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Abstract

In this paper, utilizing the concept of common limit range property, we prove integral type common fixed
point theorems for two pairs of weakly compatible mappings satisfying ¢-contractive conditions in modified
intuitionistic fuzzy metric spaces. We give some examples to support the useability of our results. We
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1. Introduction

In 2004, Park [2I] introduced a notion of intuitionistic fuzzy metric space which is based both on the
idea of intuitionistic fuzzy set due to Atanassov [2], and the concept of a fuzzy metric space studied by
George and Veeramani [12]. In an interesting note on intuitionistic fuzzy metric spaces, Gregori et al. [13]
showed that the topology induced by fuzzy metric coincides with topology induced by intuitionistic fuzzy
metric. Further, Saadati et al. [23] proposed the idea modified intuitionistic fuzzy metric spaces in which
the notions of continuous t-norm and continuous t-conorm are used (also see, []]).
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Saadati et al. [23] proved common fixed point theorems for compatible and weakly compatible mappings
in modified intuitionistic fuzzy metric spaces. Consequently, Jain et al. [I7] utilized the notion of compati-
bility of type (P) for the existence of fixed points. Sedghi et al. [25] proved some integral type fixed point
theorems for weakly compatible mappings with property (E.A) which is studied by Aamri and Moutawakil
[1]. Recently, Tanveer et al. [29] and Imdad et al. [I5] proved some fixed point theorems for two pairs
of weakly compatible mappings in modified intuitionistic fuzzy metric spaces satisfying common property
(E.A) due to Liu et al. [20]. Sintunavarat and Kumam [27] introduced the notion of “common limit in the
range property” which never requires the closedness of the underlying subspace. In this sequence, Imdad et
al. [16] extend the notion of common limit in the range property to pairs of self mappings and proved some
interesting results in Menger spaces. The study of fixed points in modified intuitionistic fuzzy metric spaces
has been an area of vigorous research activity. To mention a few, we refer [5, 6] [15] 26], 29] and references
cited therein.

In 2002, Branciari [3] proved an integral type fixed point theorem which generalized Banach’s contraction
principle. In a series of papers the authors [4, [7, 1], 19 22| 24, B0, B1] proved several fixed point results
involving more general integral type contractive conditions. In [28], Suzuki showed that a Meir-Keeler
contraction of integral type is still a Meir-Keeler contraction.

In this paper, we prove common fixed point theorems for weakly compatible mappings satisfying integral
type ¢-contractive condition with common limit range property in modified intuitionistic fuzzy metric spaces.
Some illustrative examples are also furnished to support our results. As an application to our main result,
we derive a fixed point theorem for four finite families of self mappings which can be utilized to derive
common fixed point theorems involving any finite number of mappings. Our results improve the results of
Sedghi et al. [25] and the references mentioned therein.

2. Preliminaries
Lemma 2.1. [9] Consider the set L* and operation < defined by
L* = {(x1,72) : (z1,72) € [0,1]? and x1 + 29 < 1},

(z1,22) <rp* (y1,42) & 21 < y1 and x2 > Yo, for every (x1,22),(y1,y2) € L*. Then (L*,<r+) is a
complete lattice.

Definition 2.2. [2] An intuitionistic fuzzy set A¢ , in a universe U is an object A¢ ,, = {(Ca(u),na(u) | u € U)},
where, for all u € U, (4(u) € [0,1] and na(u) € [0,1] are called the membership degree and the non-
membership degree, respectively, of u € A¢, and furthermore they satisfy Ca(u) + na(u) < 1.

For every z; = (z;,y;) € L*, if ¢; € [0, 1] such that Z;L:1 c; = 1 then it is easy to see that

n

n n
ci(m,yn) + ot (@) = Yol y) = | D ewg > ey | € L™
=1 j=1 j=1

We denote its units by 0z« = (0,1) and 17~ = (1,0). Classically, a triangular norm * = T on [0, 1] is
defined as an increasing, commutative, associative mapping T : [0, 1]2 — [0, 1] satisfying T(1,z) = 1z = z,
for all z € [0,1]. A triangular co-norm S = ¢ is defined as an increasing, commutative, associative mapping
S : [0,1]% — [0, 1] satisfying S(0,z) = 0oz = =, for all x € [0,1]. Using the lattice (L*, <p-) these definitions
can straightforwardly be extended.

Definition 2.3. [I0] A triangular norm (briefly, t-norm) on L* is a mapping 7 : (L*)? — L* satisfying the
following conditions for all z,y,z ,y € L*:

1. T(.Z‘, 1L*) =,

2. T(x,y) =Ty, x),

3. T($, T(yv z)) = T(T(xa y)v Z),
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4. x<pex and y <p-y = T(x,y) <p- T(z',y).

Definition 2.4. [9, [I0] A continuous t-norm 7 on L* is called continuous t-representable if and only if
there exist a continuous t-norm * and a continuous t-conorm ¢ on [0, 1] such that, for all x = (x1,z9),y =
(y1,y2) € L7,

T(Z, y) = (xl * Y1, T2 < yg).

Now, we define a sequence {7,} recursively by {7 = 7} and
T (20, ) = 7 (707 (20, 2 ) e D),

for n > 2 and 29 € L*.

Definition 2.5. [9, [I0] A negator on L* is any decreasing mapping N : L* — L* satisfying N (0p«) = 11~
and N(1p+) = 0p+. If N(N(2)) = x, for all z € L*, then N is called an involutive negator. A negator on
[0, 1] is a decreasing mapping N : [0, 1] — [0, 1] satisfying N(0) =1 and N (1) = 0. N; denotes the standard
negator on [0, 1] defined as (for all z € [0,1]) Ng(z) =1 — z.

Definition 2.6. [23] Let M, N are fuzzy sets from X2 x (0, 00) to [0, 1] such that M (z,y,t) + N(z,y,t) < 1
for all z,y € X and t > 0. The 3-tuple (X, Mysn,T) is said to be a modified intuitionistic fuzzy metric
space (shortly, modified IFMS) if X is an arbitrary non-empty set, 7 is a continuous t-representable and
My is an intutionistic fuzzy set from X2 x (0,00) — L* satisfying the following conditions for every
z,y € X and t,s > O:

L. My (z,y,t) >1+ Ops,

My n(z,y,t) =1+ if and only if z =y,

My (2, y,t) = My N (y, 7,t),

Mun(z,y.t+8) 20 T Mun (2, 2,8), Mun (2,9, 8)),
My n(z,y,-) : (0,00) = L* is continuous.

Gk N

In this case My n is called a modified intuitionistic fuzzy metric. Here,
MMJV('I, Y, t) = (M(IE, Y, t)a N(.ZE, Y, t)) .

Remark 2.7. In an intuitionistic fuzzy metric space (X, My n,T), M (x,y,-) is non-decreasing and N (x, y, -)
is non-increasing for all z,y € X: Hence (X, M/ n,T) is non-decreasing function for all z,y € X.

Example 2.8. [23] Let (X, d) be a metric space. Denote T (a,b) = (a1b1, min{azs+be, 1}) for all a = (a1, az)
and b = (b1,b2) € L* and let M and N be fuzzy sets on X? x (0, 00) defined as follows:

ht™ md(z,y)
ht" + md(x,y)’ ht" + md(x,y)

Mg (., 0) = (M(2,y, 1), Nz, y,1)) = (

for all h,m,n,t € RT. Then (X, M n,T) is a modified IFMS.

Example 2.9. [23] Let X = N. Denote T (a,b) = (max{0,a; + by — 1}, a2 + b2 — azbs) for all a = (a1, ag)
and b = (by,be) € L* and let M and N be fuzzy sets on X? x (0,00). Then My n(z,y,t) defined as for all
z,y € X and t > O:

ﬂ) if z <y;

MM,N(x7y7t) = (M(:E,y,t),N(.’l?,y,t)) = { (yy u) if < y

Then (X, Myr,n,T) is a modified IFMS.
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Definition 2.10. [23] Let (X, Mu,n,T) be a modified IFMS. For ¢ > 0, define the open ball B(x,r,t) with
center x € X and radius 0 < r < 1, as

B(z,rt)={y e X : My n(z,y,t) >+ (Ns(r),r)}.

A subset A C X is called open if for each = € A, there exist t > 0 and 0 < r < 1 such that B(z,r,t) C A.
Let 71y, v denote the family of all open subsets of X. 7aq,,  is called the topology induced by intuitionistic
fuzzy metric My n. Notice that this topology is Hausdorff (see [21, Remark 3.3, Theorem 3.5]).

Definition 2.11. [23] A sequence {z,} in a modified IFMS (X, M n,T) is called a Cauchy sequence if
for each 0 < € < 1 and t > 0, there exists ng € N such that

MM,N(xm Ym, t) >rL* (NS(e)v E)v

and for each n,m > ng, where N; is a standard negator. The sequence {z,} is said to be convergent to
z € X in the modified IFMS (X, My n,7T) and is generally denoted by z,, —MunN g if My n(zp,y,t) —
17+ whenever n — oo for every ¢ > 0. A modified IFMS is said to be complete if and only if every Cauchy
sequence is convergent.

Lemma 2.12. [23] Let My be an intuitionistic fuzzy metric. Then, for any t > 0, My n(z,y,t) is
non-decreasing with respect to t in (L*,<p~), for all z,y € X.

Definition 2.13. [23] Let (X, M n,7) be a modified IFMS. Then My, y is said to be continuous on
X x X x (0,00), if
lim MM,N(J:TIJ Yn, tn) = MM,N(x’ Y, t)a

n—o0

whenever a sequence {(Zn, yn,tn)} in X x X x (0,00) converges to a point {(x,y,t)} € X x X x (0,00),
that is

lim MM,N(‘rn7$7t) = lim MM,N(ynvyat) = 1L*7
n—00 n—00

and
hm MM,N(xa y) tn) - MM,N($7 y7 t)

n—oo

Lemma 2.14. [23] Let (X, MmN, T) be a modified IFMS. Then, My n is continuous function on X X
X % (0,00).

Definition 2.15. Let A and S be two mappings from a modified IFM-space (X, Ms n, T) into itself. Then
the mappings are said to be

1. compatible [23] if
h_>m ./\/lMJV(ASa?n, SA:L’n,t) = 1L*,

for all ¢ > 0, whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =x € X.
n—oo n—oo

2. non-compatible [29] if there exists at least one sequence {z,} in X such that

lim Az, = lim Sz, =2 € X,

n—o0 n—oo

but
lgn MM7N(ASJ,’”, SAa:n,t) 75 1L*7

or non-existent for at least one ¢ > 0.
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Definition 2.16. [I8] Let A and S be two self mappings of a non-empty set X. Then the mappings are
said to be weakly compatible if they commute at their coincidence point, that is, Ax = Sz implies that
ASr = SAx.

Every pair of compatible self mappings A and S of a modified IFMS (X, My n, T) is weakly compatible.
But the converse is not true in general ([23]).

Definition 2.17. [25] Let A and S be two mappings from a modified IFMS (X, My n,T) into itself. Then
the mappings are said to satisfy the property (E.A) if there exists a sequence {z,} in X such that for all
t>0

lim My n(Azy, 2, t) = lim My n(Szp,2,t) =11+,
n—o0 n—oo

for some z € X.

Definition 2.18. [29] Two pairs (4, S) and (B,T') of self mappings of a modified IFMS (X, My, n,T) are
said to satisfy the common property (E.A) if there exist two sequences {z,} and {y,} in X such that for
all t >0

lim My n(Azp, z,t) = lim My n(Szp, 2,t) =
n—oo n—oo
lim M n(Byn, 2,t) = im My n(Tyn, 2,t) = 11+,

for some z € X.

Inspired by Sintunavarat and Kumam [27], we extend the notion of (CLRg) property with respect to
mapping S in modified IFMS (X, My n, T) as follows:

Definition 2.19. A pair (4, S) of self mappings of a modified IFMS (X, M n,T) is said to satisfy the
(CLRg) property with respect to mapping S if there exists a sequence {x,} in X such that for all ¢ > 0

lim My n(Azy, 2, t) = lim My n(Szp,2,t) =11+,
n—00 n—00

where z € S(X).
Now, we present some examples of self mappings A and S satisfying the (CLRg) property.
Example 2.20. Let (X, M/ n, T ) be a modified IFMS (X, M n, T ), where X = [0, 00) and My n(z,y,t) =

(m, %) for all x,y € X and t > 0. Define the self mappings A and S on X by A(z) =z + 6 and

S(z) = T for all z € X. Let a sequence {z,} = {1+ },cy in X, we have
./\/lMJv(AJSn, 7,t) = MM’N(S:Un, 7,t) =17+,
where 7 € S(X) and ¢t > 0. Hence the mappings A and S satisfy the (CLRg) property.

Example 2.21. The conclusion of Example remains true if the self mappings A and S are defined on
X by A(z) = % and S(z) = 2 for all z € X. Let a sequence {z,} = {2},cy in X. Since

M N (AT, 0,t) = My N (S25,0,1) = 1+,
where 0 € S(X) and ¢ > 0. Therefore the mappings A and S satisfy the (CLRg) property.

From the Examples [2.20H2.21] it is evident that a pair (A, .S) satisfying the property (E.A) along with
closedness of the subspace S(X) always enjoys the (C'LRg) property.

On the lines of Imdad et al. [16], we define the (CLRgr) property (with respect to mappings S and T')
as follows:
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Definition 2.22. Two pairs (4, S) and (B, T) of self mappings of a modified IFMS (X, My n,T) are said
to satisfy the (C'LRgr) property with respect to mappings S and 7T if there exist two sequences {z,}, {yn}
in X such that for all t > 0

lim MM,N(AZL'n,Z,t) = lim MM7N(SZL‘n,Z,t) =
n—00 n—0o0
lim M n(Byn, 2,t) = Iim My n(Tyn, 2,t) = 1+,
n—oo n—oo
where z € S(X)NT(X).

Definition 2.23. [29] Two families of self mappings {4;};", and {S;}}_, are said to be pairwise commuting
if

1. AZA] = A]Al for all 4,75 € {1, 2,... ,m},
2. 8.1 =SSy, for all k,1 € {1,2,...,n},
3. A;Sp = SpA; foralli e {1,2,...,m} and k € {1,2,...,n}.
3. Main results
Let @ be the set of all continuous functions ¢ : L* — L*, such that ¢(¢) >« t for all t € L*\{0p«, 11+ }.
Example 3.1. [25] Let ¢ : L* — L* defined by ¢(t1,t2) = (v/t1,0) for every t = (t1,t2) € L*\{0p+,11+}.
Sedghi et al. [25, Theorem 2.1] proved the following theorem:

Theorem 3.2. Let (X, M n,T) be a complete intuitionistic fuzzy metric space and A, B, S and T be self
mappings of X satisfying the following conditions:

A(X) € T(X), B(X) C S(X), (3.1)
Mo, N (Az,By,t) LN (2,y,t)
/ o(s)ds >1- & ( / ¢<s>ds> , (3.2)
0 0

for all z,y € X, ¢ € ® where ¢ : Rt — RT is a Lebesque-integrable mapping which is summable and
non-negative satisfying for each 0 < e <1,

€ 1
0< /0 o(s)ds < 1,/0 p(s)ds =1, (3.3)

and where

My N (Sz, Ty, t), My n(Az, Sz, t),
Lyn(z,y,t) = ming Muyn(By,Ty,t), My n(Sz, By, t),
MM7N(AJI,Ty,t)

Suppose that the pair (A, S) or (B,T) satisfies the property (E.A), one of A(X) or B(X) or S(X) or
T(X) is a closed subset of X and the pairs (A,S) and (B,T) are weakly compatible. Then A, B,S and T
have a unique common fixed point in X.

We begin with the following lemma.

Lemma 3.3. Let A, B,S and T be self mappings of a modified IFM-space (X, My n,T) satisfying condi-
tions — of Theorem . Suppose that

1. the pair (A, S) satisfies the (CLRg) property (or the pair (B,T) satisfies the (CLRy) pmperty),
2. A(X) € T(X) <0r B(X) c S(X)),
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3. T(X) (or S(X)) is a closed subset of X,
4. {Byn} converges for every sequence {y,} in X whenever {Ty,} converges (or {Ax,} converges for

every sequence {xy,} in X whenever {Sxz,} converges) ,
Then the pairs (A, S) and (B,T) share the (CLRsr) property.

Proof. Suppose the pair (A, S) satisfies the (C'LRg) property, then there exists a sequence {z,} in X such
that for all t > 0

lim Az, = lim Sz, = z, where z € S(X).
n—o0 n—oo

Since A(X) C T(X) (wherein T'(X) is a closed subset of X), for each {z,} in X there corresponds a
sequence {y,} in X such that Az, = Ty,. Therefore,

lim Ty, = le Az, = z, where z € S(X)NT(X).

n—o0

Thus in all, we have Az, — z, Sx,, — z and Ty, — z. By (4), the sequence {By,} converges and we
need to show that By, — z as n — oo. On using inequality (3.2)), with x = =, y = y,,, we get

Mg N (Azn,Byn,t) L, N (Tn,yn,t)
/ p(s)ds >1+ ¢ / p(s)ds | | (3.4)
0 0

where

MM,N(Sl'na Tyna t)? MM,N(A:L'TL’ S$n7 t)7
ﬁM,N(l’mymt) = min MM,N(BynaTynvt)aMM,N(S‘TTL7Byn7t)7
MM,N(Axna TYn, t)

Let li_)m My N(Byn, 1, t) = 11+, where [(# z) for all ¢ > 0. Then, taking limit as n — oo in (3.4), we
n o0

have
Mo N (2,1,t) L, N (Tn,yn,t)
/ o(s)ds >+ ¢ li_>m/ p(s)ds |, (3.5)
0 n—= Jo

where
MM,N(Za 2, t): MM,N(Z7 Z, t)v
lim LM,N(J:H?yn?t) = min MM7N(Z,Z,t),MM7N(Z,l,t),
n—00
My n(z,2,t)
- min{].[,*,].L*,MM7N(Z,Z,t)7MM7N(Z,l,t),].L*}

= MM,N(Z,l,t).
Hence from (3.5)), we obtain

Mar,n(z,0,t) M, N (2:4:0)
/ @(s)ds >p- ¢ / p(s)ds
0 0

MM,N(Z,l,t)
>pe / o(s)ds,
0

which is a contradiction, we have z = [. Therefore, the pairs (A4,S) and (B,T) share the (CLRgr)
property. 0

Theorem 3.4. Let A, B,S and T be self mappings of a modified IFMS (X, Mrn,T) satisfying conditions
- of Theorem . If the pairs (A,S) and (B,T) share the (CLRgy) property, then (A,S) and
(B,T) have a coincidence point each. Moreover, A, B,S and T have a unique common fized point provided
the pairs (A, S) and (B,T) are weakly compatible.
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Proof. Since the pairs (4, S) and (B, T) satisfy the (CLRgr) property, there exist two sequences {z,} and
{yn} in X such that for all t > 0

lim Ax, = lim Sz, = lim By, = lim Ty, = z,
n—oo n—0o0 n—0o0 n—oo

where z € S(X)NT(X). Hence there exist points u,v € X such that Su = z and Tv = z. We claim that
Au = Su. For if Au # Su, then there exists a positive real number ¢ such that My y(Au, Su,t) < 1. By

(3-2), we get
MM’N(AU,Byn,t) L]\/[’N(u,yn,t)
/ pleds = o ( [ pls)ds | (36)
0 0

where
MM7N(SU,Tyn,t),MM7N(AU,Su,t),
Ly n(U,yn,t) = min ¢ My N(Byn, TYn,t), Mu,n(Su, Byn, ),
MM,N(AU, TYn, t)

Letting n — oo in (3.6)), we obtain

MM’N(AU,Z,I‘/) LM,N(Uzynyt)
/ p(s)ds > ¢ | lim / w(s)ds |, (3.7)
0 n—oo 0
where
. _ . My n(z,2,t), M N (Au, 2, t), My N (2, 2, 1),
nll—{rolocM’N(u’yn’t) o mln{ My n(z, 2,t), Marn(Au, 2, t)
= min{lp, My n(Au, 2,t), 10+, 11+, My v (Au, 2,t)}
= My n(Au, z,t).

From (3.7)), we have
M, N (Au,z,t) Mg, N (Au,z,t)
/ p(s)ds >p- ¢ / o(s)ds
0 0

Mo, N (Au,z,t)
> / o(s)ds,
0

which contradicts, hence Au = Su = z which shows that u is a coincidence point of the pair (A, S).
Now we assert that Bv = T'v. Suppose that Bv # T, then there exists a positive real number ¢ such that
My n(Bu,Tv,t) < 1r+. By (3.2)), it follows that

MIM,N (Au,Bv,t) ,CM,N(u,v,t)
/ pis = 0| [ ols)ds | (38)
0

0

where
My n(Su, Tv, t), My n(Au, Su, t),
Lyn(u,v,t) = min¢ My n(Bv, Tv,t), Mar,n(Su, Bu,t),
My N (Au, Tv, t)
Mun(z,2,t), My n(z, 2, 1),
= min< My n(Bv,z,t), My n(z, Bu,t),
Mun(z,2,t)
= min{lp-, 1z, My n(Bv, 2, t), My n(2, Bu,t), 11}
= MM’N(Z,BU,t).
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Hence (3.8) implies

MMJ\](Z,B’U,t) MMyN(Z,B’U,t)
/ pods =1 o [ pls)ds
0 0

MM,N(Z,BU,t)
> / o(s)ds,
0

which is a contradiction, that is, z = Bv and hence Bv = Twv = z which shows that v is a coincidence
point of the pair (B, T).

Since the pair (A, S) is weakly compatible and Au = Su, hence Az = ASu = SAu = Sz. We assert that
z = Az. Let, on the contrary, z # Az, then there exists a positive real number ¢ such that M; ny(Az, 2,t) <
17+. By , we get

M, N (Az,Bu,t) L, n(z,0,t)
/ o(s)ds >p+ ¢ / w(s)ds |, (3.9)
0

0

where

My n(Sz,Tv, t), My n(Az, Sz, t),
Lyvn(z,v,t) = ming My n(Bv,Tv,t), My n(Sz, Bu,t),
MM,N(AZ,TU,t)

./VlMJv(AZ, 2, t), MM,N(AZ, Az, t),
= min My n(z,2,t), Marn(Az, 2, 1),
MM,N(AZ, 2, t)
= min {Mpy n(Az 2,t), 10+, 11+, My n(Az, 2,t), My n(Az, 2,1)}
= Muyn(Az, 2,t).

From (3.9), we have
M, N (Az,z,t) Mo, N (Az,z,t)
/ pods =i o [ ols)ds
0 0

MM,N(Azyz’t)
> / w(s)ds,
0

which contradicts. Therefore Az = Sz = z which shows that z is a common fixed point of A and S.
Also the pair (B, T) is weakly compatible, therefore Bz = BTv = TBv = Tz. We claim that z = Az. If
z # Az, then there exists a positive real number ¢ such that My n(z, Bz, t) < 1r+. Using (3.2)), we have

M, N (Au,Bz,t) L, N (u,2,t)
/ o(5)ds 1 & ( / ¢(S)d8> , (3.10)
0 0
where
My N (Su, Tz, t), My n(Au, Su, t),
Lyn(u,z,t) = min¢ My n(Bz, Tz, t), My n(Su, Bz, t),
Mo n(Au, Tz, t)
MMJ\](Z,BZ t),MMN(Z z,t),
= min< My n(Bz, Bz, t), My (2, Bz,t),
MMyN(Z Bz t)

= min{My n(z,Bz,t), 11,11, My n(2, Bz,t), My n(2, Bz, t)}
My n(z, Bz, t).
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From (3.10f), we obtain
MMJ\](Z,BZJ) MM,N(Z,BZ,t)
/ p(s)ds >p« ¢ / o(s)ds
0 0

M, N (2,Bz,t)
> /’ o(s)ds,
0

which is a contradiction, hence Bz = z = Tz which shows that z is a common fixed point of B and T
Therefore z is a common fixed point of A, B, S and T. Uniqueness of the common fixed point is an easy
consequence of the inequality (3.2]). O

Example 3.5. Let (X, My n,7T) be a modified IFMS, where X = [3,27), T'(a,b) = (a1b1, min{as + b2, 1})
for all a = (a1, a2) and b = (b1, b)) € L* with

t |z —y |
M 77t - b b
MN (9, E) (wa—yrwwx—yo

for all z,y € X and t > 0. Let ¢ : L™ — L* is defined as in Example [3.1] Define the self mappings
A,B,S and T by

(3, ifze{3}uU(11,27); [ 3, ifze{3}U(11,27);
Alz) = { 21, ifz € (3,11]. B(z) = {

8, ifze (3,11

3, ifax=3; 3, if o — 3;
S(z) =14 12, ifze(3,11); T(z)=14 20, ifze (3,11}
2l if 3 € (11,27). x—8, ifze (11,27).

Consider the sequences {z, }nen = {11 + %}, {yntnen = {3} or {xn}neny = {3}, {Untnen = {11 + %},
hence the pairs (A4, 5) and (B, T') satisfy the (CLRgr) property, that is,

lim Az, = lim Sz, = lim By, = lim Ty, =3 € S(X)NT(X).
n— o0 n—oo n—oo n—oo

It is noted that A(X) = {3,21} ¢ [3,19) U {20} = T(X) and B(X) = {3,8} ¢ [3,7) U {12} = S(X).

Thus, all the conditions of Theorem are satisfied with ¢(s) = 1 and 3 is a unique common fixed point of

the pairs (A, S) and (B, T') which also remains a point of coincidence as well. Also all the involved mappings
are even discontinuous at their unique common fixed point 3.

Theorem 3.6. Let A, B, S and T be self mappings of a modified IFMS (X, M n,T) satisfying conditions
— of Theorem and all the hypotheses of Lemma . Then A, B, S and T have a unique common
fized point provided both the pairs (A,S) and (B,T) are weakly compatible.

Proof. By Lemma the pairs (A, S) and (B,T) satisfy the (CLRgr) property, therefore there exist two
sequences {z,} and {y,} in X such that

lim Az, = lim Sz, = lim By, = lim Ty, = z,
n—oo n—oo n—oo n—oo

where z € S(X) N T(X). The rest of the proof can be completed on the lines of the proof of Theorem
B.4 O
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Example 3.7. If we replace the self mappings S and T in Example by the following besides retaining
the rest:

3, if z =3; 3, if z = 3;
S(x)={ 3+x, ifzxe3,11); T(x)=<{ 114z, ifzc(3,11];
o if 2 e (11, 27). r—8, ifxe(11,27).

Then A(X) = {3,21} C [3,22] = T(X) and B(X) = {3,8} C [3,14] = S(X). Also all the conditions of
Theorem [3.6| can be easily verified with ¢(s) = 1. Here, 3 is a unique common fixed point of the pairs (4, .5)
and (B, T). Here, it is noted that Theorem [3.4] cannot be used in the context of this example as S(X) and
T(X) are closed subsets of X.

By setting A = B and S = T in Theorem [3.4) we obtain a common fixed point theorem for a pair of
weakly compatible mappings satisfying common limit in the range property with respect to mapping S.

Corollary 3.8. Let A and S be self mappings of a modified IFMS (X, Mpy.n,T). Suppose that the pair
(A, S) enjoys the (CLRg) property satisfying

M, N (Az,Ay,t) L, (z,y,t)
/ o(s)ds >+ ¢ / o(s)ds |, (3.11)
0

0

where

MMJV(Sx, Sy, t), MMjN(Aw, Sz, t),
;CM’N(l',y,t) = min MM’N(A?/, Syat)7MM,N(Sl‘aAy7t)v 5
M, n(Az, Sy, t)

for all x,y € X, ¢ € ® where ¢ : Rt — RT is a Lebesque-integrable mapping which is summable and
non-negative such that holds.
Then A and S have a unique common fixed point provided the pair (A,S) is weakly compatible.

Our next theorem is proved for six self mappings in modified IFMS (X, M n, 7T ) employing the notion
of pairwise commuting which is studied by Tanveer et al. [29].

Theorem 3.9. Let A, B,H,R,S and T be self mappings of a modified IFMS (X, M n,T). Suppose that
the pairs (A, SR) and (B,TH) enjoy the (CLR(sryrH)) property satisfying

MM’N(Am,By,t) ENI’N(I,y,t)
/ peds =0 ( [ o(s)ds | . (3.12)
0 0

where

My n(SRx, THy,t), My n(Az, SRz, t),
‘CM,N(xayat) = min MM,N(BvaHyvt)vMM,N(SR$7Byat)’ ’
MM7N(A$, THy, t)

for all z,y € X, ¢ € ® where ¢ : Rt — RT is a Lebesque-integrable mapping which is summable and
non-negative such that holds.

Then (A, SR) and (B, TH) have a coincidence point each. Moreover, A, B, H, R, S and T have a unique
common fixed point provided both the pairs (A,SR) and (B,TH) commute pairwise, that is, AS = SA,
AR=RA, SR=RS, BT =TB, BH=HB and TH = HT.

Proof. Since the pairs (A, SR) and (B,TH) are commuting pairwise, obviously both the pairs are weakly
compatible. By Theorem A, B,SR and TH have a unique common fixed point z in X. Now we show
that z is the unique common fixed point of the self mappings A, B, H, R, S and T. We claim that z = Rz.
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For if z # Rz, then there exists a positive real number ¢ such that Mu; n (2, Rz,t) < 17+. Using (3.12)), we

have
MJVI,N(A(RZ)szvt) ﬁM,N(RZ,z,t)
/ p(s)ds 21~ & / p(s)ds |, (3.13)
0

0

where
My n(SR(Rz), THz,t), My n(A(Rz), SR(Rz), 1),
Ly nN(Rz,z,t) = min My n(Bz, THz,t), My N(SR(Rz), Bz, t),
My n(A(Rz), THz,t)
MMJV(RZ,Z,t),MM7N(RZ,RZ,t),
= min Mun(z,2,t), My n(Rz, 2,t),
MMyN(RZ,Z,t)
= min MMvN(RZ7th)71L*71L*7
a My N(Rz, z,t), My n(Rz, 2, t)
= Muyn(Rz,z2,t).

From (3.13]), we obtain
M, N (Rz,2,t) My, N (Rz,2,t)
/ peds = o [ o(s)ds
0 0

M N (Rz,z,t)
> / o(s)ds,
0

which is a contradiction, we have Rz = z, that implies S(Rz) = Sz = z. Similarly, one can prove that
z = Hz, that is, T(Hz) = Tz = z. Hence 2z = Az = Bz = Sz = Rz = Tz = Hz, and z is the unique
common fixed point of A, B, H, R, S and T. O

Theorem 3.10. Let {A;}1™, {B,}r—, {Sk}i_; and {Tg}g:1 be four finite families of self mappings of
a modified IFMS (X, Murn,T) such that A = A1Ay... Ay, B =B1By...B,, S =515...5 and T =
T\Ts ... Ty satisfying conditions (3.2)-([.3)) of Theorem|3.4 If the pairs (A, S) and (B, T) share the (CLRgr)
property then (A, S) and (B,T) have a point of coincidence each.

Moreover, {A;}i, {Br}7—1,{Sk}_, and {Tg}g:1 have a unique common fized point if the pairs of
families ({A;},{Sk}) and ({B,},{Ty}) commute pairwise, where i € {1,2,...,m},k € {1,2,...,p},r €
{1,2,...,n} and g € {1,2,...,q}.

Proof. The proof is similar to that of Theorem 4.1 contained in [I4], hence the details are avoided. O
BysettingA1:Agz...:Am:A,Bl:Bgz...:Bn:B, 51252:...: p:Sand
Ty =Ty =...=T,; =T in Theorem [3.10} we deduce the following:

Corollary 3.11. Let A, B, S and T be four self mappings of a modified IFMS (X, Marn,T). Suppose that
1. the pairs (A™,SP) and (B™,TY) satisfy the (CLRspra) property

2.
Mg N (A z, By t) Lar,n (,y,t)
/ o(s)ds >+ ¢ / w(s)ds |, (3.14)
0

0

where
Mpy N (SPx, Ty, t), My N(A™x, SPx,t),
CM,N(J;,yat) = min MM,N(BnyaTqy>t)7MM,N(pra Bnyvt)a 3
MM7N(Amx,Tqy,t)



S. Chauhan, W. Shatanawi, S. Kumar, S. Radenovi¢, J. Nonlinear Sci. Appl. 7 (2014), 28-41 40

forallx,y € X, ¢ € ®, m,n,p,q are fired positive integers and ¢ : RT™ — R is a Lebesgue-integrable
mapping which is summable and non-negative such that (3.3)) holds.

Then A, B,S and T have a unique common fized point provided AS = SA and BT =TB.

Remark 3.12. The conclusions of Lemma and Theorems remain true if we replace condition ([3.2))
by the following;:

MM,N(Avay’t)
/ QO(S)CZS ZL* ¢ (LM,N(:L‘)y7t)) )
0
where
()/\/lM’N(S:B,Ty,t) @(S)dS, O/V[M,N(A:c,Sx,t) gO(S)dS,
Lan(wy,t) = ming [MuNBRTD o5 g (MuNGREUD o5

fOMM,N (Az,Ty,t) gO(S)dS

for all z,y € X, ¢ € ® where ¢ : RT — R* is a Lebesgue-integrable mapping which is summable and
non-negative such that (3.3)) holds.

Remark 3.13. The result similar to Corollary can also be outlined in respect of condition ([3.15]).

Remark 3.14. Theorem improves the results of Sedghi et al. [25, Theorem 2.1] without any requirement
on completeness (or closedness) of the underlying space (or subspaces) and containment of ranges amongst
the involved mappings. Theorem extends the results of Sedghi et al. [25, Theorem 2.1] to six self
mappings whereas Theorem [3.10]and Corollary [3.11]extend our results to four finite families of self mappings.

Notice that the earlier proved results, that is, Lemma [3.3] Theorems [3.4] 3.6} [3.9] B.10] and Corollaries
are also valid for ¢(s) = 1. For a sample, we present our next result which is a particular
case of Theorem [3.4

Corollary 3.15. Let A, B, S and T be self mappings of a modified IFMS (X, My n,T). Suppose that the
pairs (A, S) and (B,T) enjoy the (CLRgr) property satisfying

My n(Az, By, t) >+ ¢ (Lyrn(z,y,t)), (3.15)

where

My NSz, Ty, t), My n(Az, Sz, t),
EM,N(xayvt) = min MM,N(ByaTyat)aMM,N(SJ"vByvt)a )
./\/lM7N(Ax,Ty,t)

forall x,y € X, ¢ € ®. Then (A,S) and (B,T) have a coincidence point each. Moreover, A, B, S and
T have a unique common fized point provided the pairs (A,S) and (B,T) are weakly compatible.
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