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Abstract: The aim of the present paper is to obtain sufficient conditions for existing
and uniqueness of the solution of the Cauchy problem with discontinuous initial conditions
for nonhomogeneous neutral linear fractional differential system with distributed delay and
Caputo type derivatives. As an application is obtained that the homogeneous system has a
continuous in [a,0), a € R fundamental matrix, which result extends the corresponding ones
even in the particular case of fractional system with one constant delay and lower terminal at

zero of the fractional derivatives.
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1. Introduction

The fractional calculus and respectively the fractional differential equations
have a lot of applications in various fields of the science. For a good introduc-
tion on fractional calculus theory and fractional differential equations see the
monographs of Kilbas et al. [9], Kiryakova [10], Podlubny [17] and Fecan et al.
[4]. The distributed order fractional differential equations is discussed in Jiao et
al. [6] and for an application oriented exposition see Diethelm [3]. We refer the
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monograph of Stamova, Stamov [18] where impulsive fractional differential and
functional differential equations as well as several applications are considered.

As in the integer order the main advantage of the fractional differential
equations with delay is the possibility to describe evolution of the processes
which depends on the past history. Single order fractional systems of retarded
and neutral type with distributed delays are studied in [19], [20], [21], [22]
and in [2] is considered the case with Caputo type distributed order fractional
derivatives.

It is well known that the fundamental matrix is a mainstay tool for es-
tablishing a formula for the general solution for linear fractional differential
equations and/or systems (ordinary or with delay). That’s why the problem of
existence of a fundamental matrix is an important evergreen theme for research
and this explains the largest amount of papers devoted to this problem. For lin-
ear fractional ordinary differential equations and systems detailed information
concerning this theme is given in [1], [8], [9], [16], [17], [26] and the references
therein. Several results in the autonomous case using the Laplace transform
method are obtained in [13], [14], [17]. From the works concerning the problem
of establishing a formula for the general solution for fractional differential equa-
tions and/or systems with delay we point out [24], [25] and [23] for the case of
singular systems.

It is known that in the general case the existence of a fundamental ma-
trix for a homogeneous delayed (or neutral) fractional differential system is a
corollary form the solvability of an initial problem for this system with discon-
tinuous initial function. As far as we know, there are no results concerning
initial problem for delayed fractional differential equations with discontinuous
initial function except [11]. Without to solve this problem, a consideration of
the existence of fundamental matrix without proof (except in some partial au-
tonomous cases) is generally speaking incorrect. Note that almost all results
establishing a formula for the general solution of a system are obtained from
many authors, using the definition of Caputo type derivative applicable only in
the particular case when the functions are absolutely continuous. Our work is
motivated also from the fact that in the mentioned works is investigated only
the case of one constant delay and all used fractional derivatives have lower
terminal at zero.

In the present work we consider a neutral linear delayed system of incom-
mensurate type with distributed delay with derivatives in Caputo sense. For
this system we study two important problems. First of them is to clear the
problem with existence and the uniqueness of the solutions of an initial prob-
lem (IP) in the case of discontinuous initial conditions. The other one is to
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obtain as corollary that the non autonomous homogeneous system has a funda-
mental matrix G(t,s) = R? — R™ " which is continuous for ¢ € [a,00),a € R.
The obtained result extends the corresponding one even in the particular case
of fractional system with one constant delay and a = 0. Moreover the proposed
conditions coincide with the conditions which guaranty the same result in the
case of integer order linear differential equations with distributed delay. In our
work we use the more general definition of Caputo type derivative without the
restrictive assumption that the functions must be absolutely continuous.

The paper is organized as follows: In Section 2, we recall some needed def-
initions of Riemann-Liouville and Caputo fractional derivatives, as well as the
needed part of their properties. In the same section the problem statement
can be found and some notations are introduced. Section 3 is devoted to the
existence and the uniqueness of the solutions of the Cauchy problem for delayed
linear incommensurate fractional differential system with distributed delays in
the case of Caputo derivatives with piecewise continuous initial function. As an
application of the results from Section 3, in Section 4 is obtained that the homo-
geneous system has a continuous in [a,00), a € R fundamental matrix, which
result extends the corresponding ones even in the particular case of fractional
system with one constant delay and lower terminal at zero of the fractional
derivatives.

2. Preliminaries and Problem Statement

For convenience and to avoid possible misunderstandings, below we recall only
the definitions of Riemann—Liouville and Caputo fractional derivatives and some
needed their properties. For details and other properties we refer to [9, 10, 17].

Let o € (0,1) be an arbitrary number and denote by L{°(R,R) the linear
space of all locally Lebesgue integrable functions f : R — R. Then for each
a € Rand f € LY (R,R) the left-sided fractional integral operator of order «
is defined by

t

[ =9 )i, (DL HE) = £, t>a

a

(P20 = 7o

The corresponding left side Riemann—Liouville fractional derivative for ¢t > a is
defined by

RLDg+f(t) = F(%—a)% /(t — 5)*0‘f(5)d8

a
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and the Caputo fractional left side derivative ¢ Dg, is defined by

D f(O=RL D2 [F() ~ F(ONO=RLDE ) ~ i st~ )"

We will use the following relations (see Kilbas et al. [9]):
(a) Dof o Dar f(t) = f(t) = fla); (b) 0Dy Do f(t) = f(b).

Consider the nonhomogeneous and homogeneous linear delayed systems of
incommensurate type with distributed delay in the following general form:

r 0
pe(x(t) - / oV (£, 0)1X (£ + 0))
=17

(1)
m 0
_Z/[ngi(t,e)]X(t+0)+F(t),
i:O_U
r 0
DX -3 [ ldaV'(2.0))X (¢ +6))
o, 2)
Z/ U (£, 0)1X (£ + 0).
1=0_"
where r,m € N, k € (n) = {1,2,...,n}, 7,0 >0, a = (a1, ..., ), ax € (0,1),
X, F:J, - R, UV J xR = R J = |[a, oo) a €R, X(t) =
@1 (), sz (D), F(8) = (f1(t), s ), Vl(t 0) = {vj,;(t,0)}} =1 L € (1),

U'(t,0) = {uzj(tﬁ)}ﬁ,j:p i € (m)y = (m) U{0},
D3, X(t) = (Dgia1(t), ... Dgjan(t)",

and D% denotes the left side Caputo fractional derivative ¢ D% .
The system (1) described with more details has the form

D% (e (t Z/xj (t + 0)dguy;(t,0)))

=1 j=1"

m n 0
-3 /xj (t+ 0)dgul;(t,0)) + Fx(t)

i=0 j=1
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In addition we will use also the following notations: Ry = (0,00), Ry =
[0,00), h = max(7,0), J. = [a — h,00), Jorm = [a — h,a+ M|, M € R,.
Lot Y : J, xR = R™™, a € R, Y(t,0) = {y;;(t.0)}7,_,. Then |Y'(1,0)| =

>~ |yx;(t,0)] and BV[—h,0] denotes the linear space of matrix valued func-

kj=1

tions Y (¢,6) with bounded variation in 6 on [—h,0] for every ¢t € J, and

Var_,gY(t,-) = > Var_ugyy;(t,-). Everywhere below for Y'(¢) = (y,(),
kj=1 ’

sty 2T, = R B = (B1, ..., Bn), Br € [-1,1], k € (n) we will use the no-

tation I5(Y () = diag(y?" (¢), ...,y (t)) and T € R™" be the identity matrix.

As usual a vector function ® = (¢1,...,¢,)" : [a — h,a] — R™ is called
piecewise continuous on [a — h, a] (it will be noted ® € PC([a — h, a], R™)) if the
interval [a — h,a] can be broken into a finite number of subintervals on which
the function is continuous on each open subinterval and has a finite limit at
the end points of each subinterval. We will denote the set of all jumps point of
® € PC(Ja — h,a], R") with S®.

With C! ¢ PC(Ja — h,a],R") N BV (ja — h,a],R™),a € R we denote the
Banach space of all right continuous vector functions with bounded variation

n
¢ € C! with norm ||®|| = sup |®(t)] = sup > |dk(t)] < oo and by
tela—h,al tela—h,a] k=1
C, C C,* the subspace of all continuous functions in C,*.

In view of the applications and for simplicity, in our exposition in Section 3
we will assume that every initial vector function ® € C; has at most one jump
point tg € [a — h,a], i.e. S* = {to}.

Consider the following initial conditions for the system (1):
X(t) = @) (xx(t) = or(t), k€ (n)), t€la—hyd, 2cC, (3)

We say that for the kernels U, V! : Ry x R — R™ " i € (m),, | € (r) the
conditions (S) are fulfilled if the following conditions hold (see [12],[5]):

(S1) The functions (t,6) — U'(t,0),(t,0) — V(t,0) are measurable in
(t,0) € J, x R and normalized so that U(t,0) = 0,V!(t,0) = 0 for # > 0 and
Ui(t,0) = Ult,—0o) for 0 < —a, Vi(t,0) = Vi(t,—7) for 0 < —7, t € J,.

(S2) For each t € J, the kernels U(t,0) and V'(t,) are continuous from
the left in @ on (—0,0) and (—7,0) respectively and U’(t,-), V!(t,-) € BV[~h,0].

(S3) The Lebesgue decompositions of the kernels U’(t,6) and V'(t,6) for
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t € J, and 0 € [—h,0] have the form:

6
U'(t,0) = Ni(t,0) + Btsds—i—T(tG)

9
Vit o +/ (t,s)ds + Y(t,0)

where T(t,@) = {ng(t,H)}ZJZI, Y(t,0) = {g kg (t, 9)}k] | € C(J, x R,R™™),
Ni(t,0) = {aj (VH(O + o;(0))} o1, N(1,0) = {al ,(VH(O + 7,(0))}} oy, H()
is the Heaviside function, Ai(t) = {azj( )}Z] L B(t,0) = {bi;(t 9)}]” | €
Liee(J, x R,R”X”) are locally bounded, A'(t) = {akj( )}k] | € C(Jg, Rxm),
B(t.0) = {bL(t.0)}7,—1 € C(Ja.R™™), 04(t), 1(t) € C(Ju,Ry), 00t) = 0,

min ( min (t —o04(t))) =a— o, min( min (t —7(t))) =a— 7.
i€{m), t€la,a+o] le(ry tela,a+7)

(S4) There exist locally bounded functions 2%, 2! € L{¢(J,, R, ) such that
Var|_, 0 U(t,) < zL(t) and Var_.qV(t,) < z}(t) for each t € J,.

(S5) For each t* € J, the follovvlng relations hold:
SO U, 0) — UL (t*,0)[dg — 0, [°_[Vi(t,0) — VL(t*,0)|d0 — 0 when t — t*.

(S6) The sets Sy = {t € J,| t —o;(t) € S®}, S, = {t € Ju| t — 7u(t) € S®}
for every i € (m) and [ € (r) do not have limit points.

(S7) The kernel V(t,0) is uniformly nonatomic at zero (see [12]), i.e. for
every € > 0, there exists d(¢) > 0 such that
Var_sgVi(t, ) <e.

Remark 1. Note that the Condition (S6) is ultimately fulfilled in the
case when all delays are strictly monotonic functions (or in the particular case
of constant delays).

Definition 2. The vector function X (¢) is a solution of the IP (1), (3)
in Jopnr(Ji) if X|garng € Clla,a + M, R") (X|;, € C(J,,R")) satisfies
the system (1) for all ¢ € (a, M] (t € (a,00)) and the initial condition (3) for
t € la— h,al.
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Consider the following auxiliary system

r 0
—Z/[dgvl(aﬁ)]@(a—FH)
=12,
0

+ Z/ [doV'(t,0) )X (t + 0)

=1

—T

+I_1(D(a)) /Ia_l(t —n)F(n)dn

m O

+ Il(F(a))/ e Z/ [doU" (n,0)1X (n + 6)]dn
1=0_"

or in more detailed form for k£ € (n)

z(t) = Z/qaj (a+ 0)dgv};(a,0))

=1 j5=1"

—

T n 0
+> ( /:):j (t+6) dgvk](t 0))
1 =17

t

1 p—
+ T / (t =)™ )y

m n 0
s )/ (¢ =)™ (3 [ s+ O)dou 3. 0)))

i=0 j=1",

with the initial condition (3).

Definition 3. The vector function X(¢) is a solution of the IP (4), (3)
in Jopar (i) if X|garng € Clla,a + M|, R") (X|;, € C(J,,R")) satisfies
the system (4) for all ¢t € (a, M] (t € (a,00)) and the initial condition (3) for
t € la— h,al.
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3. Main results
Lemma 4. Let the following conditions be fulfilled:
1. The conditions (S) hold.
2. The function F € L{¢(J,,R") is locally bounded.

Then every solution X (t) of IP (1), (3) is a solution of the IP (4), (3) and vice
versa.

Proof. The proof is standard and partially based of the proof of the Lemma
1 in [21] for the case of continuous initial functions. For every solution in J, of
the IP (1), (3) X(t) we apply the operator D, }* to the both sides of (1) and in
virtue of (a) we obtain that (4) holds. Thus we prove that X(¢) is a solution
of the IP (4), (3). Analogically let X (¢) be a solution of the IP (4), (3). Then
applying the operator DJ, to both sides of (4) and in virtue of (b) it follows
that X (¢) is a solution of the IP (1), (3). O

Let for every ® € C;, consider the corresponding linear space

E*={G:J. - R" G|, € C(Js,R")N BV ([a,a + 7],R™),
G(t) =®(t), t € [a— h,al}

Then for each M € R, and ¢ € Cj, define the set
Eﬁ[ = {GM ot — Rn| Gy = G|[a7a+M], G e E<D}

with a metric function d%, : EY; x ES, — R,

n

dir(Gu, Giy) =D sup |gi(t) - gi(t)]
=1 t€JorMm

for each Gy, G4, € EY;. Obviously the set EY, is a complete metric space
concerning this metric.
Using (5) for each M € Ry, t € (a,a+M) and for every Gasr = (g1, ..., gn)" €
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E%, define for k € (n) the operator Ry.gx(t) by

Rogu (1) = 03 / b5(a+ 0)dyvl (a,0))

=1 j5=1"

n

0
Z/g] (t + 0)dgv};(t,0))
j=1"

DN
=1

(6)
1 ap—1
+ Fa / (¢ =) )y
0
1 ak 1 - - ) i
+r( )/ (t—mn ; ;_Zgg(nJr@)deukj(n,é’))] dn
with additional conditions
Rigr(t) = ¢p(t), t € [a—h,q]
Regr(a+ M) = lim  Rygx(t) (™)

t—(a+M)—0
Theorem 5. Let the following conditions be fulfilled:
1. The conditions of Lemma 4 hold.

2. The initial vector function ® € C} has at most one jump point tp €
l[a — h,al.

Then there exists M € R, such that the operator

(RGa0)(t) = (R1g1(t), ., Rugn ()"

has a unique fixed point in the complete metric space EMO, i.e. the IP (4), (3)
has a unique local solution with interval of existence J, o

Proof. Let ® € C; be arbitrary and ¢; = fnin }(t —7(t)),l € (r). Then
te|a,a+T1

without loss of generality we can assume that a—7 =1¢, < ... <t; <ty =a and
since ® € C} is right continuous at tg, then we can conclude that tg € (a—h, al.
Then either t¢ € (a — h,a — 7] or te € (a — 7, qal.
Introduce the operator R with (6) and (7) for each M € Ry, t € (a,a+ M).
(i) Let consider first the case when t¢ € (a — h,a — 7| and then obviously
we have that 7 < h. In this case the third addend in the right side of (6) is a
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continuous function for ¢ € [a,a + M|, M < 7 and in virtue of Lemma 1 in [15]
the fourth and fifth addends are continuous functions for ¢ € [a,a + M] too.

From (7) it follows that Regr(a + M) = t%(ali%)io Rrgr(t), Riegr(a) = ¢p(a)

and hence Rygx(t) = ¢, (t) for t € [a— h,a]. Taking into account the conditions
(S) we can conclude that for each Gy € EY; we have RGyy € EY;.
Let Gy, G, € EY; be arbitrary and let

CY = max ( sup Varge[,ao}Ui(s,H)).
i€<m>0 SeJaJrM ’

Then for every M < 7 from (6) it follows that the estimation

Beai) ~ Regi ()] < 30 (3| / (91(¢°+6) g}t + 6))davk; (1, 0))

=1 j=1 “_
L noo9
+r<ozk>/ LI [ (0565 +6) = 535+ Oy, )] ) ()
a =0 j=1
(t —a)* 0oV C

< sup [(gi1(t) — g7 (t)]
F(l + Oék) =1 teJa-H\/I !

holds for each t € [a,a + M] and k € (n).
1

Let M° = min((%)aﬂ'). Then for each t € [a,a+ MY, from (8) and
conditions (S) it follows that the inequality
(t—a)™CV 1

I'(1+ ay) <o )

holds for every k € (n). Hence from (8) and (9) it follows that
1
dpro(RG ppo, RGj0) < idMo(GMo, Gyo),

i.e. the operator R is contractive in E;EIO

(ii) Let consider the case when tg € (a—7,a]. From conditions (S) it follows
that

n

0
Z/g] (t + 0)dgv};(t,0)) Z Z% )g; (t — 7 (1))
1

=1 j= =1 j=1

(10)

s n

+
llj:l

gi(t+6) dgvk.](t, 0))

\o

-7
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where 172 j(t, ) denotes the sum of the absolutely continuous and singular parts

in the Lebesgue decomposition of the function quj (t,0). Then there exists a
maximal number [* € (r — 1) , such that t¢ € (t;+41, %] and hence t;+11 < to.
Hence there exists a point M* € (a,a + 7] such that for I* > 1 the inequalities

max su t— 7(t < tp and min min t— 7(t >t >0t
l*+1§l§r(t€[a,an*}( 1(1)) < to 1§l§l*(te[a,a+M*]( 1)) >t >t

hold and when [* = 0 (t3 = a and t; < a ) only the first one. Therefore
we can conclude that the first addend in the right side of (10) is a continuous
function for ¢t € [a,a + M*]. For the second addend for each j € (n) and
t € [a,a + 7] we have that ¢t + 6 < t and hence Varge|_,gg;(t +0) < o0

0
and tlir? [ 1gj(t* +0) — gj(t + 6)|d0 = 0 for t* € [a,a + 7]. Then for each
—t* 2

le(r), j€ (n), k€ (n) we have

0
[ 9s(t-+ 0ot (0.6) = gyt + 0 (. OS2,
) (1)
= [ k(2. 0)dagi ¢+ 0).

-7

It is well known that (11) holds if at least one of the integrals in the equation
(11) exists. Since ﬁi.j(t,@) is a continuous function for ¢ € J, and 6 € [—T,0],
then the integral in the left side of (11) exists and hence the other one in the
right side exists too. Taking into account that Varge|_;qg;(t +0) < oo in
virtue of Lemma 1 in [15] we can conclude that the integral in the right side of
(11) is a continuous function for ¢ € [a,a+ M™*]. Since the right side of (10) is a
continuous function for ¢ € [a,a + M*] then the left side of (10) is a continuous
function for t € [a,a + M*] too and hence for each M < M* we can conclude
that for each Gj; € EY, we have that RGy € EF,. Then as in case (i) we
can obtain that there exists M°? < M* such that the operator R is contractive
inEY,. O

Theorem 6. Let the conditions of Theorem 5 hold.
Then the IP (4), (3) has a unique solution in J,.

Proof. We will use mathematical induction to proof the statement of the
theorem. According Theorem 5 there exists M > 0 such that the IP (4), (3)
has a unique solution in J,, yj0. Denote by X™(t) = (21"**(t), ..., z)**(¢)) the
maximal solution of the IP (4), (3) with intervals of existence Jyax, i.e. X™*(¢)

is a continuation of every other solution of the IP (4), (3).
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Let assume that Jpa.x = [ — h,a + M™*) and consider the case when
M™% > 7. Then obviously the right side of (4) can be prolonged as continuous
function at ¢ = a + M™** and hence (4) holds for t = a + M™** too. In
the case when M™® < 7 as in the proof of Theorem 5 point (ii) we can
prove that the right side of (4) can be prolonged as continuous function also
at t = a + M™* and therefore (4) holds for ¢t = a + M™?* too. Therefore we
obtain a solution which is a prolongation of X™#*(¢) since it has as interval of
existence [a — h,a + M™*], which contradicts of our assumption that X™**(¢)
is a maximal solution of the IP (4), (3). Thus we proved that the interval of
existence for X™*(t) is Jpax = [@ — h, a + M™*] = Jq 4 pymasx.

Let assume that the the interval of existence for X™*(t) is Juyprmax and
consider the case when M™** < 7. Denote by M_ = M™*+¢  wheree € (0,7—
M™a%) ig arbitrary number. Then we can consider a new IP for the system (4)
in the interval [a+ M™**, a+ M_], with initial interval [a+ M™* —h, a+ M™*].
As initial function ®X™7(t) = (¢ (t),...,és  (t)) in this interval we use
the function X™¥(¢), i.e. ®X" () = X™M¥(¢) for t € [a+ M™>>* —h, a+ M™].

As above introduce the complete metric space

Ey. ={Gum. : Jarnm. = R"| Gar. = Glaarar), G € E*}

with metric function

n

di.(Gr, Gi) =) sup |ge(t) — gi(t)].

E—1 teJay e

Using (6) for every Gar. = (g1, ..., gn)’ € B, define for each € € (0,7— M™™),
t € (a+ M™* a4+ M,) and k € (n) the operators Rgx(t) with equality (6)
and the additional conditions

Rege(t) = ¢ (), t € [a+ M™> — h a + M™]

: 12)
M,) = lim (
Rigi(a + M) = W Riegi(t)

Let denote by t; = min (t —m(t)),l € (r). Then without loss of

telat-Mmax a7
generality we can assume that a + M™** — 7 <t, < ... <t <typ=a+ M™**
Then either ¢, > a or there exists a maximal number [* € (r — 1)¢, such that
t;» > a and t;»41 < a. Then we have that either ¢, < a or ¢, > a (note that
t, > a+ M™* — 7). Hence either tg < t, or tg € (t,,al.
(i) Consider the case when te < t, Then is simply to see that for each ¢ €
(0, 7— M™2*) the right side of (6) is a continuous function in [a+ M™**, a+ M,]
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and hence the operator R defined with (6) and satisfying (12) maps E?\Z into
Y.

(ii) Let assume that tg € (¢r,a]. Then obviously a € (t;=11,%+] and there
exists a number [, [* < [ < r — 1, such that te € (tj;1,tjl. Then according
condition (S3) there exists e, € (0,7 — M™**) such that the right side of (6) is
a continuous function for ¢ € [a + M™*, a + M, ].

Hence in both considered cases (i) and (ii) we proved that the right side
of (6) is a continuous function for ¢t € [a + M™**, a + M,,] and therefore the
operator R defined with (6) and satisfying (12) maps Eg}a into E?\Z for every
e € (0,e4].

Let ¢ € (0,&,] be an arbitrary number. Then for every G, G}, € Efy.
and each t € [a + M™* a + M, ] from (6) we obtain that

0
e ) Mg 0 < 3 (31 [yt +0) — g5 0+ 0ot 1))

=1 j=1 ~,
t m n 0
/ 9 YO0 [ tays+0) = g5+ 6.0} )
=0 j=1 “,
1 noog
= T(aw) / -8 12 Z|/ 9i(s +0) — g} (s + 0))dujy (s, 0)| ds)
g a+ M max =0 j=1 2,
(t _ (a—|— Mmax))akCU n .
S sup t) — t
T(1+ay) ~ieqian, [(9u(8) — g7 ()]

(13)

where C¥ = max (- sup  Varge_,,qU"(s,0)).
ZE<Tn>0 SGJG-H\/IE*

P(1+ou)

k
If eg = min((W)a’c ,€+) we have that v L and from (13) it

(1+a Y T 2n
follows that the operator R is contractive in E<I> M.,

Hence we prove that the solution X™*(¢) has a continuation which contra-
dicts with our assumption concerning X™#*(¢). Thus we proved that M™** =
and then the interval of existence of X™#*(t) is Jyqppmax = Juir.

[e.9]
Since J, = | [a+ (j —1)7, a + j7] then according the principle of the
j=1
mathematical induction we assume that that there exists a unique solution
, - W\
XI(t) = (21(t), ., an(t)) of TP (4), (3) with interval of existence J,, ;. , j €
N (Note that the existence of X'(t) = X™(¢) is proved above). Then we
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can consider an auxiliary IP for the system (4) in the interval J((j + 1)7) =
[a + j7,a + (j + 1)7] with initial interval [a + j7 — h,a + j7], i.e. XITL(2)
satisfies the system (4) for t € (a + jr,a+ (j + 1)7] and X/T1(¢) = X7 (¢) when
t €la+j7 — h,a+ j7|. Asin the case j = 1 introduce the metric space

El 1y = {GG+1r  Jar e = R Gsnyr = Gligar+nr, G € BT}

with metric function
n
dg,)+(j+l)7'(G(j+1)T7 G)(ijrl)T) = Z sup ’gk(t) - gZ(t)‘
k=1 t€Jat(j+1)r
For t € (a+j7,a+ (j+1)7) define the operators Rgx(t), k € (n) with (6) and
the additional conditions

Rige(t) = x,(t), t € [a+ jT — h,a + j7]

%kgk(a + (J + 1)T) - t%(aJrl(ierrrll)T)fO %kgk(t)

(14)

Then for each ¢t € [a+j7,a+ (j +1)7] we have that t —7;(t) > a, [ € (r) and for
arbitrary Gji1), € EEI;. +1)r we have that the right side of (6) is a continuous
function and hence the operator R defined with (6) and satisfying (14) maps
EEI;. +1)r into EEI;. 1) According Theorem 5 there exists a unique local solution
Xi;gl(t), such that Xi;gl(t) = XI(t) for t € [a+j7 —h,a+ j7] and with interval
of existence [a + jT,a + j7 + M°],M° € (a + jr,a + (j + 1)7].

Then analogical way as in the proof of point (ii2) above, we obtain that
MY = 7. Thus we proved that the IP (4), (3) has a unique solution in J,. O

4. Applications

Let s € J, be arbitrary fixed number, J; = [s,00) and consider the following
matrix IP

r 0
DGt =Y [ V' (6.0)]Gt+0,5)
=17"7

m 0 )
=Z/[mmwmm+m%te@@7
i=0v "7

I, t=s
Ct,s) =<’ 16
(t.) {0, —o0o<t<s (16)
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Definition 7. For each s € J, the matrix valued function t — G(t,s) =
{7k (¢, 5) 15 ;=1 is called a solution of the IP (15), (16) for t € J, if G(-,s) :
Js — R™™ ig continuous in ¢ on J; and satisfies the matrix equation (15) for
t € (s,00), as well as the initial condition (16) too.

Corollary 8. Let the conditions (S) hold.
Then for every s € J, the IP (15), (16) has a unique solution in J.

Proof. Let s € J, be an arbitrary fixed number and for j € (n) consider
the IP (2), (3) in J; with initial condition X7(t,s) = I/t = s; X/(t,s) =
0,s —h <t < s and I’ denotes the j-th column of the identity matrix I.
Since the system (2) is homogeneous and for each j € (n) the correspond-
ing initial function is I/ for ¢ = s and zero for ¢t < s, then we can conclude
that all conditions of Theorem 6 are fulfilled. Then for each j € (n) denote by
XI(t,8) = (715 (t,8), e Y (L, 5))" the unique solution of the IP (2), (3) in J, ex-
isting according Theorem 6. Then the matrix G(t,s) = (X1(¢,s),..., X" (¢, ),
G(-,s) : [s,00) = R™ ™ is a unique solution of the IP (15), (16) in Js. O

Remark 9. Note that since for each s € J, every column X7(t,a)is a
unique solution of (2) with initial condition X7(t,s) = I/,t = s; X/(t,s) =
0,s —h <t<s;j€ (n) we can define X7(t,s) = 0,5 € (n) for t € (—o0,s — h)
and then for each s € J, the matrix G(t, s) is prolonged as continuous in ¢ on
(=00, ).

The matrix G(t, s) will be called fundamental (or Cauchy) matrix for the
system (2) for t € J,.

Let for a fixed s € [a — h,a] introduce the matrix valued function (¢t —
Q(t,s)) : Jo — R™ ™ satisfying the system (15) for ¢ € (a,00) and the initial

condition
I, s<t<a
t,s) =< ' - 17
Q) {O, t € (—o0,s) (17)

Note that G(t,a) = Q(t,a) for t € J,.
For arbitrary initial function ® € C} introduce the vector function

Xo(t) = /Q(t,s)dséh(s),te,]* (18)
—h

a

where ®,,(t) = ®(¢t) for t € (a — h,a] and ®p,(a — h) = 0.
Theorem 10. Let the following conditions are fulfilled:
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1. The conditions of Corollary 8 hold.
2. The kernels V!(t,0) = V'(0) for each | € (n).

Then the vector function X (t) defined by equality (18) is a unique solution
of the IP (2), (3) for t € J,.

Proof. Tt is simply to see that for arbitrary t € [a — h,a] we have that

— /aQ(t,s)dsq)h(s): /alds%(s)

a—h
— (1) — Dula— h) = (1),

i.e. Xo(t) satisfies the initial condition (3).

Lemma 1 in [15] implies that the vector function X¢(t) defined by equality
(18) is a continuous function for ¢ € J,. Substituting in the left side of (2) the
vector function Xg(t) we obtain

cDgy Xo(t) /Qtsdaph s)

a

=rr D, | Q(t,s)dséh(s)—/Q(aas)dsq)h(s)] (19)

a—h a—h
—RL D(?Jr / [Q(tv 8) - Q(av 8)]d8¢>h(8)

Then from (19) using the Fubini theorem we have that

CD3+X<I>( )
a

- i di/ “(/ Qla.9)}d: 1))y

a—

a

= [ ey [ = 077100 - Qe s)dna ()
a—h

_/ reDSL[Q(t, s) — Q(a, 5)]ds Py (s)

a—h
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a
- / D Qt, 5)ds i (s). (20)
a—h
For each [ € (r) applying the unsymmetric Fubini theorem (see [7]) we have
that

0
D2, / AoV (0)| X (t + )

T

0
=rr Dy, [dgV () (Xa(t +0) — Xo(a +6))

-7

- dng / Q(t + 6, 5) — Qa + 6, 5)|dsDn(s))
—T h
a 0
=RL Dng /dgvl t—l—@ 8 Q(a—l—@,s)))ds@h(s)
a—h —T

1 di/t —o /a /dng Qn+6,s)—Qla+0,s)))dsPp(s))dn

—h —T
0

-7

- / <ﬁ% / (¢ =) [1daV (@0 +6.5) — Qla-+ 0.5))dn)d. ()
a—h a —T
a 0
— [ wDi [V O)(Q(+0,5) - Qe+ 6.9) i)
a—h

0
= / CD3+(/[d9Vl(9)]Q(t+«9,s))ds<1>h(8)-

a—h —T
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Then from (20) and (21) it follows that

r 0
oD2, (Xolt) = 3 [1daV' ) Xa(t +6))
1=1"
(22)

a

-

a—h

r 0
oDE, Q) =3 [1daV O)Q¢ +6,9)d,21(5)
1=1"

In the right side of (2) for each i € (m) applying the unsymmetric Fubini
theorem (see [7]) we obtain

0 0 a

[t xote+6) = [0 0] [ @ +6.5)d.2105) =
P B (23
= [ ([ U €00+ 0,5)d2n(5)

a—h —0o
From (22) and (23) it follows that

a

r 0
/ D Q) Y / daV(1,0)]Q(t + 0, 5))
=1

a—h
m 0

3 [ 0)Qa + 0,90 =0
=07

and hence Xg(t) satisfies (2) for ¢ > a. O

Remark 11. Note that the matrix valued function (¢ — Q(t,s)) : J, —
R™™ satisfying the system (15) for ¢ € (a,00) and the initial condition (17) is
not depending from the function ® € C} used in IP (2), (3) as initial function.
Thus we can conclude that the initial function ® € C used in (18) can have
arbitrary finite number of jumps.

Corollary 12. Let the following conditions are fulfilled:
1. The conditions of Theorem 10 hold.

2. The Lebesgue decomposition of the function ® € C7 does not include a
singular term.
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Then the vector function Xg(t) defined by equality (18) has the represen-
tation

Xo(t) = Q(t, a)(Pn(a+) — Pp(a—))

+ Z Q(t, 8¢)(Pr(sq+) — Pnlsq—))
54€5%n\{a} (24)

+ / Q(t, s)CI;h/(s)ds
a—h

where the summation is over all discontinuity points s, € S\ {a} of the
function ®5,(t) and with ®;, is denoted the absolutely continuous term in its
Lebesgue decomposition.

Proof. Since ®;, € C; then (24) immediately follows from the Lebesgue
decomposition of ¢ (¢) and (18). O

Remark 13. Our result improves the corresponding results even in the
case of one constant delay which is considered in Theorem 5.3 in [25]. Actually
their result is proved only for absolute continuous solutions, since he authors
used the definition of Caputo derivative useful only in the case for absolute con-
tinuous functions. Moreover the fact that the solutions are absolute continuous
is essentially used in the proofs in the whole their work and hence the definition
cannot be simply replaced with the other one. In addition we point out that
in [25] as a space of initial functions in the partial case of one constant delay
7 and initial point a = 0 is used the space C''([—7,0],R"™) for which obviously
the inclusions C([—,0],R") C C§ C PC([—,0],R") N BV ([-7,0],R") hold.
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