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Abstract
Some results on the existence and uniqueness of solutions for stochastic evolution equa-
tions containing some hereditary characteristics are proved. In fact, our theory is developed
from a variational point of view and in a general functional setting which permit us to deal
with several kinds of delay terms in a unified formulation.

1. Introduction and statement of the problem

When one wants to model some evolution phenomena arising in physics, biology, engineer-
ing, etc., some hereditary characteristics such as after-effect, time-lag, time-delay can appear
in the variables. Typical examples can be found in the researches of materials with termal
memory, biochemical reactions, population models, etc. (see, for instance, Ruess [10], Wu
[11] and references cited therein). This enables us to think that the problem could be better
modeled by considering a functional differential equation which takes into account the history
of the system. However, in most cases, some kind of randomness can appear in the problem, so
that the system should be modeled by a stochastic form of the functional equation. Motivated
by these facts, our main purpose in this paper is to analyse the existence and uniqueness of
solutions for a class of nonlinear stochastic PDEs with time delays in a variational context,
which, in particular, extend and complete the results in Caraballo [2] and Caraballo et al. [4].

Firt of all, we would like to mention that, in the deterministic framework, there exists a
wide literature on the existence of different kind of solutions (strong, mild, integral, etc.) to
functional differential equations even in the more general context of differential inclusions. It
is well worth reading the work by Ruess [10] where one can find a description of the different
techniques used to handle this question, in addition to a large list of references concerning these
methods (e.g. method of lines, Galerkin approximations, Kato approximants, etc.). However,
from a variational point of view, only a few works have been published (Artola [1] for linear and
semilinear retarded equations, Caraballo [3] for a more general nonlinear monotone situation
in the functional framework, among others).

As for the stochastic problem in the variational setting, even much less has been done.
As far as we know, only the works by Real [8,9] (in the linear case), Caraballo [2] (nonlinear
problem with variable delay) and Caraballo et al. [4] have appeared up to date. But, as
the assumptions in these works are rather restrictive so that the operators involved in the
equations cannot be general enough, we are now interested in developing a theory which, in
particular, contains the previous works and which permits us to prove existence and uniqueness
of solution for a wider class of systems.



To start off, let us state the abstract framework in which our analysis will be carried out.
Let V and H be two real separable Hilbert spaces such that

VcCH=H"CV",

where the injections are continuous and dense.

We denote by |||, |-| and ||-||, the norms in V, H and V* respectively; by ((-,-)) and (-, -)
the scalar products in V' and H respectively; and by (-, -) the duality product between V* and
V.

Assume that {Q, F, P} is a complete probability space, equipped with a normal filtration
{Ft}i>0, i-e., Fo contains all A € F such that P(A) = 0 and F; = () F;, V& > 0. Denote

s>t
Fi = Fo for all t <0.
We suppose also given {W(t)},, a real valued {F;} —Wiener process.

Given real numbers a < b, and a separable Hilbert space H we will denote by I?(a, b; H)
the space of all processes X € L*(Q x (a,b), F @ B((a, b)), dP @ dt; H) (where B((a, b)) denotes
the Borel o—algebra on (a,b)) such that X (¢) is Fi—measurable a.e.t € (a,b). The space
I%(a,b; H) is a closed subspace of L?(Q x (a,b), F @ B((a,b)),dP ® dt; H).

We will denote by C(a, b; H) the Banach space of all continuous functions from [a, b] into
H equipped with sup norm. We will write L?(2; C(a, b; H)) instead of L?(Q2, F,dP; C(a, b; H)).

Let us also consider two fixed real numbers 7" > 0 and h > 0. If we consider a function
x € C(—h,T;H), for each t € [0,T] we will denote by x; € C(—h,0;H) the function defined
by z:(s) = x(t + s) Vs € [~h,0]. Moreover, if y € L*(~h,T;H), we will also denote by
ys € L2(=h,0;H), for a.e.t € (0,T), the function defined by y;(s) = y(t + s) a.e.s € (—h,0).

Let A(t,) : V — V* be a family of nonlinear operators defined a.e.t € (0,7) and
satisfying:

(A.1) (Measurability) Yo € V, the map t € (0,T) — A(t,v) € V* is Lebesgue measurable.
(A.2) (Hemicontinuity) the map
feR — (A(t,u+6v),w) eR
is continuous Yu,v,w € V, and a.e.t € (0,7T).

(A.3) (Boundedness) there exists ¢ > 0 such that ||A(¢, )|« < c||v|| Vv € V, ae.t €
(0, 7).

(A.4) (Monotonicity and Coercivity): there exist o > 0 and A € R such that
—2(A(t,u) — At v),u—v) + AMu—v]* > alu—v|*, Vu,0€eV, ae.te(0,T).

Let Fy : (0,T) x C(=h,0; H) — V* and Fy : (0,T) x C(—h,0;V) — V* be two families of
nonlinear operators defined a.e.t € (0,T) such that:

(F1.1) V¢ € C(—=h,0; H), the map t € (0,T) — F1(t,£) € V* is Lebesgue measurable,
(F12) Fl(t,O) =0, a.e.t € (O,T),

(F1.3) there exists C'r, > 0 such that



HFl(tvg) - Fl(tvn)Hi S CFl |£ - 77|i~(,h,0;H) ) Vf,?’] S C(—h,O,H), a.e.t € (OvT)7

(Fy.1) V€ € C(—h,0; V), the map t € (0,T) — F5(t,&) € V* is Lebesgue measurable,
(F».2) F5(t,0) =0, a.e.t € (0,7,

(F».3) there exists C'r, > 0 such that

||F2(ta§) - FQ(tan)Hz < CFz ||§ - 77”2*(711,0;\/) ’ Vfﬂ? S C(_h7 07 V): a.e.t € (07T)a

(F».4) there exists K, > 0 such that Vx,y € C(—h,T;V), and V¢t € [0,T],

t

| 1B = Patssl? ds < K, [ ats) = w(9)” ds.
0

—h

Let also Gy : (0,T) x C(=h,0; H) — H and Gp : (0,T) x C(=h,0;V) — H be another
two families of nonlinear operators defined a.e.t € (0,T) such that:

(Go.1) V¢ € C(—h,0; H), the map t € (0,T) — Go(t,€) € H is Lebesgue measurable,
(Go.2) Go(t,0) =0, a.e.t € (0,7),

0-3) there exists Cg, > 0 such that
Go.3) th i Cg, >0 h th
|G0(t7£) - GO(t77’)‘2 S CGU |§ - 77|é(_h70;H) ’ Vfﬂ? € O(*h,O,H), a.e.t € (O’T)a

(G1.1) V¢ € C(=h,0;V), the map t € (0,T) — G1(t,&) € H is Lebesgue measurable,
(G1.2) G1(t,0) =0, a.e.t € (0,T),

(G1.3) there exists Cg, > 0 such that

GL{t,€) = G1(tm) < Co, 1€ =l oy » V& € C(=h,0:V), ae.t € (0,T),

(G7.4) there exists K¢, > 0 such that Vz,y € C(—h,T; V), and Vt € [0,T],
t

/ G (s,24) — G (s,90)|? ds < Ko, / () — w(s)|? ds.
0 h

We consider the problem



w € I2(—h,T; V) N L2(S: C(—h, T; H)),
u(t) =(0) + /0 A(s,u(s))ds + /0 (F1(s,us) + Fa(s,us) + f(s))ds

+ / (Gols,us) + G (s,us) + g(s)) dW(s), € [0.7T],

u(t) = ¥(t), t € [—h,0],
where f € I?(0,T;V*), g € I?(0,T; H) and ) € I*(—h,0; V) N L?(; C(—h,0; H)) are given.
Remark 1.1. It is not difficult to deduce from (F;.1)-(Fy.3) that if u € I2(—=h, T; V)N

L?(Q;C(—h,T; H)), the process Fy(t,u;) belongs to 12(0,T;V*). Also, by means of (Gp.1)-
(Go.3), the process Go(t,u;) belongs to I%(0,T; H).

Remark 1.2. Observe that by (Fy.1)-(F5.3), for a given x € C(—h,T;V), the function
F§ :(0,T) — V* defined by Fg(t) = Fa(t,x;) a.e.t € (0,T), belongs to L?(0,T;V*). Then,
thanks to (F.4), the mapping

E:x e CO(—=h,T;V)— Fy € L*(0,T;V*)

has a unique extension to a mapping = which is uniformly continuous from L?(—h,T;V) into
L?(0,T;V*). From now on, we will also write Fy(¢,z;) = Z(z)(t) for each z € L?(—h,T;V),
and for every x,y € L?(—h,T;V) it holds

[ 1B = Patssl ds < K, [ o) =y ds ee .7l (L)
0 —h

By a similar argument, we can define G1(¢,z;) € L?(0,T; H) for each € L?(—h,T;V), and
Va,y € L?*(—h,T;V) it follows

/ 1G1 (5, 25) — G (5,302 ds < KG1/ la(s) —y(s)|2 ds Ve [0,T).  (1.2)
0 —h

Thus, if u € I?(—h,T;V) is given, the process F»(t,u;) belongs to I2(0,T;V*), the process
G4 (t,uy) belongs to 1?(0,T; H), and, consequently, Vu,v € I?(—h,T;V) we obtain

t

t
/||F2(s,us)fF2(s,vs)||i dngFQ/ Ju(s) —v(s)|* ds Yte[0,T], P—as., (1.3)
0 —h

and

t t
/\Gl(s,us)—cl(s,vs)ﬁ dngGI/ lu(s) —v(s)|? ds Vte[0,T], P—as. (14)
0 —h

As a consequence of the preceding remarks, the terms appearing in problem (P) make
sense. Now, we are interested in establishing some results on the existence and uniqueness of
solution to (P) under some additional assumptions. To this respect, it is worth mentioning
that in the absence of hereditary characteristics (i.e. when h = 0), our problem has been solved
by Pardoux [6] (see also Da Prato and Zabezyk [5] for a different approach); in the linear case
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containing variable delays, it has also been treated by Real [9]; Caraballo [2] considered the
nonlinear monotone situation with variable delay but for bounded operators F; and G;, and
finally, Caraballo et al. [4] provided an answer to our problem in the particular situations in
which F, = 0, Fi(t,-) is a family of operators from V into H and, what is more important,
under stronger assumptions on the family of operators which do not allow us to cover a wide
class of applications (e.g. in the case of unbounded operators, essentially the ones containing
distributed delays satisfy the assumptions in [4]). Thus, on the one hand, the results we shall
obtain can be considered as extensions to the nonlinear case of those obtained in Real [9]. On
the other hand, the presence of the term F} and the hypotheses that we shall impose on F5
and GGp, permit us, as we have already mentioned, to treat examples which cannot be handled
with the results in Caraballo et al. [4].

The paper is organized as follows. In Section 2, we prove a first result on the existence
and uniqueness of solution for the problem (P) in the particular case F5 = G7 = 0. Then, in
Section 3, we establish an existence and uniqueness result for the complete problem. Finally,
an example is considered in the last Section to illustrate our results.

2. A first existence and uniqueness result

In this section, we shall consider the problem

u€ I?(=h,T;V)N L3(Q;C(—h,T; H)),

u(t) = ¥(0) +/O A(s,u(s))ds —l—/o (Fi(s,us) + f(s))ds

+/ (Gols,s) + g(s)) AW (s), ¢ € [0,T],
0

u(t) = ¥(t), t € [—h,0].

We can now prove the following result:

Theorem 2.1 Assume that hypotheses (A.1)-(A.4), (F1.1)-(F1.3) and (Go.1)-(Gy.3) hold.
Then, for every 1 € I2(—=h,0; V)N L*(Q;C(=h,0; H)), f € I?(0,T;V*) and g € I*(0,T; H),
there exists a unique solution u to the problem (P').

Proof.

Uniqueness of solutions. Assume that u,v € I?(—=h,T;V) N L?(Q;C(—h,T; H)) are
two solutions of (P’). Then, Itd’s formula and condition (A.4) imply that for all ¢ € [0, 7]

|u(t) —U(t)|2+0¢/0 u(s) —v(s)|” ds
t — V(S 2 S
< [ uts) = o(a)
+2/0 (F1(s,us) — Fi(s,vs),u(s) —v(s)) ds
+2 [ (Gofsne) = Gl uls) = o(s)) AW (s)
+/0 1G5, us) — Gols, vs)[? ds.
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Therefore,

E [ sup |u(s) — } —|—aE/ u(s) — v(s)||* ds
0<s<t
< 2|>\|E/ lu(s) —v(s)|? ds+2E/ |Go(s,us) — Go(s,vs)|? ds
0 0
t
+4E/ [|F1(s,us) — Fi(s,vs)l, [[u(s) —v(s)|| ds
0

+4E [ sup /05(00(9, wp) — Go(6,v), u(0) — v(6)) AW (6)

0<s<t

for all ¢ € [0,T]. Now, we can estimate the terms on the right-hand side of (2.1).
On the one hand,

18 [ [Fis0) = B ol ) (o)) ds
trs 2« 2
< £ [ |21 - Al o0l + 5 ) - o)1) @

8 ¢ « ¢

< 200 E [ ue = wll g ds+ 5B [ luts) = (o) ds
« 0 0
8 ¢ 2 (&% t 2

< —CgrF sup |u(r) —o(r)|” ds+ —E/ [lu(s) = v(s)||” ds.
«@ 0 0<r<s 2 0

On the other hand, Burkholder-Davis-Gundy’s inequality yields that

4F [ sup /OS(G’O(H,U(;) — Go(0,v9),u(f) —v(0)) dW(G)}

0<s<t
< 12E{ sup |u(s) s)]| [/ |Go (6, ug) — Go(B,ve)|? dﬁ} }
0<s<t

1

<-F < sup |u(s) |2) +72E/ |Go(0,ug) — Go(6,ve)|* db
2 \o<s<t
1

<>E ( sup |u(s) |2) +720G0E/ |ug —Ue|c —h,0;01) 40
2 \o<s<t
1

< -F < sup |u(s) —v(s)]* ) + 72Cq, E sup |u(r) — v(r)|? de.
2 \o<s<t 0 0<r<o

Thus, (2.1)-(2.3) imply that for all ¢ € [0, T

;E{sup fu(s) — ]+ E/ u(s) — v(s)|? ds

0<s<t

{2|>\|+ CF1+74CGO] / sup |u(r) —o(r))* do.
0 0<r<6

Now, uniqueness follows immediately from Gronwall’s lemma.
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Existence of solutions: We denote u® = 0, and define by recurrence a sequence {u"} -,
of processes as solutions to the problem

u € I2(—h, T; V) N L3(Q; C(—h, T; H)),
"(t) = t s,u"(s —éu"s S A tu”_ls s
w(t) = 00)+ [ (Al @) = Gur @) ds+ 5 [ wrte)a

t

+ / (Fy(s,un™Y) + f(5)) ds + / (Gols,u™) + g(s)) AW (s), t € [0,7],

w(t) = p(t), t € [h,0].

Observe that u® =0 € I?(—h,T; V)N L?(Q;C(—h,T; H)), and by Remark 1.1, if u"~! €
I?(=h, T;V)NL?(Q; C(—h, T; H)), it follows that Fy (¢, u ™) € 12(0,T;V*), and Go(t,u) ') €
I?(0,T; H), and consequently, from the results in Pardoux [6], there exists a unique u" €
I?(=h,T; V)N L?(Q; C(—h,T; H)) which is a solution of (P/).

Now, we want to prove that {u"} -, converges in I*(—h,T; V)N L?(; C(—h,T; H)) to
a process u which will be the solution of problem (P’).

Applying Itd’s formula to the process u™1(t) — u™(t), n > 1, and using condition (A4.4),
we obtain

’u”“(t) — u”(t)|2 + a/o Hu""‘l(s) — u"(s)H2 ds

u"tH(s) — ™ (s), u™(s) — u" " (s)) ds

9/{)( (5) — " (5),u"(5) — un~1(s)) d
+2/0 (Fi(s,ul) — Fi(s,ul™ "), u™ ' (s) —u™(s)) ds
+2/O (Gols,u™) — Gols, un=1), w1 (s) — u™(s)) W (s)

t
+ [ 6ot ) - Golouz [ ds 2.4
0

for all ¢ € [0, 7.
Consequently, (2.4) yields

E { sup [u"+(s) u”(s)|2] +ozE/Ot [u ™ (s) — u(s)||” ds

0<s<t
<2 E/O " (s) — u"(s)] |u(s) — " (s)| ds
+ 4E/0 ’<F1(3»UZ) — F1(S,UZ_1),U"+1(S) - u"(s)>| ds
+4F |:OS<112]‘ /OS(G()(H, ’U,g) — Go(e, ug_l)’ un+1(9) — u”(@)) dW(Q)

t
+ 2E/ |Go(s,ul) — Go(s,u?_l)‘2 ds. (2.5)
0

Now, observe that



2 |)\|E/0 [u™ T (s) — u™(s)] |[u™(s) — "' (s)]| ds

t
< 28| E/o w1 (s) = w(s)|| [u™(s) —u™""(s)| ds

t 292 t
< gE/ [[unti(s) — u”(s)“2 ds + 36 E sup |u™(0) — u"71(9)|2 ds, (2.6)
3 Jo ! 0 0<0<s

where 8 > 0 is a constant such that |v| < G |lv||,Vv € V.
On the other hand, thanks to condition (F}.3), we can obtain

4E/Ot|<F1(s,us R (s ), u (s) — un(s))] ds
sw/Wa@@wwmmzwmwﬂ@—w@ww
<& [ [2)rea <u¢wM+awM%@—www1w
gECFlE/O T E/ |uni(s) — un(s)] ds
gl(jOplE/Ot sup [u™(r) — w1 (r)|? ds+§E/0 [t (s) —un(s)||* ds.  (2.7)

0<r<s

In a similar manner as for uniqueness, we can obtain from Burkholder-Davis-Gundy’s inequa-
lity that

E [ s<;<) / (Go(0,ug) — Go(0,uy™ 1),u"+1(9) —u"(0)) dW(@)]
<

1 t
- ( sup |u"(s) — u”(s)|2> + 7QCGOE/ sup |u”(r) — u”71(7’)|2 do. (2.8)
2 O<s<t 0 0<r<6

Then, we can get from (2.5)-(2.8) and (Gy.3), that there exists a positive constant k such that
for all n > 1 and all ¢t € [0, 7]

3 Lo b = 5 [Tt - o

0<s<t
k ¢ n—1 2
<-F sup ’u )—u (r)| ds. (2.9)
2 Jo o<r<o
Now, we define
1
p"(t)=-FE { sup |u"T(s) — ] + E/ w1 (s) — u” ))H ds, Yn > 1, vt € [0,T].
2 |o<s<t
Then, (2.9) immediately implies that
<k/ s)ds, Vn > 1, Vt € [0,T],



and, consequently, by iterating the preceding inequality, we obtain

kn—lTn—l

Wpl(T), Vn > 1, Yt €[0,T]. (2.10)

p"(t) <

Since u" T (t) = wu"(t), Vt € [~h,0], (2.10) implies that {u"} -, is a Cauchy sequence in
I*(=h,T; V)N L*(Q; C(=h,T; H)). Thus, there exists u € I?(—h,T; V)N L*(;C(—h,T; H))
such that

u" — win I*(—h, T; V)N L*(Q; C(—h, T; H)).

Thanks to conditions (F}.3) and (Gy.3), we have in particular that
Fi(t,u) — Fi(t,ug) in 1(0,T; V"),
and
Go(t,u) — Go(t,u;) in I*(0,T; H).
Moreover, by (A.3), the sequence {A(t,u"(t))}n>1 is bounded in I2(0,7;V*). Thus, there
exist a subsequence {A(t, u™ (¢))}n, >1 C {A(t,u"(t))}n>1 and € € I%(0,T;V*), such that
A(t,u™ (1)) = €in I*(0, T V),

where — denotes weak convergence. Thus, we can take limits in (P, ), and obtain that u is

solution of "
u € 12(—h,T; V)in LQ(Q; C(-h,T; H)),

u(t) :w(0>+/0 £(s) ds+/0 (Fy(s,us) + f(s))ds ”
+/ (Go(s,us) + g(s))dW (s), t € [0,T],
0
u(t) = 'l/)(t)a te [*h,O]

To simplify the notation, observe that £ is uniquely determined by u, and thus, the whole
sequence {A(t,u"(t))}n>1 converges weakly to & in I%(0,T; V™).

In order to prove that w is in fact a solution of problem (P’), we only need to prove that
§(t) = A(t, u(t)) in (0, 7).

First of all, applying Ito’s formula to |u"()|?> and to |u(t)|? on the interval [0,T], we
obtain

T
El™(T)|* = El(0)? +2E/ (A(s,u"(s)),u"(s)) ds
+)\E/ ~1(s))ds
—)\E/ fu( |2ds+2E/ (Fi(s 1 f(s),u"(s)) ds

B / Gols,u?™) + g(s)|? ds (2.12)

and
T T
Elu(T)]> = Ely(0)]* + QE/O (€(s),u(s)) ds + QE/O (F1(s,us) + f(s),u(s)) ds
T
—i—E/O |Go(s,us) + g(s)|* ds. (2.13)
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Taking limits in (2.12) as n — oo, and comparing with (2.13), we deduce:

T T
lim F (A(s,u"(s)),u™(s)) ds = E/o (&(s),u(s)) ds. (2.14)

n—oo 0

In particular, thanks to (A.4),

—2E/ (A(s,u"™(s)) — A(s, X (s)),u"(s) — X(s)) ds—l—)\E/ [u™(s) — X (s)[*ds >0, (2.15)
0 0

for all X € I?(0,T;V) and all n > 1. Taking limits in (2.15), we get

—QE/ A(s, X(8)),u(s) — ds+AE/ (5)|*ds >0,

for all X € I?(0,T;V). Now, if we set X =u — 307, with Z € I?(0,T;V) and § > 0, we have

—2E/O (€(s) — A(s,u(s) — 6Z(s)),6Z(s)) ds—i—)\(SQE/ s)|[>ds >0, (2.16)

for all Z € 12(0,7T;V) and all § > 0.
If we divide by ¢ in (2.16) and take limits as § — 0, we obtain from (A.2)

E/ Als,u(s)), Z(s)) ds < 0, VZ € I2(0,T; V),

and, therefore, A(s,u(s)) =&(s) in (0,7). W

Remark 2.1. We want to point out once again that in [4], a similar result to the
preceding theorem is obtained but under the assumption of being Fj (¢, -) a family of operators
taking values in H instead of V*.

3. Existence and uniqueness of solution of problem (P)

Now, under suitable additional assumptions, we can show existence and uniqueness of
solution of problem (P). In fact, we will prove the following theorem:

Theorem 3.1. Assume that the injection V. C H is compact, and hypotheses (A.1)-
(A4), (F1.1)-(F1.3), (F3.1)-(F2.4), (Go.1)-(Gy.3) and (G1.1)-(G1.4) hold. Suppose also the
three followmg hypotheses:

(A.5) There exists X > 0 such that for all z,y € L2(—=h,T;V) and for all t € [0,T) it holds
o [ las) =y ds+ [ 1Gas,2.) = Gl ds
0 0
t t
<2 [ (As.0(5) = Als,(6))2(6) ~ 9(s) ds 42 [ falo) ~ y(o)]* ds
0 0
0 ¢
3 [ flts) = 6)1 ds 2 [ (Fa(s.) = Falsy.as) = y(s) do.
—h 0
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(Fy.4) There exists CT1 > 0 such that for all X,Y € L?(Q;C(—h,T; H)) such that X =Y on
[—h,0], and all t € [0,T],

0<0<s

t t
E/ |1 F1(s, Xs) — Fl(s,YS)Hi ds < o / sup E|X(0) — Y(Q)\Q ds.
0 0

(Go.4) There exists CG0 > 0 such that for all X,Y € L*(Q; C(—h,T; H)) such that X =Y on
[<h,0], and all t € [0,T],

t t
B [ 1Gols. X~ Guls Y ds <% [ sup BJx(0) - V() ds.
0 0 0<0<s

Then, for every 1 € I*(—h,0; V)N L3(Q;C(=h,0; H)), f € I?(0,T;V*) and g € I?(0,T; H),
there exists a unique solution u of the problem (P).

Proof.

Uniqueness of solutions. Assume that u,v € I?(=h,T;V) N L*(Q;C(—h,T; H)) are
two solutions to problem (P). Then, applying Itd’s formula to |u(t) — v(¢)|?, and using (A.5),
we obtain for each ¢ € [0, 7]

lu(t) — ()| +04/0 [u(s) = v(s)||* ds
< )\/O lu(s) — v(s)] ds+2/0 (F1(s,us) — Fi(s,vs),u(s) —v(s)) ds
+2/ (Go(5, 1) — Go(s,v), G (5,15) — G (5, v5)) ds
0
+2/o (Go(s,us) — Go(s,vs),u(s) —v(s)) dW (s)
+2/ (G (5, 1) — G (s, 0), uls) — v(s)) AWV (s)
0
+/0 |Go (s, us) — Go(s, vs)|* ds.
Therefore,
— v 2 07 t uls) —vis 2 S
Elu(t) —v()]" + E/O llu(s) —v(s)||I” d
< /\E/O fu(s) — v(s)| ds+E/O (Gols,us) — Gols, vs)[? ds

+ QE/O (Go(s,us) — Go(s,vs), G1(s,us) — G1(s,vs)) ds

+ ZE/O (Fy (5, 15) — Fi(s,vs), u(s) — v(s)) ds, (3.1)

for all t € [0,T]. We can now deduce from (F;.4) that

/ sup E |u(8) — v(0)]* ds

t
QE/ (F1(s,us) — Fi(s,vs),u(s) —v(s)) ds < §C’F1
0 0 0<6<s

+ 5/0 Elu(s) = v(s)|* ds. (3.2)

11



From (G;.4) it follows that
t
2E/ (Go(s,us) — Go(s,vs), G1(s,us) — G1(s,vs)) ds
0
t
< 2E/ IGo(s,s) — Gols, 04| |G (s, us) — Ga(s,v)] ds
0

3KG1 ¢ 2 (0% ¢ 2
< TE |Go(s,us) — Go(s,vs)|” ds + gE [lu(s) —v(s)||” ds. (3.3)
0 0

Thanks to condition (Gp.4), we have

K t
(?’ac N l)E/ |Go(s,us) — Gols, vs)|* ds
0
t
< (?’KG + 1> cGo/ sup E|u(f) —v(0)|* ds. (3.4)
o 0 0<6<s
From (3.1)-(3.4), it follows that for all ¢ € [0, T

sup Elu(s) = o) + 52 [ fuls) = o(o)]” ds

0<s<t

3Kg, o 30\ [ 2
<2( A+ T+1 C O—l—aC ! sup E|u(f) —v(0)|” ds,
0

0<6<s
and Gronwall’s lemma implies now uniqueness.

Existence of solutions. We will proceed in two steps.

Step 1. Firstly, we consider that F; = Gy = 0 and A = 0. We have to prove existence of
solution to

u € I*(=h,T; V)N L*(Q;C(—h,T; H)),

u(t) = ¥(0) +/0 A(s,u(s))ds —l—/o (Fy(s,us) + f(s))ds

+/ (G1(s,us)+ g(s))dW (s), t € [0,T],
0

u(t) =(t), t € [=h,0.

We will use a Galerkin scheme. As injection V' C H is compact, there exists a Hilbert basis of

H, {v;};>1 C V and a nondecreasing sequence {; };>1 of positive numbers, with lim p; = 400,
11— 00

such that ((w,v;)) = pi(w,v;) Vi > 1, Yw € V. The subspace of V spanned by vy, ..., v, will
be denoted by V,,,. Consider the projector P, : H — V,;, given by P,u = Z?ll(w v;)v;, and
define u™(t) = 7", ™ (t)v;, where

u™ € I?(—h,T; V) N L2(Q;C(—h, T; Vi),
(u™(t),v) = (Pn(0),v) +/0 (A(s,u™(s)) + Fa(s,ul") + f(s),v) ds
¢ (Pm)
—|—/ (G1(s,ul™) + g(s),v) dW (s), Vt € [0,T], Yv € V,p,
0

u™(t) = Pnip(t), t € [—h,0].
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The existence and uniqueness of solution to problem (ﬁm) is therefore guaranteed by Theorem
2.1 (notice that in this case, V.= H = V* = 1,;,).

Observe also that ™ = P,,1 in [—h,0], and, by the particular choice of the basis {v;},
for each m > 1, [|[u™(t)]] < ||¢(¢)| for all ¢t € [—h,0], and the sequence v converges to ¢ in
I2(=h,0; V)N L2(Q;C(—=h,0; H)).

Applying Itd’s formula to |u™(¢)[?, and using A(t,0) = 0 a.e.t € (0,7), (A.5), (F2.2) and
(G;1.2), we have (bearing in mind that we are assuming A = 0):

ju( |+a/uu w<u%f>|+QA<ﬂQWWQ:w+A|AQFw
2Afh@wmmm@+X/ﬂam@w
2 [ (@1l + g(s). " (9) aW ),
for all t € [0, T], and therefore,
Emmm2+aEAUWW@Vds<E¢<ﬁ+2E/7ﬂ@wwﬁww+EAWM@ﬁw
+)\E/ 14 (s) ds+2E/ (G (s,u™), g(s)) ds, (3.5

for all t € [0,T]. But

28 [ (1)) ds < 2 [15)IE ds+ 5B [ Jun o)) ds,

and, by (G1.2) and (G;.4),

t
ZE/ (G1(s,ul),g(s))ds < GlE/\ ds—f—%E/ [u™(s)|?
—h

Then, from (3.5) we can obtain

B @F + 58 [ W@ s < Bl + 28 [ 7)1
+O+QE[JWM2
t
" (1 " ?’Kof’) B [ 1ol ds

for all t € [0,T], and, consequently, the sequence {u™},,>1 is bounded in I?(—h,T; V) (notice
that u™ converges to ¢ in I2(—h,0; V) N L?(; C(—h,0; H))), and the sequence {u™(T)}>1
is bounded in L?(Q; H). In fact, from (A.3), (Fy.2), (Fy.4), (G1.2) and (G;.4), we can affirm
that

{u™(")},,>, is bounded in I*(=h,T; V),

{u™(T)},,>, is bounded in L*(Q; H),
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{AC,u™(-)},,>, is bounded in I%(0,T; V*),

{Fa(-,u™)},,5, is bounded in I?(0,T;V*),

{G1(-,u™)},,5, is bounded in I?(0,T; H).
Thus, we can ensure that there exists a subsequence {u™*} of {u™}, a random variable £ €
L?(Q; H) and four processes u € I2(—h,T;V), n € I?(0,T;V*), o € I*(0,T;V*), and ¢ €

I%(0,T; H) such that
u™ (T) — & in L*(Q; H),

u™ () = uin I*(—=h, T;V),
AG,u™ () = nin I%(0,T; V™),
Ey(-,u™) — o in I*(0,T; V*),
Gi(-,u™) = Cin I*(0,T; H).
Now, let x be an absolutely continuous real function on [0, T'] such that x’ € L?(0,T) and

X(T) = 0. Fix m; and v € V,,,,. Applying It6’s formula to (u"*(t),v)x(t) with 1 < m; < my,
we get

T
0 = (P (0), 0)x(0) + / (As,u™ (3)) + Fy(s,u™) + £(5),0) x(s) ds

T / (Ga(s,u™) + g(s), v)x(s) AW (s) + / (™ (), v)x'(s) ds. (3.6)

We can take limits in (3.6) as my — oo, and observing that m; is arbitrary and that Uy,>1Vp,
is dense in V, we can ensure that

T
0 = (1(0), v)x(0) + / (n(s) + o(s) + (), v} x(5) ds
+ / (C(3) + g(s), v)x(s) AW (s) + / (u(s), v)X(s) ds, Yo € V. (3.7)
0 0

Consequently, if we fix t € (0,7T), and for each integer n > 1 such that ¢t 4+ 1/2n < T we denote
by x™ the function

1 if0<s<t—1/2n,
1

X" (s) = §—|—n(t—s) ift—1/2n <s<t+1/2n,
0 ift4+1/2n<s<T,

we deduce from (3.7),

t+1/2n T
n / (u(s), v) ds = ((0),v) + / (n(s) + 0 (s) + £(5), 0) X"(s) ds

—1/2n

+/0 (C(s) +g(s),v)x"(s)dW (s), Vv € V. (3.8)



We can take limits in (3.8) a.e.t € (0,7"), and obtain

(ult), v) = ((0),0) + / (n(s) + o (s) + F(s),v) ds + / (€(s) +9(s).0) AW (s),  (3.9)

a.e.t € (0,T), for all v € V. Taking into account the separability of V', (3.9) implies

u(t) = $(0) + / (n(s) + o(s) + f(s))ds + / () + g(s) dW(s) m V", (3.10)

a.e.t € (0,T).
Thus, u is a.e. in [0,7] equal to a process in L?(2;C(0,T; H)) which satisfies (3.10) for
all t € [0,T]. We denote again by u such a process, and thus u satisfies

w€ I*(=h, T; V) N L2(Q; C(=h, T; H))

u(t) = ¢(0)+/0 (n(s) + o(s) +f(s))d5+/0 (C(s) +g(s)) dW (s), t € [0, T, (3.11)

Now, to finish the proof, it is enough to prove that n(s) + o(s) = A(s, u(s)) + Fa(s,us) and
¢(s) = G1(s,us).
Consider X € I%(—h,T;V) such that X =1 in (—h,0), and denote

=2k / " AL (1) — AL X(0) + Bo(t ™) — Bo(t, Xo)u™ (1) — X(1)) di
0

T 0 )
+oE / lu™(t) — X(0)|7 dt — NE / ) = PO ds

T
+E/ G (,ul™) — Ga(t, X[ dt,
0

T T T
g™ =2E [ A (0) + Falt ), wm (0) e [ (Gt derel [ ums o) .
0 0 0

Then, thanks to condition (A.5) (with A = 0), ™+ < 0.
Observe also that

T
o=y =28 [ AR X(0) = Fa(t X0 (0) d
Lo /T CA( ™ (1)) — A(L X (1)) + Fa(t, ul™) — Fo(t, X,), —X (1) dt
0
T T T
—|—E/O Ga(t, X)) dt—ZE/O (G (b ul™), Gr (¢, X0)) dt+aE/0 X (@)]1? dt

T 40
2E / (™ (£), X (£))) dt — NE / (0 = PO s
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and consequently,

T
Jim (@™ =) =20 [ (=A@ X(0) = Falt, X0, ult)

+2E/ ) + o(t) — Folt, X2), — X (8)) dt

+E/ Ga (8, X)) dt?E/T (C(), G (t, X)) dt

—QaE/ dt+aE/ 1X ()] dt. (3.12)
Applying Itd’s formula to [u* (t)|* on the interval [0, 7],

T
B (D) < BOP +E [ 16ta) + o) d
128 / A (1) 1 ot ™) 4+ F(6), u™ () d,
0

and, thus
T T
s = B = B - E [ g dt+ak [ o] di
0 0
T T
—2F / (Ga(t, ™), g(t)) di — 2B / (F(E),w™ (1)) dt.
Letting £ — o0,
T T
liminf y™ > E [u(T)|* — E|4(0))* — E/ lg()|? dt + aE/ u(®)||? dt
k—o0 0 0
T T
2 [ (gle)g0) e~ 28 [ (7(e),u(o) at. (3.13)
0 0
Applying once again It&’s formula to [u(t)|* on [0, 7],
2 2 T 2 T
Eu(T)f = E[(0) + E / C(t) + g()|? dt + 2 / (n(t) + o(t) + F(1), u(t)) dt.
and so, from (3.13)
likrginfy ’“ >2E/ dt+E/ ()2 dt—i—aE/ lu(®)|)® dt.  (3.14)
From (3.12) and (3.14) we have

0> liminfa™ > 2F / ’ () — A(t, X(8)) + o (t) — Falt, Xp), u(t) — X(t)) dt
nin ;

T T
+E/O IC(8) — G1(t, X)) dt—i—aE/O u(t) — X ()] dt. (3.15)

16



If we take X () = u(t) in (3.15), it follows that ((t) = G1(t,us), t € [0,T]. Now, we will set
X(t) = u(t) —§Z(t), where 6 > 0 and Z € I*(—h,T;V) is such that Z = 0 in (—h,0). Then,
by (3.15),

0>2F /T (n(t) — A(t,u(t) —6Z(t)) + o(t) — Fa(t,ur — 62;),0Z(t)) dt
0
+E /T (G (£ ug) — G (b ug — 620) 2 dt. (3.16)
0
Dividing by ¢ in (3.16), and letting 6 — 0, we get by (A.2), (F5.2) and (Fy.4),
T
28 [ (0ft) = Alt.u(t) + o(0) = Falt, ), Z(2)) de <.
0

and since Z € I%(0,T;V) is arbitrary, clearly n(t) + o(t) = A(t,u(t)) + Fa(t,u;) in [0, T).

Step 2. Now, we consider problem (P) under the conditions in the theorem. We denote
u% = 0, and define by recurrence a sequence {u"},~, of processes by

u™ € I?(—h,T; V)N L?(Q;C(=h,T; H)),
"t) = t s,u" (s —éu"s s é tu”_ls s
() = 00)+ [ (Al ) = Gu () ds+ 5 [ w9

# [ o™ + Balos) + 1060 s (P")
0

+ / (Gols,u™) + G (s,u) + g(s)) dW(s), t € [0,

w(t) = b(t), t € [~h,0)].

Observe that if u™ =t € I?(—h, T; V)NL*(Q; C(—h, T; H)), then Fy (t,u? ') € I2(0,T;V*),

and Go(t,u ) € I?(0,T; H). Moreover, the family of operators defined by A(t,v) = A(t,v) —
5V Yo € V, a.e.t € (0,T), satisfies conditions (A.1) — (A.5) with A = 0. Consequently, we can
use Step 1 to ensure that problem (P™) has a unique solution.

Now, arguing as in the proof of Theorem 2.1, we can prove that {u"} ., is a Cauchy
sequence in I%(—h,T;V) N L?(Q;C(—h,T; H)), and thus, it converges to a process u €
I?(=h,T; V)N L*(Q; C(=h,T; H)), which will be the solution to (P).

In order to obtain our objective, we first apply Itd’s formula to the process u™ () —u"(t),
t >0, n > 1, and using (A.5) we have

w0 = w0 va [ o) o) @
3 [ 6) = 60— ) s
#2 [ (Filosa) = Rl ™)) — () ds
2 [ (Golost) = Gulos ™). G, ™) = (s, s
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—I—/O |Go(s,ul) — Go(s,u271)|2 ds
2 [ (Gofs ) = Golsva ™). (s) = () AW ()
2/0 (Gi(s,u™) — Gi(s,u), u" T (s) —u"(s)) dW (s), (3.17)

which, together with conditions (Fy.4), (Go.4) and (G1.4) imply

E|u”+1 ’ +aE/ Hu"+1 —u” )H ds

202
E/ a1 (s) — un(s)||” ds+ 2P /O sup E|u™(0) —u" 1 (0)|” ds

« 0<0<s

+ CFl/ sup E [u™(0) — " (0)| ds
0

o 0<0<s

3KG1 G ! n n—1 2
al G CcCo sup E |[u™(0) —u""1(0)]" ds, (3.18)
0

0<6<s

where 8 > 0 is the constant such that |v| < 3 |v|| Yo € V. Consequently, (3.18) yields

sup E‘u"'"1 ‘ + E/ Hu"+1 —u” )H ds
0<s<t
k 2
< k/ sup E [u"(0) — u" "' (0)]" ds, (3.19)
0 0<6<s
2)2 32 K
for all t € [0,7T] and all n > 1, where k = g OFl +2 (?)G + 1) C%. Now, if we
o
denote
p"(t) = sup E |[u"t'(s) —u"( | + E/ w1t (s) — u”(s )H2 ds, Yn > 1,Vt e [0,T],
0<s<t

we can deduce from (3.19) that

kT)™ 1
() < ((n_)l),p (T), ¥n> 1Yt € [0,7],
and thus, Vn > 1,
2 a_ [T 2 (kT)"1
sup E {u"H u"(s)‘ + —E/ Hu"+1(s) —u"(s)||” ds < ~——=p Y1), (3.20)
0<s<T 4 0 (n—1)!

and, in particular, {u™} ., is a Cauchy sequence in I?(—h,T;V).

Now, in order to prove that {u"}, -, is a Cauchy sequence in L?(2;C(—h,T; H)), we

consider again (3.17), take sup and, finally, expectation, so that we obtain
0<s<T

E( sup |u™t(s) —u"(s)]2>

0<s<T
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T
SINE [ ) = (9.0 (0) — ()] s
- 2E/o (Fi(s,u7) = Fy(s,ul ™), (s) — u"(s))] ds
T
4‘2f5j€ [(Go(s,uf) — Go(s,ul™"), Gi(s,ul ™) — Gi(s,ul)| ds

28 (s [ (Gol6,u5) = Goltug ™)) - 0" ) aw 0))

0<s<T

e <p/ (G1(0,u ™) = Ga (0, u), w1 (60) — " (9)) dww))

T
+ E/ |Go(s,ul) — Go(s,ugfl)’2 ds (3.21)
0

for all t € [0,T] and all n > 1.
Using (F}.4), we obtain

T
2E/ [(Fi(s,ul) — Fi(s,ul "), u" T (s) —u"(s))| ds
) r 2 r 2
<ch / sup E |u”(9) — u”_1(9)| ds + E/ Hu""‘l(s) - u"(s)H ds. (3.22)
0 0<0<s 0

From Burkholder-Davis-Gundy’s inequality, (G¢.4) and (G;.4), we have

2F ( sup /OS(GO(G,ug) - Go(ﬂ,u’g*l)m”“(@) —u"(0)) dW(Q))

0<s<T
1 n+1 n 2 G r n n—1 2
< ZE( sup |[u"(s) —u"(s)|” ) +27C° sup E |[u™(0) —u""1(0)|" ds, (3.23)
3 N\o<s<T 0 0<6<s
r 2 r 2
E/ |Go(s,ul) — Go(s,ul™")|" ds < CGO/ sup E[u™(0) —u""'(0)]" ds, (3.24)
0 0 0<6<s

T
28 / (Go (s, — Gols, a1, G (s, a1 — G (s, u2)| ds
0
T

< 0% sup E|u"(0) — u"_1(9)|2 ds+ K¢, E ! w1 (s) — u"(s)”2 ds, (3.25)
0 0

0<6<s
and
2F ( sup / (G1(0,uf™) — G1(0,uf), u" () — u™(9)) dW(Q))
0<s<T Jo
1 1 2 T 1 2
< E< sup [u" T (s) — u"(s)| > —|—27KG1E/ |[utt(s) —u(s)||” ds.  (3.26)

3 \o<s<T 0

Also,

T
A E / (W (s) — u"(s), u"(s) — u"1(s)) ds

T 242 T
< 1E/ w1 (s) — u”(s)”2 ds + NS / sup E|u"(0) — u"_l(G)‘2 ds. (3.27)
2 Jo 2 Jo o<e<s
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From (3.20)-(3.27), we deduce that {u"}, -, is a Cauchy sequence in L?(Q;C(—h,T; H)).
Thus, there exists u such that " — w in I?(=h,T;V) N L%(Q;C(—h,T; H)). Now, by a
similar argument to the one in the proof of theorem 2.1, we can deduce that u is the solution
of problem (P).m

Remark 3.1. The hypothesis concerning the compactness of the injection V' C H can
be omitted if, for example, ¢ = 0.

Remark 3.2. Theorems 2.1. and 3.1. can be extended to the case in which W(t) is an
R"-valued (or Hilbert valued) Wiener process.

4. An example

To illustrate our theory, mainly Theorem 3.1, we shall consider the following situation,
which cannot be handled with the results in Caraballo [2] or Caraballo et al. [4].

Assume O C R™ is a bounded open set. Let us set H = L*(0), V = H}(O) and
V*=HY0).

Let ¢ : [0,7] x R™ — R™ be a continuous map such that there exists ¢4 > 0 such that
|6(t, ) |gn < colT|gn for all (t,2) € [0,7] x R™, and suppose that

(o(t, ) — ¢(t,y)) - (¢ —y) <OVE€[0,T], Vo,y € RY, (4.1)

where we denote by - the escalar product in R"™. It is easy to see that the family of operators
A(t,-) defined by

(A(t,u),v) = —/

Vu(z) - Vo(z) dx —/ o(t, Vu(z)) - Vo(z)dx ¥Vt € [0,T], Vu,v € V, (4.2)
o o

satisfies hypotheses (A.1)-(A.4), with A =0 and o < 2.

Let us consider now a measurable map k; : [0,7] x R — R"™ and a measurable function
wi : [0,7] — R such that 0 < wy(t) < h for all t € [0, T]. Suppose that k1(¢,0) =0, V¢ € [0,T],
and that there exists Ly, > 0 such that

| (t,a) — ky (£, 0)| e < Ly, Ja—b|, ¥t € [0,T), Ya,b € R. (4.3)

Denote by Fj(t,-) the family of operators defined by
(F1(t,8),v) = —/ k1(t,&(—wi(t))(x)) - Vu(z)dz, VE € C(—h,0;H), Vv €V, (4.4)
o

for each t € [0,T].
Then, the family Fi(t,-) satisfies assumptions (Fy.1)-(Fy.4), with Cp, = L7 and C™ =
L.
1

Consider also kg : [0,7] x R® — R™, measurable, and ws € C([0,T]) such that 0 <
wa(t) < hfor all t € [0,7], and w3 = maxe(o,7jwy(t) < 1. Suppose that kz(t,0) = 0, Vt €
[0,T], and that there exists L, > 0 such that

|ko(t, ) — k2(t,y)|gn < Liy|® — ylga, V€ [0,T], Va,y € R". (4.5)
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Denote by Fs(t,-) the family of operators defined by
<F2(ta§)7v> = 7/ kQ(ta vé.(*w?(t))(x)) : V’U(I) dLE, vf € O(fhaoa V)a Vv e Vv (46)
o

for each t € |0, Z] Then, the family Fy(t,-) satisfies hypotheses (F3.1)-(Fy.4), with Cp, = L},

ande2:1 e
—w}

Finally, let I : [0,7] x R — R and [; : [0,7] x R™ — R be two measurable functions,
such that lo(¢,0) = 11(¢,0) = 0 for all ¢ € [0, 7], and there exist L;, > 0 and L;; > 0 such that

llo(t, a) — lo(t,b)| < Ly,Jla—b|, ¥t € [0,T), Va,b € R, (4.6)

and
[li(t,x) —l(t,y)| < Ly e — ylgn, VE€[0,T], Va,y € R™. (4.7)

Let us also fix p; : [0,7] — R, i = 0,1, two measurable functions such that 0 < p;(t) < h for
all t € [0,T] and i = 0,1, p1 € C'([0,T]), and p} = max,ejo,1) pi(t) < 1.
Then, if we define

Go(t,&)(x) = lp(t,&(—po(t))(x)), YVt € [0,T], VE € C(—=h,0; H), a.e.x € O, (4.8)
and
G1(t,&)(x) = L (t, VE(=p1(t))(2)), VE € [0,T], VE € C(=h,0;V), ae.x € O, (4.9)

it is easy to check that Gy satisfies (Gp.1)-(Go.4), and that G, satisfies hypotheses (Gy.1)-
2

G1.4), with Cg, = C% = L2 Cg, = L2, and K¢, = Li,
( 1 )7 wit Go lp) YG1 1, o Gy 1 p*‘
— M1

As for hypothesis (A.5), it is fulfilled with P\ large enough provided

2L L}
2 Tho oo (4.10)
1/ 1-— w; 1-— Pl

Consequently, under all the hypotheses above, we can ensure that given v € I%(—h,0; Hi (0))N
L2(Q;C(—h,0; L?(0))), f € I?(0,T; H-1(0)), and g € I*(0,T; L*(O)), there exists a unique
solution u € I%(—h,T; H}(O)) N L2(Q; C(=h,T; L*(0))) to the corresponding problem (P).
Such a solution, satisfies, in a generalized sense, the problem

dult)
ot

= Au(t) + V- (¢(t, Vu(t)) + V - (ka2(t, Vu(t — ws(1)))) + V- (k1 (t, ut — wi(?))))

R0+ (6 V(e pr ) +lo(tutt — pof)) +90) 20w 0 x (0.7,

w(0) =0 on 00 x (0,7T),
u(t) =¢(t) in O x[—h,0],

where, for a vector function @ = (vy, ..., v,) defined on O, we denote by V - ¥ the divergence of

7 defined byv-ﬁzzgfj.

i=1
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