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Abstract

We investigate the relation between holomorphic torus actions on complex manifolds of
locally conformally Kéhler (LCK) type and the existence of special LCK metrics. We show
that if the group of biholomorphisms of such a manifold (M, J) contains a compact torus
which is not totally real, then there exists a Vaisman metric on the manifold, generalising
a result of Kamishima—Ornea. Also, we obtain a new obstruction to the existence of LCK
structures on a given complex manifold in terms of its automorphism group. As an application,
we obtain a classification of manifolds of LCK type among all the manifolds having the
structure of a holomorphic principal torus bundle. Moreover, we show that if the group
of biholomorphisms contains a compact torus whose dimension is half the real dimension
of M, then (M, J) admits an LCK metric with positive potential. Finally, we obtain new
non-existence results for LCK metrics on certain products of complex manifolds.
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1 Introduction

Locally conformally Kihler (LCK) metrics are natural conformal analogues of Kéhler met-
rics. Namely, a Hermitian metric on a complex manifold (M, J) with fundamental form £2
is LCK if d§2 = 6 A £2 for some closed form 6, called the Lee form. On the minimal cover
of M on which the pullback of 6 becomes exact, given by p : M — M with p*0 = do,
S C“(M, R), there exists a global Kéhler metric 2x = e™¥p*$2, and (M, J, k) is
called the minimal Kihler cover of the LCK structure.
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336 N. Istrati

Any LCK metric on a compact manifold of Kéhler type is globally conformal to a Kihler
metric ([27]). For this reason, we will always assume tacitly that our manifolds are not of
Kihler type, in order to study only strict LCK metrics. In this setting, a first obstruction appears
for manifolds of LCK type, namely: 0 < b; < 2h%!, where h%! = dim¢ H' (M, Oy) and
by = dimg HY (M, R) (see Sect. 2.2). As a matter of fact, this is the only cohomological
obstruction known for a general LCK manifold. Vaisman had conjectured that such a manifold
should always have by 1 odd for some & € N; however, this was disproved by the Oeljeklaus-
Toma manifolds [16].

There are a few special LCK metrics which are better understood. The most important
one is a Vaisman metric, defined by the condition V80 = 0, where V¢ is the Levi—Civita
connection determined by g. It can be seen that a Vaisman metric (£2, ) on (M, J) has the
form

2 =—adlO+0AnalJO, aecR., (1)

and the corresponding Kihler metric on M satisfies Rk = dd(ae™ ). Thus 2k has a
positive potential. This was first noted by Verbitsky [30], and as a consequence Ornea—
Verbitsky [18] introduced and started the study of the more general notion of a LCK metric
with (positive) potential. These are LCK metrics whose Kihler form on M satisfies

Rk =dd(p*fe™?), feC®(M,R). (@)

This class of metrics has the advantage of being closed under small deformations of the
complex structure ([8,18]), while the Vaisman manifolds are not (see [1]). Even more general
than this is the notion of an exact LCK metric, which is an LCK metric whose Kihler metric
has the form:

Rk =d@e ™y, ne&'(M,R). 3)

The main objective of the present paper is to study the relation between the existence of
special LCK metrics on a compact complex manifold and the group of biholomorphisms of
the manifold. It turns out that this problem translates into certain properties of a compact
torus acting homolorphically on the manifold. In order to give the precise statements, let us
first specify these properties.

Let M be smooth compact manifold and let T C Aut(M, J) be a compact torus with Lie
algebra t C C°°(T M). Moreover, let [0] € HY(M,R) and let M[g] be the minimal cover of
M on which 6 becomes exact.

Definition 1 (a) We say that T is horizontal with respect to [#] if the action of T on M lifts
to an action of T on M[g]. Otherwise, we say that it is vertical with respect to [6].

(b) If there exists a complex structure J on M so that T C Aut(M, J), we say that T is
totally real if tN Jt = 0.

We then have the following results:

Theorem 1 Let (M, J) be a compact complex manifold of LCK type, and let T C Aut(M, J)
be a torus which is not totally real. Then (M, J) admits a Vaisman metric.

This result generalises a criterion of Kamishima and Ornea in [11] for deciding whether a
given LCK conformal class is Vaisman or not, in terms of the presence of a complex Lie group
with certain properties. As a corollary of the proof of our result, we obtain an obstruction to
the existence of a general LCK metric:

Corollary 1 Let (M, J) be a compact complex manifold. If there exists atorus T C Aut(M, J)
so that dimp (t N Jt) > 2 then (M, J) admits no LCK metrics.
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Moreover, we give an alternative proof (Sect. 4) of the following result of Ornea—Verbitsky,
in which we construct explicitly a positive potential by means of an ODE:

Theorem 2 ([19] and [20]) Let (M, J) be a compact complex manifold, and let T €
HY(M,R) be the de Rham class of a Lee form of an LCK structure on (M, J). If there
exists S' C Aut(M, J) which is vertical with respect to T, then there exists 0 € t and 2 so
that (82, 0) is an LCK structure with positive potential.

As a corollary of these results and a previous one concerning toric LCK manifolds [10]
we also obtain:

Theorem 3 Let (M, J) be a compact complex manifold of complex dimension n. Suppose
that the group of biholomorphisms of (M, J) contains an n-dimensional compact torus T".
Then, for any T € H' (M, R) which is the class of a Lee form of an LCK metric, there exists
an LCK metric with positive potential (2, 0) so that 0 € t.

We should note here that the dimension hypothesis on the torus is necessary, as the Inoue—
Bombieri surface ST ([9]) admits an effective holomorphic action of S!, but no exact LCK
metric ([22, Proposition 4.14]).

We also tackle the following problem, related to the above results. Any LCK metric (£2, 0)
defines two natural vector fields B and A = J B, the Lee and anti-Lee vector fields, via:

A82 =—6, g2 =1J6. 4

It is well known that, for a Vaisman metric, these vector fields are real holomorphic. It is
natural to ask whether the converse holds, or under which conditions. In the recent paper
[15], Ornea—Moroianu—Moroianu find additional properties ensuring that an LCK metric
with real holomorphic Lee vector field is Vaisman, namely: if the metric has harmonic Lee
form (i.e. is Gauduchon), or if B has constant norm. Moreover, they construct an example of
a non-Vaisman LCK metric with real holomorphic Lee vector field. In the present paper, we
show:

Proposition 1 Let (M, J) be a compact complex manifold endowed with an LCK structure
(82, 0) of the form (1), whose corresponding Lee vector field is real holomorphic. Then 2 is
Vaisman.

This criterion should be particularly useful when constructing examples, as it is easy to
check. Moreover, we note that the metric constructed in [15] can be chosen with positive
potential, so the above result is the sharpest statement one can get. Finally, let us mention that
the example of non-Vaisman metric with holomorphic Lee field is constructed on a manifold
of Vaisman type. Thus the question remains open whether a manifold admitting an LCK
metric with holomorphic Lee field is of Vaisman type.

As a direct application of Theorem 1, we obtain in Sect. 7 a classification of manifolds
of LCK type among all the manifolds having the structure of a holomorphic torus principal
bundle. This is analogous to the result of Blanchard [2] in the Ké&hler context.

In the last part, we discuss the issue of irreducibility in LCK geometry. From early time
[27], it was known that if one takes two compact Hermitian manifolds (M;, g;), i = 1, 2,
the product metric is not LCK on M| x M;. However, whether there might exist some other
LCK metric on Mj x M> has remained an open question, and in Sect. 8, we extend the known
cases ([26, Corollary 3.3], [17, Corollary 2]) in which this fails. More precisely, we show
that My x M, admits no LCK structure if M is of Vaisman type (Theorem 7) or if M| is a
Riemann surface and M; admits no LCK metrics with positive potential (Proposition 7).
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2 LCK metrics

In this section, we fix a complex manifold (M, J). A metric g on (M, J) is Hermitian if
g(J-, J-) = g. In this case, g induces a fundamental form 2 = g(J-, -) of bidegree (1, 1)
with respect to J. Conversely, a (1, 1)-form £2 € £ LIy R) is called positive and we write
£2 > 0 if the symmetric tensor £2(-, J-) =: g is positive definite, in which case g is a
Hermitian metric. This one-to-one correspondence will be used implicitly throughout the
present text.

We begin with the equivalent definitions of a locally conformally Kéhler (LCK) metric.
Let g be a Hermitian metric with fundamental form §2 on (M, J).

Definition 2 The metric g is called LCK if one of the following equivalent facts holds:

1. There exists a real closed one-form 6 on M, called the Lee form, for which we have:
df2 =0 A S$2. 5)

2. M is covered by open sets {U, }qes so that for each o € I there exists a Kihler metric
gq on (Uy, J) and a real function ¢, € C*°(Uy, R) so that:

8y, =€ ga- (6)

3. There exists a Kdhler metric £2¢ on the universal cover with the induced complex structure
w:(M,J)— (M, J)onwhichm (M), seen as the deck group of 77, acts by homotheties:

Vi Rk = p() ' 2k, ¥y em(M), p(y) e Ro. (7

It is not difficult to see that indeed all the above conditions are equivalent, and for the
details, one can consult the monograph [4]. The Lee form is given on the open sets U, by
flu, = dg.. The pullback of the Kahler metrics {gqy}aes tO M glue up to a global Kihler
metric, which corresponds precisely to £2x . Moreover, it is easy to check that the constants
given in (7) form a group morphism p : w1 (M) +— (R-¢, ), ¥ +— p(y). The kernel of p is a
normal subgroup of w1 (M), so one can consider I" := w1 (M)/ ker p and the corresponding
Galois cover p : M — M of deck group I". By definition, £2x is ker p-invariant, so descends
to a Kihler metric on M.

In fact, M is the minimal cover of M on which the pullback of £2 is globally conformal to a
Kihler metric. For this reason, we will call (M , 2k ) the minimal Kdhler cover corresponding
to 2. Moreover, the pullback of 6 becomes exact on M and one has:

PR =e'Qk. p0=dp. ¢eC M R).

Note that the notion of an LCK metric is conformal in nature. Thus, any relevant definition
concerning a general LCK structure should be conformally invariant. We will denote by
(2] = {e/R|f € € (M, R)} the conformal class of an LCK metric. Among the objects
defined above, the de Rham class [#], the morphism p and the half-line of Kéhler metrics
R. 02k are indeed univoquely defined by the conformal class [£2].

For later use, let us introduce the set of de Rham classes of Lee forms of LCK structures:

LM, ) :={[0le HH(M,®)32 € "' (M, R), 2 >0, d2 =0 A 2}.

We will say that (M, J) is of LCK type if £L(M, J) is not empty.
In LCK geometry, an important role plays the differential operator:

dp : EK(M) — (M)
dgn =dn—6 An.
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Existence criteria for special locally conformally... 339

This operator naturally appears when one is led to consider p~!-equivariant forms on M,

such as the Kéahler form. Indeed, equivariant forms are exactly pullbacks of forms from M
multiplied by e™%, and under this operation d on M corresponds to dy on M, as for any
smooth form « on M, one has the relation:

de™p*a) =e ?p*(dya).

In the same manner appears also the operator dg := d° — J6 A -. A simple, but very useful
fact is the following lemma, cf. [29, Proposition 2.1]:

Lemma 1 Let M be a connected differentiable manifold and 6 a real-valued closed 1-form
on M. Then dy : C® (M) — E'(M) is injective if and only if 0 is not exact.

Most of the special LCK metrics defined in the introduction can also be given equivalent
definitions in terms of the operator djp.

Definition 3 Let (§2, ) be an LCK structure on (M, J).

(a) Itis called an exact LCK structure if there exists a one-form n on M so that 2 = dyn.
This is equivalent to (3).

(b) It is called an LCK structure with potential if there exists f € C*°(M, R) so that 2 =
dpdg f. This is equivalent to (2). Moreover, it is called with positive potential if f can be
chosen positive. The function f will be called a 6-potential of 2.

Remark that these definitions are invariant by conformal transformations, so can also be
used for conformal classes of metrics.

2.1 Vaisman metrics

On the other hand, Vaisman metrics cannot be defined by the operator dy alone, but it is true
that they admit constant -potential. First of all, the Lee and anti-Lee vector fields A and
B of a Vaisman structure (g, §2,0) on (M, J), defined by (4), have remarkable properties.
The defining condition V86 = 0 is also equivalent to V8B = 0, as B is the metric dual of
0. This immediately implies that B (and so also A) is of constant norm. Moreover, it is not
difficult to see that A and B are real holomorphic and Killinlg. Finally, this also implies that

B is symplectic, which is equivalent to §2 admitting f = BI? € R as a f-potential:

1 . 1
2= ||an( dJo + 6 A JO) = dpdy <||B||2> .

Moreover, a Vaisman metric is a Gauduchon metric, meaning that its Lee form is d*-closed
(and thus harmonic), where d* is the co-differential with respect to g. This is easy to see
whether one writes d* = — Z%"zl Le; Ve > with {eq, ...e2,} a local orthonormal real basis
of T M. In particular, a Vaisman metric inherits the property of Gauduchon metrics of being
unique in their conformal class up to multiplication by a positive constant, cf. [6]. For this
reason, we will usually normalise a Vaisman metric to verify || B|| = 1, which then implies
that £2 = dpdj1.

2.2 Cohomological obstructions to the existence of LCK metrics
Unlike the Kahler case, we lack cohomological or even topological obstructions to the exis-

tence of LCK structures. Note that an obvious one is the fact that b1 # 0 for a strict LCK
manifold.
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340 N. Istrati

The only other cohomological obstruction that we are aware of is a direct consequence
of [5, Proposition 3] and [27, Theorem 2.1]. Indeed, Vaisman’s proof implies that if (£2, 0)
is some strict LCK structure on a compact complex manifold (M, J), then the Bott—Chern
class [dJO]pc € H ;Cl (M, R) cannot vanish. We recall here the definition of the real (1, 1)-
Bott—Chern cohomology group:

B R) {a € &' (M, R)|da =0}
BerT i99(C°(M, R)) '

Note on the other hand that there exists a natural map F : H llg’cl(M ,R) > H"'(M,R) and
[dJO]pc € ker F, where:

{a € &' (M, R)|da =0}

H"'(M,R) =
d(C>®(M,R))
But by [5, Proposition 3], we have:
. H'(M,0)
kerF & ———=.
H'(M,R)

Thus, it follows that for a non-Kihler manifold of LCK type, we have the strict inequality:
0 < by <2k
also equivalent to the non-compactness of the Picard variety

HY\(M,0)

Pico(M) := ker(c; : H'(M, O*) > H*(M,Z)) = HOM D)

3 The Lee vector field

It is easy to see that, if the Lee vector field of an LCK metric is Killing, then the metric
is Vaisman. Moreover, in the compact setting, the same conclusion holds if the Lee vector
field preserves the fundamental form, by a result of [14]. However, it is not true that the
holomorphicity of the Lee vector field implies the Vaisman condition. It was recently shown:

Theorem 4 ([15]) Let (M, J, g, §2,0) be a compact LCK manifold with holomorphic Lee
vector field. If B has constant norm, or if g is Gauduchon, then g is a Vaisman metric.

Moreover, we have the following simple result, which holds also in the non-compact
setting:

Proposition 2 Let (M, J) be a complex manifold endowed with an LCK metric (52, 0) with
constant O-potential 2 = —adJO +ab A JO, a € R*. If 2 has real holomorphic Lee vector
field B, then §2 is Vaisman.

Proof Without loss of generality, we can suppose that @ = 1. If B is real holomorphic, then
also A = J B is. The Cartan formula and £46 = 0 imply:

0=LAJO =digJO +14dJ6O
=—dO(JA) +14ONJO— )
=d(|B|* - 0IB|* +6
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Existence criteria for special locally conformally... 341

=dy(I|B|I* - 1).

Thus Lemma 1 implies that || B 12 =1. Using again Cartan’s formula and the form of §2, we
obtain:

L2 =dip2+ 150 N 2)

=dJo+ ||B|*2 -0 AJO
=—Q+02=0.

Finally, since B preserves both the complex structure and the symplectic form, it also pre-
serves the metric. This implies that V&6 is antisymmetric. We therefore obtain: 0 = d6 =
2V80,i.e. g is Vaisman. O

In the paper [15], the authors also construct an example of an LCK metric which is not
Vaisman, but which has real holomorphic Lee vector field, thus showing that one needs some
additional hypotheses on £2 to ensure that it is Vaisman. We now present this example, with
the remark that in the original construction, the metric can in fact be chosen with positive
potential. This shows that the hypotheses in Proposition 2 cannot be relaxed.

Example 1 ([15])Let (M, J, 2, 6) be a compact Vaisman manifold with ||6 |2 =1,andlet B

be its Lee vector field. Suppose there exists a non-constant smooth function f € C*°(M, R)

verifying f > —1 everywhere on M and such that df is colinear with 6. After taking the

interior product with B, this last condition is more precisely df = B(f)6. Such functions

exist whenever B generates an S'-action on M, for instance on the standard Hopf manifold.
Consider next the form:

Q=24+ fONI0 = da4pe(—=dJo).

As f > —1, 2 is astrictly positive real (1, 1)-form on M and verifies d2' = (1+ f)OA2’.
Thus (£2/, 0" = (1 + f)6) is an LCK structure with real holomorphic Lee field equal to B:

g2 =1+ f)Jo=J6.

As noted in [15], £2" is not Vaisman as the norm of B is non-constant: 2'(B, JB) =
0'(B) = 1+ f.In fact we have more:

Lemma2 The metric 2’ is not conformal to any Vaisman metric.

Proof Suppose that there exists a Vaisman metric £2” on M so that 2" = " 2’. By a result
of K. Tsukada [25, Corollary 2.7], the Lee vector field of a Vaisman metric is unique on
the manifold M up to multiplication by a constant. Thus, we can suppose right from the
beginning that the Lee vector field of £2” is also B. Now this reads:

e"Jo =g = 15" = JO +dh

that is: dh + 6'(1 — &) = 0, or also, after multiplying by —e~": dpr(e™ — 1) = 0. As @’
has no zero, it is non-exact, so Lemma 1 implies that e = 1,i.e. h = 0 and £2’ is Vaisman.
But this last fact is impossible as already noted. O

Lemma 3 Suppose moreover that we have a diffeomorphism M = N x S! with N a smooth
manifold, so that B is given by B = %, with t a local coordinate on' S' = R/2w7 and 6 is

the pullback of a one-form from S'. Then for any function f € C®°(M) with f > —1 and
df colinear with 0, §2’ = d14 yy9(—J0) is an LCK form with positive potential on M.
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342 N. Istrati

Proof Asdf is colinear with 0, f is induced by a 2 -periodic function on R. We are looking
for a positive function 4 : R — R, also 2rr-periodic, verifying, when seen as a function on
M:

Q' =dgdSh. ®)

The function % verifies that both dh and d £ g h are colinear with 6, which implies the following
relations:

dh=Lgh-0, d°h=Lgh-JO, dd‘h= £%h ~OANJO+ Lph-dJb.
With this in mind, (8) writes:

—dJO+ 1+ f)-0AJ0 = (Lgh—h(l+ £)dJO
+(Lyh—Lpf-h =200+ f)Lph+h(1+ [)?)0 A J6.
Now, the two forms —dJ6 and 6 A J6 are linearly independent, which implies that in the

above equation, the corresponding coefficients preceding them must be equal. Seeing f and
h as functions on R, (8) now becomes equivalent to:

d s —

ah—h(1+f)+1—0 (©)]
d—2h—2(1+f)3h—h3f+h(1+f)2—(1+f)—0 (10)
dr2 dt dt -

By differentiating the first equation, one obtains the second one, while the first ODE has a
solution of the form:

t t
h(t) = (c - [ e_F(S)ds> el with F(t)=a —I—/ (f(s)+ 1)ds, a,ceR.
0 0

Thus a solution % of the above system exists, and now it is left for us to show that we can
choose the constants a and ¢ such that / is moreover strictly positive and 27 -periodic.
Let us note that, because f is 2 -periodic, we have, for any ¢t € R:

2

F(t +2m) = F(t)+ b, whereb = (f(s) + 1)ds > 0.
0

Thus we obtain:

2 2w+t
h(t +2m) = (c - / e FWqs — / e_F(S)ds> eF0eh
0 2

t
= (c K _/ e—F(u)e—bdu> oFDeh
0

=h(t)+e"D((c—K)eb — o)

where K = fOZ” e~ F® > 0 and, for the second equality, we made the change of variable

. . . b
s = u + 2m. Thus, in order for & to be 2 -periodic, we take ¢ := e’jjl

to see that  is in fact positive, which is also equivalent to saying that v(r) := ¢ — [ e F©)ds

> (. Finally, we need

is positive. Note that %v(r) = —e F® < 0, so v can change sign at most once, and the
same is then true for the function 4. On the other hand, % is periodic and 2 (0) = ce? > 0,
thus 4 is indeed everywhere positive. O
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Existence criteria for special locally conformally... 343

Note that, although the above example shows that there can exist non-Vaisman metrics
with holomorphic Lee vector field, it is however constructed out of a Vaisman metric. So one
can still ask the following question:

Question 1 Let (M, J, £2) be a compact LCK manifold with holomorphic Lee vector field.
Does there exist an LCK metric on M, not necessarily conformal to £2, which is Vaisman?

Also, recall that the Lee vector field of any Vaisman metric on a compact manifold is
uniquely determined up to multiplication by a positive constant, by [25]. A related question
is then:

Question 2 Suppose that the Lee vector field of an LCK metric on a compact manifold of
Vaisman type is holomorphic. Is it then the Lee vector field of a Vaisman metric?

4 Existence of LCK metrics with positive potential

Let us start by reviewing the notion of a vertical action of a torus. For our discussion, it
is enough to consider S'-actions. In what follows, we fix M a compact smooth manifold
andt € H 1(M ,R) a de Rham class. By the universal coefficient theorem, we can also
view T € Hom(mr (M), R). Then ker t is a normal subgroup of m1(M), so we can take
MT = M/ ker 7, which is a normal cover of M. If 6 € C°°(T*M) is a smooth representative
of 7, then ll;[r is the minimal cover of M on which 6 becomes exact.

Suppose S! acts on M with fundamental vector field C, and let <1>, denote the corresponding
1-periodic flow. By averaging 6 to an S'-invariant form: 6’ := fo ®/0dt, the de Rham class
does not change, i.e. [0’] = [0] = 7, so we can just suppose that 6 is S!-invariant. Now we
have 0 = L6 = d(0(C)), so 8(C) = a € R. Moreover, the value a only depends on the de
Rham class 7: it is in fact T evaluated on the homotopy class of an orbit of S!.

We have the following simple characterisation of vertical actions:

Lemma4 The action S' is vertical for t € H' (M, R) if and only if 6(C) # O for some (and
so any) St-invariant representative 6 € T.

Proof In any case, C lifts to a vector field, also denoted by C, to M., generating an R-
actlon on M. Let us denote by @, the corresponding flow. We want to show the equivalence:
=id,; < f 7 # 0, where y = [S!.x] € 71 (M, x) is the homotopy class of an S!-orbit
through an arbltrary pointx € M.
Denote by 7 : M, — M the covering of deck group I' := 71 (M, x)/ kert C Aut(M,),
andlet p : w1 (M, x) — I be the natural projection. Then fy T # Oifandonlyif py # szr

But py = &,: indeed, for any £ € 7~ (x), the curve [0, 1] > 7 > &, (%) is the unique lift
from X of the loop [0, 1] 3 7 > @, (x) representing y. Thus the conclusion follows. O

Hence, given a de Rham class 1 € H 1 (M, R), a torus action T" on M lifts to an action
of T on M, if and only if £ie(T") C ker @ for any smooth T"-invariant closed one-form
0er.

Proof of Theorem 2 The beginning of the proof is exactly as in [19]; however, we give it here
for the sake of completeness. We recall that, by hypotheses, we have a compact LCK manifold
(M, J, £2,0) and a vertical S'-action on M with respect to T = [#]. Let (M, J, w) be the
minimal Kéhler cover of (M, J, [§2]). We denote by D the real holomorphic vector field on
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344 N. Istrati

M generating the S'-action, as well as its lift to M. By a standard average argument which
does not change the de Rham class of 8, we can suppose that both §2 and 6 are preserved
by D. In particular, Lp6 = 0 implies, by Lemma 4, that (D) = A € R*, as the action is
vertical. Let C := 1 D, so that 6(C) = 1.

Let6 = dg on M, so that the Kihler form writes @ = exp(—¢)$2. Then we have:

Lecw=—-0C)o=—o. an

Let us denote by 7 the real one-form on M defined by tcw = 7. Then (11) together with
Cartan’s formula implies:
w=—(dic +icd)w = —dn. (12)

At the same time, using the fact that n(JC) = o (C, JC) = ||C||2) := f, we have:
Ljcn=dicn+cdn=df —Jn,

from which it follows:

Lijcw=—ddf —Jn)=dJn

Licw=dILcn=dd f +dn=dd°f — w.
If we let @, denote the one-parameter group generated by J C and denote by w;, := @ w and
by f; = @; f, the last equation reads:

d2

o=~ +dd° . (13)

Letnow 4, be the real-valued functions on M defined by the second-order linear differential
equation:
d? d
ﬁhz +h=fi, ho=0, a|l:0ht =0. (14)
We want to show that w;, = costw + sintdJn + dd°h;. For this, consider the forms
B := w; — (costw + sintdJn + dd hy), t € R. Using (13) and the definition (14) of the
functions /;, we have:

d? d? d?

@ﬂt = @w, + costw + sintdJn — dd°€ <@h,>
= —w; +dd° f; + costw +sintdJn — dd° f; + dd°h,
= =P

Thus, the forms §; verify the following homogeneous second-order linear differential equa-
tion with the initial conditions:

d? d
@,3: +6 =0, Bo=0, Eb:oﬁz =0.
By the uniqueness of the solution, we have then that for all # € R, B, vanishes identically,
and so:

w; = costw +sintdJn +ddh,, te€R. (15)
Define now, using (15), a new form @ by:
1 2 1 2
® = — & wdt = dd"—/ hedt
2 0 2 0
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and let us denote by 4 the function 1/27 fOZJT hidt. As {@D;};cr is a subgroup of biholomor-

phism of M, & is a Kihler form on M. We wish to show that A is a strictly positive function
on M.

Note first that, as (C) = 1, C has no zeroes so the function f is everywhere positive.
Moreover, as JC is real holomorphic, we have [C, JC] = 0, so @; preserves both C and
JC. This gives, for any x € M:

fi(x) = 0,(x)(C, JC) = 0¢,x)(dxP)C, (dx @) C) = (@7 )x(C, JC)

thus also the function f; is strictly positive for any ¢ € R.
Fix x € M and define the functions S, hy 1R — Rby fi(t) = fi(x)and hy(t) = hs(x).
By (14), they satisfy:
Ry +hy = fe, he(0) =0, h(0)=0. (16)

Then we have:
2w 2 2 2
/ hy(r)dt = Sfe(@)dr — / hi()dr = fe@dr — 1, (27). (17)
0 0 0 0
On the other hand, integrating by parts and using (16) we compute:
2w
K.Q21) = I.(1) cost‘o

2 2
:/ h(t) costdt —1—/ R () (—sint)dt
0 0

27 2
— / hy(t) cos tdt)
0 0

2
= / R (t) costdt — (hx (t)sint
0

2
= fx(t) costdt.
0

Thus, it follows from (17):

2 2
/ hy(t)dt = Fe(O)(1 = cost)dt > 0
0 0

implying that the function /% is indeed everywhere positive.

Hence we can define 6 := d In h. Note that by the uniqueness of the solution of (14), the
functions 4, have the same I"-equivariance as the functions f;, or also as the function f. Here,
I" denotes the deck group of the cover M — M. Also we should note that, as C and J C are
I'-invariant, being lifts of vector fields from M, then the I"-equivariance of f = w(C, JC)
is exactly the equivariance of w. Thus it follows that # has the same I'-equivariance as 6,
and so the two one-forms are cohomologous. Hence the form

Q2 :=h"'ddh (18)

descends to M to an LCK metric with positive potential with Lee form 6, and the proof is
finished. O

Remark 1 Let us note that the above construction of an LCK metric with potential is natural
and only depends on §2 and on C. In particular, if §2 is already JC-invariant, which will
imply that the metric is Vaisman, then we have f; = f and the solution of (14) is then
hy = (1 —cost) f, so in particular the potential # = f remains unchanged.
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Remark 2 On the other hand, for a metric §2 which is not J C-invariant, the above construction
gives us a countable set of metrics with potential associated to the de Rham class of 6.
Indeed, we considered the potential i) := h, but for any n € N*, the potential A, :=

1/2n7 [ hydt works as well.

5 Existence of Vaisman metrics

In this section, we are interested in giving a proof of Theorem 1 and of Corollary 1. We start
by giving the main proposition, which will directly imply the general criterion.

Let (M, J, §2, 0) be a compact Vaisman manifold with corresponding fundamental vector
fields B and A = JB. Then A, B € aut(M, J, §2) generate a holomorphic R? action
on M, and we will denote by G the image of R? in Aut(M, J, £2). Since the Lie group
Aut(M, J, £2) is compact, we can take the closure of G in it, obtaining thus a compact torus
T C Aut(M, J, £2). The torus T is not totally real, since both A and B are in t N J{. In fact,
we have:

Proposition3 Let (M, J, [§2], [01ar) be a compact complex manifold endowed with a strict
LCK structure and let T C Aut(M, J, [§2]) be a compact torus. If T is not totally real, then
[£2] is Vaisman and t N Jt = R{A, B}, where B = —J A is the Lee vector field of some
Vaisman metric in [§2].

Proof Choose a T-invariant LCK structure (£2, ) in the conformal class [£2], so that for any
X et,dO(X)) =Lx0 =0.Let0 # C € twith D := JC € t. Then both 6(C) and 6 (D)
are constant. However, we cannot have 6 (C) = 6(D) = 0. Indeed, if it was the case, then:

0= L[C'D].Q = ,Cch.Q - [Dllc.Q
=dicip2 +tcdip2 =
= d(—||C|I*) + Oictp2 = dp(—[|CI*)

implying, by Lemma 1, that ||C||2 = 0, contradiction. Hence, if 0(C) = a and 6(D) = b,
then X := aD — bC # O still verifies X € tand JX € t and, moreover, 6(X) = 0, so
0(JX) # 0. Therefore, we can suppose from the beginning that 6 (C) = 1 and 6(D) = 0.
Let f :=|C ||%2, which is an everywhere positive function since C cannot have any zeros.
Take 2’ := lfQ, with corresponding Lee form 8’ = 6 — d In f. Then, since f is preserved
by both C and D, we still have 0'(C) = 1 and /(D) = 0, and C, D € aut(M, J, ).
Let n := 1 $2’. Then we have:

dn=Lc2 —1cd' = -0'(C)R2' +0" An
or also 2’ = dy/(—n). Since D preserves both C and £2’, it also preserves 1. Moreover, we
have 1 = ||C||?2, = n(D). Hence we get:

0=_Lpn=dipn+ipdn=1p(—2' +6' An)

=—Jn+6(D)yn—0n(D)=—-Jn—0".
Finally, this implies that n = J@’, so that C is actually the Lee vector field B of §2’. Since
C is real holomorphic and preserves £2’, it is also Killing, so 2V’ = df’ = 0, that is, 2’ is
Vaisman.

Finally, since a Vaisman metric is unique in its conformal class up to multiplication by
constants, it follows that t N Jt = R{C, D} = R{A, B}. O
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Note that this immediately implies Corollary 1.

Proof of Theorem 1 As we already noted at the beginning of the section, if M admits a Vaisman
metric then the corresponding real holomorphic vector fields B and A = J B sit in the Lie
algebra of a torus in Aut(M, J).

Conversely, suppose T C Aut(M, J) is not totally real. Take any LCK metric (52, 0)
and average it over T, in order to get a T-invariant LCK metric. Hence we have T C
Aut(M, J, §2), and we can apply Proposition 3 in order to get the conclusion. O

6 Maximal torus actions

The main goal of this section is to give a proof of Theorem 3, as a consequence of the previous
results, together with our result concerning toric LCK manifolds of [10].

Let (M, J, [£2], [6]) be a compact LCK manifold. There are two natural Lie algebras of
vector fields one can consider in this context, which we present next.

Definition 4 A vectorfield X € I' (T M) is called horizontal for ([$2], [0]) if Lx 2 = 6(X)$2
for some (and hence any) form 2 € [£2]. We denote by aut'(M, [§2]) the set of horizontal
vector fields, and note that:

aut' (M, [2]) C aut(M, [2]) :=={X e T(TM)|Lx2 = fx2, fx € CC(M)}.
Moreover, aut’ (M, [£2]) inherits the structure of a Lie subalgebra of I' (T M).

Remark 3 1f a vector field generates an S!-action and is a horizontal vector field for ([£2], [0]),
then the S'-action is horizontal with respect to [] in the sense of Definition 1.

Inside aut’ (M, [£2]) there is another natural Lie algebra, namely the one given by twisted
Hamiltonian vector fields.

Definition 5 A vector field X € I'(T M) is called twisted Hamiltonian for ([$2], [0]) if for
some (and hence any) representative §2 € [§2], there exists fxy € C®°(M) so that (x2 =
dp fx. Twisted Hamiltonian vector fields form a Lie subalgebra of horizontal vector fields,
denoted by ham(M, [£2]).

Note that these definitions are conformally invariant. The claims that are made above are
easy to check, but for the complete proofs and for a motivation of these definitions, one can
consult the paper of Vaisman [29], where they were first considered.

In particular, we call an action of a connected Lie group G on (M, J, [£2]) twisted Hamil-
tonian if £ie(G) C ham(M, [£2]). Moreover, if n is the complex dimension of M, the
manifold (M, J, [§2]) together with a torus T” that acts on the manifold effectively by
biholomorphisms and in a twisted Hamiltonian way is called a foric LCK manifold. These
kind of manifolds were studied recently in [13,23] and [10].

Remark 4 Tt was shown in [13, Proposition 3.9], although not explicitly stated, that the orbits
of a horizontal torus action of T” on (M, [§2]) are isotropic for §2. The main point is that, if
(82, 0) is T"-invariant, then for any X, Y € £ie(T") C aut(M), as X, Y C ker 6, we have:

0 :L[x,y].Q =Lxty2 —1yLx2 =dixty 2 + 1xdiy 2 = dy(2(Y, X)).
This implies, by Lemma 1, that 2(Y, X) = 0.
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It is not difficult to see that if [§2] is exact in the sense of Definition 3, then horizontal
actions of compact tori coincide with twisted Hamiltonian ones, see the above references for
details. Also, as shown in [13, Lemma 3.7], this is also the case if M is simply connected.
In fact, when the dimension of the torus is maximal, we do not need any hypothesis for this
equivalence to hold. The proof of this follows the lines of the one from [10], for this matter
we will skip some of the details:

Theorem5 Let (M, J, [$2]) be a compact LCK manifold of complex dimension n and let
T" be a torus that acts effectively by biholomorphisms on the manifold. Then the action is
twisted Hamiltonian if and only if it is horizontal.

Proof Clearly, we only need to show the if direction, so let us suppose that the action is
horizontal. Let us fix £2 € [§2] which is T” invariant, with Lee form 6, so that t := £ie(T") C
ker 6. Here and in all that follows, we identify t with a Lie subalgebra of aut(M, J). Also
let (M , J, 2k ) be the corresponding minimal Kihler cover. Then, by Lemma 4, we have a
lifted action by biholomorphisms of T" on (M, J), and as it is not difficult to see, this action
is also symplectic with respect to 2k .

By the principal orbit theorem, see for instance [3], there exists a dense connected open
subset Mo C M on which T" acts locally freely. Moreover, as T" is abelian and acts effectively
on M, itacts in fact freely on M. The preimage Mo of My in M is exactly the dense connected
open subset of M on which T" acts freely.

Now the proof of Proposition 3 shows that any horizontal torus is totally real, i.e. t C ker 6
implies that t N Jt = {0}. Thus we have a complex linear injection t & Jt — aut(M, J)
generating a holomorphic action of T¢ := (C*)" on M and on M. As for any £ € t, & has
no zeroes on My, and as at any point of My, t is orthogonal to Jt with respect to the metric
g := §2(-, J-) by Remark 4, it follows that the action of T¢ is locally free on M, and so also
on M.

Letusfixx € Mo andlet H = {a € T¢|a.x = x}, which by the above d1scuss1on isaclosed
discrete subgroup of T¢. We have a holomorphic embedding F : T¢ / H — Mo, at a.x.
As dimc T¢/H = dim¢ Mo, F must be an open embeddmg, and as Mo is connected, F' is
thus a biholomorphism. In particular, as My is dense in M, H acts trivially on the whole of
M, so we have a well-defined effective action of ']I“ /H on M.

Now, as I" commutes with T¢ and preserves Mo, it follows easily that I" ¢ T¢/H. Thus,
given idy # y € I, there exists a subgroup R = G C T“/H containing < y > as a
subgroup. G acts by biholomorphisms on M and this action clearly commutes with I", so
descends to an effective S! action on M. By definition, this action is vertical with respect to
[0]. One can average (§2, 0) over this Sl-action to obtain an exact T”-invariant LCK metric,
which is in particular toric for the given action of T”. This is exactly the construction of [10,
Lemma 5.1], where the details can be found.

Finally, by applying the result of [10], it follows that there exists a Vaisman structure on
(M, J) with Lee class [0]. But by [12, Theorem 4.5] any dp-closed form on M is dg-exact.
Therefore, any LCK form on (M, J) is exact, and so the torus action for the initial LCK form
[£2] was twisted Hamiltonian. ]

Now, summing up, we get:

Proofof Theorem 3 Let T" C Aut(M, J),lett € L(M, J) and let (§2, 6) be a T"-invariant
LCK structure with 8 € t. If t C ker 6, then the above result implies that (M, J) admits a
Vaisman structure (£2’, 8") with 8’ € 7.

If not, then identify T” with (S')" and let &, ..., &, be the fundamental vector fields
generating each of the S'-actions on M. As 6 does not vanish on the whole of t, there exists
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atleastone & = &, k € {1, ..., n} generating a vertical Sl action with respect to [#]. Thus,
by applying Theorem 2, it follows that 6 is the Lee form of an LCK metric with positive
potential. O

Remark 5 All hypotheses in Theorem 5 are necessary. Indeed, on the one hand, the
non-diagonal Hopf surfaces provide examples of LCK manifolds admitting an effective
holomorphic action of a torus of dimension 2, but which are not toric, by [13, Theorem 7.2].
This shows that we need to impose the action of the torus to be horizontal in our result.

On the other hand, consider the Inoue surfaces of type S,Jr ([9]) with t € R. These admit
an LCK structure (£2, 6), by [24]. As noted in [21, Example 5.7], these surfaces have a [0]-
horizontal holomorphic action of S! which is not twisted Hamiltonian. This example then
shows that we need also to impose the dimension hypothesis on the torus in Theorem 5.

7 Holomorphic torus principal bundles

Let T = t/A be a compact complex torus of dimension n, let N be a compact complex
manifold and let ¥ : M — N be a holomorphic T-principal bundle over N. Its Chern class
is an element:

2wy e HX(N, A) = HX(N,7) ® A.

The inclusion A C t induces a natural map H2(N, A) —> HX(N,t) = HX(N,C) ® t, and
we will denote by ¢ () the image of cZ () under this map. The class c(;r) has a well-defined
rank. If we choose C-basis for both t and HZ(N, C), then c(r) can be represented by a
2n x by(N) matrix over C, and then the rank of ¢ () is the rank of this matrix.

Note that if the rank of c(;r) is 1, then there exists a minimal element a € A, unique
modulo sign, such that the non-torsion part of cZ () writes ¢Z()y = clz(n) ® a with
CIZ(JT) € H3(N,Z).If ¢; () is the image of CIZ(JT) under H2(N, Z) — H*(N, C), then we
will have ¢(7r) = ¢1(7) ® a, and again ¢ () is uniquely defined modulo sign. So it makes
sense to ask weather ¢ (1) is a positive or negative class, i.e. weather ¢ () or —c1 () can
be represented by a Kéhler form on N. In the affirmative case, we will call the class c ()
definite.

By a theorem of Blanchard [2], when N is of Kéhler type, M carries a Kidhler metric if
and only if the rank of ¢(7r) is 0. On the other hand, a theorem of Vuletescu [31] states that
if n = 1 and the rank of c¢(rr) is 2, then M cannot admit LCK metrics.

As a direct application of our existence criterion for Vaisman metrics and of Corollary 1,
we obtain a characterisation of manifolds of LCK type among all the compact torus principal
bundles over compact complex manifolds.

Proposition 4 Let T be a complex compact n-dimensional torus and 7 : M — N be a
T-principal bundle over a compact complex manifold N. Then M admits a strict LCK metric
if and only if n = 1 and the Chern class of m is of rank 1 and definite. In this case, M is of
Vaisman type.

Proof Suppose that M admits a strict LCK metric. The complex torus T acts holomorphically
and effectively on M, so, by Theorem 1, M admits a Vaisman metric (£2, 6). Let B be the
Lee vector field with 6(B) = 1 and A := JB. By Proposition 3, n = 1 and t = £ie(T)
is spanned by A and B. Here, we identify t with its isomorphic image as a subalgebra of
rTm).

Since the T-invariant 1-forms 6 = J6 and 6, = 6 verify 6;(X;) = §;;, fori, j = 1, 2,
where X; = A and X, = B, there will exist some linear combination of them giving
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a connection form o € C®(T*M ® t) in . More precisely, if we denote by &;, & the
fundamental vector fields of the action, and let G = (g;;) be the matrix of {X, X5} in the
basis {&1, &} of t, then the connection form will be given by:

a = (g1b + g2102) ® & + (12601 + g2202) ® &».

Indeed, it is T-invariant and we have «(§;) = &; fori = 1, 2. Moreover, since d0 = 0, its
curvature is:
O :=da=df ®@g1& +db @ gk =dJo® A.

It is a basic form, so given by ® = 7%n ® A, with n € 27%(N), and n ® A represents the
Chern class ¢(r) € H%(N, t). Then clearly c(r) is of rank 1, and moreover, it is definite
since the form —n is a Kidhler form on N. The last assertion comes from the fact that, as
£2 is Vaisman, we have —dJ0 = 2 — 0 A J6, so the (1, 1)-form —d J6 is strictly positive
on Q := ker6 Nker JO C TM. But Q is exactly the horizontal distribution given by the
connection «, and so identifies with TN via 7.

The converse statement is given in [28, Theorem 3.5], see also [26]. O

8 Analytic irreducibility of complex manifolds of LCK type

It is not very difficult to see that a product metric cannot be LCK ([27]), but whether an
LCK manifold must be analytically irreducible is still an open question. Under additional
hypotheses, the answer is known to be positive ([26, Corollary 3.3], [17, Corollary 2]). In
this section, we wish to enlarge the list of hypotheses implying the analytic irreducibility of
the manifold.

One of the results in this direction is due to Tsukada, which we can also obtain as a direct
consequence of Theorem 1:

Proposition 5 ([26, Corollary 3.3]) Let M| and M, be two compact complex manifolds of
Vaisman type. Then M := M| x M»> admits no LCK metric.

Proof By Theorem 1, the groups of biholomorphisms Aut(M;) contain tori T; which are not
totally real, fori = 1, 2. Then the Lie algebra t of the torus T := T x Ty C Aut(M) verifies
dimc t N Jt = 2. Hence, by Corollary 1, M cannot admit an LCK metric. O

Tsukada obtained Proposition 5 as a corollary to the following result:

Theorem 6 ([26, Theorem 3.2]) Let (M, §2) be a compact Vaisman manifold and let F be
the canonical foliation on M generated by the Lee and the anti-Lee vector fields. Then F has
a compact leaf.

We can further exploit this and obtain the following, more general, result:

Theorem 7 Let My, M> be two compact complex manifolds and suppose that M is of Vaisman
type. Then M := My x M> admits no LCK metric.

Proof Suppose M admits some LCK metric. Then, for any x € M|, this metric restricted to
{x} x My = M, gives an LCK metric on M5.

Since M| is of Vaisman type, there exists T C Aut(M;) whose Lie algebra t; verifies
dimc t; N Jt; = 1. The induced torus T = T; x {idps,} C Aut(M) is still not totally real, so
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by Theorem 1, M is of Vaisman type and t := £ie(T) contains the corresponding Lee vector
field B.

Let £2 be a Vaisman metric on M which, possibly after averaging, is T-invariant. Then
for any y € M», 2 restricted to M x {y} = M must be Vaisman. Indeed, by construction,
the Lee vector field B is tangent to M1, and [28, Theorem 5.1] states that any complex
submanifold of a Vaisman manifold that is tangent to the Lee vector field is again Vaisman
with the induced metric. Let now E C M; be a closed leaf of the canonical foliation on
the Vaisman manifold M, as in the above theorem. Clearly, after choosing O € E, E has
the structure of an elliptic curve whose tangent bundle is generated by B and J B restricted
to E. Hence, the submanifold i : ¥ = E x M, — M together with i*£2 is Vaisman. At
the same time, ¥ — M is a trivial E-principal bundle, so we arrive at a contradiction via
Proposition 4. O

Also, using the result which states that a compact complex submanifold of a Vaisman
manifold must contain the leaves of the canonical foliation, one has:

Proposition 6 A compact complex manifold of Vaisman type is holomorphically irreducible.

Proof Let M = M| x M, be the compact complex manifold with the product complex
structure, and suppose it admits a Vaisman metric §2 with corresponding canonical foliation
F generated by B, J B. Then, by [25, Thm 3.2], for any (x1, x) € M, both the submanifolds
M x {x2} and {x;} x M, of M contain the leaves of F, which is impossible. m}

On the other extreme, we have the following result of Ornea, Parton and Vuletescu:

Theorem 8 ([17, Corollary 2]) Let My, M3 be two compact connected complex manifolds,
and suppose that My verifies the d0-lemma. Moreover, if M1 is a Riemann surface, then
suppose that its genus is 0 or 1. Then M := M| x M»> admits no (strict) LCK metric.

Remark 6 In [17], the authors claim a proof of Theorem 8 also for the case when M is a
Riemann surface of genus > 2, but we believe that their argument does not hold. However,
we are only able to find restrictions on the manifold M; under the hypothesis that M x M,
admits an LCK metric:

Proposition 7 Let M| be a compact complex curve, let M, be a compact complex manifold
and suppose that M := My x My admits an LCK metric. Then M> admits an LCK metric
with positive potential.

Proof Let (£2, 6) be an LCK structure on M. Denote by p; : M — M;,i = 1, 2 the canonical
projections. We have, by the Kiinneth formula, an isomorphism p} & p; : H LM, R) @
H'(M>,R) — H'(M,R), meaning that there exist two closed forms 6; € C®(T*M;),
i =1, 2, such that 6 is cohomologuous to pi‘@l + p;@z. After a conformal change of £2, we
can suppose that 6 = pi6; 4 p36>. Moreover, as M is Kihlerian, up to a conformal change
of £2 we can choose 61 to be the real part of a holomorphic one-form, so that dJ6; = 0,
where J is the product complex structure on M.

The algebra of differential forms on M, C*°(/\ T*M), has two compatible gradings: one
given by the degree of the forms, and the second one induced by the splitting 7*M =
piT* M ® p5T*M>. With respect to this second splitting, write the differential d = d +db,
and write 2 = 21 + 212 + 825 € COO(/\2 T*M), where:

N T*M = N> piT*My @ piT*My @ piT*Ma ® N\* p3T*M,.
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Then the equation d 2 = 0 A §2 gives, in the homogeneous part /\2 piT* M, (X)/\1 P37 My:
d12210 +dr21 =0y A 21 + 01 A 212. (19)

Extend J as a derivation acting on forms, and let d¢ = i(f_) — 0). Then, on M we have the
commutation relation:
[J,d]=d". (20)

The formula Jd$2 = J (0 A §2), together with J£2 = 0 and (20) gives, on the /\1 T*M|®
A? T* Ms-part:
d5Q212+di§22 = JOL A 22+ JOr A 215 21

On the other hand, the compactness of M| implies that p, is a proper submersion, so it
induces a push forward map on forms given by fiberwise integration:

(p2)s:C™ (/\2" PIT* My © \F p;T*Mz) — (N T*My)

= [ @ yemn,
My x{y}

We apply the map (p2)« to Eq. (19) and Stoke’s theorem in order to obtain:

(P2)xd2821 = (p2)«(02 A 21 + 61 A £212).
If we denote by /4 the strictly positive function on M> given by (p2).£21, this also reads:

do,h = (p2)« (61 A £212). (22)
We apply d€ to this identity and use Eq. (21) together with (22) to get:
ddg,h = —(p2)« (01 N d58212)
= —(p2)«(01 A JO1 A §22) + JO> Adg,h + (p2)«(01 A df$22).

Since we chose 6 so that dJ0; = 0, equation (20) implies that d{6; = 0, hence the above
simply gives:
ddpg,h — J0r A dgyh = —(p2)«(§22 A 01 A J6Y).

Note that o := 2, A6 A JO is a semipositive (2, 2)-form on M which is strictly positive
on a non-empty open subset of M of the form U x M», where U C M is the open set where
01 does not vanish. Then n := (p2).« is a strictly positive (1, 1)-form on M, verifying:

n= dgzdgzh. (23)
Thus (n, 6>) is an LCK metric with positive potential on M>. ]
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