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Numerical Solution of a Second-Order Initial
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1 Introduction

A model for the time dependent flow of water through a variably saturated
porous medium with exponential diffusivity, such as soil, rock or concrete is
given by

∂u

∂t
=

∂

∂x

(

D(u)
∂u

∂x

)

, (1)

where u(x, t) is the saturation and is the fraction by volume of the pore space
occupied by the liquid a distance x into the porous medium, and

D(u) = D0e
βu.

In this problem the bulk of the liquid resides in the interval x ∈ [0, x∗(t)] where
the moving interface x∗(t) is called the wetting front, and u ≪ 1 if x > x∗.
The physical derivation of this equation is given in [6], [9], [10]. The numerical
treatment of this problem was first discussed in [12]. A comprehensive overview
of numerical methods for flow in porous media is given for instance in [8]. In
the present paper we do not focus on a simulation of the full model, but adopt
a numerical approach to investigate the asymptotical behavior of self-similar

solutions of the equation (1), which are stable attractors and take the form

u(x, t) = ψ(y), y = x/t1/2, 0 < y <∞.

If we set
θ(y) = eβψ(y)

and make a trivial rescaling, it then follows that θ(y) satisfies the ordinary
differential equation problem

θ(y)θyy(y) = −yθy(y), θy(0) = −γ = −γ(β) < 0, θ(0) = 1, y > 0. (2)

The purpose of this paper is to make a numerical study of the solutions of (2)
in the limit of large γ which corresponds to a problem with β ≫ 1 with large
diffusion when u is not small.
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The resulting problem is a scalar second order initial value problem describing
the flow of the wetting front. The difficulty lies in the fact that at the be-
ginning of the integration interval the values of the first and second derivative
of the solution become extremely large forcing immense step size reduction of
any numerical method applied to solve the problem. The idea of discretizing
each derivative of the solution by means of finite difference schemes has been
extensively used in the past. In [3] and later in [1, 2, 4], the authors proposed
to apply high order finite difference schemes for the solution of BVPs in ODEs,
following the idea inherited by the BVMs, see [5]. Especially, different formulae
with the same order have been proposed for the points at the beginning and at
the end of the grid.

The main advantages of this approach derive from the fact that the vector of
unknowns contains only the solution values. This choice, on one hand, reduces
the computational cost of the algorithm when compared with the approach in
which the transformation of the second order formulation to the first order one
is carried out. In this case, the solution vector of the first order system contains
both, the solution and its first derivative. On the other hand, our approach sim-
plifies the step size adaptation procedure and allows the final discrete system
to become fully implicit. Moreover, there is complete freedom in the choice of
the schemes approximating each derivative which could not only depend on the
problem, but also on the discretization points.

In [2] the same idea is applied to IVPs for ODEs. Two approaches are proposed
to discretize the first derivative in the initial point: we can choose to approxi-
mate the ODE using a formula including only the solution values, or to define
difference schemes which also use the values of the first derivative in the first
point. As a general belief, the second approach seems to be preferable. How-
ever, for the flow in concrete problem, since the values of the first derivative are
very strongly influencing the solution behavior, and therefore immensely affect
the step size variation, the first type of schemes is used.

2 Asymptotical properties: Part 1

The aim of the following sections is to verify by numerical computations asymp-
totical results for the problem (3) which have been derived for γ → ∞ in [7].
The computational results given below have been carried out on the basis of the
preprint [7]. Using finite difference schemes (see Section 6 for details), we have
first solved the initial value problem,

θθyy = −yθy, θy(0) = −γ, θ(0) = 1, (3)

for γ = 2, 3, . . . , 15 and for γ = 18 (for γ > 18 the solution in the last points is
too small to be computed accurately and for γ > 26 it is smaller than the small-
est positive double precision machine number). We have considered methods
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of orders equal to 4, 6, 8, and 10 to understand how the order of the numeri-
cal method influences the accuracy of the approximate solutions. As a general
remark, we observe that the discretization errors are larger than the round-off
errors of the floating point operations. Moreover, we step forward using vari-
able stepsizes, and for a fixed tolerance, methods of higher order require smaller
mesh size but they do not necessarily achieve better precision. This is most
probably due to the fact that higher derivatives are extremely unsmooth.

The purpose of the following investigations is to numerically verify asymptotic
results derived in [7]. For all theoretical claims stated below we refer the reader
to this reference.
The solution has been calculated on finite intervals [0, y∞], with the interval
endpoint y∞ = 10, 20, 30, 40, 50, to see how strongly the value of θ(y∞) depends
on the length of the interval of integration. It turns out that, especially for large
values of γ, the influence of the interval length is not very strong, see Table 1.
Therefore, from now on, we use the interval [0, 10] and θ(∞) = θ∞ := θ(10) for
all calculations.

The following description refers to the data in Tables 2 and 3. All data are given
for γ = 2, 6, 10, 18. Since the reference values are given by the asymptotics for
large values of γ, we expect to see their accuracy improving for growing γ.

In rows 1 and 2, we specify the values of θ∞ and y∗. Note that y∗ is the point
where θyy takes its maximal value in the interval [0, y∞] = [0, 10].

Since θ∞ satisfies the relation [7],

log(θ∞) = −γ2 −
1

2
+
α

γ2
, (4)

we first report the relative error in approximating − log(θ∞) by γ2 + 1
2 (row 3)

and then compute an approximation for α (row 4). Row 3 confirms that the
value of θ∞ has been computed accurately (the relative error is always smaller
than γ−4) and α ≈ −0.08.

Also y∗ needs to satisfy [7],

y∗ =
1

γ
+

1

2γ3
+

β

γ5
, (5)

which we compare with the numerical value. We first use

y∗ =
1

γ
+
s∗

γ3
(6)

in order to obtain

s∗ = γ3y∗ − γ2 =
1

2
+O

(

1

γ2

)

. (7)
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In row 5, we specify the relative error |s∗− 0.5|/0.5 and then use (5) to approx-
imate β (row 6). Again the relative error is smaller than γ−2 while the value of
β seems to oscillate around 0.95.

We now try to verify results describing the values of θ(y∗) and θyy(y
∗) [7],

θ(y∗) = eθ∞, (8a)

θyy(y
∗) = θ̂yy ≡

eγ
2
−1/2

γ2
. (8b)

Rows 7 and 8 contain the values of θ(y∗) and θyy(y
∗). In rows 9 and 10 we

specify the relative errors,

|θ(y∗)− eθ∞|

eθ∞
,

∣

∣

∣
θyy(y

∗)− θ̂yy

∣

∣

∣

θ̂yy
, (9)

respectively. While for (8b) row 10 suggests that θyy(y
∗) = θ̂yy + O(γ−2), for

(8a) row 9 only shows a good approximation whose quality increases with larger
γ.

Finally we use the relation [7],

θ

(

1

γ

)

=
1

2γ2
−

log(γ)

γ4
+

b

γ4
, (10)

to estimate the value of b given by the known approximation

b̂ =
11

12
−

1

2
log(2) = 0.5700930763866940.

Rows 11 and 12 contain the numerical value of b and the relative error, respec-
tively.
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γ = 6
order θ(10) θ(20) θ(30) θ(40) θ(50)

4 1.403505547530107e−016 1.403505547530106e−016 1.403505547530108e−016 1.403505547530108e−016 1.403505547530107e−016
6 1.403505498068323e−016 1.403505498068323e−016 1.403505498068321e−016 1.403505498068323e−016 1.403505498068324e−016
8 1.403505497221929e−016 1.403505497221926e−016 1.403505497221936e−016 1.403505497221929e−016 1.403505497221933e−016
10 1.403505492946673e−016 1.403505492946662e−016 1.403505492946644e−016 1.403505492946654e−016 1.403505492946670e−016

γ = 10
order θ(10) θ(20) θ(30) θ(40) θ(50)

4 2.254440321030590e−044 2.254440321030590e−044 2.254440321030590e−044 2.254440321030590e−044 2.254440321030590e−044
6 2.254439910312038e−044 2.254439910312031e−044 2.254439910312040e−044 2.254439910312037e−044 2.254439910312035e−044
8 2.254439903035485e−044 2.254439903035499e−044 2.254439903035495e−044 2.254439903035496e−044 2.254439903035494e−044
10 2.254439870668035e−044 2.254439870667992e−044 2.254439870668041e−044 2.254439870667989e−044 2.254439870668002e−044

γ = 14
order θ(10) θ(20) θ(30) θ(40) θ(50)

4 4.580879628543622e−086 4.580879628543621e−086 4.580879628543624e−086 4.580879628543621e−086 4.580879628543622e−086
6 4.580877107376558e−086 4.580877107376563e−086 4.580877107376567e−086 4.580877107376562e−086 4.580877107376554e−086
8 4.580877068174931e−086 4.580877068174953e−086 4.580877068174950e−086 4.580877068174946e−086 4.580877068174930e−086
10 4.580876883300804e−086 4.580876883300798e−086 4.580876883300863e−086 4.580876883300838e−086 4.580876883300735e−086

γ = 18
order θ(10) θ(20) θ(30) θ(40) θ(50)

4 1.178498689884995e−141 1.178498689884996e−141 1.178498689884996e−141 1.178498689884995e−141 1.178498689884996e−141
6 1.178497263659187e−141 1.178497263659187e−141 1.178497263659186e−141 1.178497263659188e−141 1.178497263659188e−141
8 1.178497239286140e−141 1.178497239286134e−141 1.178497239286134e−141 1.178497239286137e−141 1.178497239286139e−141
10 1.178497080238536e−141 1.178497080238508e−141 1.178497080238496e−141 1.178497080238508e−141 1.178497080238530e−141

Table 1: Dependence of the terminal solution value θ∞ on the interval length y∞.



γ = 2

Order 4 6 8 10

θ∞ 1.046797385732013e−002 1.046797384878747e−002 1.046797384984442e−002 1.046797384405275e−002

y∗ 5.717469856837706e−001 5.717972928062153e−001 5.722758632712603e−001 5.722109401170057e−001

| log(θ∞) + γ2 + 0.5|

γ2 + 0.5
1.320773149055220e−002 1.320773167169027e−002 1.320773164925231e−002 1.320773177220246e−002

α −2.377391668299396e−001 −2.377391700904248e−001 −2.377391696865416e−001 −2.377391718996442e−001

|s∗ − 0.5|/0.5 1.479517709403293e−001 1.487566848994444e−001 1.564138123401655e−001 1.553750418720910e−001

β 2.959035418806586e−001 2.975133697988888e−001 3.128276246803310e−001 3.107500837441819e−001

θ(y∗) 2.526885480647071e−002 2.524231301750860e−002 2.499133353627827e−002 2.502522115040241e−002

θyy(y
∗) 1.194443737925854e+001 1.194443721622962e+001 1.194359539439109e+001 1.194379929416069e+001

|θ(y∗)− eθ∞|

eθ∞
1.119683415385825e−001 1.129011076167978e−001 1.217213620005543e−001 1.205304379670169e−001

|θyy(y
∗)− θ̂yy|/θ̂yy 4.427630212213725e−001 4.427630015291861e−001 4.426613182618603e−001 4.426859472199501e−001

b 1.363248895993793e−001 1.363248888390932e−001 1.363248890283607e−001 1.363248870792130e−001

|b− b̂|/b̂ 7.608725745918196e−001 7.608725759254370e−001 7.608725755934430e−001 7.608725790124421e−001

γ = 6

Order 4 6 8 10

θ∞ 1.403505547530107e−016 1.403505498068323e−016 1.403505497221929e−016 1.403505492946673e−016

y∗ 1.691107214202116e−001 1.691107214133044e−001 1.691107214134170e−001 1.691107214107735e−001

| log(θ∞) + γ2 + 0.5|

γ2 + 0.5
6.543612199557361e−005 6.543708751880879e−005 6.543710404097143e−005 6.543718749664911e−005

α −8.598306430218372e−002 −8.598433299971475e−002 −8.598435470983645e−002 −8.598446437059693e−002

|s∗ − 0.5|/0.5 5.583165353139918e−002 5.583165054747497e−002 5.583165059613293e−002 5.583164945413444e−002

β 1.004969763565314e+000 1.004969709854734e+000 1.004969710730562e+000 1.004969690174517e+000

θ(y∗) 3.818192860115130e−016 3.812030422586454e−016 3.795150040198615e−016 3.859609149820460e−016

θyy(y
∗) 7.496068191579922e+013 7.496068410014986e+013 7.495967250081973e+013 7.495571062508375e+013

|θ(y∗)− eθ∞|

eθ∞
8.044913935855633e−004 8.107388822116135e−004 5.235334871455419e−003 1.166034925528076e−002

|θyy(y
∗)− θ̂yy|/θ̂yy 3.200528620288561e−002 3.200531627546967e−002 3.199138929629170e−002 3.193684501256429e−002

b 4.542757606068255e−001 4.542757162962778e−001 4.542757172349243e−001 4.542756983567393e−001

|b− b̂|/b̂ 2.031550997144713e−001 2.031551774395824e−001 2.031551757931030e−001 2.031552089073185e−001

Table 2: Asymptotical results: Part 1.



γ = 10

Order 4 6 8 10

θ∞ 2.254440321030590e−044 2.254439910312038e−044 2.254439903035485e−044 2.254439870668035e−044

y∗ 1.005094588206025e−001 1.005094588173915e−001 1.005094588173695e−001 1.005094588166961e−001

| log(θ∞) + γ2 + 0.5|

γ2 + 0.5
8.381534862525284e−006 8.383347619373176e−006 8.383379735339227e−006 8.383522593173135e−006

α −8.423442536837911e−002 −8.425264357470041e−002 −8.425296634015922e−002 −8.425440206139001e−002

|s∗ − 0.5|/0.5 1.891764120503581e−002 1.891763478295161e−002 1.891763473901165e−002 1.891763339222052e−002

β 9.458820602506902e−001 9.458817391464359e−001 9.458817369495821e−001 9.458816696103923e−001

θ(y∗) 6.126853837541197e−044 6.112941093579158e−044 6.179228381160976e−044 6.241068630247245e−044

θyy(y
∗) 1.648468426869335e+041 1.648463633543453e+041 1.648412414631253e+041 1.648197595344220e+041

|θ(y∗)− eθ∞|

eθ∞
2.203452148159067e−004 2.490444241387861e−003 8.326316736789704e−003 1.841742149797827e−002

|θyy(y
∗)− θ̂yy|/θ̂yy 1.106641417450169e−002 1.106347425115717e−002 1.103205980544998e−002 1.090030322297867e−002

b 5.138760976981811e−001 5.138757996757584e−001 5.138757975462900e−001 5.138757344251843e−001

|b− b̂|/b̂ 9.861017615723677e−002 9.861069891822982e−002 9.861070265352932e−002 9.861081337423142e−002

γ = 18

Order 4 6 8 10

θ∞ 1.178498689884995e−141 1.178497263659187e−141 1.178497239286140e−141 1.178497080238536e−141

y∗ 5.564177918914028e−002 5.564177918825954e−002 5.564177918834908e−002 5.564177918801359e−002

| log(θ∞) + γ2 + 0.5|

γ2 + 0.5
7.913110850624213e−007 7.950405348276963e−007 7.951042681243711e−007 7.955201633050178e−007

α −8.319686486129285e−002 −8.358897175071434e−002 −8.359567254206013e−002 −8.363939892956296e−002

|s∗ − 0.5|/0.5 5.712462132123619e−003 5.712451859267276e−003 5.712452903708254e−003 5.712448990493613e−003

β 9.254188654173835e−001 9.254172011994041e−001 9.254173704034648e−001 9.254167364749771e−001

θ(y∗) 3.198906899145607e−141 3.209398993229446e−141 3.211721064871286e−141 3.220612538966346e−141

θyy(y
∗) 9.664468728333972e+137 9.664473940754825e+137 9.664458760222388e+137 9.664354974061130e+137

|θ(y∗)− eθ∞|

eθ∞
1.431149209001307e−003 1.845268999181951e−003 2.570147096053791e−003 5.345843389674220e−003

|θyy(y
∗)− θ̂yy|/θ̂yy 3.363040886020695e−003 3.363582038419761e−003 3.362005998844594e−003 3.351230942161327e−003

b 5.471501619326116e−001 5.471485474696558e−001 5.471487116780027e−001 5.471480869323990e−001

|b− b̂|/b̂ 4.024415556753806e−002 4.024698749625749e−002 4.024669945847258e−002 4.024779532444529e−002

Table 3: Asymptotical results: Part 1 continued.



3 Solution graphs

In Figures 1, 3, and 5, we show the graphs (logarithmic scale) of the numerical
solution and its first and second derivative for the values γ = 4, 10 and 18.
Moreover, in Figures 2, 4, and 6 we plot the variation of the step sizes for the
methods of orders 4, 6, 8, and 10. The tolerance used is 1e−12 and the initial
step size is 1e−3.
The approximation of the first and the second derivative becomes unreliable in
the area where the solution is close to the asymptotic value zero.
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Figure 1: γ = 4.
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Figure 2: Step size variation for each block, γ = 4.
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Figure 3: γ = 10.
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Figure 4: Step size variation for each block, γ = 10.
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4 Asymptotical properties: Part 2 – Mid-range

calculation, s < 0

As the first part of our discussion of the case where |s| is in the mid-range
between 1 and γ2, we consider negative s.
Case 1: 1 ≪ |s| ≪ γ2, s < 0

Let −γ2 ≪ s≪ −1. From [7],

y(s) =
1

γ
+

s

γ3
, (11)

so we obtain s as

s = γ3y − γ2, (12)

and consequently, we can approximate the values of v(s) by

v(s) = γ4θ(y). (13)

For the calculations, we choose the points y such that s are in the interval
[−γ2,−1], i.e., 0 ≪ y ≪ 1

γ − 1
γ3 , and compute θ(y).

From [7],

v(s) = γ2v0(s) + v1(s) +O

(

1

γ2

)

, (14)

holds, where

v0(s) =
1

2
− s. (15)

From (14) and (15), we obtain the numerical approximation for the values of
v1(s),

v1(s) = v(s)− γ2v0(s) +O

(

1

γ2

)

= v(s) − γ2
(

1

2
− s

)

+O

(

1

γ2

)

. (16)

Furthermore, the asymptotical values of v1(s) are available [7],

v1(s) = (c− 2) log(γ)s+

(

d−
1

2

)

s+ a log(γ) + b−

−

(

s−
1

2

)

log

(

1

2
− s

)

+ s−
log(1/2)

2
, (17)

where a = −1, b =
11

12
−

1

2
log(2), c = 4, d = −

1

2
.
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In Figures 7 to 12, we plot the values of v1(s) and their numerical approxima-
tions together with the relative errors (logarithmic scale).

One observes the desired asymptotical behaviour for points s such that −γ2 ≪ s
and large values of γ.
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Figure 7: Analytical values and numerical approximation for v1, order 4.17
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Figure 8: Relative error of v1, order 4.
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Figure 9: Analytical values and numerical approximation for v1, order 6.
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Figure 10: Relative error of v1, order 6.
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Figure 11: Analytical values and numerical approximation for v1, order 8.21
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Figure 12: Relative error of v1, order 8.
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5 Asymptotical properties: Part 3 – Mid-range

calculations, s > 0

To complete our discussion of the mid-range, we consider positive s.
Case 2: 1 ≪ |s| ≪ γ2, s > 0

Let 1 ≪ s≪ γ2. We recall that

y(s) =
s

γ3
+

1

γ
, s = γ3y − γ2, (18)

and

v∞ = γ4θ∞, v(s) = γ4θ(y). (19)

For the numerical simulation, we again choose points y such that s is in the
interval [1, γ2], i.e., 1

γ + 1
γ3 ≪ y ≪ 2

γ and calculate θ(y).

The asymptotic values of v(s) are given in [7] as

v(s) = v∞

(

1 + e−γee−(s−s∗)/v∞
)

, (20)

where s∗ = 1
2 + O(1/γ2) and γe = 0.577215665 is Euler’s constant. For large

value of γ the value of v∞ is very small, and therefore, v(s) in (20) is nearly
constant and coincides with v∞.

Concerning the derivative vs(s) of v(s), from (18) we obtain

y′(s) =
1

γ3
, (21)

and it follows from (19) that

vs(s) = γ4θy(y(s))y
′(s) =

γ4

γ3
θy(y) = γθy(y). (22)

Now, it is clear that for s ∈ [1, γ2], y ∈

[

1

γ
+

1

γ3
,
2

γ

]

, and using (18) we obtain

the numerical approximation for the value of vs(s) from (22).

Finally,
vs(s) = −e−γee−(s−s∗)/v∞ (23)

holds [7], where s∗ = γ3y∗ − γ2, and γe = 0.577215665.

In Figures 13 to 18, we give the graphs of v(s) and the relative error (in loga-
rithmic scale) obtained from (19) and (20).
Unfortunately, due to the very large values of v∞, the numerical values of
e−(s−s∗)/v∞ are zero and consequently, the values of vs(s) obtained from (23)
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Figure 14: γ = 10, order 8.

are also zero.

In Figures 19 to 24, we give the graphs of v(s) and vs(s) and also their absolute
errors obtained from (19) and (20), and from (22) and (23), respectively.
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Figure 19: γ = 10, order 8
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Figure 20: γ = 10, order 12
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Figure 21: γ = 14, order 8
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Figure 22: γ = 14, order 12
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Figure 23: γ = 18, order 8
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Figure 24: γ = 18, order 12
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6 Numerical Method

In this section, we describe the finite difference method used in the computa-
tions. The numerical scheme is applied to second-order initial value problems
in their original formulation. It is carried out on piecewise equidistant grids,
where step size is changed after each subinterval, as proposed in the general
block–BVM framework [5].
Let us consider a general second order initial value problem of the form

{

f(y, θ, θ′, θ′′) = 0,

θ(y0) = θ0, θ′(y0) = θ′0.
(24)

Let h0 be an initial step size and

Y = {y0 < y1 < . . . < yn, yi = y0 + ih0, i = 0, . . . , n}

an equidistant grid. The corresponding numerical approximation is denoted by

Θ = [θ0, θ1, . . . , θn].

Following ideas from [2, 3, 4], we discretize the derivatives in (24) by means of
suitably chosen high order finite differences

θ(ν)(yi) ≃ θ
(ν)
i =

1

hν

r
∑

j=−s

α
(s,ν)
s+j θi+j (25)

where ν = 1, 2 is the derivative index and α
(s,ν)
s+j are the coefficients of the

method which are specified in order to reach the possibly high order of accuracy.
The integers s and r represent the number of left and right values required to
approximate θ(ν)(yi). They are strongly related to the convergence order and
the stability properties of the formula. For the above problem we choose, r = s,
whenever possible and obtain formulae called ECDF in [4] whose consistency
order is p = 2s for both, the first and the second derivative. For example, we
have for

Order 4:

h2 θ′′(yi) ≈ − 1
12θi−2 +

4
3θi−1 −

5
2θi +

4
3θi+1 −

1
12θi+2,

h θ′(yi) ≈
1
12θi−2 −

2
3θi−1 +

2
3θi+1 −

1
12θi+2,

Order 6:

h2 θ′′(yi) ≈
1
90θi−3 −

3
20θi−2 +

3
2θi−1 −

49
18θi +

3
2θi+1 −

3
20θi+2 +

1
90θi+3,

h θ′(yi) ≈ − 1
60θi−3 +

3
20θi−2 −

3
4θi−1 +

3
4θi+1 −

3
20θi+2 +

1
60θi+3.

We observe that the coefficients are symmetric and skew-symmetric for the sec-
ond and first derivatives, respectively. In the computations, we have used these
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schemes up to order p = 10.

The vector of unknowns Θ is computed by solving the nonlinear system of
equations

f(yi, θi, θ
(1)
i , θ

(2)
i ) = 0, i = 1, . . . , n− 1, (26)

together with initial conditions. Since the above symmetric formulae of order
p > 2 cannot be used to approximate θ(ν)(yi), i = 1, . . . , p/2 − 1 and i =
n − p/2 + 1, . . . , n − 1, schemes in (25) with different stencils (but the same
consistency order) have to be provided at the beginning and the end of the grid.
We call them initial and final formulae [5]. Examples of the initial schemes are

Order 4

h2 θ′′(y1) ≈
5

6
θ0 −

5

4
θ1 −

1

3
θ2 +

7

6
θ3 −

1

2
θ4 +

1

12
θ5,

h θ′(y1) ≈ −
1

4
θ0 −

5

6
θ1 +

3

2
θ2 −

1

2
θ3 +

1

12
θ4.

Order 6

h2 θ′′(y1) ≈
7

10
θ0 −

7

18
θ1 −

27

10
θ2 +

19

4
θ3 −

67

18
θ4 +

9

5
θ5 −

1

2
θ6 +

11

180
θ7,

h2 θ′′(y2) ≈ −
11

180
θ0 +

107

90
θ1 −

21

10
θ2 +

13

18
θ3 +

17

36
θ4 −

3

10
θ5 +

4

45
θ6 −

1

90
θ7,

h θ′(y1) ≈ −
1

6
θ0 −

77

60
θ1 +

5

2
θ2 −

5

3
θ3 +

5

6
θ4 −

1

4
θ5 +

1

30
θ6,

h θ′(y2) ≈
1

30
θ0 −

2

5
θ1 −

7

12
θ2 +

4

3
θ3 −

1

2
θ4 +

2

15
θ5 −

1

60
θ6.

The final schemes used to approximate θ(ν)(yn) and, for order 6, θ(ν)(yn−1),
have the same coefficients as the above initial ones, but in case of the first
derivative, having reversed order and opposite signs. Note that for the second
derivative, the order of the initial methods is p = r + s− 1, and so we need to
include an additional grid point to obtain the required order p = r + s.
The number of grid points n ≥ p used while solving (26) is linked to stability
and computational cost. Larger n means better stability properties but higher
computational cost [2, 5]. For problem (24) we have n =: p+ 4. The structure
of the coefficient matrix associated with the second derivative for p = 10 is de-
picted in Figure 25. In this case, we included four initial and four final formulae,
and five regular symmetric schemes [5]. The size of the matrix is (n−1)×(n+1),
with the first column is multiplied by the known value of θ0.

If A and B are the matrices containing the coefficients for the second and the
first derivative, respectively. Then the discrete problem has the form

f

(

Y,Θ,
1

h
BΘ,

1

h2
AΘ

)

= 0, (27)
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where the first element of the vector Θ is known. System (27) combined with
a formula approximating the first derivative θ′(y0), obtained by (25) with i =
s = 0, uniquely specifies the solution vector Θ. Examples of these last formulae
are:

Order 4:

hθ′(y0) ≈ − 25
12θ0 + 4θ1 − 3θ2 +

4
3θ3 −

1
4θ4 = hθ′0,

Order 6:

hθ′(y0) ≈ − 49
20θ0 + 6θ1 −

15
2 θ2 +

20
3 θ3 −

15
4 θ4 +

6
5θ5 −

1
6θ6 = hθ′0.

Once the solution in the grid point yi has been approximated, but its accu-

Figure 25: Structure of the coefficient matrix approximating the second deriva-
tive for p = 10 and n = p+ 4 = 14.

racy is not sufficient to satisfy the tolerance requirements, the step size can
be adapted on the basis of local error estimate obtained from the mesh halv-
ing strategy. Then the algorithm is continued on a subsequent subinterval. The
code solving the flow in concrete problem uses a classical time stepping strategy
[11] explained below.

If (Newton does not converge within Nmax iterates)
h = 0.8 h

elseif (error > tol)

h =

(

0.5 tol

error

)
1

(p+1)

h

else

hnew =

(

0.7 tol

error

)
1

(p+1)

h

end

In the first two cases the solution is not accepted and the algorithm restarts
from the same point yi. In the third case the solution is accepted and the new
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step size hnew is predicted to handle the successive subinterval. The following
table shows the number of Newton calls in which no converge has been observed
within Nmax = 10 iterations. It also shows how often the tolerance has and has
not been satisfied.

Statistics for order 8

γ = 4 γ = 10 γ = 18
No convergence 0 0 1

error > tol 57 336 1043
error < tol 110 519 1554

The numerical results has been obtained with the following settings: Conver-
gence orders p = 2s, s = 2, 3, 4, 5 initial step size h0 = 1e − 3, error tolerance
tol = 1e− 12 for both, the solution and the Newton residual.
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