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1 Introduction

The theory of g-calculus or quantum calculus was initially developed by [6, 7] and it has
many applications in the fields of hypergeometric series, particle physics, quantum me-
chanics and complex analysis. For a general introduction of g-calculus or quantum calcu-
lus, we refer to [1, 2, 8]. Recently, fractional boundary value problems with g-difference
have been investigated by many authors; see [3, 4, 9—-11] and the references therein. In
[3], Ferreira considered the existence of positive solutions for the nonlinear g-fractional
boundary value problem (BVP)

D‘;u(t) =—f(t,u(t), tel:=(0,1),
u(0) = D,u(0) = 0, Dyu(1)=g=>0,

(1.1)

where 0 <g<1,2<a <3, f:I" x R* - R* is a continuous function, I* = [0,1], R* =
[0, +00). By utilizing a fixed point theorem in cones, he obtained the following existence
theorem.

Theorem A Let T = ¢" with n € N. Suppose that f(t, u) is a nonnegative continuous func-
tion on [0,1] x R*. If there exist two positive constants ry > r1 > 0 such that the function f

satisfies

(P1) [af;uq + M max (o) x[01f (£ 1) <715
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(P2) ﬁ + NmaX(t,u)e[r’l]x[ra—lm‘rz]f(t, l/l) > 1o,

where

[ot - l]q = )
1
M= / G(1,gs)dys,
0

1

N = max / G(t,gs) dys,
tel0,1] J;

G(t, gs) is the Green’s function which will be specified later, then the BVP (1.1) has a solution

satisfying u(t) > 0 for t € (0,1].

Clearly, the conditions (P1) and (P2) are strong in application. In 2015, Li et al. [9] stud-
ied a class of fractional Schrodinger equations with g-difference of the form

n
Dult) + ﬁ(x -p@®)u(®)=0, tel, (1.2)
where p(¢) is the trapping potential, # is the mass of a particle, 7 is the Planck constant, &
is the energy of a particle. Let A = & and /(¢) = 8 — p(¢). They transformed Eq. (1.2) to

Dou(t) + Mhit)f (u(t)) =0, tel, (1.3)
subject to the boundary conditions
u(0) = D,u(0) = Dyu(1) = 0, (1.4)

where 0<g<1,2<a <3, f:I* x R— (0,00) is continuous, % : I — (0, 00) is continuous.
By applying a fixed point theorem in cones, they proved several theorems for the existence
of positive solutions of the problem (1.3)—(1.4). Here, we just list two important results of

9.

Theorem B Suppose that (H1) and one of (H2) and (H3) hold, where
(H1) h(t) is continuous for t € (0,1) such that fol h(t) dgt < +00;
(H2) limuﬁ()f% = 00;
(H3) limu_mo@ = 00.
Then the problem (1.3)—(1.4) has at least one positive solution provided that

r
SUPr>0 maxo<y<rf ()

O0<Ac< i ,
maxeo,1] [y G(£,qs)h(s)dys

(1.5)

where r > 0 is constant.

Theorem C Suppose that (H1) and one of (H4) and (H5) hold, where
(H4) lim, o™ =0;

u

(H5) lim, .o "% =0.
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Then the problem (1.3)—(1.4) has at least one positive solution provided that

infro0 " —
mm-[rgugrf(”) <A (16)

X 1 <00,
minger,1) [, G(t, gs)h(s) dgs

where r > 0 is constant.

It is obvious that the conditions (FH2)—(H5) are weaker than (P1)—(P2), but (1.5) and
(1.6) are not easy to verify in application.

In the present work, we consider the fractional boundary value problem (Fr-BVP) with
q-difference of the form

Dgu(t) + w(t)f (£, 5@)u(?)) =0, tel,
u(0) = D,u(0) = Dyu(1) = 0,

(1.7)

where 0<g<1,2<a <3, we C[0,1], § € C(I*(0,+00)), f € C(I x R*,R*), f may be
singular at ¢ = 0 and/or 1. Here, §(¢) is a scaling function of # in the nonlinearity f.

For the sake of simplicity, denote

8;» = min(t), 8 = max §(¢).
tel* tel*

Throughout this paper, we always assume that the functions f and w satisfy the following
conditions.

(A1) w € C[0,1] and there exists & > 0 such that w(¢) > & for t € I;

(A2) fol G(1,gs)f (s, 80) dgs < +00;

(A3) f(t,8,,) >0 for any ¢ € I and there exist constants o7 > o, > 1 such that, for every

T €(0,1],

T (t,x) <f(t,tx) < T°%f(t, %) (1.8)

for any ¢t € [ and x € R*;
(A4) f(t,8,,) > 0 forany ¢ € I and there exist constants 0 < 03 < 04 < 1 such that, for every
7 €(0,1],

T (6, %) < f(t Tx) < TSt %) (1.9)
forany t € / and x € R*.

Remark 1.1
(1) If f satisfies the assumption (A3) or (A4), then f (¢, x) is non-decreasing with respect
tox € R* forevery ¢t € I.
(2) The condition (1.8) is equivalent to

T2f(t,x) <f(t,tx) <t f(t,x), Vr>1. (1.10)
(3) The condition (1.9) is equivalent to

T3f(t,x) <f(t, 7x) < t%*f(t,x), Vr>1.
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Remark 1.2 The assumptions (A3) and (A4) are order conditions. They are much easier
to verify in application than the conditions (H2)—(H5) and (1.5), (1.6).

Remark 1.3 1f§(¢t) = 1 for t € [0,1] and f (¢, u) = f (u), then the Fr-BVP (1.7) becomes to the
problem (1.3)—(1.4) with w(£) = Ah(t). Therefore, the Fr-BVP (1.7) is more general than the
problem (1.3)—(1.4).

By using the fixed point theorem of cone mappings, we obtain the following theorems.

Theorem 1.1 Let the assumptions (A1)—(A3) hold. Then the Fr-BVP (1.7) has at least one
positive solution u € C[0,1].

Theorem 1.2 Let the assumptions (A1), (A2) and (A4) hold. Then the Fr-BVP (1.7) has at

least one positive solution u € C[0,1].

The rest of this paper is organized as follows. In Sect. 2 we introduce some preliminaries
and notations which are useful in our proof. In Sect. 3, we will prove Theorems 1.1 and 1.2.

Examples are given in Sect. 4 to illustrate the abstract results.

2 Preliminaries
In this section, we introduce some definitions and notations on fractional g-difference
equations. Some related lemmas are also given in this section. For g € (0,1) and 4, b, a € R,

we denote

o

1-¢q
1-¢g

[a]g =
and

(a- b)(a) =g ﬁ ﬂ_
o a— bqnwz

The g-analogue of the power function (a — b)" is defined by

(a-b)°=1
and
(@a-b)" = l_[(a — bqk), neN.
k=1

The g-gamma function is given by

(1-gq)

fyle) = 1-gpt’

aeR\{0,-1,-2,...},

and it satisfies I (o + 1) = [a] ;1 ().
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Let £ be a function defined on [0, 1]. The g-derivative of ¢ is

_ a0 -t
(D00 ==~ ¢

, t>0,
and
(D40)(0) = lim(D,£)(0).
The g-derivative of £ of high order is given by
(Dgz)(t) =¢@t), telo,1],
and
(Dhe)(®) =Dy (Dp ) (1), te[0,1,neN.
The following definitions of fractional g-calculus are cited from [3].

Definition 2.1 The fractional g-integral of the Riemann-Liouville type of order & > 0 for
the function ¢ is defined by

o0 =eo, telo1),

and

1 t
() = @ /0 (t-g9)* V(s)dygs, a>0,£€[0,1].

Definition 2.2 The fractional g-derivative of the Riemann—Liouville type of order « > 0
for the function Z is defined by

(Dgz) (t) = Z(t)y te [0) 1],
and
(D)) = (D)) >0, tel0,1],
where m := [«] is the smallest integer greater than or equal to «.

We refer the reader to the papers [3, 10] and the monographs [1, 2] for more details on
the definitions of fractional g-calculus.

In order to prove the existence of positive solutions of the Fr-BVP (1.7), for any 4 €
C|[0, 1], we first consider the linear Fr-BVP

Dgu(t) +h(t)=0, tel,
u(0) = Dyu(0) = Dyju(1) = 0.

(2.1)
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Lemma 2.1 ([3]) Let0<g<1and2<«a <3.Foranyh € C[0,1], the linear Fr-BVP (2.1)

has a unique solution expressed by

1
u(t):/ G(,gs)h(s) dys,
0
where

1 |(1-g9)e Dl —(t—go)@ D, 0<gs<t<l,

G(t,qs) =
(o) | (1= gs)@ 2l 0<t<gs<l,

is the Green’s function of the linear Fr-BVP (2.1).

Lemma 2.2 ([3]) The Green’s function G(t,qs) has the following properties:
(i) G(t,gs)=0forallt,sel*
(i) t*1G(1,qs) < G(t,qs) < G(1,gs) for all t,s € I*.

By Lemma 2.1, we can define the solution of the Fr-BVP (1.7) as follows.

Definition 2.3 A function u € C[0, 1] is called a solution of the Fr-BVP (1.7) if it satisfies

the integral equation

1
u(t) = / G(t, qs)w(s)f(s,S(s)u(s)) dgs, tel.
0

If u(¢) > 0 for ¢ € I, then it is called a positive solution of the Fr-BVP (1.7).

Let E := C[0, 1]. Then E is a Banach space endowed with the norm

llull = max|u(t)|, VueL.
tel*
Let n € (0,1). Define a cone K in E by

K= {u €E:ult)>0,¢ e I*, min u(t) > n“’1||u||},
ten,1]

Then K is a nonempty closed convex cone of E.

Define an operator Q: K — E by

1
(Qu)(¢) = /0 G(t, qs)a)(s)f(s,S(s)u(s)) dgs, tel”. (2.3)

Lemma 2.3 Let the assumptions (A1)—(A3) hold. Then Q : K — E is well defined, and
u € E is a positive solution of the Fr-BVP (1.7) if and only if u is a positive fixed point
of Q.
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Proof For fixed u € E with u(t) > 0 for all £ € I'*, choosing a constant a € (0,1) such that
al|u|| < 1. Then, for any ¢ € I*, by (1.8) and (1.10), we have

o1

OO (i) F(t,as(@u(®)

< (1> [au()]"f (65(2)

a

=< a” " ullf (¢, 3m)-

So, for any t € I*, by (2.2), we have

0< /(;1 G(t, qs)w(s)f(s,c?(s)u(s)) dys
1

5/ G(l,qs)a)(s)f(s,é(s)u(s)) dgs
0

1
< a® || ol / G(1,g5)f (5, 8m) dys
0

< +0Q.

This implies that the operator Q : K — E is well defined. By Definition 2.3, u € E is a
positive solution of the Fr-BVP (1.7) if and only if u is a positive fixed point of Q. g

Lemma 2.4 If the assumptions (A1), (A2) and (A4) hold, then Q : K — E is well defined,
and u € E is a positive solution of the Fr-BVP (1.7) if and only if u is a positive fixed point

of Q.
Lemma 2.5 Q: K — K is a completely continuous operator.

Proof For any u € K and t € I*, by Lemma 2.2 and (1.10), we have (Qu)(¢) > 0 on I* and

1
min (Qu)(¢) > min/ t"‘_lG(l,qs)w(s)f(s,S(s)u(s)) dys
teln1] Jo

ten1]
1
=1 [ 6L a910lo) (5560409 dys

> 1| Qull.

Hence, Q: K — K. By the Ascoli—Arzela theorem, one can prove that Q : K — K is com-

pletely continuous. O

At last, we state a fixed point theorem of cone mapping to end this section, which is

useful in the proof of our main results.

Lemma 2.6 ([5]) Let E be a Banach space, P C E a cone in E. Assume that §21 and §2, are
two bounded and open subset of E with 6 € 21, 21 C $2,. If

Q:PN(2,\2:)—P

Page 7 of 11
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is a completely continuous operator such that either
(@) 1Qull < llull, Yu € PN 3821 and ||Qul| > ||ull, Yu € PN 382,, or
(i) N1Qull > llull, Yu € PN 032y and ||Qull < |lull, Yu € PN 052,
Then Q has at least one fixed point in PN (2 \ £21).

3 Proof of the main results
In this section, we will apply Lemma 2.6 to prove the existence of positive solutions of the
Fr-BVP (1.7). Forany O < r < R, let

2,={uekE:|lull<r}, Qr={uek:|lull <R}.

Then 882, = {u € E: |ul| = r}, 32& = {u € E: ||ul| = R}.

Proof of Theorem 1.1 On the one hand, defining an operator Q : K — E as in (2.3), we
prove that there exists a constant r € (0, 1] such that

1Qull < llull, YueKNos2,.
In fact, for u € K with ||u|| < 1, we have
F(6,8@u)) <u)f (t,50)) < Iull2f(t,8p), VeI

So, by Lemma 2.2, we have

1
1Qul /0 Glt, g5)o(s)f (5, 8(5)iu(s)) ds

max
tel*

IA

1
1l ol / G(L, g8 (5,531) d,s
0

= Pullul™,

where B; = ||| fol G(1,gs)f (s,8m) dys.
1
If B; > 1, choosing r = (ﬂil)azj, then r € (0,1). For any u € K N 352,, we have

92

Qull < Billul™ = ,811_“T1 =r=|ul.

If 81 <1, choosing r = 1, then, for any u € K N 352,, we have
Qull < Billull™ = pr < L=r=ul.

On the other hand, we prove that there exists a constant R > 1 such that
Qull = [lull, VYueKNo2.

In fact, for u € K with u(t) > 1 for t € I*, we have

F(&8@u(®) = u@)f (£,8(0)) = u” @) (t,6,n), Veel.
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Thus, for every u € K N 982z, by Lemma 2.5, we have Qu € K and, for any 5 € (0, 1),

[Qull = min (Qu)(¢)

te(n,1]

min /1 G(t, gs)w(s)f (s, 8(s)uls)) dys
1Jo

ten,1

v

1
min] / G(t,gs)w(s)u(s)f (s, 6m) dys

ten,1

v

min *~ 15/ G(1,gs5)u”(s)f (s, 0

te(n,1]
1
> g e Dg |y 2 / G(L, g8 (5,5) dys
n
- Balull™,

where 8, = nle2*De-Dg fnl G(1,g5)f (5,8m) dys.
1
If B3 < 1, choosing R = (ﬂ—t)ﬁ, then R > 1> r. For any u € K N 082z, we have

92

-5
1Qull = Ballul|®> = By 7 =R = |lul.

If B, > 1, choosing R = 8, + 1, then R > 1 > r. For u € K N 3£2, we have

1Qull = Bollull ™ = Ballull = llul.

Hence, by Lemma 2.6, Q has at least one fixed point u* € KN (2 \ £2,) satisfying 0 < r <
l#*|| < R. Hence for n € (0,1), minsc(,,1j #*(£) > n*'|lu*| > 0 and it is a positive solution
of the Fr-BVP (1.7). O

Proof of Theorem 1.2 Similar to the proof of Theorem 1.1, we can prove this theorem. So
we omit the details here. O

Remark 3.1 If w € L*°[0, T], the results in Theorem 1.1 and 1.2 are still true.

4 Examples
Example 4.1 Consider the following BVP:

D2 u(t) + =sinrt S'“”t (€ud(t) + eu?(t) =0, te(0,1), @)
(0) -0, D%M(O) =D, u(1) = 0. '

Let g =1, a =32, f(t,8()u(t)) = ﬁ(egtug(t) + e2u(t)) and w(t) = 5 — sinmwt?, where
S(t)=¢é' > 0‘ Then § =4, §,, = 1 and 8, = e. Clearly, f(¢,3,,) = m >0 and

1 1 1(1- %s)(%)(ezﬂas)
/ Gl1,=s f(s,SM)d;sff = dis< +00,
0o \72 P2l T Gsasy

(3
where I'1 (%) @) i Hence the conditions (A1) and (A2) hold.
3



Liang et al. Advances in Difference Equations (2020) 2020:416 Page 10 of 11

For 7 €(0,1], since

T—B(xs +x2) <f(t, tx) = ;(ﬁxs + rzxz) < 1—2
t1-19) = t1-1¢) “tl-1)

(x3 + xz),
then the condition (A3) is satisfied with o7 = 3, 0, = 2. Hence, by Theorem 1.1, the BVP
(4.1) has at least one positive solution u € C[0, 1].

Example 4.2 Consider the following BVP:

5
D}u(t) + 32 (e5ud () + efui (1) =0, te(0,1),

2 (4.2)
u(0) =0, D%u(O) = D%u(l) =0.

Let = 1, a = §, f(£,5(0u(t) = 15 (e5us (2) + efut (1) and w(t) = cos 36> + 2, where
8(t) =€ >0. Then & =1, §,, = 1 and 8y = e. Only we verify (A4). For 7 € (0, 1], since

1
T3 1

1 1 ‘L'%
m(aﬁ +x4) §f(t,1'x) = t(l —t)

<
“H1-¢)

JISE

(t’i‘x’i‘ +r%x%) (x% +x

),

then the condition (A4) is satisfied with o3 = %, o4 = % Hence, by Theorem 1.2, the BVP
(4.2) has at least one positive solution u € C[0, 1].
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