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Abstract

In this paper, a generalized model of Cohen-Grossberg neural net-
works with periodic coefficients and both time-varying and distributed
delays is investigated. By employing Mawhin’s continuation theorem,
analytic methods, inequality technique and M-matrix theory, some suf-
ficient conditions ensuring the existence, uniqueness and global expo-
nential stability of the periodic oscillatory solution for Cohen-Grossberg
neural networks with both time-varying and distributed delays are ob-
tained. T'wo examples are given to show the effectiveness of the obtained
results.
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1 Introduction

In recent years, the dynamical characteristic such as stability and periodicity of
Hopfield network, cellular neural network and bidirectional associative memory
neural network play an important rule in the pattern recognition, associative
memory, and combinatorial optimization (see, e.g., [1]-[17], and the references
cited therein). Among models of neural networks, the Cohen-Grossberg neural
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network [18] is an important one, which can be described by the following
ordinary differential equations:

D) o) [l ~ D el =12 n (L)

j=1

where, n > 2 is the number of neurons in the network; z;(¢) denotes the state
variable of the 7th neuron at time ¢ ; f;(x;(t)) denotes the activation function
of the j th neuron at time ¢; the feedback matrix C' = (¢;;)nxn indicates the
strength of the neuron interconnections within the network; a;(z;(t)) represents
an amplification function; b;(z;(t)) is an appropriately behaved function such
that the solutions of model (1.1) remain bounded.

Due to their promising potential applications in areas such as pattern recog-
nition and optimization. The network (1.1) have attracted increasing interest
in scientific community (see, e.g., [18]-[31], and references cited therein).

In reality, time delays inevitably exist in biological and artificial neural
networks due to the finite switching speed of neurons and amplifiers. It is
also important to incorporate time delay in various neural networks. In recent
years, there exist some results on global asymptotical stability, global expo-
nential stability and periodic solutions for the neural networks with constant
delays or time-varying delays (see, e.g., [1]-[6],[8],[10]-[17],[19]-[24],[29]-[31]).
Although the use of finite delays in models with delayed feedback provides a
good approximation to simple circuits consisting of a small number of neurons,
neural networks usually should have a spatial extent due to the presence of a
multitude of parallel pathways with a variety of axon sizes and lengths. Thus,
there will be a distributed of propagation delays in finite or/and infinite time
(see, e.g., [7],19], [25]-[28]). In the case, the signal propagation is no longer
instantaneous and cannot be modeled with finite delays or infinite delays. A
more appropriate and ideal way is to incorporate finite delays and infinite de-
lays (see, e.g., [27, 28]). However, as we well know, besides delay effect, the
nonautonomous phenomenon often occurs in many realistic systems. From
the view point of reality, it should also be taken into account evolutionary pro-
cesses of some practical systems as well as disturbances of external influence
such as varying environment of biological systems and so on. Particularly,
when we consider a long-time dynamical behavior of a system, the parameters
of the system usually will arise change along with time. In addition, in many
applications, the property of periodic oscillatory solutions of a neural networks
also is great interest. Therefore, the research on the nonautonomous neural
networks with delays is very important in like manner.
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Motivated by the above discussions, in this paper, we consider a class of
periodic Cohen-Grossberg neural networks with both variable and distributed
delays described by the following system of integro-differential equations:

£)=—MM)W% Z% )il (0)

—Z% / 9N 0] (12)

for v = 1,2---.,n. Where n > 2 is the number of neurons in the net-
work, x;(t) is the state of the ith neuron at time ¢; f; denotes the activation
function; «;(x;(t)) presents an amplification function; 3;(z;(¢)) is an appro-
priately behaved function; I;(¢) denotes external input to the ithe neuron;
a;;(t), bi;(t), cij(t) denote the connection strengths of the jth neuron on the
ith neuron, respectively; 7;;(t) corresponds to the transmission delay and sat-
isfies 0 < 7;;(t) < 7 (7 is a constant); K;; is the delay kernel.

To the best of our knowledge, few authors have considered dynamical be-
havior of the periodic Cohen-Grossberg neural networks with both variable and
distributed delays. This paper studies the existence, uniqueness and global ex-
ponential stability of the periodic oscillatory solution for the periodic Cohen-
Grossberg neural networks with both variable and distributed delays. Several
sufficient conditions ensuring the existence, uniqueness and global exponential
stability of the periodic oscillatory solution will be established for the system
(1.2).

The rest of this paper is organized as follows. In section 2, we introduce
some notations and preliminaries. We shall use Mawhin’s continuation theorem
[34] to establish the existence of periodic solutions of model (1.2) in section
3. In section 4, we give stability analysis of the periodic oscillatory solution.
Remarks and examples are given to illustrate our theory in section 5. Finally,
in section 6 we give the conclusion.

2 Preliminaries

Throughout this paper we assume that:

(H1) Each function a;(u) is bounded, positive and globally Lipschitz continu-
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(H3)

(H4)

(H5)
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ous, i.e. there exist constants a;, &; and L; such that
0<aq; <ai(u) <a; <400, forue R, i=1,2---,n,
loi(u) — (V)| < Lilu —v|, foru,v € R, i=1,2,---,n.

For each function §;(u) € C'(R, R), the inverse function 37!(-) is locally
Lipschitz continuous, and there exists a positive constant (; such that
Bz(u) > (; > 0. Foreachi € {1,2,---,n}, u = 0 supposed to a zero point
of B;(u), moreover, 3;(u) locally exists at « = 0 (Due to the monotonicity
of B;(u), its zero point is unique).

a;;(t), bij(t), cij(t), 7 (t), I;(t) are continuously periodic functions defined
ont € [0, +00) with common period w >0, i,7 =1,2,---,n.

Each function f;(u) is globally Lipschitz continuous, i.e. there exists a
constant F; > 0 such that

|fZ(U)—fZ(U)|SE|U—U|, t=1,2,---,n.

The delay kernel Kj; : [0, +00) — [0, 400) is piecewise continuous func-
tion and satisfies:

(1) fOOOKZ'j(S)dS:1, Z'7j:]_,27...’n'

(ii) fooo sK;;(s)ds < oo, i,j=1,2,---,n.

(iii) There exists a positive number p such that
/ se" K;;(s)ds < oo, i,j=12---,n.
0

E — T is a nonsingular M-matrix, where F is an identical matrix and
I' = (I';;) is in the form of

1

<\5z'j\ + [bij] + !%”)Fj i,j=12--,n

Let PC = C((—00,0], R") be the linear space of bounded and continuous
functions which map (—oo,0] into R". The initial conditions associated with
model (1.2) are of the form

zi(t) = pi(t), —00<t<0 (2.3)
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in which ¢;(+) is bounded continuous (i = 1,2,---,n). For ¢ € PC, |¢| is

defined as . )
lel = sw (Y leis)l)
=1

—00<s<0

then PC'is a Banach space of continuous functions which map (—oo, 0] into
R™ with the topology of uniform convergence.
To begin with, we introduce some notations and recall some basic defini-
tions.
For an n x n matrix A, |A| denotes the absolute value matrix given by
|A| = (Jaij|)nxn. Let h(t) be a continuous periodic w-function, we denote
b = min |h(t)],  [h] = max [h(t)].

te[0,w] te0,w]

Definition 2.1 A function x : (—o0,4+00) — R" is said to be the special
solution of system (1.2) with initial condition (2.1) if x is a continuous function
and satisfies model (1.2) fort >0, and x(s) = ¢(s) for s € (—o0,0].

Henceforth, we let (¢, ¢) denote the special solution of (1.2) with initial
condition ¢ € PC.

Definition 2.2 The periodic solution x(t, @) of system (1.2) is said to be glob-

ally exponentially stable, if there exist positive constants € and k such that every
solution z(t,¢) of (1.2) satisfies

lz(t,¢) —2(t, o) < Klld —@lle™  forall t =0.

Definition 2.3 [32] A real matriz D = (d;j)nxn is said to be a nonsingular
M-matriz if d;j < 0, t,7 = 1,2,---,n, © # j, and all successive principal
minors of D are positive.

To the nonsingular M-matrix, we have
Lemma 2.1 [32] Each of the following conditions is equivalent:

(i) D is a nonsingular M-matriz.
(ii) D1 exists and D™ is a nonnegative matriz.

(iii) The diagonal elements of D are all positive and there exists a positive
vector d such that Dd > 0 or DTd > 0.

Lemma 2.2 [33] Let a,b> 0,p > 1, then

—1 1
P af + —bP.
p p

aP~lh <
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3 Existence of periodic oscillatory solution

In this section, based on the Mawhin’s continuation theorem, we study the
existence of at least one periodic solution of (1.2). First, we shall make some
preparations.

Let X,Y be normed vector spaces, L : DomL C X — Y be a linear
mapping, and N : X — Y be a continuous mapping. The mapping L will be
called a Fredholm mapping of index zero if dim Ker L=codim Im L < 400 and
Im L is closed in Y. If L is a Fredholm mapping of index zero and there exist
continuous projectors P : X — X and ) : Y — Y such that Im P=Ker L, Ker
Q=Im L=Im (I — Q), it follows that mapping L|pomrnkerr : (I — P)X —Im L
is invertible. We denote the inverse of that mapping by Kp. If €2 is an open
bounded subset of X, the mapping N will be called L-compact on Q if QN (Q)
is bounded and Kp(I — Q)N : Q — X is compact. Since Im @ is isomorphic
to Ker L, there exists an isomorphism J : Im Q) — Ker L.

Now, we introduce Mawhin’s continuation theorem [34, p.40] as follows.

Lemma 3.1 Let Q C X be an open bounded set and let N : X — Y be a
continuous operator which is L-compact on Q. Assume

(a) For each A € (0,1),2 € 9QNDom L, Lx # ANz
(b) For each x € 02 NKer L,QNx # 0
(c) deg(JNQ,Q2NKer L,0) # 0.

Then Lx = Nx has at least one solution in © N Dom L.

Theorem 3.1 Assume that (H1)-(H6) hold, then the system (1.2) has at
least one w-periodic solution.

Proof. To apply the continuation theorem of coincidence degree theory and
establish the existence of an w-periodic solution of (1.2), we take

X=Y={reCR,R"): z(t+w)=2x(t),t € R}
and denote

|lz|| = sup {|z:(t)|,i =1,2,...,n},
tel0,w]

then X is a Banach space. Set

L:Dom LNX, Lxr=i(t), z€X
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where Dom L = {z € C*(R,R")}, and N : X — X such that

Nai = —ag(zi(®) | Bi(a:0) = 3 as(t)f(w;()

j=1

_wa )fi(z;(t = 7(t)))

—Zcu ) [ Bl = 9 (eds + 1)

= _Oéi(l'i(t))gi(t»x(t))’ i=12...,m,

where

n n

gi(t,z(t)) = Bi(z:(t) — Z%‘( V(i) =D bi () fi (s (¢ = 735(1))

—Zcu / Kot = 5)f3(5())ds + (1),

Define two projectors P and @ as

1

Qx:Px:—/ x(s)ds, x¢€ X.
W Jo

Clearly, Ker L = R™,

ML = {(er, 29, .. 20)" € X - / st =0, i =1,2, .. n}
0
is closed in X. Moreover, P and () are continuous projectors such that
ImP=R"=Ker L, Ker@Q=ImL=1Im (/—-Q)

and
dim Ker L = codimIm L = n.

Hence, L is a Fredholm mapping of index 0. On the other hand, it is not hard
to obtain the inverse Kp: ImL — Ker PN Dom L of L|pomrnkerp as follows:

(Kpa)i(t) = /t 2i(s)ds € Ker PADom L, i—=1,2---.n,
it follows that 0
(Kp(I —Q)Nx)i(t) = (KpNx)i(t) — (KpQNz)(t)
= = [ aitatsDats.alo)is

_|_z /Ow ai(xi(s))gi(s, z(s))ds

w
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fori=1,2,---,n.

Hence, QN : X — R" and K,(I — Q)N : X — X are both continuous, by
generalizing the famous Arzela-Ascoli theorem, QN (Q2) and Kp(I — Q)N (Q)
are relatively compact for any open bounded set 2 C X. Therefore, N is
L-compact on Q for any open bounded set Q C X.

Corresponding to the operator equation Lz = ANz, A € (0, 1), we have

dt = _)\Oéi(xz( [ﬂz xz Z@m f] x]
_wa () f(x;(t — 73;(1)))
—Zcu ) [ Kat=ntes +1w] @
for i = 1,2,---,n. Since for each i € {1,2,--- n}, x;(t), as the component

of z(t), is continuously differentiable and z;(0) = z;(w), so that, there exists
t; € [0,w] such that |z;(t;)| = maxyep |2:(t)] and ;(t;) = 0, so we have

From (H1) and A € (0, 1), we get

n

Bilzi(t:)) = Zaz‘j(tz‘)fj(%(ti))+sz‘j(tz‘)fj($j(tz‘—Tz‘j(tz‘)))

Zcm ) [ Kt ) 5s(6)ds = 1),

it follows that

+3 () / Kyt~ )y (g ())ds — 1(1)

Due to (H2), we know that (ﬁi_l(u))’ < i, B! (u) is locally Lipschitz, and
B71(0) = 0, so that

ti) fi(zi () + > bij(t) fi(x(ti — 7i5(t:)))

j=1
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F et [ttt 14t
3 [Z |@i; | | ()] + Z |03 Fyl;(t)

Jj=1 j=1

n +o00 B
+ > [eylFy i Kij(s)|a;(t;)|ds + |1]

=1

£ A0+ X B0+ sl 0)]

n

IN

1 _ = _
= 3 > [|az‘j| + [bij] + |0ij|} Fylz;(t;)] + pi, (3.2)
j=1
where pi = ([T + 3 (|| + 15 + 2] 15,0)]]
j:
Then, by defining the vector p = (p1,pa, -+, pn)? and through the calcula-
tion of vector inequalities, from inequality (3.2), we have

(E = T)(l1(t)l, [ea(t)], - loa(ta) )

where £ — I' is the nonsingular M-matrix defined in (H6). Let
m = (m17m27"'7mn)T = (E_F)ilp >0,

which implies that (|@1(t)], [v2(t2)], -« -, |2n(ta)])T < m, that is, |z;(t)] < my
for © = 1,2,---,n. On the other hand, due to £ — I' is a nonsingular M-
matrix, so there exists a positive vector | = (Iy,ly,---,1,)T > 0 such that
(E—T) >0, let p =kl = (uy, 2, -, 1) be a positive vector such that
k(E-D)=(FE—-T)u>p.

We take

Q={z(t)e X : |z;(t)| <p,VteR, i=1,2,---,n}, (3.3)

which satisfies condition (a) of Lemma 3.1. If z(t) = (z1(¢), x2(t), - -, 2 (¢))T €
0Q N Ker L, then z(t) is a constant vector in R", and there exists some
i€ {1,2,--- ,n} such that |z;| = p;. It follows that

(QNJZ')Z = —% \/OwCVz Z; [ﬁz xz Z&ZJ f] .I']

_wa ).f(x5) Zcm )fi :1:])+I()]d
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We claim that |[(QNz);| > 0.
By way of contradiction, suppose that [(QNz);| =0, i.e.,

1 w
_;/0 041 Ty |:Bz xz Zam f] x]

—wa Vf;(x;) Zcm f]x])+l()]d 0.

Then there exists some t* € [0, w] such that

04 [ﬁz Z al] f] x]

_Zb ") fi(z5) ZCZJ )fi(x; +[(t*)] =0,

J=1

which implies that

n

|z = <Zaw ) fi(x; +wa )fi(;) ZCU( ) filzg) — z(t*))

J=1

n

1 — 7 —
< S 20 [l + Bl + ol ()
7 =1
1 n
< BG; Z [|%| + [bij] + |cm|]F lz;| + pi

= ZFijlle + pi-
j=1

Thereby, we have

wi = x| < Zrij]a:j] +pi < Zrij,uj + Pi

j=1 j=1

this implies that ((E —I')u); < p;, which contradicts (E —I')u > p. Therefore
condition (b) of Lemma 3.1 is satisfied.

Next, we intend to show that the topological degree is nonzero. To do this,
defined a homotopical map H(z,\) (A € [0, 1]) by

H(z,A) = =Xai (1) B1(21), aa(2) Ba(2) - - -, (@) B ()" + (1 = N)QNx,
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where & = (21,29, -+, 2,)T € QNKer L =QN R".
Arbitrarily taking x € Ker L N9 and A € [0,1], we have, for all i =
1727"'7”7 |.ZTJZ| = M and

n

H(x,\)i = —Aag(x)Bi(w:) — (1 — /\)Oéi(xz‘)é /Ow [ﬁz‘(%‘) - Zaz‘j(t)fj(%‘)

n

- Z bij(t) fi(z5) — Z cij(t) fi(z;) + fz‘(t)} dt
) [ $ (o) /0 " (as(0) + b()

+cz-j(t)> dt — /0 i Ii(t)dt} .

Actually, we claim that H(z,\); # 0 for all 7. If this is not true, then there
exists a k € {1,2,---,n} such that, for t* € [0,w] and X € [0, 1],

= —ai(z;)Bi(z:) + (1 -

Gl [ng 23) (ks (#) + by (8 + e (1)) = 1u(t")].
and then

] = )@zl((l— [ij 2) (i (1) + by (#) + e (1)) = (0|

IN

’ij 1) (s (1) + by (#) + g (1)) = Iu(t")

IN

’ Z fi(z;) (akj )+ i (£7) + ij(t*)) — I (t")

< - 5 st + s + el Bl +
=1

Similarly, we obtain |zx| < my < u, which contradicts that |zj| = py, because
of x € Ker L NON. It is therefore concluded that H(z,\) # 0 for every
x € Ker LN OS2,

Hence, using the homotopy invariance theorem, we obtain

deg(JQN, Q2N Ker L,0) # 0.

To summarize, we have proved that €2 satisfies all the conditions of Lemma
3.1. This completes the proof.
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4 Stability analysis for the periodic solution

In this section, sufficient conditions on the global exponential stability are
deduced for the w-periodic solutions of the CGNN with both variable and
distributed delays. Let z;(s) = ¢i(s), i = 1,2,---,n, s € (—o00,0], be the
initial conditions of the neural network, where ¢; : (—o0, 0] — R is a continuous
function.

Suppose that Z(t) is a periodic solution of system (1.2). Set y(t) = x(t) —
Z(t) with any solution x(t) = (z1(t), 22(t),- -+, 2,(t))T of System (1.2). Hence,
System (1.2) can be transformed into the form as follows:

dy;it) — —ozi(xi(t)){ﬁz‘(xi(t)) Bi(Ti(t Za,] [f] z;(t)) — fj(fj(t))]

_ me [f] xi(t —7i5(t)) — f3(T;(t — T"j(t)))}

—Zcm ) [ Ble = 9)[1tosto0) — )]s
o) ~ (Nt 70) (1)

for i =1,2,---,n, and correspondingly, the initial condition becomes y;(s) =
»i(s) = ¢i(s) —wi(s), s € (—oo, 0], where ¢;(s) and @;(s) are, respectively, the
initial condition of solutions x;(t) and Z;(¢). Furthermore, from the arguments
in the last section, it is not hard to obtain the estimation for the periodic
solution Z(t) : |g;(t,T(t))| < M; for all ¢, where M; = B;(m;) + Bim.

Theorem 4.1 Under hypothesis (H1)-(HG6), there exists exactly one w-periodic
solution of model (1.2) and all other solutions of model (1.2) converge expo-
nentially to it as t — 400, if there exist real constants cj, Bij, Vij, 045 (4,J =
1,2,---,n) and r > 1 such that A = D — P — Q is a nonsingular M-matriz,
where

D= diag(dl, dg, Ty, dn) with dz = ﬁ L; Mz,

r—ays _ r—B;;
P = ding(p,pa, ) with pi = 5 5 B ([l T 4 ) T
T—Yj

r-1 ); Q - (Qij)nxn with qij = laz UZJ <|CL ’YZJ)

proof. Since A is a nonsingular M-matrix, from Lemma 2.4, we know that
there exists a vector [ = (Iy,la,--+,1,)T > 0 such that Al > 0, that is

Li(di — py) aZZl FU”<]a

2+ (bl % + [

=1

/813 + ‘C

4+ by

%J) >0 (4.2)
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fort=1,2,---,n. Let us define function
n@) = ul—a+ )+1—Zn:zF”“<— o
i = bl —a;+pi) + 0y @™
, p e it j
H%WW+@W/ Ky (s)ds ) (43)
0
for i = 1,2,---,n, where 7 = max {r;;}. Obviously, h;(f) is continuous on

1<2,5<n

[0, 4+00), for i = 1,2,--- n. From (4.2) and assumption (H5), we know that
hi(0) <0, i =1,2,---,n. From the continuity of h;(#), we know that there
exists a constant 6; € [0, +00) such that

0; 1 < i (1 1o
hi(0;) = li(7—di+pi)+;&iZl]’Fj < ij| ™
=1
+[bij| %o e + |5z‘j|w/ egisKiJ‘(S)d‘9> <0 (4.4)
0

for : =1,2,---,n. Choose ¢ such that 0 < ¢ < min{6,,60s,---,6,}, then

€ 1— - Tij — |y,
j=

+oo
‘HBZ] ﬁijeTE + ’Eij Vi / 688Kij(8)d8> <0 (45)
0
fori=1,2,---.n
Next, calculating D7 |y;(¢)| along with (4.1), we have
d*|yi(t)|
i S VAONCAO)

= —%mﬁw—fwmmmwﬂ@uw»—@@m)
_Z@m [fi(z; () = f3(z;(2))]

— Z bij () fi(;(t — 73;(1))) — f3(@;(t — 735(1)))]
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awz{z% £33 (8)) = £3(@;(2)
+sz] [fi (= 73 (1)) — f3(T;(t = 735(2)))]

Z% /z@ Fs(s(s)) = J(5(s))Jds |
mmm—m<mmaww
am%wm{Zm]

+Z\bm
+Z‘CU |/ Ki(t

+L M |yi(t)]

—%%M@H+®{§ZWME@A&—@UH

+

IN

[ £3(s(0) = fi@;(0)

|| fi (s (t — 735(¢))) —fj(fj(t—ﬁj(t)))’

= 9)|fil3(5)) = f5(@i(5))|ds}

IN

+Z [bij | |t — 7)) — T5(t — 735())]|

+ZMM/’ — $)fay(s) — Ty(s)lds)
LM y0)

= —dilyi(t)| + [Z @35 | Fy s (0] + Y 1B | Flys(t = 7i5(0)))

+me/ - s)ls)lds]. (16)

Furthermore, let Y;(t) = e|y;(t)|", and calculate the upper right Dini
derivative D1Y;(t) of Y;(t) along the solution of (1.2), from (4.5), (4.6), as-
sumption (H5) and Lemma 2.5, we get

DYY;(t) = eYi(t) 4+ re|y;(t)|" 1%

< i) + el (O T = dily) + @[ Y gl Bl )
j=1
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IN

+Z‘bZ]’F |y (t — 73 (1))

+Z|cU|F [ wut= 9]}

(e = rdi) Yi(t) + e“Taxi | D rfais |y yi(0)] "~ |y ()]
j=1
> fbig | Fylyi ()7 i (= 7 (1)

j=1

+Z/ Kij(t — s)rlci; | Fyly(t )|T71’yj(8)\d8]
(s—rdz) Yi(t) o
P (i L Ol (ramr— o))

J=1
n _ =B :(;i7,1j> r— Bij
+Zr(|bij|*r<rfl>fy w®1) " (Bl E, Iyt - 7))

T— ‘71]

r—1
+z / K = sy (7 7T o)

(|cm| - Ju(9)]) ds]
(e —rdy) z’()

et— - " % T - — | g r
e | Y = Dfag T E T i) + Y [l Ey Yy )

j=1 j=1

n r—os n
R TZJ - L i
+ 300 = Dbyl = E T O + Y B E 9y (i (1)
j=1 J=1

T— ‘77.]

+Z/ Koslt — )(r— Dley | =2 F, 0 o)

+Z / Kyt — 8)[2 P FL2 [y (s)ds]

Yit) (e = rdy) + (r = D Y,

rT— ’\/J
(|am| — +|sz| o +|C]| =i )}

+a; Z Fw]ffij (|aij |Olij estij (t) |r + |EZ] |ﬁij eETid es(tf‘rij) |yj (t — Tij (t)) |r
7=1
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t
el [ IR (- ey () ds)

T dlj

Y(t)[(e—rd r—laZZF’“l

IN

r—og; _ 5 [y
><(|@'j| =T+ |bij| 4 |Ez’j| = )}
+aZZF (il Yo (0) + Bl et = 7 (1)
t
+!Ez‘j|w/ es(tfs)Kij(t—S)Yi(S)da

—0o0

T— UZ]

ZFT

oy _
X(Iazﬂ = 4 [by] = o 71

= r{vO[C-d)+

)

1N i (e e ——
e > Y (|aij|%yj(t) + [Dig |5 T (¢ — 735 (t))
j=1
t
+lcij | / I K (t — S)Yi(s)d5> }
—0o0

c 1 & y 3
= T[YZ(t) (; —d; +pi> + ;az' Z Fj” <|aij|auyj(t)
j=1

t
BTV = 75(0) + el [ Ry s)¥ils)ds)| (4.1)
fori=1,2,---,n
Defining the curve I' = {z(k) — (kK- kL) : k> 0} and the set
O(z) = {u :0<u<z z€ I‘}. It is obvious that ©(z(k)) D O(z(k')) as k > K.

Let ko = Utole—el” (6 is a positive constant), then

iz, e
Yi(s) = e®|xi(s) —Ti(s)]" < |lp — @|I" < lLikp, —00<s<0, (4.8)

fori=1,2,---,n
In the following, we will prove that

Y;(t) <liky, 1=1,2,---,n (49)

for ¢t > 0. No loss of generality, we assume that there exist some ig and t* > 0 such
that
Yio(t) = ligko, DTYi(t") 20,

Yi(t) < likg, —oco<t<t*, i=1,2,---,n
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Then, from (4.7) and (4.5), we get
€ 1 =
DYi(t) < r[¥iolt") (5 dia +pia) + ;3 3 F ([@l o ¥5()
j=1
+bij| 79 T (¢ — 7i5(t))

t*
+[c5| 7 / es(t*fs)Kij(t* - s))ﬁ(s)ds)}

—00

€ 1_ < y g
= TKF ~ dio +pi°)li°k0 +oa )y F <|5z'j|a”ljk0
j=1
— t* *
+big e Uik + [ |7 / IR (1 — S)ZJkodsﬂ
—0o0
€ 1« oij (1= |ous
=rko |:li0 (; —dj, —l—pi()) + ;Ozi Zl ljf?j <|aij| J
j:
- +o0
+[bij |7 e + IEijW/ essKij(S)dSH <0,
0
(EPAN
this is a contradiction, so (4.9) holds. Let k = Wz{zﬁ} , from (4.9) we get
1<i<n
n 1
le@ -z = (X k&) - m())’
i=1
n 1
S ( Z koli6_€t> "
i=1
n :
(14+9)> 1
i=1 _E¢
= |\ =5 | le—wle
22,0
= ko —olle",
that is
() = Z(t)I| < kll¢ — plle™" (4.10)

for t > 0. The proof is completed.

Corollary 4.1 Under hypothesis (H1)-(HG6), there exists exactly one w-periodic
solution of model (1.2) and all other solutions of model (1.2) converge exponentially
to it as t — 400, if Ay = D —a(|A|+|B|+|C|)F is a nonsingular M -matriz, where
D = diag(dl,dg, s ,dn) with d; = Qiﬁi — L;M;, ’/_1‘ = (|aij’)n><n, ’B‘ = (|5ij‘)n><n7
|C| = (‘Eij|)n><n; F= diag(F17F27 te 7Fn)f o= diag(alaa% ce 7571)'
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proof. Take a;; = (;j = vij = 0i; = 1, and let » — 17, then A in Theorem 4.1
turns to A;. The proof is completed.

As ai(zi(t)) = oy, Bi(xi(t)) = d;i(t)z;(t), model (1.2) may reduce to the following
model:

d:cc;-t(t) = —di(t)z;(t) +Zaij(t)fj(xj +me V(i (t — 73;(1))

+ch / Kij(t = s) fi(z;(s))ds + Li(t), (4.11)

for i = 1,2,---,n, where d;(t) > 0 is continuously periodic functions defined on
t € [0,+00) with common period w > 0, ¢ = 1,2,--- ,n. For model (4.11), by
applying Theorem 3.2 and Theorem 4.1, we can easily obtain the following results.

Theorem 4.2 Under hypothesis (H3)-(H5), there exists exactly one w-periodic so-
lution of model (4.11) and all other solutions of model (4.11) converge exponentially
to it as t — +oo, if there exist real constants oj, Bij, vij, 045 (4,7 =1,2,---,n) and
r > 1 such that A =D — P — Q is a nonsingular M -matriz, where

D = dia‘g(dlv d27 o 7dn)’

P = dla‘g(phpQ?”'upn) with

. .
pi:%ZFT1<|aﬂL]|r1 +|bZ]|r1+|CZ]|T1>,
j=1
Q = (¢ij)nxn with qij = % v <|a 1945 + by + |CZJ|W>

Corollary 4.2 Under hypothesis (H3)-(H5), there exists exactly one w-periodic so-
lution of model (4.11) and all other solutions of model (4.11) converge exponentially
to it as t — +oo, if D — (JA| + |B| + |C|)F is a nonsingular M -matriz, where

D = diag(d;,dy,---,d,), |A| = (|aij])nxns |B| = (|bij])nxn,
IC| = ([ei])nxn, F = diag(f1, Fy,-- -, Fp).

5 Remarks and examples

Remark 5.1 Some famous neural network models become a special case of model
(1.2). For example, Refs. [19, 20, 23, 25, 26|, and as model (1.2) becomes neural
networks model (4.11), it contains those models studied by many authors, see, for
example, Refs. [1]-[17]. Thus the results of this paper can be applied to the recurrent
neural networks with and/or without delays. Moreover, our results need only the
activation function f; satisfies the assumption (H4), not requiring the activation
function f; to be bounded and monotone nondecreasing. In addition, we do not
demand that variable delay function 7;;(t) is differentiable. Therefore, we improve

some previous results.
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Remark 5.2 In [26], the authors considered a special case model (1.2) as (ai;(t) )nxn

= (bij(t))nxn = 0, (¢ij(t))nxn = (Cij)nxn, the sufficient conditions given in Theorem
4.3-Theorem 4.5 not only require f; to be bounded, but also rely on the estimation
of constant C;, but b; in the definition of C; depends on the value of solution x(t) at
t = 0 (Remark 4.2 in [26, p.11]). Hence the estimation of constant C; is difficult when
a;(z) is not a constant. The estimation of constant M; in this paper is independent
of the solution of model (1.2).

In order to illustrate the feasibility of our above-established criteria in the preced-
ing sections, we provide concrete examples. Although the selection of the coefficients
and functions in the examples is somewhat artificial, the possible application of our
theoretical theory is clearly expressed.

Example 5.1 Consider the following model

dx;(t
:UdLE ) = _ai(xz( |:ﬁz xi(t Zaw fj xj

—Z% ) fi (@t — 7i(¢)))

—ZCU / Kij(t — s) fi(zi(s))ds + L(t)|, i = 1,2, (5.1)

where the coefficients and functions are taken as

1
ay(z) = as(x )—2—1—10—ﬂ_arctanx a =y =1, @ =ay=3,

*
30’

fi@) = fole) = 5(a+ 1+l =), Fi=F=1,

—Lgint —Lcost —Lgint —Lcost
(ai(t)) = ( IO ) , (b (1) = ( i i ) :

54 Sin 2t 54 COS 4t 57 SN2t  —g5pcosdt

1 . 1 2 2
—=-sint —g:cost cos“t 2cos‘t
(CZ](t)) = < %4 : 124 > ) (TZ](t)) = ( .9 .9 > s

— 57 Sin 2t —ﬂcosélt 3sin“t 4sin“t

€72 e 5 gin?
<mm-<w %>7mw(ﬂw—<%mﬂ.

It is not hard to verify the validity of (H1 )-(H5 ), and it is easy to calculate that

11 _
(laij) = (big]) = (|big]) = ( e ) 11| = ( )
24 24

Ly =1Ly = Bi(x) = fo(x) =2, Bi=p2=1,

3N

Slerlen
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It follows that

QO >
0l 00l~1
00|~y 00—

E—F_(% _%>, (E-T)"'=

(1) -

(SN INI )

)

Obviously, £ — I' is a nonsingular M-matrix, that is, (H6) holds, and

hence

8 8
— E_Ffl — (2 ONT
m=(E-T)"p= (5. 5T,
16 16
M= (MlaMQ)T - (57 G)T

It follows that

Ay

= D-a(lA|+|B|+|C)F

0 1 0 1 0 =5 0 3 0 3
< 571 3 )
_ 1080 3
= 3 571 )
8 1080

0| 00—
0| 00—
\/

Therefor A; is a nonsingular M-matrix, from Theorem 3.2 and Corollary 4.2,
we know that system (5.1) has exactly one 27-periodic solution, and the 27-
periodic solution of system (5.1) is globally exponentially stable.

Remark 5.3 When (a;;(t)) =0, (b;;(t)) =0, (¢i;(t)) =

in Example 5.3,

0| 00—
0| 00—

System (5.1) become to Cohen-Crossberg neural networks with distributed delays.
Here, it is not hard to know that it has exactly one 27-periodic solution which is
globally exponentially stable. However, those results given in Theorem 4.3-Theorem
4.5 in [26] cannot be applied to here.

Example 5.2 Consider the following model:

dmét(t) = —di(t)z1(t) + b1 (¢) fr(z1 (¢ — 711(2))) + e (t) ft e~ =3) f1(21(s))ds

t
+ci2(t) [ e*Q(t*S)fg(mg(s))ds— 2cost,

dxjt(t) = —da(t)xa(t) + b21(t) f1(z1(t — m21(2))) + baa(t) fa(a(t — T2(t)))

+c21(t) _ft e2(t=9) (z1(s))ds

+c2a(t) ft e=(t=9) £y (29(s))ds + 3sint

— 00
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where dy(t) = 5+ sint, do(t) = 5 — 0.5cost, b11(t) = 1 — 0.5sint, bia(t) =
0, boi(t) =sint, baa(t) = cost, 711(t) = 0.2+ 3|cos %], T91(t) = 0.3 + | sin %],
Too(t) = 1—sint, c11(t) = cost, c12(t) =0.540.58int, co1 = 0.540.58int, co
=1-05sint, fi(z)=3(z+1+z-1]), i=12

It is easy to check that assumptions (H3)-(H5) hold, and F} = F, =1, d; =
4, dy = 4.5, byy = 2, bip = 0, by = 1, by = 1,
1, c1 =1, =15 02< Tll(t) <32, 03<L Tgl(t) <23, 0< TQQ(t) < 2.
Thus

oememe - (5 8)-((12)-(0 )3 2)
- (1))

Obviously, D — (|B| + |C|)F is a nonsingular M-matrix, from Corollary 4.4, model

c1 =1, ¢ =

(5.2) has exactly one 2m-periodic solution and all other solutions of model (5.2)
converge exponentially to it as t — 4-oc0.

6 Conclusions

In this paper, a class of periodic Cohen-Grossberg neural networks with both variable
and distributed delays have been studied. Some sufficient conditions for the existence
and exponential stability of the periodic solutions have been established. These
obtained results are new and they complement previously known results. Moreover,
Two examples are given to illustrate the effectiveness of the new results.
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