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ABSTRACT. In this paper, we study nonlinear fractional differential equa-
tions with Hadamard derivative and Ulam stability in the weighted space
of continuous functions. Firstly, some new nonlinear integral inequalities
with Hadamard type singular kernel are established, which can be used in
the theory of certain classes of fractional differential equations. Second-
ly, some sufficient conditions for existence of solutions are given by using
fixed point theorems via a prior estimation in the weighted space of the
continuous functions. Meanwhile, a sufficient condition for nonexistence
of blowing-up solutions is derived. Thirdly, four types of Ulam—Hyers sta-
bility definitions for fractional differential equations with Hadamard de-
rivative are introduced and Ulam—Hyers stability and generalized Ulam—
Hyers—Rassias stability results are presented. Finally, some examples and
counterexamples on Ulam—Hyers stability are given.
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1. Introduction

Fractional differential equations have recently proved to be strong tools in
the modelling of many physical phenomena. It draws a great application in
nonlinear oscillations of earthquakes, many physical phenomena such as seep-
age flow in porous media and in fluid dynamic traffic model. For more details
on fractional calculus theory, one can see the monographs of Diethelm [12], Kil-
bas et al. [16], Lakshmikantham et al. [17], Miller and Ross [24], Podlubny [27]
and Tarasov [30].

Fractional differential equations involving the Riemann-Liouville fractional
derivative or the Caputo fractional derivative have been paid more and more
attentions (see for example [1], [2], [4], [5], [8], [25], [33]-[39]), however, there are
few works on fractional differential equations involving the Hadamard fractional
derivative, even if it has been presented many years ago. Especially, the classical
Cauchy problems and blowing-up solutions for fractional differential equations
with Hadamard fractional derivative have not been studied extensively.

On the other hand, the stability problem of functional equations originated
from a question of Ulam, posed in 1940, concerning the stability of group ho-
momorphisms. In the next year, Hyers gave a partial affirmative answer to the
question of Ulam in the context of Banach spaces, that was the first significant
breakthrough and a step toward more solutions in this area. Since then, a large
number of papers have been published in connection with various generalizations
of Ulam’s problem and Hyers’s theorem. Particular, numerous monographs have
appeared devoted to the data dependence in the theory of ordinary differential
equations (see for example [3], [9], [10], [13], [26], [28]). We also remark that there
are some special kinds of data dependence: Ulam—Hyers, Ulam—Hyers—Rassias,
Ulam—Hyers-Bourgin, Aoki-Rassias in the theory of functional equations (see
[7], [14], [15]). Although, there are some works on the stability of solutions for
fractional differential equations (see for example [11], [18], [19]), there are a few
works on Ulam-Hyers stability for fractional differential equations. It is worth
remark that Wang et al. [31], [32] discuss four types Ulam stability of fractional
differential equations with Caputo derivative and obtain some new and inter-
esting stability results. Unfortunately, Ulam stability of fractional differential
equations with Hadamard derivative is still not studied until now.

Motivated by [1], [16], [23], [29], [31], [32], we will study the Cauchy prob-
lems, blowing-up solutions and Ulam—-Hyers stability for fractional differential
with Hadamard derivative. By generalizing some new generalized nonlinear in-
tegral inequalities with Hadamard type singular kernel, some existence results
of solutions will be given by utilizing fixed point methods and a prior estima-
tion in the weighted space of the continuous functions via the nonlinear inte-
gral inequalities with Hadamard type singular kernel. Meanwhile, a sufficient
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condition for the nonexistence of blowing-up solutions will be presented. Fur-
ther, we will give four types of Ulam stability definitions for a certain frac-
tional differential equations with Hadamard derivative: Ulam-Hyers stability,
generalized Ulam-Hyers stability, Ulam—Hyers—Rassias stability and generalized
Ulam-Hyers—Rassias stability. We present the generalized Ulam-Hyers—Rassias
stability results for a fractional differential equation with Hadamard derivative.

2. Preliminaries

Let 400 > T > a > —oo and Cla, T] be the Banach space of all continuous
functions from [a,T] into R with the norm || f|c = max{|f(z)| : z € [a,T]}.
When [a,T] is a finite interval and for n — 1 < a < n, 0 <~ < 1, we denote the
space Cy_,, . [a, T] by

Cr_arla, T :={f(x) € Cnamla,T] : uDg . f(x) € Cynla, T},

n—oy,y

where C, 1n[a, T'] is the weighted space of the continuous functions f on the finite
interval [a, T'], which is given by

.
Cymla,T] := {f(l‘) : (ln z> f(z) € C[a,T}}.
Obviously, C, n[a,T] is the Banach space with the norm

i
Il = [ (w2) 760

and CI'__, _[a,T) is the Banach space with the norm

n—a,y

c

n—1 d i d "
ez, =3 (dx)f C*H@d) d

Moreover, Co 1n[a, T| := Cla, T).
For integrable functions h: [a, T| — R, define the norm

T 1/p
llasory = ([ Inra) " 1<p< .

We denote LP([a,T],R) the Banach space of all the p-th power integrable func-
tions A : [a, T] — R with [|h]| s (ja,7) < 00.

We need the basic definitions of fractional Hadamard derivative, which are
widely used in the sequel.

DEFINITION 2.1 ([16]). The Hadamard fractional integral of order a € R
of function f(x), for all x > 1, is defined by

WD) = s [ et 5

where I'( ) is the Euler Gamma function.
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DEFINITION 2.2 ([16]). The Hadamard derivative of order o € [n — 1,n),
n € Z* of function f(z) is given as follows

w02t = o () [ (2) T s %

Let G be an open set in R and f:(a,7] x G — R be a function such that
f(z,y) € Cymla,T] for any y € G. Consider the following fractional Cauchy
problem:

2.1) DG y(x) = f(z,y(x), n—1<a<n, ze(aT]
. HDg,;ky(a—’—):bky kaR, kzla ) T, ’17,:—[—04],

where HDgﬁ;k(a—l—) means that the limit is taken at all points of the rightsided
neighbourhood (a,a +¢) (¢ > 0) of a.

Let us define what we mean by a solution of the fractional Cauchy prob-
lem (2.1).

DEFINITION 2.3. A function y € Ct_, . [a,T] is said to be a solution of the
fractional Cauchy problem (2.1) if y satisfies the equation g Dg ,y(x) = f(z,y(x))

for each x € (a,T], and the conditions HDg’;ky(a—I—) =b,k=1,... , n,n=
—[—al.
LEMMA 2.4 ([16, Theorem 3.28]). Let o > 0,n = —[—a] and 0 < v < 1.

Let G be an open set in R and let f:(a,T] x G — R be a function such that
f(x,y) € Cywmla, T] for any y € G. A function y € Cp_q mla, T is a solution of
the fractional integral equation

e Zr(afﬁl)(lnx) fos [ () e %,

(z > a>0), if and only if y is a solution of the following fractional Cauchy prob-
lem (2.1). In particular, a function y € C{_, . [a,T] is a solution of fractional
Cauchy problem:

uDgy(z) = f(z,y(z), 0<a<l, z€(aT],
HDf;;l(a—i—) = by, by € R,

if and only if y is a solution of the following equation:

y(z) = Fl(’;)<1nz)al + F(la)/ <1nf>alf(t,y(t)) % z>a>0.
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3. Nonlinear integral inequality with Hadamard type singular kernel

In this section, we give an important nonlinear integral inequality with
Hadamard type singular kernel which can be used to deal with fractional differ-
ential equations with Hadamard derivative.

LEMMA 3.1. If 0<a<1,1<p<1/(1—a) then

t p(a—1) In¢)Pla—1)+1
/ lnE s Pds < (nt)i
1 s pla—1)+1
PrROOF. Let 7 = Int —Ins. Then s =te™", ds = —te " dr, s P =t PeP”
and we have
Int Int a—1)4+1
t/ Tp(a—l)(t—pepTe—T)dT — tl—p/ Tp(a—l)e(p—l)-r dr < (lnt)P( ) .
0 0 T pla-1)+1
The proof is completed. O

The following lemma is proved in [6]. For more other nonlinear singular
integral inequalities, one can see [20]-[22].

LEMMA 3.2. Let a(t), b(t), k(t), ¥(t) be nonnegative, continuous functions
on the interval J = (a,T) (a < T < o0), w:(0,00) — R be a continuous,
nonnegative and nondecreasing function, w(0) = 0, w(u) > 0 for u > 0 and let
At) = Orélsagt{a(s)}, B(t) = Orggéct{b(s)}. Assume that

t

0lt) < alt) +b(0) [ Keo(wlo)ds, te

a

Then
w<t>s91(Q<A<t>>+B<t> / k(s)ds>, te (),

v do
Q(U> = / W(O')’ v 2 o,

and Q™' is the inverse of Q and Ty > a is such that

where

Q(A(t)) + B(t) /t k(s)ds € D(Q™Y)  for allt € (a,Ty).

Now, we can give the following new nonlinear integral inequality with Hada-
mard type singular kernel.

LEMMA 3.3. Let 0 < a < 1,1 < p < 1/(1 — ) and a(t), b(t), F(t), u(t)
be nonnegative, continuous functions on the interval J = (1,T) (1 < T < 00),
H:(0,00) — R be a continuous, nonnegative and nondecreasing function and
H(0) =0, H(u) >0 foru> 0. Assume that

(3.1) u(t)ga(t)—i—b(t)/l (mt) UP(s)H(u(s))ds, te .

S
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Then

u(t) < (Al {A(A(t)qLB(t) /lt[F(s)]qu]>1/q, te (1),
where ¢ = (p —1)/p,
(3.2)

max {[b(s)]}

_ 9q-1 q _ 9g—10Ssst [p(a—1)+1]q/p
AW =27 a7}, B(O) =2 == () ,

v dz
A0 = | g >0

and A~' is the inverse of A and Ty > 1 is such that
t
A(A(t)) + B(t)/ [F(s)]9ds € D(A™Y), forallte (1,T}).
1

PrOOF. Using the Holder inequality, it comes from (3.1) that

u(t) < alt) +b(t)( /1 {(nt — ngyre-Dsr ds)l/p( /1 P ()9 [H (u(s)")] ds)l/q.

Using the elementary inequality (a+b)? < 29-Y(a?+b7), a,b > 0 and Lemma 3.1
we obtain the inequality

1/p

(3.3) w(t)? < [a(t) +b(t)( /1 t(lnt—lns)P(a—1)s_p ds)
. (/1t[F(S)]"[H(u(s))]qds)l/qr

<2071 [[a(t)]q + [b(t)]? ( /j(lnt —Ins)PlaDsP ds)

([ Eemmaas)

saw+mwﬂwwmwwwmw,

where A(t) and B(t) are as in (3.2).
Denote v(t) = (u(t))?, then u(t) = (v(t))'/9. So the inequality (3.3) can be
rewritten as

q/p

mwsmw+mw1wwmww@ﬂ@w&
By Lemma 3.2, we have
Mm»stm+Bw[uumw

and this yields the assertion of the lemma. (]



FRACTIONAL DIFFERENTIAL EQUATIONS WITH HADAMARD DERIVATIVE 119

COROLLARY 3.4. Suppose 1 > a > 0,a >0 and b > 0, and suppose u(t) is
nonnegative and locally integrable on [1,+00) with

u(t) Sa—i—b/lt (mt)a_lu(s)ds, t € [1,+00).

S S

Then

>, (r £\ 7 ds
)<a - al—, te]l .
u(t) <a-+ /[2 ( 5) a}s7 € [1,+00)
REMARK 3.5. Under the assumptions of Lemma 3.3, we restrict a(-) = @,
b(-)=b, F(-) =1 and H(u) = u. Then by Corollary 3.4, one can obtain
u(t) < @By 1 (0T (a)(Int)®),

where E, ; is the Mittag-Lefller function defined by

o0
Z zeC.
k:OF ka+1

4. Existence of solutions

In this section, we consider the following Cauchy problem for fractional dif-
ferential equations with Hadamard derivative

1) uD?y(x) = f(z,y(2), 0<a<l, ze€(Lb], b<+oo,
' aDY y(1+) = by, b €R.

Before stating and proving the main results in this section, we introduce the
following hypotheses:

(Hy) f:[1,b] xR — R be a function such that f(z,y) € Cy1n[1,b] with v < «
for any =z € R;
(H2) There exists a positive constant L > 0 such that

|f(z,y1) — f(x,y2)| < Lly1 — yo|, for each z € (1,b], and all y1,y2 € R;

(H3) There exists a function h(-) € L7([1,b],R) where ¢ = p/(p — 1) and
1 <p<1/(1—«a) such that

|f(z,y)| < h(z), foreachx e (1,b], and all y € R.

Our first result is based on Banach contraction principle.
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THEOREM 4.1. Assume that (Hy)—(Hs) hold. If

L(lnz)*—" - 1
(@=yT(a) = (Inb)"’
then the Cauchy problem (4.1) has a unique solution on [1,b].

(4.2) ®, =

for all z € (1,0],

PROOF. From Lemma 2.4, the Cauchy problem (4.1) is equivalent to the
following fractional integral equation

y(a) = FZE;)<1H ”1“")&_1 + r(la)/l <1nf>a_1f(t,y(t)) % z>1>0.
Let

(Inb)” a1 (Inpypla—b+1
(4.3) r> T(a) [bl(lnb) 7])(&71)

Now we define an operator F' on B, := {y € C,[L,0] : [|yllc,,, < r} as

TP ]

follows:

an o= (w?) s () e %,

for £ > 1 > 0. It is obvious that F' is well defined due to (Hy). Therefore,
the existence of a solution of the Cauchy problem (4.1) is equivalent to that
the operator F' has a fixed point on B,. We shall use the Banach contraction
principle to prove that F has a fixed point. The proof is divided into two steps.

Step 1. Fy € B, for every y € B,..
For every y € B, and any § > 0, by (Hj3), Holder inequality and Lemma 3.1,
we get

[(Fy)(z +0) — (Fy)(z)| = 1““21')‘( Jlré)a 1—<1n”13>a_1

( SN s - [ ()" s
‘/ (me)” f(m(t))%

(o ><lnx‘<x1+6>)1_a

et ) (2 o

g () 0g

1

*ru

<
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12/l La(1,p)) (In(z + 6))Pe=D+L — (In g)pla=1)+1

_|_
He pla—1)+1
+ 12| araepy (In M)P(a—l)ﬂ
I'(«) pla—1)
x a—1 +1
< |61 L_ 1 2||h||Lq (1.8]) ( i)p( )

Thus,
(Ind)"|(Fy)(x + 6) — (Fy)(x)]

o | bl (1 LN 2Bl (n=2)™
= (0) lrm)( ) e e

As § — 0, the right-hand side of the above inequality tends to zero. Therefore,
F is continuous on [1,b]. Further, Fy € C 1n[1,b].

Moreover, for y € B, and all t € [1,b], by (Hs), Holder inequality and
Lemma 3.1 again, we obtain

i< 2 (w?) " [ (lnj)“’lh(t)cf

1 (Inp)Ple—1)+1
1 a— 1
_F( )(|b1| b) p(Oéfl) Hh”Lq(lb]

which implies that ||Fy||c.,, < r due to (4.3).

~v,dn —

Thus, we can conclude that for all y € B,., Fy € B,., i.e. F: B, — B,.

p(a—1)+1

Inz In(z+9

Step 2. F' is a contraction mapping on B,..
For z,y € B, and any t € J, using (Hs) and Holder inequality, we get

x x a—1
(Fae) -~ F@ < iy [ (W) 1rtex0) - Fpo)] §

<o [ (5 (mf)ﬂf(t,z(t» o)

< L / wo) Iz —y]
L L7 L
_F(a 1 t yc’yln

HZ - y||C~,,1n'

So we obtain
1Fz = Fyllo, 1, < (Ind)7®. ]|z —yllc
where @, is as in (4.2). Thus, F is a contraction due to the condition (4.2). By

~,In?

Banach contraction principle, we can deduce that F' has an unique fixed point
which is just the unique solution of the Cauchy problem (4.1). O

Our second result is based on the well known Schaefer’s fixed point theorem.
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We use the following linear growth condition to replace (Hs):

(H%) There exists a constant N > 0 such that

|f(z,y)] < Nly|, foreach x € [1,b] and all y € R.

THEOREM 4.2. Assume that (Hy) and (Hf) hold. Then the Cauchy problem

(4.1) has at least one solution on [1,].

PrOOF. Transform the Cauchy problem (4.1) into a fixed point problem.
Consider the operator F:C., ,[1,b] — C, 1n[1, 0] defined as (4.4).

For the sake of convenience, we subdivide the proof into several steps.

Step 1. F' is continuous.
Let {yn} be a sequence such that y, — y in Cy1,[1,b]. Then for each
€ [1,b], we have

x

(Fu)@) = P < g [ (05) () = Fwen]

< 1FCyn(-)) F(J;()wy('))llcw (/1”” (111;:)&71 c?)

()™ (s
< B ) = T vl
Since f € Cy n[1,b], we have
1P Folle, < G () = 70 Dl =0 a5 o0

Step 2. F maps bounded sets into bounded sets in C, 1n[1, b].

Indeed, it is enough to show that for any n* > 0, there exists a £ > 0 such
that for each y € B~ = {y € C,m[1,0] : [|yllc, ., <n*}, we have [Fyllc,,, < 4.

For each t € [1,b], we get

(1 f) f(mfyIZMMf

|b1|(1nb0‘ JrN?]*(lnb)
IR ) (=7 (a)’

which implies that

|(Fy) (2 )I_

|b1|(Inb)>—1 Nn*(lnb)aq iy

Vvl < 0 |2 —+ T

Step 3. F is equicontinuous of C 1,[1,b].
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Let 0 < 21 <@g < b, y € By-. Using (Hj) and noting that |y(t)| < n*, we
have:

(Fy)(a2) — (Fy)(a1)] < "’1'( 1 _ 1 )

P(a)\Inz; Inz,

i [(3) (o)

N [ete 46\t dt
+ v | (ln o) &

- |b1] 11 -
“T(a)\lnz; Inz
Ny*(Inb)=7 [* T a-l To 1 at
e [ () (e t
Nt (nb)™r [y de
[, %)

11—« * _ «
< |b1 | 11 N 2Nn*(lnb)~7 AN
") \Ilnz; Inz I'a+1) T

As x5 — x1, the right-hand side of the above inequality tends to zero, therefore

F' is equicontinuous.
As a consequence of Steps 1-3, we can conclude that F' is continuous and
completely continuous.

Step 4. A priori bounds.
Now it remains to show that the set

E(F)={y € C,m[l,b] : y = A\Fy, for some X € (0,1)}

is bounded. Let y € E(F), then y = AFy for some A € (0,1). Thus, for each
t € [1,b], we have

(g (5) " [ (52) s ),

For each t € [1,b], we have

pel < ok (m2) " 4 1 (02) o

By Corollary 3.4, we have

|04
I(e)
Thus for every ¢ € [0, b], we have

llyllc (Inb)7|by|(Inz)* " Eq 1 (N(Inz)®)
v F(a) )

ly(x)] < (Inz)* 'E,(N(nz)*), =z €1,b].

x € [1,D].



124 J.R. WANG — Y. ZHOU — M. MEDVED

This shows that the set E(F) is bounded. As a consequence of Schaefer’s fixed
point theorem, we deduce that F' has a fixed point which is a solution of the
Cauchy problem (4.1). O

In the following theorem we apply the nonlinear alternative of Leray—-Schau-
der type in which the condition (H%) is weakened to the nonlinear growth con-
dition.

(HY) There exist a nonnegative, continuous functions ¢; and a continuous,

nonnegative and nondecreasing function ¢ with ¥(0) = 0, ¥(z) > 0 for
z > 0 such that

F@,9)| < d@)(lyl), for cach z € [1,5] and all y € R.

THEOREM 4.3. Assume that (Hy) and (HY) hold. Then the Cauchy problem

(4.1) has at least one solution on [1,].

ProOOF. Consider the operator F' defined in Theorem 4.2. It can be easily
shown that F' is continuous and completely continuous. Repeating the same
process in Step 4 in Theorem 4.2, using (HY) we have

@)l < r“E;l) (hl f)a_l + ﬁ /1 (ln f)a_lw(t)wﬂy(t)n %.

By Lemma 3.3, we have for each x € [1,0], there exists a M* > 0 such that
llyllc < M*, which implies that ||y|lc, ., < (Inb)YM*. Let

~,In —

U={yeCumll:lyle,, < (nb)M +1}.

The operator F:U — C,.in[1,b] is continuous and completely continuous. From
the choice of U, there is no y € OU such that y = AF(y), A € (0,1). As
a consequence of the nonlinear alternative of Leray—Schauder type, we deduce
that F has a fixed point y € U, which implies that the Cauchy problem (4.1)
has at least one solution y € C, 1n[1, b]. O

5. Nonexistence of blowing-up solutions

In this section, a sufficient for the nonexistence of blowing-up solutions of
the Cauchy problem (4.1) will be proved, where by a blowing-up solution of this
equation we mean a solution y(z) for which there is a point 1 < 7 < +00 such
that it is defined on the interval [1,7) and lim |y(z)| = +o0.

T—T

THEOREM 5.1. Let 0 < a<1,1<p<1l/(1—a)andqg= (p—1)/p. As-
sume that f:[1,400) xR — R is continuous function and there are a continuous
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nonnegative function R:[1,+00) Xx R — R and a continuous, nonnegative, non-
decreasing function w: Ry — Ry with w(u) > 0 for u > 0 such that the following
two conditions hold:

(K1) |f(z,u)] < R(@)w(u), (z,u) € [l,4+00) x R;
(Ks) / [:}T(qg)]q do =00, wvg > 0.

Then the Cauchy problem (4.1) has no blowing-up solution.

PROOF. Suppose that y(z) is a solution of the Cauchy problem (4.1) defined
on the interval [1,7), where 1 < 7 < 400 and lim |y(z)| = +o0.
T—T

From Lemma 2.4 and the condition (K;) it follows that for =z € [1,7) we
have:

u(z) < rlz;) <ln f)a_l + ﬁ /lm (m f) a_li R(t)w(u(t)) dt,

where u(z) := |y(x)|. This inequality has the form (3.1) with
bl T a—1
a(z) = = In— , F(z)=R(z) and H(u)=w(u).

Therefore from Lemma 3.3 we obtain the inequality

(5.1) A(Ju(x)]?) < A(A(z)) + B(z) /j[F(s)]q ds, =€ (1,71),
where ¢ = (p — 1) /p,
(5.2)
A0 =2 s (a1, B0) = 2071 S e
- org?é WS o pla—1)+1 n ’
and

v 1 q
Alv) = /ao Wdz, v = ag.

Obviously, the limit of the right-hand side of the inequality (5.1) as * — 77 is
finite, however, the condition (K3) yields that

e’ O_q—]
lim A(fu(2)]) = q / o = +o0

=TT vo [W(U)]

and this is the contradiction. O
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6. Ulam—Hyers stability results

Let 0 < o < 1,1 < b < 400, € is a positive real number, f:[1,b) x R — R
be a function such that f(t,z) € C,[l,b) with v < « for any € R and
¢:[1,b) — R be a continuous function. We consider the following fractional
differential equation:

(6.1) o DY x(t) = f(tx(t)), te(1,0),
and the following fractional differential inequations:

(6.2) e DTy (t) = f(ty()] <e, e (1,0),
(6.3) DT y(t) — f(ty(1)] <e(t), te(Lb),
(6.4) DT y(t) — f(E,y(1)] <ep(t), te(1,b).

DEFINITION 6.1. The equation (6.1) is Ulam-Hyers stable if there exists
a real number ¢y > 0 such that for each ¢ > 0 and for each solution y €
Ct_, - [1,b) of the inequation (6.2) there exists a solution z € Cf_, . [1,b) of the
equation (6.1) with
[y(t) — at)] < cpe, te (1,b).

DEFINITION 6.2. The equation (6.1) is generalized Ulam—Hyers stable if there
exists 0y € C(Ry,Ry), 07(0) = 0 such that for each solution y € Cf*_, ,[1,b) of
the inequation (6.2) there exists a solution = € Cf_, . [1,b) of the equation (6.1)
with

ly(t) —2(t)] < 05(c), te(L,0)

DEFINITION 6.3. The equation (6.1) is Ulam-Hyers—Rassias stable with re-
spect to p if there exists cf, > 0 such that for each € > 0 and for each solution
y € Cf_,, ,[1,b) of the inequation (6.2) there exists a solution z € Cf"_,, . [1,0)
of the equation (6.1) with

y(t) —2(t)] < crpep(t), te (1)

DEFINITION 6.4. The equation (6.1) is generalized Ulam-Hyers-Rassias sta-
ble with respect to ¢ if there exists cf,, > 0 such that for each solution y €
Cf_, ,[1,0) of the inequation (6.3) there exists a solution z € Cf_,  [1,b) of the
equation (6.1) with

[y(t) —z(t)] < crep(t), te (1)

REMARK 6.5. A function y € C{_, _[1,b) is a solution of (6.2) if and only
if there exists a function g € C1_q,1n[1,b) (which depend on y) such that

(a) lg()| <&, t e (1,b);
(b) uaDTy(t) = f(t,y(t) +9(t), t € (1,0).
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One can have similar remarks for the inequations (6.3) and (6.4).

So, the Ulam stabilities of fractional differential equations with Hadamard
derivative are some special types of data dependence of the solutions of fractional
differential equations with Hadamard derivative.

REMARK 6.6. Let 0 < a < 1,ify € Cf_, |[1,b) is a solution of the inequa-
tion (6.2) then y is a solution of the following integral inequation

) = g = s [ () s $) < gi e

for t € (1,b), where Hnyt_ly(H-) =y.

Indeed, by Remark 6.5 we have that

aDTy(t) = f(ty(t) +9@), te(1,b).

Then

o0 310 = s [ (08) " s D s [(w8) o0 %

for t € (1,b). By Hth_ly(lJr) = y1, we have

=i f (o)

S— t nt—Ins)*2d(lnt —Ins) = —2 (Int)*~!
_F(ail)/l(lt ) 2d(nt —Ins) = fos(nt)* .

This implies that

u(0) = ry 0 +

+ F(la)/lt (ln i)alg(s) %, t e (1,b).

From this it follows that

’y“) ~ oy - ﬁ / t (ln i)a_lﬂs,y(s)) &
i [ ()00 %] i [ (2) e
o) | (hlt) <ty

Meanwhile, we have the following remarks for the solutions of the fractional
inequations (6.3) and (6.4).

—

IN
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REMARK 6.7. Let 0 < a < 1,if y € Cf_, ,[1,0) is a solution of the inequa-
tion (6.3) then y is a solution of the following integral inequation:

b0 g = gy [ () sion ¥

< F(la)/lt (lni)a_lgo(s)d;, te(1,b).

REMARK 6.8. Let 0 < a < 1,if y € Cf_, ,[1,b) is a solution of the inequa-
tion (6.4) then y is a solution of the following integral inequation:

- s = s [ () e &

T(ga) /j (ln Z)a_lw(s) %, t € (1,b).

Consider (6.1) and (6.2) in the case b < +00. We have the following gener-
alized Ulam—Hyers stability results.

<

THEOREM 6.9. In the conditions (Hy) and (Hs), the equation (6.1) is Ulam—
Hyers stable.

PrROOF. Let y € Cf_, ,[1,0] be a solution of the inequation (6.2). Denote

by x the unique solution of the Cauchy problem

(6.5) { °D%x(t) = f(t,z(t)), forallte (1,0,
HD?’;lx(t)"f:H = HDizly(t)|t:1+ =y

We have that

1

(Int)*~* + (o) /j (ln t>a_1f(s7x(s)) §7 t e (1,b].

U
"0 = 1)
By differential inequation (6.2), we have:
a—1
Y1 a1 I t ds
t) — et~ — [ (m< 4
o) - o = s [ (m) e
t a—1 o
<€ / lnf @<(lnt)€’
~T(a) Sy s s T T(a+1)
for all t € (1,b]. From above it follows:

iy s [ (m2) " sseton &
ar = s [ () s &

y( =’y
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et [ (o i)alﬂs,x(s)) i
= ’y(t) - FZ(/;) (Ine)*=" - ﬁ /j (hl z>a1f(s7y(8)) %

o | t (1nt)a_l|f<s,y<s>> )

S

< F(Z’fff) e | t (mz)alw(s) () 2.

By Lemma 3.3 and Remark 3.5, for all ¢ € (1,0], we have that:

(Int)*e (Inb)*Eqy 1 (L(Inb)*)e
— < -t ) < : .
Thus, the equation (6.1) is Ulam—Hyers stable. |

Next, we consider the equation (6.1) and the inequation (6.3) in the case
b = 4+00. We suppose that:

(H}) f:[1,+00) x R — R is a function such that f(¢,z) € C,a[1,+00) for
any x € R;
(H5) There exists a L > 0 such that

|f(t,ur) — f(t,u2)| < Llup — ugl,

for each t € [1,+00) and all uy,us € R;
(Hs) ¢e€C([1,+00),R) is continuous, nondecreasing, and there exists A, >0
such that

1/75 lnE " (s)@<)\ (t), foreacht € [1,+00)
I'(a) Sy s PR = et ’ ’

We have the following generalized Ulam—Hyers—Rassias stability results.

THEOREM 6.10. In the conditions (H}), (Hy) and (Hs), the equation (6.1)
is generalized Ulam—Hyers—Rassias stable.

PrOOF. Lety e C
by « the unique solution of the Cauchy problem (6.5). We have that

[1,4+00) be a solution of the inequation (6.3). Denote

«
l—a,y

x(t) = Fzz;) (Int)*~! + F(la)/l <1n Z) ) f(s,x(s))%, for all t € (1, 4+00).

By differential inequation (6.3), we have

()= s = s | (lnﬁ)alﬂs,y(s))‘f

—

S S

< ﬁ /j (ln t>alap(s) ds < App(t), te[l,400).
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From above it follows

L t £\t ds
t) —x(t)| < Ap(t) + =—— In — — —.
0~ 20)] < A0+ s [ () o) - o]
By Lemma 3.3 and Remark 3.5, we have that
ly(t) = 2()] < App(t) Ea1(L(Int)"), ¢ € (1, +00).
Thus, the equation (6.1) is generalized Ulam—Hyers—Rassias stable. |
7. Example
We consider the following fractional differential equation with Hadamard
derivatives
(7.1) gDYx(t) =0, 0<a<l1, te(l,b),

and the inequation
(7.2) |HDT ()| <e, te[LD).

Let y € Cf_, ,[1,b] be a solution of (7.2). Then there exists a g € C,1a[1,0]
such that:
lgt)] <&, te(Lb),
(7.3) N
aDTy(t) = g(t), te(1,0).

By (7.3) we have:

Y1

1 t AN ds
Int)* "+ — In - —, te(Lb).
0 i [ (mF) 0T e
We have, for all z € Cf_, ,[1,b]:

y(t) =

ly(t) — =(t)] = ‘F‘l(/;) ()=t — 2(t) + —— /lt (m z> a_lg(s) ds

<yt o) + s [ (m )a1|g<s>| &

t
<] i (lnt)a_l—x(t)|+8/t<lnt
—'T(a) I(a) J; s

< ‘Fz(/(ly) (Int)>~t — z(t)| + ;}zt_)'_af)7
for ¢ € (1,b). If we take 2(t) := #55(Int)*~*, then
(Int)*e
i) —=9)] < S5 te 1
If b < 400, then (1n5)
Inb)*e
(o) - ol0) < 205 re
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So, the equation (7.1) is Ulam-Hyers stable.
Let b = 4-00. The function

(Int)*e
)=t
v = vy
is a solution of the inequation (7.2) and
Y1 o1 (Int)*~!lelnt
t) — Int = 4 .
y(t) F(a)(n) Ta) y1| — +oo ast— 400

So, the equation (7.1) is not Ulam-Hyers stable on the interval [1, +00).
Let us consider the inequation:

(7.4) [a DTy < (), ¢ (1,+00).

Let y be a solution of (7.4) and

z(t) = 2} (In6)*1, te(1,+00)
9(0) = o(0) = [o(0) - (s i)

I'(«)
o< g [ () 0%

be a solution of (7.1). We have that
for t € (1,400). If there exists ¢, > 0 such that

ds

1 t ool
F(a)/l (111;) 1@(5)? <cpp(t), te(l,+00),

then (7.1) is generalized Ulam-Hyers—Rassias stable on [1,+00) with respect
to .

REFERENCES

[1] R.P. AGARWAL, M. BENCHOHRA AND S. HAMANI, A survey on existence results for
boundary value problems of nonlinear fractional differential equations and inclusions,
Acta. Appl. Math. 109 (2010), 973-1033.

[2] B. AHMAD AND J.J. NIETO, Emistence of solutions for anti-periodic boundary value
problems involving fractional differential equations via Leray—Schauder degree theory,
Topol. Methods Nonlinear Anal. 35 (2010), 295-304.

[3] H. AMANN, Ordinary differential equations (1990), Walter de Gruyter, Berlin.

[4] Z.B. BAIl, On positive solutions of a nonlocal fractional boundary value problem, Non-
linear Anal. 72 (2010), 916-924.

[5] M. BENCHOHRA, J. HENDERSON, S.K. NTOUYAS AND A. OUAHAB, Existence results
for fractional order functional differential equations with infinite delay, J. Math. Anal.
Appl. 338 (2008), 1340-1350.

[6] G. BUTLER AND T. ROGERS, A generalization of a lemma of Bihari and applications to
pointwise estimates for integral equations, J. Math. Anal. Appl. 33 (1971), 77-81.

[7] L. CADARIU, Stabilitatea Ulam—Hyers—Bourgin Pentru Ecuatii Functionale, Ed. Univ.
Vest Timisoara, Timisara, 2007.



132

(8]

9
[10]
[11]
[12]
13
[14]
[15]

[16]

(17]
(18]

(19]

(20]
(21]
(22]

23]

(24]

(25]

(26]

(27]
28]

(29]

(30]

J.R. WANG — Y. ZHOU — M. MEDVED

Y .-K. CHANG, V. KAVITHA AND M. MALLIKA ARJUNANB, Ezistence and uniqueness of
mild solutions to a semilinear integrodifferential equation of fractional order, Nonlinear
Anal. 71 (2009), 5551-5559.
C. CHICONE, Ordinary differential equations with applications (2006), Springer, New
York.
C. CORDUNEANU, Principles of Differential and Integral Equations, Chelsea Publ. Com-
pany, New York, 1971.
W. DENG, Smoothness and stability of the solutions for nonlinear fractional differential
equations, Nonlinear Anal. 72 (2010), 1768-1777.
K. DIETHELM, The analysis of fractional differential equations, Lecture Notes in Math-
ematics, 2010.
S.-B. Hsu, Ordinary Differential Equations with Applications, World Scientific, New
Jersey, 2006.
D.H. HYERS, G. IsAc AND TH.M. RaAssIAs, Stability of Functional Equations in Several
Variables, Birkhauser, 1998.
S.-M. JuNG, Hyers—Ulam—Rassias Stability of Functional Equations in Mathematical
Analysis, Hadronic Press, Palm Harbor, 2001.
A.A. KiLBas, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and applications of frac-
tional differential equations, Mathematics Studies, vol. 204, North-Holland, Elsevier Sci-
ence B.V., Amsterdam, 2006.
V. LAKSHMIKANTHAM, S. LEELA AND J. VASUNDHARA DEVI, Theory of Fractional
Dynamic Systems, Cambridge Scientific Publishers, 2009.
Y. L1, Y. CHEN AND I. PODLUBNY, Mittag—Leffler stability of fractional order nonlinear
dynamic systems, Automatica 45 (2009), 1965-1969.

, Stability of fractional-order nonlinear dynamic systems: Lyapunov direct me-

thod and generalized Mittag—Leffler stability, Comput. Math. Appl. 59 (2010), 1810-
1821.

M. MEDVED, A new approach to an analysis of Henry type integral inequalities and their
Bihari type versions, J. Math. Anal. Appl. 214 (1997), 349-366.

, Integral inequalities and global solutions of semilinear evolution equations,
J. Math. Anal. Appl. 267 (2002), 643-650.

, Singular integral inequalities with several nonlinearities and integral equations

with singular kernels, Nonlinear Oscil. 11 (2007), 70-79.

M. MEDVED, M. POSPISIL AND L. SKRIPKOVA, Stability and the nonezistence of blowing-
up solutions of nonlinear delay systems with linear parts defined by permutable matrices,
Nonlinear Anal. 74 (2011), 3903-3911.

K.S. MILLER AND B. Ross, An Introduction to the Fractional Calculus and Differential
FEquations, John Wiley, New York, 1993.

G. M. MoprHou, G.M. N’GUEREKATA, Ezistence of mild solutions of some semilin-
ear neutral fractional functional evolution equations with infinite delay, Appl. Math.
Comput. 216 (2010), 61-69.

L.C. PicciNINI, G. STAMPACCHIA AND G. VIDOSSICH, Ordinary Differential Equations
in R™, Springer, Berlin, 1984.

I. PODLUBNY, Fractional Differential Equations, Academic Press, San Diego, 1999.
1.A. Rus, FEcuatii Diferentiale, Ecuatii Integrale si Sisteme Dinamice, Transilvania
Press, Cluj-Napoca, 1996.

_, Ulam stability of ordinary differential equations,, Studia Univ. Babes-Bolyai
Math. 54 (2009), 125-133.

V.E. TARASOV, Fractional Dynamics: Application of Fractional Calculus to Dynamics
of Particles, Fields and Media, Springer, HEP, 2010.



FRACTIONAL DIFFERENTIAL EQUATIONS WITH HADAMARD DERIVATIVE 133

[31] J. WaNG AND L. Lv AND Y. ZHouU, Ulam stability and data dependence for fractional
differential equations with Caputo derivative, E.J. Qualitative Theory of Differential
Equations 2011, no. 63, el—el10.

[32] | New concepts and results in stability of fractional differential equations,, Com-
mun. Nonlinear Sci. Numer. Simulat. (2011), doi:10.1016/j.cnsns.2011.09.030.

[33] J. WANG AND Y. ZHOU, A class of fractional evolution equations and optimal controls,
Nonlinear Anal. 12 (2011), 262-272.

[34] — | Analysis of nonlinear fractional control systems in Banach spaces, Nonlinear
Anal. 74 (2011), 5929-5942.
[35] | Existence and controllability results for fractional semilinear differential inclu-

stons, Nonlinear Anal. 12 (2011), 3642-3653.

[36] S. ZHANG, Existence of positive solution for some class of nonlinear fractional differen-
tial equations, J. Math. Anal. Appl. 278 (2003), 136-148.

[37] Y. Zunou AND F. Jiao, Nonlocal Cauchy problem for fractional evolution equations,
Nonlinear Anal. 11 (2010), 4465-4475.

[38] Y. ZHou, F. Jiao AND J. L1, Existence and uniqueness for p-type fractional neutral
differential equations, Nonlinear Anal. 71 (2009), 2724-2733.

[39] | Ezistence and uniqueness for fractional neutral differential equations with in-
finite delay, Nonlinear Anal. 71 (2009), 3249-3256.

Manuscript received September 8,2011

JINRONG WANG

Department of Mathematics
Guizhou University

Guiyang, 550025, P.R. CHINA

E-mail address: wjr9668@126.com

YONG ZHOU (corresponding author)
Department of Mathematics

Xiangtan University

Xiangtan, Hunan 411105, P.R. CHINA

E-mail address: yzhou@xtu.edu.cn

MILAN MEDVED

Department of Mathematical Analysis and Numerical Mathematics
Faculty of Mathematics, Physics and Informatics

Comenius University

Bratislava, SLOVAKIA

E-mail address: Milan.Medved@fmph.uniba.sk

TMNA : VOLUME 41 — 2013 — N° 1



