)ar ) as
1 a-1 pl 1
:/0 |:g1(t,s)+tA—1/0 g1(r,s)dH(r):|f<s,/O Gz(S,T)g(T,M(‘L’))dr) ds
= L ' a-1¢1 _ -1 _ el ( 1 )
F(O[)/(; [t (1-9) -9 s,/(; Ga(s, 7)g(7,u(r)) dt ) ds

1 b ~ a_1< 1 )
+F(O‘)/z (1 -s)*Yf s,[) Ga(s, 1)g(v, ul(r)) dr ) ds

a-1 1 1
+tAI /0 (/0 gl('l:,s)dH(t)>

1
xf(s,/o Ga(s, T)g(r, u(r)) d‘L’) ds, Vte]l0,1].

Therefore, for any ¢ € (0,1), we obtain

(A 0) = s [ L= 020 - 9 = = 1(e -]
1
xf(s,/(; Ga(s, r)g(t,u(r)) dt) ds

1 1 -2 a-1 !

_ a-2 1 1 1
+%/0 (/(; g1(r,s)dH(T))j<s,/o Gz(s,r)g(r,u(f))df> ds.

So, for any t € (0,1), we deduce

Y 1 ! - a— a—
Ay 0] = m—5 [ 297" =9 o)

1
X q1 (/0 Ga(s, r)g(t,u(r)) dr) ds

1 ! a-2 a-1 !
+ F(a—l),/t t““(1-s) p1(s)q1(/0 Gz(s,r)g(r,u(r)) dr) ds

Cyge=2 plyopl
. % /0 ( /0 gl(r,smH(r))pl(s)

1
X q1 (/0 Ga(s, 7)g (7, u(r)) dl’) ds
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AT 1 ! -2 a—1 -2
SM?’(F(a—l)/O[t Q=95 +(-9) ]pl(s)ds

1 ! o—2 a-1
+m/t (1 -5)""pi(s)ds

Cyge=2 plyopl
+% fo ( /0 gl(t,s)dH(r))pl(s)ds). 17)

We denote
1 t
h(t) = m/o [t"‘—2(1 _S)a—l + (t—S)a_z]pl(s) ds

1 ! -2 a—-1
m/t (1= 8)*"pi(s) ds,

(a_l)ta—Z 1 1
uy = o + C /0 ( /0 g1<r,s)dH(z)>pl(s)ds, te 0,0

1

For the integral of the function /, by exchanging the order of integration, we obtain

CE 1)/ </ -9 o) ds) dt
T T(a- 1)/ (/ =) (t-9)" 2]191(3)6#)
' mf </0St A-9" pils )dt> ds

_ _ ool
" T )/(1 $)* 7 pi(s)ds < 0.

For the integral of the function i, we have

! ! -1 Ly pl 1
/0 pie)dt 2/0 h(t)dt+aA1 (/0 (/ gl(T,S)dH(‘E))pl(S)dS) (/0 t“‘zdt)

1
5% fo 1=9""p1(s) + w / @ (6:(5),5)pr(5) ds
< F(loc) (2+ HW - 0)>/ (1—5)*pi(s)ds < c0. (18)

We deduce that u € L}(0,1). Thus for any given ¢, ¢, € [0,1] with t; < ¢, and u € D, by
(17), we conclude

()0 - ()(tr)| = <M, / C (o). 19)

5]

Z(Xu)'(t) dt

From (18), (19), and the absolute continuity of the integral function, we find that .Z(D) is
equicontinuous. By the Ascoli-Arzela theorem, we deduce that A(D) is relatively compact.
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Therefore Aisa compact operator. Besides, we can easily show that A'is continuous on P.
Hence A: P — P is completely continuous. O

Theorem 4.1 Assume that (H1)-(H2) hold. If the functions f and g also satisfy the condi-
tions:

(ﬁé) There exist oy, 0 € (0,00) with ayoy <1 such that

(i) ¢, =limsup ‘hialc) € [0, 00); (i) ¢, = limsup 0]2(26) 0

a
x—00 X x—o00 X

(I—ﬁ) There exist Br, Ba € (0,00) with 1By <1and c € (0, %) such that

~ t, ~ e . L
(i) f3=liminf inf Me(o,oo]; (i) g, =liminf inf M=c>o

x—>0% telel-c] XxP1 x—>0* tec,l-c] xB2
then the problem (S)-(BC) has at least one positive solution (u(t), v(t)), t € [0,1].

Proof Because the proof of this theorem is similar to that of Theorem 3 in [5], we will
sketch some parts of it. For ¢ given in (H~4), we consider the cone Py = {u € X, u(t) >
0,Vt € [0,1], minse(e1- u(t) > y | ull}, where y = min{y,y»}. Under assumptions (I—Tl)—
(I—TZ), we obtain .,Z(P) C Py. By (I—TS), we deduce that there exist Cg,C;7,Cg > 0 and &, €
(0, (21 Co& B21) V1) such that

q1(x) < Cex™ + C7, q2(x) < e2x°2 + Cg,  Vx €[0,00). (20)

By using (20) and (I—T2), for any u € Py, we conclude

N 1 1
(Au)(t) < /0 Gl(t,s)pl(s)ql( /0 Gz(s,f)g(r,u(f))df>ds

o1

1 1
§C6/0 Gl(t,s)pl(s)(/o GZ(S,‘L')g(‘C,M(T))d‘C) ds

1
e / ()pi(s) ds
0

o]

1 1
< Ce/ ]1(S)p1(S)[/ Ga(s, T)pa(1) (2 (1)) + Cs)df] ds+aC;
0 0

1 1 03]
§c6( fo Jl(s)pl(s)ds) ( /O lz(f)pz(f)df> (eallull® + Cs)™ +&C;

< Ce29e3 q N w12 + Co2MaBNCY +@Cy, Vi€ [0,1].
By the definition of €,, we can choose sufficiently large R; > 0 such that
I Aull < llull, Vu € dBg, NPy (21)

From (H4), we deduce that there exist positive constants Cy > 0, x; > 0, and &3 >
A/(Cony yf’lﬁ@l@gl )YPr such that

ft,x) > CoxP, g(t,x) > e3xP, V(%) € [c,1-c] x [0,], (22)
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where 0 = fc - Ji(s)ds and 64 = fc - J2(s) ds. From the assumption ¢,(0) = 0 and the con-
tinuity of g5, we conclude that there exists sufficiently small &4 € (0, min{x;,1}) such that
(%) < E‘lxl for all x € [0, &4], where [3“: foljg(S)pg(S) ds. Therefore for any u € 9B,, N Py
and s € [0,1], we have

1 1
/o Ga(s, 7)g (7, u(r)) dt S/O Jo(0)p2 ()2 (u(r)) dr < ;. (23)

By (22), (23), Lemma 2.7, and Lemma 2.8, for any u# € 9B,, NPy and ¢ € [¢,1 -], we obtain

o 1-c 1-c B1
Ao = | Gl(t,s)<f Gz(s,r)g(r,u(t))dr) s

1-¢ 1-¢ A
> Cy f Gl(t,s)<£3 / Gz(s,r)(u(r))ﬁzdr> ds

1-c 1-c B
> C97/1/ ]1(S)<(83)/2)ﬁ1 (/ Jo(@) (ul2))™? dr) )ds

7 7h
> Cony el yP1920,05" | u) 12 > |[u]| P2 > ||u].
Therefore
I Aull = ull, VuedB., NP (24)

By (21), (24), and the Guo-Krasnosel’skii fixed point theorem, we deduce that A has at
least one fixed point u; € (Bg, \ Be,) N Py. Then our problem (S)-(BC) has at least one
positive solution (i, v,) € Py x Py where v, () = fol Ga(2,5)g(s, ux(s)) ds. The proof of The-
orem 4.1 is completed. O

Using similar arguments as those used in the proof of Theorem 2 in [5] (see also [14] for
a particular case of the problem studied in [5]), we also obtain the following result for our
problem (S)-(BC).

Theorem 4.2 Assume that (H1)-(H2) hold. If the functions f and g also satisfy the condi-

tions:

(I—TS) There exist r1,ry € (0,00) with riry > 1 such that

(i) gj, =limsup 0) € [0, c0); (i) g5, =limsup 9>(%) =

x—0* X' x—0% x72

0.

(H~6) There exist I, 1, € (0,00) with l1l, > 1 and c € (0, %) such that

() 7. =liminf inf GL)

x>0 te[ol-c] «h

€ (0,00];

’

, t,
(i) Z.=liminf inf gx)

x—>00 teel—c] xlz

then the problem (S)-(BC) has at least one positive solution (u(t), v(t)), t € [0,1].
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5 Examples
Leta=5/2 (n=3), 8=4/3 (m=2),

0, tel0,1/4),
H(t)=12, tel[l/4,3/4),
3, te[3/4,1],

and K(¢) = £3 for all t € [0,1]. Then fo s)dH(s) = 2u() + u(3) and fo s)dK(s) =
3 [, s2v(s) ds.
We consider the system of fractional differential equations

50 {Dg?u(t) +f(LV(1) =0, te(0,1),
D¥By(g) +g(tu()=0, te€(0,1),
0+

with the boundary conditions

(BC,) u(0) =u'(0) = 0, u(ll) =2u(3) +u(3),
v(0)=0,  v(1)=3 [;s*v(s)ds.

Then we obtain A; = 1— [) s* L dH(s) = 1 - 2(3)¥2 — (3)32 = 3¢=¥3) ~ 01005 > 0, A, =

1- fosﬂ TdK(s)=1- 3fls7/3ds———01>0 We also deduce
(t ) t3/2(1 )3/2 _ (lf—S)?’/Z, 0 <s<t< 1’
s
& £32(1 - 532, 0<t<s<l,
o t1/3(1 _ S)l/B _ (t _ S)1/3, 0<s<t<l,
&(t,9) = 75 A1 = s)13, 0<t<s<l,

01(s) = o 3”82 and 6,(s) = s for all s € [0, 1].
For the functions J; and J,, we obtain

1) =0(6:6),9) + 5 / a(.5)dH()

. 1 Ll (1), (3
S8\t T A ) TGS
2f

3/2
BJ_{(Ss sses2)iz T [2((1 - 5)>?* - (1 - 4s)*?)
+(3v/3(1-5)%% - (3-4s)*?)]}, 0<s<1i,
_ s(1-5)3/2 3/2
- 3f{(3 35es?)2 T 3(27\/§) (20-9) ) 5
+(3«/_(31/2 5)*2 —ﬁ—‘li/):’z)]}, 1<s<3,
4 s(1-s) (2+34/3)(1-s) 3
ﬁ[(3-3s+s2)1/2 3(2—/3) I g=s=1

and
1
J2(s) = 22(02(5),8) + Aizfo &(t,8)dK (1)

3 1
=@ (s,8) + A_2/ ?gy(1,s)dt
0
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1
T T(4/3)

180
(S1/3(1 _ S)1/3 + 9(1 _S)I/B _ 9(1 _s)10/3 _ TS(I _ S)7/3
45
- =51 —3)4/3), s€[0,1].
2
Example 1 We consider the functions
ft,u) = a(u"o + uﬂo), glt,u) = b(uyo + u‘so), te[0,1], u >0,

where o9 >1, 0< o<1, yo>2,0< 380 <1, a,b>0. We have K; = maxse[o,1)/1(s) =
1.8076209, K, = max,e(o,1]/2(s) ~ 4.16640785. Then my = max{Kj, K} = K;. The functions
f(t, u) and g(¢, u) are nondecreasing with respect to u, for any ¢ € [0, 1], and for p = 1/2 and
¢ € (0,1/2) the assumptions (H3) and (H6) are satisfied; indeed we obtain

g a(u® + uPo) oy b(u + u)
Jo= im =G5 =00 &= lim ——5—— =00,

fi= tim a(® +uf) ~ o b(u” +u’)
= — =00, gb=lim —— =o00.
u—0% u u—0% u

We take N =1 and then folg(s, 1)ds = 2b and f(t,2bmyg) = a[(2bmg)* + (2bmg)P]. If
al(2bmg)* + (2bmg)Po] < mio & alm® (2b)™ + mg°+l(2b)ﬂ°] < 1, then the assumption
(H7?) is satisfied. For example, if o9 = 3/2, Bp =1/3, b =1/2, and a < m (eg a<
0.0237), then the above inequality is satisfied. By Theorem 3.3, we deducoe th?it the prob-
lem (Sp)-(BCy) has at least two positive solutions.

Example 2 We consider the functions

X xb
t} = )
g( %) te2(1—t)r2

f(t,%)

- ti(l-g)a’

with a,b > 1 and &, p1, &2, P2 € (0,1). Here f(¢£,x) = p1(£)q1(x) and g(¢, x) = p2(t)g2(x), where

pi(t) = pa(t) = q1(x) =%, g2 (%) = «b.

1 1
t(l-gpn’ (21— t)m’

We have 0 < folpl(s) ds < 00,0 < folpz(s) ds < 0.
In (I—TS), for r; < a, rp < b and riry > 1, we obtain
lim sup M =0, lim sup qz_(x) =0.

x—0t X1 x—0% x"2
In (H~6), forly <a,l, <b, 11, >1,and c € (0, %), we have

t,x .. . t,x
liminf inf J(&:x) = 00, liminf inf g6 =00
x—00 te[c,l-c] xh x—>00 tecl-c] xh2

For example, if a =3/2,b=2,r =1, 1, =3/2, 1 =1, I, = 3/2, the above conditions are
satisfied. Then, by Theorem 4.2, we deduce that the problem (Sy)-(BCy) has at least one
positive solution.


http://www.boundaryvalueproblems.com/content/2014/1/60

Henderson and Luca Boundary Value Problems 2014, 2014:60
http://www.boundaryvalueproblems.com/content/2014/1/60

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors contributed equally to this paper. Both authors read and approved the final manuscript.

Author details
'Department of Mathematics, Baylor University, Waco, TX 76798-7328, USA. ?Department of Mathematics, Gh. Asachi
Technical University, lasi, 700506, Romania.

Acknowledgements
The work of R Luca was supported by the CNCS grant PN-II-ID-PCE-2011-3-0557, Romania.

Received: 8 January 2014 Accepted: 11 March 2014 Published: 20 Mar 2014

References

1.
2.

3.

Guo, D, Lakshmikantham, V: Nonlinear Problems in Abstract Cones. Academic Press, New York (1988)

Amann, H: Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces. SIAM Rev. 18,
620-709 (1976)

Zhou, Y, Xu, Y: Positive solutions of three-point boundary value problems for systems of nonlinear second order
ordinary differential equations. J. Math. Anal. Appl. 320, 578-590 (2006)

. Henderson, J, Luca, R: Existence and multiplicity for positive solutions of a system of higher-order multi-point

boundary value problems. Nonlinear Differ. Equ. Appl. 20(3), 1035-1054 (2013)

. Henderson, J, Luca, R: Positive solutions for singular systems of higher-order multi-point boundary value problems.

Math. Model. Anal. 18(3), 309-324 (2013)

Henderson, J, Luca, R: Positive solutions for a system of nonlocal fractional boundary value problems. Fract. Calc.
Appl. Anal. 16(4), 985-1008 (2013)

Baleanu, D, Diethelm, K, Scalas, E, Truijillo, JJ: Fractional Calculus Models and Numerical Methods. Series on
Complexity, Nonlinearity and Chaos. World Scientific, Boston (2012)

Das, S: Functional Fractional Calculus for System Identification and Controls. Springer, New York (2008)

Graef, JR, Kong, L, Kong, Q Wang, M: Uniqueness of positive solutions of fractional boundary value problems with
non-homogeneous integral boundary conditions. Fract. Calc. Appl. Anal. 15(3), 509-528 (2012)

Kilbas, AA, Srivastava, HM, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. North-Holland
Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)

. Podlubny, I: Fractional Differential Equations. Academic Press, San Diego (1999)

Sabatier, J, Agrawal, OP, Machado, JAT (eds.): Advances in Fractional Calculus: Theoretical Developments and
Applications in Physics and Engineering. Springer, Dordrecht (2007)

Samko, SG, Kilbas, AA, Marichev, Ol: Fractional Integrals and Derivatives: Theory and Applications. Gordon & Breach,
Yverdon (1993)

Liu, B, Liu, L, Wu, Y: Positive solutions for singular systems of three-point boundary value problems. Comput. Math.
Appl. 53, 1429-1438 (2007)

10.1186/1687-2770-2014-60
Cite this article as: Henderson and Luca: Existence and multiplicity of positive solutions for a system of fractional
boundary value problems. Boundary Value Problems 2014, 2014:60

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 17 of 17


http://www.boundaryvalueproblems.com/content/2014/1/60

	Existence and multiplicity of positive solutions for a system of fractional boundary value problems
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries and auxiliary results
	The nonsingular case
	The singular case
	Examples
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


