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1. INTRODUCTION

This paper discusses the singular initial value problem

{y’=q(t)f(t,y)» 0 <t<T(<00) (1.1)

»(0) =0,

where our nonlinearity £ is allowed to change sign. In addition f may
not be a Carathéodory function because of the singular behavior of the
y variable i.e. f may be singular at y = 0. Nonsingular problems have
been discussed extensively in the literature [1-6]. However only a few
papers [2, 3] have appeared when the nonlinearity fis singular at y = 0.

* Corresponding author.
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The results here are new and they complement and extend those in
[2, 3]. In this paper to establish existence for (1.1) we approximate (1.1)
by a sequence of nonsingular problems, each of which has a lower
solution « and a upper solution f,. Using the Schauder fixed point
thcorem we establish the existence of a solution which lies between a
and f3, for each approximating problem. The Arzela-Ascoli theorem
will then complete the proof. In addition we also present, in this paper,
casily verifiable criteria which guarantee that (1.1) has a solution
y € C[0, T] with y > 0 on (0, T].

2. EXISTENCE THEORY

In this section we discuss the initial value problem
{y’ =q(N)f(t,y), 0<t<T(<o0) 2.1)
).(0) - 0> '

where our nonlinearity f may change sign. We first present an upper
and lower solution result for the singular initial value problem. The
idea involves approximating (1.1) by a sequence of nonsingular pro-
blems each of which has a lower solution o and a upper solution f,,.
The Arzela--Ascoli theorem will then complete the proof. After the
proof we discuss how to construct the lower solution «. In particular
general criteria will be given which will enable us to verify immediately
that a particular equation has a lower solution o. This has the added
advantage that we do not need to construct o explicitly for each ex-
ample. Also in this section we replace the fi, condition with another
more casily verifiable one. Examples will then be given to illustrate our
theory.

THEOREM 2.1  Let ny € {3,4,...} be fixed and suppose the following
conditions are satisfied:

[0, 7] x (0,00) — R is continuous, (2.2)
.

g€ C0,T], ¢g>0 on (0,T] and [ g(x)dx < oo, (2.3)
Jo
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let n € No = {ng,no + 1,...} and associated with each n
we have a constant p,, such that {p,} is a nonincreasing
sequence with lim, . p, = 0 and such that for

T
Py <t < T we have q(1) f(t,p,) = 0,

Ja e Cl0,TINCH0,T], 2(0) =0, x>0 on (0,7]
such that for each n € Ny, q(£) f(¢,0(t)) = o' (¢) for

re [-; T) and q(2) f(%,oc(t)) > (1) for 1€ (05)

for each n € Ny, 3B, € C[0, T|NC(0, T] with

B,(t) = «(t) and B,(t) > p, for t€[0,T} and
q() f(t, B,(1)) < B (1) for te [T T) with

]
n

a0 (380 < 5,0 for 1€ (0.2),

ap = max{ sup B.(f): ne No} < 0o
tefo, 7]

and

{ e, I < g(y) on [0,T] x (0,a0] with

g > 0 continuous and nonincreasing on (0, 00).
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(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

Then (2.1) has a solution y € C|0,. T} N C'(0, T] with y(t) > «(t) for

te 0, 7).

Proof Without loss of generality assume p,, < mingz/37a(f). Fix

n € Ny. Let #, € [0, T/3] be such that
a(ty) = p, and oft) <p, fortel0,1,]
Define

_ pn lf IS [Oa t”]
o, (1) = { a(t) ifte (1, T '
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Consider the initial value problem

here

fiy) =

Y=qOfi(ny), 0<i<T \
{ym)=mﬁ (29)
AZ80). y> 0 andosi<t
f6,B,(0),  v=B,(0) and % <t<T

T

T

(T
,f(;»%r(”)v y<ay(r) and 0 <7 < "

Schauder’s fixed point theorem [l, 2] guarantees that (2.9)" has a

solution y, € C[0, T| N C'(0, T]. We first show

Vu(t) 2 0a(2) for 1€ 10,7}

(2.10)

Suppose (2.10) is not true. Then there exists 7) < 1, € [0, 7] with

yn(rl) = O{,,(Tl), J"H(TZ) < O(,,(Tz)
and
() < a,(t) for t € (t1,12).

Of course

Pu(t2) — oy(12) = r (n — o) (.

JT

(2.11)
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We now claim
(yw — ;) () =0 and ae. € (11,12).
If (2.12) is true then (2.11) implies

y;z(IZ) - Ot,,(‘Cz) = 0,
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(2.12)

a contradiction. As a result if we show (2.12) is true then (2.10) will
follow. To see (2.12) we will in fact prove more i.e. we will show

(3o — ) (1) =0 for t € (t1,7;) provided ¢ # t,.

Fix t € (1, 12) and assume ¢ # t,. Then y,(t) — a,(r) < 0. Now
(i) t < ty; or (ii) £ > 1.

Case (i) t<t,(<T/3).
First suppose ¢, = T/n. Then
(¥n — “n),(t) = [‘I(t)ﬁ:(td"n(t)) - “;:(t)]

( q“)f(%»“n“)) - OC:,([), O0<t< %

I~

[ 9(O) (1, 0u(1)) — 03, (8),

a0s(Lop,). 0<1s

Sty

=
Bl

g() S, ),

Lt<ty

3~

=0,
from (2.4). Next suppose t, < T/n. Then t < T/n so we have

0 =) () = a1 (5.90(0) =40 =a(0)1(5. 04 ) 0

n 3

from (2.4).

either

)
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Case (ii) t>t,.
First suppose #, < T/n. Then

(v — ) () = [q() £ (t, ya(0)) — o (1)]
Q(’)f<z>0¢n(f)> —ol(f), t<t<

n

i

I

T

Q(l‘)‘f(t, 0(n(t)) - m;,(t), 7; <t

from (2.5). Next suppose t, = T/n. Then

(o = o) (1) = g(0) [t 0a(2)) — 03, (1) = q(0) [t (1)) — o' (£) = 0,
from (2.5).
Consequently (2.12) (and so (2.10)) is true, and now since
oty < a,(t) for t € [0, T] we have
a(r) < oy(f) < yu(t) forre]0,T). (2.13)
Next we show

ya(t) < (1) fortel0,T]. (2.14)

If (2.14) is not true then there exists 7| < 12 € {0, 7] with
yﬂ(ﬂ) - /311(1’1)7 y,,(rz) > /;11(12)
and

vu(t) > B,() for t € (t1,72).
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Notice also that

T2

ule) = (1) = | a9 5, 6))c.

1

There are three cases to consider, namely (1) T/n<7; (i)
11 < 172 £ T/m; and (iii) 1y < T/n < 13.

Case (i) T/n<r1.
Then (2.6) implies

n) =) = [ a6 b0 < [ g0

71

= /311(72) - ﬁ,,('fl),

a contradiction.

Case (ii) v <ty < T/n.
Then (2.6) implies

yn(t2) = yu(t1) = J 2 q(s) f1 (;T : ﬂ,,(s)) ds

T

< rz Bu(s)ds = B,(t2) — (1),

JT]

a contradiction.

Case (iii) 11 < T/n < t3. Now

(i) =) = [/ 001 (5 ) )

and

N

ARV

$n(52) = (f) = [ a6 058050 < e = (5

n JT/n
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Combine to obtain

ya(r2) = yult1) < B,(12) = B, (1),

a contradiction.
Thus (2.14) holds. In particular for 1 € [0, 7] we have

o(2) < oy (1) < yult) < B, (1) < ao; (2.15)
here ag is given in (2.7). We next show
{»a}uen, is @ bounded, equicontinuous family on [0, 7}.  (2.16)

To see this notice (2.8) and (2.15) guarantee that we have

PAGI

—r L q(t) forte(0,7),

20l <1 .1
and so

+ V(1) < q(r) forte(0,7);
here

J'n(’) d“
vt} = — al
(=" = 60uto)
For 1,5 € {0, T] we have
t t
[ (£) = va(s)| = ” Vi (t)dt) < [ g(t)dr

This together with the uniform continuity of G! on [0, G(ay)] and

u(t) = ya(9)] = 1GT(G(3u(1))) = G (G(yuls)))]
= |G~l("n(t)) - G“l(vn(s)”
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immediately guarantees that {y, },cy, is equicontinuous on [0, 7]. Thus
(2.16) holds. The Arzela-Ascoli theorem guarantees the existence of a
subsequence N; of Ny and a function y € C[0, T] with y, converging
uniformly on [0,7] to y as n — oo through N;. Also y(0) =0 and
o(t) S y(t) < ap for t € [0, 7). Fix t € (0,7) and let n; € N, be such
that T/ny <t < T. Let Nj ={n € N, :n2mn}. Now y, n€ Nj, sa-
tisfies

T

Yu(t) = yu(T) - Jt q(s)f, (5, yu(s))ds

T

;mn—quﬂmmmm.

Let n — oo through N} to obtain

T

ﬂﬂ=ﬂﬂ—LﬂﬂMw®M&

We can do this argument for each z € (0, 7).

Remark 2.1 We could replace (2.7) and (2.8) in Theorem 2.1 with the
following condition:

{for each ¢ € [0, 7], we have that {,(¢)} isa (2.17)

nonincreasing sequence and lim,_ f§,(0) = 0.

To see this notice that we only needed (2.8) in the proof of
Theorem 2.1 from (2.16) onwards. Here notice we have

Ot(l) < a’1(t) < y"(t) S ﬂn(t) S ﬂno(t) fOI‘ te [0* T]

Now lets look at the interval [T/ny, T]. Let

R, = sup{lq(x)f(x,y)| 1X € E;, T] and a(x) <y < ﬁno(x)}.
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We have immediately that

{¥u}nen, is a bounded, equicontinuous family on [7/no, T).
The Arzela—-Ascoli theorem guarantees the existence of a subsequence
N, of integers and a function z,, € C[T/np, T] with y, converging

uniformly to z,, on [T/ng, T] as n — oo through N,. Proceed in-
ductively to obtain subsequences of integers

N'702N010+12"'2Nk2-~-

and functions
T
Zr € C{——, T}
k

yan converging uniformly to z; on [T/k, T| as n — oo through N;

with

and
T .
Zkyl = 2 ON {7‘, T]-
K

Define a function y : [0, 7] — [0,00) by p(x) = zx(x) on [T/k,T] and
»(0) =0. Notice y is well defined and «ft) < y(r) < B, (1) for
t€(0,7). Fix te€(0,7) and let m € {ng,ng +1,...} be such that
T/m<t<T Let N;, ={n €N, :nzm}. Now y,,n € N, satislics

m*

T

yult) = (1) [ 4(5) /{5, 7a(5)) ds.

Jt

Let 7 — oo through N, to obtain

m
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We can do this argument for each ¢ € (0, T). It remains to show y is
continuous at 0. Let ¢ > 0 be given. Now since lim,_ f,(0) = 0 there
exists n; € {ng,no + 1,...} with g, (0) < ¢/2. Since g, € C[0, T| there
exists d,, > 0 with

B (1) <§ for ¢ € [0,8,,]-

Now for n = m we have, since {f,(¢}} is nonincreasing for each

tef0,T],

Ba(t) < B, (1) <—§- for t € [0,6,,].

This together with the fact that a{r) < y,(¢) < B8,(¢) for t€[0,7],
implies for n = n that we have

o(t) < yalt) <§ for 1 € [0,8,,].
Consequently
0<a(t) <p(1) < —;—< ¢ forte (0,4,]

and so y is continuous at 0. Thus y € C[0, T].
Remark 2.2 Suppose (2.2)~(2.5), (2.7) and (2.8) hold, and in addition
assume the following conditions are satisfied:
for each n € Ny we have q(1)f(t,y) = &/(¢) for
T
(t,y) € [;, T) x {y € (0,00) : y < a(f)} and

10(2.r) > () or @18

(t,y) € (0,%) x{y € (0,00) : y < a(t)}
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and

for each n e Ny, 3, € C[0,T] N C'(0, 7] with
i) = p, for 1€ (0,T] and q(1)f(t,B,()) < B,(1)

for 1 ET) with g(1) ( B, (t )) <B.() (2.19)

for t € ((),I).
n

Then the result in Theorem 2.1 is again true. This follows immediately
from Theorem 2.1 once we show (2.6) holds i.e. once we show
B,(t) = a(t) for t€[0,7] for each n e {ny,ny+1,...}. To see this
suppose it is false for some n € {ng,ny+1,...}. Then there exists
7y < 13 € [0, T] with

/in(Tl) = OC(‘L'[), /))11(1‘-2) < O((‘L'z) and ﬁn(t) < OC(I‘) forre (Tl»rZ)'

There are three cases to consider, namely (1) T/n<r1ty
(i) 1 < 1y < T/nand (i) 1y < T/n < 13,

Case (i) T/n<1.
Then (2.19) and §,(t) < a{t) for ¢ € (11,12) yields

T2 T2

B (s)ds > [ 4(5) (5, Bo(s))ds

ST

/11(’[2) ﬂn(rl) [

JT

> Irz o' (s)ds = a(12) — afty),

JT7

a contradiction.

Case (ii) 1) <13 < T/n. Then

fules) ~ o) = | s> [ q(S).fG , /f,,(s))ds

J Ty

> JTZ o (s)ds = a(t2) — a(7y),

Tt

a contradiction.
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Case (iii) 71 < T/n< 13
Then

i(2) == [ a6 (E .0 a5z 0(2) - e,

and

len) = a(3) > j/ )05 By(9)ds > () = o1 ).

Combine to get
ﬁn(r2) - ﬂn(‘cl) = OC(TZ) - O((‘L'l),

a contradiction,
If in (2.4) we replace T/n < 1 < T by 0 < t < T then in this case we
define £ as follows:

f(t,y)a O‘"(’) < y < ﬂn(t)

[, B,(1)), v =B,
5Ly) = {
St 0u(8), ¥ < on(2).

For completeness we state the result.

THEOREM 2.2 Suppose (2.2) and (2.3) hold. In addition assume the
following conditions hold

letne {1,2,...} = Ny and associated with each
n € Ny we have a constant p, such that {p,},

: . . s (2.20)
is a nonincreasing sequence with lim, . p, =0
and such that for 0 < t < T we have q(t)f(t,p,) = 0,
{E!oceC[O,T]ﬁC‘(O,T], a(0) =0, 0> 0o0n (0, 7] (2.21)
such that q(t) f{t,o(2)) = o'(¢) for t € (0,7T) '
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and

for eachn € Ny, 3B, € Cl0,T)n C'(0,T]
with B,(6) = a(t) and B,(t) = p, for t€|0,T) (2.22)
and q(1) f(t, B, (1)) < B, (1) for 1 € (0, 7).

Finally assume either (2.17) or (2.7), (2.8) (with Ny replaced by Ny)
occur. Then (2.1) has a solution y € C[0, T) N CY(0, T] with p(t) = «(f)
for t €10, T].

Next we discuss how to construct the lower solution « in (2.5) (and
in (2.18)). Suppose the following condition is satisfied:

let n € Ny and associated with each n we

have a constant p, such that {p,} is a decreasing

sequence with lim,_., p, = 0 and there exists a (2.23)
constant ko > 0 such that for I <r<7T

and 0 < y < p,, we have g(2) f(1,1) = ko.

The argument in [2, Chapter 1] guarantees that there exists a
a € Cl0, TINnCY0, T}, a(0) =0, 1) < p,, for t € [0, T] with

g() flt,a(t)) = o/ (t) forte (0,7T) (2.24)
and
q()f(t,y) = o (1) for (t,y) € (0,T) x {y € (0,00):y <aln)}.
(2.25)

If in addition to (2.23) assume the following holds:

f(-,y) is nondecreasing on (0, T/3) for each fixed y & (0,00).
(2.26)

Then (2.5) is satisfied. This follows from (2.24) if ¢ € {T/n, T), whereas
if r € (0, T/n) then (2.24) and (2.26) yield
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In addition it is easy to check that (2.18) also holds.
Combining the above with Theorem 2.1 and Remark 2.2 gives the
following existence result.

THEOREM 2.3 Let ny € {3,4,...} be fixed and suppose (2.2), (2.3),
2.7), (2.8), (2.19), (2.23) and (2.26) hold. Then (2.1) has a solution
y € C[0, T| N CY(0, T| with y(t) > 0 for t € (0, T.

Remark 2.3 Tn Theorem 2.3 we could replace (2.7), (2.8) with (2.17).

Remark 2.4 One could replace (2.26) in Theorem 2.3 with the more
general condition: there exists § € (0,7/3) with f{-, ») nondecreasing
on (0,4) for each fixed y € (0, 00).

Looking at Theorem 2.1 and Theorem 2.3 we see that the main
difficulty when discussing examples is constructing the f, in (2.6) (and
(2.19)). As a result we present a theorem which removes (2.6) (and
(2.19)) and replaces it with an easy verifiable condition. We first pre-
sent the result in its full generality.

THEOREM 2.4 Let ng € {3,4,...} be fixed and suppose (2.2)-(2.5)
hold. Also assume

g > 0 continuous and nonincreasing on (0, 00) (2.27)

{lf(t,y)l <gW)+h(y) on [0,T] x (0,00) with
and h =0 continuous on [0, 00).

Also suppose there exists a constant M >0 with G~'(M) >
SUPeo, 1 %(1) and with

"o < [ ds 2.2
o< | eomemm @

holding; here G(z) = [; du/g(u) (note G is an increasing map from
[0,00) onto [0,00) with G(0)=0). Then (2.1) has a solution
y € C[0, T) N CY(0, T} with y(t) = a(t) for t € [0, T).
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Proof Choose ¢ > 0, ¢ < M with

[Tq(x)dx < JM ds

70 ¢ [] -+ (II(G_] (s))/g(G— 1 (S)))] . (229)

Let mg € {3,4,...} be chosen so that G(p,,,) < ¢ and without loss of
generality assume n1g < ng. Let o, be as in Theorem 2.1 and again we
examine (2.9)" with

T
f(?y), (f) <y < G™'(M) and 0 <1<
« n*(t?y) =

A6y), onlt) <y < G-'(M) and %s:

A
ﬂ

T
ft,ou(2), v < ou(t) and W StsT
T T
f(—,oc,,(t)), y<ou(t) and 0 <1< —

n n

As in Theorem 2.1, (2.9)" has a solution y, with
yo(t) Z o, (1) 2 at) forrel0,T).
Next we show
yu(f) < GT' (M) forte0,T). (2.30)

Suppose (2.30) is false, then since p,(0)=p, there exists
T <172 € {0, T] with

pn < y”(t) < G—I(M)
for t € (1,72), va(ty) = p, and y,(12) = G"‘(M).
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Now for ¢ € {11,73) we have

im0 < sn) {1 + 22400,

since if t€(0,T/n) then fF(t,y.(1)) =AT/n,y(t)) < gyu(t)) +
h(ya(t)), whereas if t€[T/n,T) then f}(t,y.(2)) =f(t,y()) <
g(n(1)) + h(yu(1)). Thus

O {14 100

} forre (‘Cl,‘tz).

g(a(1)) g(yn(1))
Let
(1) u
) = [ s = Gonto)
and so

-1 v,
V(1) < q(t){l +M} for ¢ € (1),12).

Integrate from t; to 1, to obtain

() ds

L [1+ (A(G~1(5))/&(G~ ()]
v (t2) ds
.Lmﬂ1+MU?W@VﬂG”@DH

T M ds
< L 9(5)ds < J T G &) /TN

Consequently v,(t2) < M 50 y,(t2) < G~'(M). This is a contradiction.
Thus (2.30) holds and so

a(t) < a,(8) < yu(t) < G-Y(M) for t€ [0, 7). (2.31)

Essentially the same reasoning as in Theorem 2.1 from (2.16) onwards
completes the proof.
We also have the following result.
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THEOREM 2.5. Let ng € {3,4,...} be fixed and suppose (2.2), (2.3),
(2.23), (2.26) and (2.27) hold. In addition assume there is a constant
M > 0 with

JT g(x)dx < [M ds

0 Jo T+ ((G="(5))/¢(G~"(s)))] (2.32)

holding; here G(z) = [y du/g(u). Then (2.1) has a solution
y € Cl0, T)n CY(0, T] with p(z) > 0 for t € [0, T).

Proof  This follows immediately from Theorem 2.4 once we show
G~ (M) > a(t) for cach t € [0, T]

(e« is described after (2.23)). Suppose this is false. Then since «(0) = 0
there exists 7; < 15 € {0, T] with

0<a(f) <G™' (M) forte (ty,12), a(t)) =0
and o(ty) = G~ (M).
Notice (2.23) (see (2.24)) implies

(1) < q(0) f{t, (1)) for t € (11,72),

so we have
o?'(1) h(a(t)) ‘
@) <c/(t){1 +g(a(t))} for t € (11,12).
Let
o(r)
(1) = [ ,%— (x(1)),
S0
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Integrate from 7; to 7, to obtain

v(t2) ds
.[0 [1 4 (A(G'(s))/8(G~"(s)))]

e ds
S Jo [T+ (G ())/2(GT()))]

T M dS
< Jo 9(s)ds < Jo [+ (HGT(5) /2 (G T )]

Thus v(ty) < M, so a(t2) < G"Y(M), a contradiction.

Remark 2.5 In Theorem 2.5 we could replace (2.23), (2.26) with Eqgs.
(2.4) and (2.18).

Next we present some examples which illustrate how easily the
theory is applied in practice.

Example 2.1 The initial value problem

) Vi
{y yE+pP+ 4, 0<t< T(< o0) (2.33)

$(0)=0, 0,f>0, A>0

has a solution y € C[0, 7) N C'(0, T] with y(¢) > 0 for ¢ € (0, T} if

> ds
s J . 2.34
0o 1+ [(a+ 1)S](/f+a)/(a+1) + Al(e+ l)s]a/(oﬁ-l) ( )

To see this we will apply Theorem 2.5 with
m=3 q=1 g0)=y" hy)=»+4,
together with
P :l and ko = 3%
n

Clearly (2.2), (2.3), (2.26) and (2.27) hold. Also for n € {3,4,...},
(T/n)y < t< Tand 0 <y < p, we have

g f(t,y) =y~ = n* 2 3%
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$0 (2.23) is satisfied. From (2.34) there exists M > 0 with

< [M ds
Joo 1 (o 1)s) PR (o 1)) D

so now (2.32) holds with this M since

o+
L

G(:) =—, 50 G™'(z) = [(a+ 1)z]'*.

Existence of a solution to (2.33) is now guarantced {from Theorem 2.5.

Example 2.2 The initial value problem

P L
{) »-(yo’l"A_y A>,0<t< T(< o0) (2.35)
1(0) =0,

with ¢ >0,020, A>0, 026, 0<f<1, 420 has a solution
y € C[0,T}n C'(0, T] with p(¢) > 0 for ¢ € (0, 7].
To sce this we will apply Theorem 2.3 with
TO(
=3 q=1 s»)="15. h)= Ay’ + 2,

together with

T t/0
Pn = <m) and k() =1.

Ciearly (2.2), (2.3), (2.8) and (2.26) are satisfied. Also for
ne{3,4,..,(T/n) <t < Tand 0 <y < p, we have

, * *1
q()f(1,y) = F—D (I) = A=A+ =1=1

n M
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Thus (2.23) holds. It remains to check (2.7) and (2.19). Let
ﬂl1(t) = at + pn
where a > 0 is chosen so that

Toc—()
a?

+ A(aT+p;) —2—a<0 and 1+ A(aT+ p)f —a <0
(2.36)

the existence of an a > 0 so that (2.36) holds is immediate since

0<f<1 Clearly (2.7) is true. Also if ne{3,4,...} and
(T/n) <t < T we have

Jar)’

oa—0

a() f(t, Bu(2)) = B(1) < [ i + A(at + p,)f —A} —a

<

-+ A(aT + p3)f —i—-a
<0,

whereas if n € {3,4,...} and 0 < ¢t < (T/n) we have

o01(2.8,0) =50 = [(£) Sy atar+ - -
< [(/1+1)+A(aT+P3)ﬂ—/l] —a

=1+ A4(aT+p;)’ —a
< 0.

Thus (2.19) holds. Existence of a solution to (2.35) is now guaranteed
from Theorem 2.3.
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