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In this article the problemof existence and uniqueness of solutions of stochastic di
erential equationswith jumps and concentration
points are solved. 	e theoretical results are illustrated by one example.

1. Introduction

First, consider the works that are relevant to this subject. Note
that number of these works are very small, since the existence
of points of condensation is not very o�en encountered in real
processes. However, the relevant equations can signi�cantly
enhance the understanding of the dynamics of real processes.
In addition, this mathematical model can be a very good
comparison for the classical model, the ordinary di
erential
equations, stochastic di
erential equations, functional di
er-
ential equations, and impulse equations. On the other hand,
equations with concentration points cannot be considered as
equations with Poison integral, because for these equations
points of condensation do not exist with probability 1.

In paper [1] di
erential equations with delay in simplest
form

�̇ (�) + �� (� − �) = ∞∑
�=1
��� (��−) � (� − ��) (1)

with in�nity impulses are considered. However, in
	eorems 2.1 and 3.1 [1] it is supposed that impulses
satisfy the inequality �� − ��−1 > � = const; that is, �� →∞, if� → ∞. According to	eorem 2.1 [1], one of the exponential
stability conditions is

1 + ������������ ≤ � for � = 1, 2, 3, . . . (2)

whence in�uence of impulses in determining case is obvious.
In Section 3 of this paper authors consider determining
di
erential-di
erence system with one delay and perturba-
tion �(��+) − �(��−) = ���(��−). 	en one of the conditions of
oscillation is

lim
�→∞

sup (1 + ��)−1 ∫��=min{�,�}

��
� (�) �� > 1. (3)

On the other hand, 	eorem 3.3 [1] consists of su�cient
conditions about condition on the value of jumps �� > 0, � =1, 2, 3, . . ., and ∑∞�=1 �� < ∞.

In [2] delay depends on the time for di
erential equations
with delay, and there is a condition on impulses lim	→∞�	 =∞. Under the given conditions the boundedness of the solu-
tions by exponential functions � ⋅ �
� is proved (	eorems 3.1,
4.1 [2]). Di
erential equations with impulses are used in a
lot of application problems (however, besides delay e
ect,
impulsive e
ect likewise exists in a wide variety of evolution-
ary processes in which states are changed abruptly at certain
moments of time, involving such �elds as medicine and
biology, economics, mechanics, electronics, and telecommu-
nications; arti�cial electronic systems, neural networks such
as Hop�eld neural networks, bidirectional neural networks,
and recurrent neural networks o�en are subject to impulsive
perturbations which can a
ect dynamical behaviors of the
systems just as time delays). Authors note in�uence of the

Hindawi
International Journal of Differential Equations
Volume 2017, Article ID 7958398, 5 pages
https://doi.org/10.1155/2017/7958398

https://doi.org/10.1155/2017/7958398


2 International Journal of Di
erential Equations

jumps on the capability analysis; namely, the condition on the
jump’s moments is (ln(�	)/(�	 −�	−1)) ≤ �, where � and �	 are
described in Section 3. 	us, authors use weaker condition
in comparison with �	 − �	−1 > const > 0, but existence of
concentration points is not considered.

A signi�cant contribution to the study of impulse systems
of di
erential equations was made by Ukrainian academician
Samoilenko. 	e monograph [3] studies impulse systems of
ordinary di
erential equations; in themonograph [4] authors
consider counted systems of ordinary di
erential equation in
the next form ���� = � (�) � (4)

with impulse perturbations

Δ� (��) = !�� (�� − 0) . (5)

For these systems problems of existence and uniqueness of
the solution, limited periodicity is considered. In paper [5]
the main problems of ordinary di
erential equations with
stochastic parameters and perturbations are considered. As
in papers [3, 4], authors suppose that �� − ��−1 > �. In
papers [3–5] the focus is on the existence of periodic solutions
of the system and authors prove that existence of impulses
changes qualitative characteristic of solutions (stability and
periodicity). Beside this, in these papers there is a supposition
about continuity on (��, ��+1), as opposed to continuity on[��, ��+1), as in this paper and in [6–8].

In [9] authors consider the second-order system, which
describes behavior of [", ̇"] for the solution of 2nd order
di
erential equation with impulse perturbations. By contrast,
in this paper the delay process is found such that solution is
non-Markov process in classic perception, but the condition
on impulses is the same: |�� − ��−1| > �. 	e feature of this
paper is transition of non-Markov process of perturbation
to Markov process using additional variables. Based on this
approach we can build �nite-dimensional distributions.

Problem of existence and uniqueness of solution of
impulse systems without the concentration points is consid-
ered in [10]. Also the problem of stability of solution using
discontinuous impulses is considered.

All above-listed papers do not contain concentration
points and cannot be used for describing systems with
increase on the short time interval resonance.

	e problem of existence and uniqueness of solution of
dynamic systems with concentration points for determinate
dynamic di
erential equations is solved in [11]. 	is paper
is one of the �rst papers where the concentration points
are considered. 	e examples of real processes, which are
described by impulse di
erential equations, for which the
condition �	 − �	−1 > const > 0 does not hold are
considered in the paper [12]. Existence and uniqueness of
random stochastic dynamic systems with permanent delay in
the absence of the concentration points are considered in [8].

	e su�cient conditions of existence and uniqueness
of the solution of the systems of stochastic di
erential-
di
erence equations with Markov switching with concentra-
tion points are shown in this paper. 	us the paper is actual
and timely.

2. Problem Definition

Consider stochastic di
erential-di
erence equation

�� (�) = � (�, # (�) , � (�) , � (� − $)) ��
+ � (�, # (�) , � (�) , � (� − $)) �% (�) , (6)

for � ∈ R+ \ T with Markov’s switching

Δ� (�	) = � (�	) − � (�	−)
= ' (�	−, # (�	−) , *	, � (�	−)) ,

�	 ∈ T fl {�	 ↑, � = 1, 2, . . .} ,
(7)

and the initial conditions� (�) = 6 (�) ,
−$ ≤ � ≤ 0,
$ > 0,
6 ∈ D,

# (0) = " ∈ Y,
*0 = ℎ ∈ H.

(8)

Here #(�) is the Markov process with values in the
measured space (Y,Y) with generator 8; *	, � ≥ 0 is the
Markov chain with values in the measured space (H,H),
which is described by the matrix of transition probabilities:(", �) = :{*	 ∈ � | *	−1 = "}, " ∈ H, � ∈ H; %(�)
is one-dimensional Wiener process. It should be noted that%(�), #(�), � ≥ 0, and *	, � ≥ 0, are independent [13]; D ≡
D([−$, 0],R�) is the Skorokhod space of the right continuous
functions with le�-hand limits [14] with the norm????6???? = sup

−�≤�≤0

����6 (@)���� . (9)

Let measured mapping � : R+ × Y × R
� × R

� → R
�;� : R+ × Y × R

� × R
� → R

�; ' : R+ × Y × H × R
� → R

�

satis�es the bounded condition and Lipschitz condition ∀� ∈[0, �], " ∈ Y, ℎ ∈ H:����� (�, ", C1, C2)����2 + ����� (�, ", C1, C2)����2 + ����' (�, ", ℎ, C3)����2
≤ D (1 + ����C1����2 + ����C2����2 + ����C3����2) ,

∀� ≥ 0, " ∈ Y, ℎ ∈ H, 6� ∈ R
�, � = 1, 2, 3;

����� (�, ", C1, C2) − � (�, ", F1, F2)����2
+ ����� (�, ", C1, C2) − � (�, ", F1, F2)����2
≤ G (����C1 − F1����2 + ����C2 − F2����2)

∀� ≥ 0, " ∈ Y, C�, F� ∈ R
�, � = 1, 2;

����' (�	, ", ℎ, C3) − ' (�	, ", ℎ, F3)����2 ≤ H	 ����C3 − F3����2 ,
C3, F3 ∈ R

�, ∞∑
	=1
H	 < ∞.

(10)
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Consider the case when the concentration point

lim
	→∞

�	 = �∗ ∈ [0, �] , (11)

presents on [0, �], where we learn existence and uniqueness
of Cauchy problem (6)–(8) solution.

2.1. �e Main Result. In this part of the work consider the
problem of existence and uniqueness of solutions of stochas-
tic di
erential-di
erence equations with impulse perturba-
tions. Note that the conditions considered in this theorem are
not elementary, since they have a quite complicated form.

�eorem 1. Let

(1) the condition (10) hold;

(2) ∑∞	=1 �	 < ∞, �	 = sup�∈R� ,�∈Y,ℎ∈H|'(�	, ", ℎ, �)|;
(3) the condition

lim
�↓0

(ln J + K� ��∑
	=1
H	) = −∞, (12)

where

K� fl inf {� ≥ 1 : ∞∑
�=	

�� < J} , (13)

hold.

�en exists a unique solution of the Cauchy’s problems (6)–(8).

Proof.

(I) Existing. Let us determine the following process:

�̃ (�) = �̃ (�	) + ∫�
��
� (�, # (�) , �̃ (�) , �̃ (� − $)) ��

+ ∫�
��
� (�, # (�) , �̃ (�) , �̃ (� − $)) �% (�) ,

� ∈ (�	, �	+1) ,
�̃ (�	) = �̃ (�	−) + ' (�	−, # (�	−) , *	, �̃ (�	−)) ,

� ≥ 0,

(14)

which determines the initial condition

� (�) = 6 (�) ,
−$ ≤ � ≤ 0,

# (0) = " ∈ Y,
*0 = ℎ ∈ H.

(15)

Consider �� < �∗. 	en, for interval [0, ��], we can use
classical theorem of existence and uniqueness [8]. Besides

this, in the paper [15] it is proved that � ∈ G2[0, ��]. 	e next
inequality

E |� (�)| ≤ E |� (0)|
+ ∫��
0

E
����� (�, # (�) , � (�) , � (� − $))���� ��

+ √∫��
0

E
����� (�, # (�) , � (�) , � (� − $))����2 ��

+ 	�∑
	=1

E
����' (�	−, # (�	−) , *	, � (�	−))����

(16)

also holds. Using condition (7), we get

lim
��→�∗

E |� (�)| < ∞. (17)

	is inequality proves the existence of the �rst moment for �;
it means � ∈ G1[0, �∗] or � ∈ G1[0, �]. Existence is proved.
(II) Uniqueness. Let two solutions �(1)(�), �(2)(�), � ≥ 0 exist.
Consider estimation E|�(1)(�) − �(2)(�)|2, � ≥ 0, using its
integral form and Lipschitz condition

Q (�) = E
������(1) (�) − �(2) (�)�����2 ≤ R∫�0 E ������(1) (�)

− �(2) (�)�����2 ��
+ E(�(�)∑

	=1

�����' (�	−, # (�	−) , *	, �(1) (�	−))

− ' (�	−, # (�	−) , *	, �(2) (�	−))�����)
2

≤ R∫�
0
E
������(1) (�) − �(2) (�)�����2 ��

+ 2E(��(�)∑
	=1

�����' (�	−, # (�	−) , *	, �(1) (�	−))

− ' (�	−, # (�	−) , *	, �(2) (�	−))�����)
2

+ 2E( ∞∑
	=��(�)+1

�����' (�	−, # (�	−) , *	, �(1) (�	−))

− ' (�	−, # (�	−) , *	, �(2) (�	−))�����)
2

,

(18)

whereK(�) = sup{� ∈ N | �	 < �} + 1,K�(�) = K(�) ∧K�, andR = R(�, G). Let us use the Lipschitz condition for the second
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termof the last part of inequality and limited condition for the
third one. 	en we get

Q (�) ≤ R∫�
0
E
������(1) (�) − �(2) (�)�����2 ��

+ 2K���(�)∑
	=1

H	E ������(1) (�	) − �(2) (�	)�����2 + 2J.
(19)

According to [11]

Q (�) ≤ 2J��(�)∏
	=1

(1 + 2K�H	) ���
≤ ���+2�� ∑��(	)�=1 ��+ln �+ln 2.

(20)

	en, according to the theorem’s condition (3)
lim
�↓0

(R� + 2K���(�)∑
	=1

H	 + ln J + ln 2) = −∞; (21)

that is, Q(�) = 0. 	is completes the proof of uniqueness.
	eorem is proved.

2.2. Model Example. Consider linear stochastic di
erential-
di
erence equation

�� (�) = −� (# (�)) � (�) �� − � (# (�)) � (� − $) ��
+ W (# (�)) �% (�) , � ≥ 0, $ > 0, (22)

with impulse contagion

Δ�(2 − 1�) = �(2 − 1�−)
+ �−�	�� (�������� (2 − 1�−)

������� ∧ 1) ,
� Z→ ∞,

(23)

and initial condition

� (@) = 1,
−$ ≤ @ ≤ 0,

# (0) = "0 ∈ Y,
*0 = 1.

(24)

Here �, �, W are constants that depend onMarkov process# with generator 8 = ( −1 11 −1 ), where *	, � ≥ 0 is Markov
chain with two nonabsorbing states ℎ1 = 1 i ℎ2 = 2 and
transition matrix : = ( 0.5 0.50.5 0.5 ).

Let us de�ne the values of the parameter ^ that the
solution of the systems (22)–(24) exists.

De�ne the value ofK� using equality
∞∑
�=	

�� = ∞∑
�=	

�−�� = �−�	1 − �−� . (25)
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Solution of (22)–(24)

Figure 1

So,

K� = [− ln J (1 − �−�)^ + 1] , (26)

and the theorem’s condition (3) as ^ > 1 is
lim
�↓0

(ln J + [− ln J (1 − �−�)^ + 1] ��∑
	=1
H	)

= lim
�↓0

(ln J + [− ln J (1 − �−�)^ + 1] 11 − �−�)
= −∞,

(27)

as ^(1 − �−�) > 1.
Let us give the R-realization of the problems (22)–(24)

solution, using the following values:

If # = 1: � = −1, � = −0.3, W = 0.3;
If # = 2: � = 0.5, � = 0.04, W = 2.1;*	 ∈ {1, 2};^ = 1.673, ℎ = 0.0001, $ = 0.2, 6 ≡ 10.

As shown in Figure 1, concentration is in the point � = 2,
and then process’s behavior is continuous and stable for � > 2.
3. Conclusion

Usually, in mathematical describing of real processes with
short-term perturbations evolution one supposes that pertur-
bations are momentary and mathematical model is dynamic
system with discontinuous trajectories. In this case the
important class of the systemswith impulse impact frequency
increasing is lost. 	is paper is one of the important steps
in learning of such systems and development of the quality
persistence theory and learning the stabilization problem.

On the other hand, this paper signi�cantly expands the
class of equalities, for whichwe can consider the conditions of
resistance, existence of periodic and quasi-periodic solutions,
and tasks of the optimal control.

Additional Points

Annotation. 	e su�cient conditions of existence and
uniqueness of the strong solution of stochastic dynamic
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systems with random structure with Markov switching and
concentration points are proved in the paper.
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