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Existence of solutions and monotone iterative method
for infinite systems of
parabolic differential-functional equations

by STANISEAW BRrzycHCzY (Krakéw)

Abstract. We consider the Fourier first boundary value problem for an infinite system
of weakly coupled nonlinear differential-functional equations. To prove the existence and
uniqueness of solution, we apply a monotone iterative method using J. Szarski’s results
on differential-functional inequalities and a comparison theorem for infinite systems.

1. Introduction. We consider an infinite system of weakly coupled
differential-functional equations of the form

(1) Fll(tx) = fi(t,a,2(t,-), €S,
where
Flim o = AL A= ) %k(t’x)M’

k=1
x=(x1,...,2m), (t,x) € (0,T) x G:=D, T < oo, G C R™ and G is an
open bounded domain with C?T (0 < a < 1) boundary.
Let B(S) be the Banach space of mappings

v:S3i—vte R,
with the finite norm
0]l p(s) := sup{|v’| : i € S},

where S is a denumerable set of indices (finite or infinite). The case of finite
systems (B(S) = R") was treated in [3, 4]. For infinite countable S we have
B(S) = [*° and we now focus on such infinite systems. Thus,

vl Besy = [Vl
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16 S. Brzychczy

Denote by Cs(G) the real Banach space of mappings
w:G3z— (w(z):83i— w(z) €R)el™,
where w? are continuous in G, with the finite norm
|lwl] := sup{|jw'(z)| : z € G, i € S}.

For any fixed t € [0,T), we denote by z(¢,-) = (2!(¢,-),2%(t,-),...) the
function

2(t,)):Gox — z(t,x) €1™

which is an element of the space Cs(G). We denote the space of these
functions by Cg(D).

For system (1) we consider the following Fourier first boundary value
problem:

Find a regular solution z = z(t,z) of (1) in D satisfying the boundary
condition

(2) z2(t,z) =g(t,z) for (t,x) € X,

where o := (0,T) x 0G, Dy := {(t,z) : t =0, x € G}, ¥ = Dy U o,
D:=DuUX and g = (¢%,4%...).

To prove the existence and uniqueness of the solution, we apply an it-
erative successive approximations method (see [3, 4]). We use J. Szarski’s
results [9, 10] on differential-functional inequalities and a comparison theo-
rem for infinite systems and parabolic differential inequalities [8].

Infinite systems of parabolic differential and differential-integral equa-
tions are used to describe polymerization-type chemical reaction phenom-
ena (coagulation and fragmentation of clusters) [2], [6]. An infinite system
of ordinary differential equations was introduced by M. Smoluchowski ([7],
1917) as a model for coagulation of colloids moving according to a Brownian
motion.

2. Notations, definitions and assumptions. A mapping z € Cs(D)
will be called regular if the functions 2% (i € S) are continuous in D and
have continuous derivatives 0z°/0t, 0%z°/0x;0x), in D for j,k = 1,...,m.
We write briefly z € C5*(D).

A regular mapping will be called a regular solution of problem (1), (2)
in D if the above equations are satisfied in D and the boundary condition
(2) is satisfied.

The Hélder space C'+(D) := CUH)/2+e(D) (1 = 0,1,2,...; 0 < «
< 1) is the space of continuous functions f whose derivatives 9" 15 f /Ot" 0z*
= DID:f(t,z) (0 < 2r+ s <) all exist and are Holder continuous with
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exponent o (0 < a < 1) in D, with the finite norm
| D D3 f(t,x) — DEDf(t', )]

[fIF* = sup [DyD;f(t.x)|+ sup :
(t,x)eD ! P,P'cD [d(P, Pl)]a
0<2r+s<i 2r+s=lI
P#P’

where P = (t,z), P’ = (t',2') and d(P, P’) is the parabolic distance defined
by

d(P,P") := (|t = t'| + ||z — 2|
and [|z[|zm = (72, 23)1/2.

Jj=1"j
We denote by CH'Q( ) the Banach space of mappings z such that z* €
CHe(D) for alli € S.
In the space CS( D) the following order is introduced: for 2,z € Cs(D D)
the inequality z < Z means that 2%(¢,2) < Z'(t,z) for all (t,z) € D,i € S.
We assume that the operators A° (i € S) are uniformly elliptic in D,
i.e., there exists a constant u > 0 such that

I%&‘"L )1/2,

Yo oa GG =Y &
jk=1 j=1

for all &€ = (&1,...,&n) €ER™, (t,z) €D, i€ S.

We say that the operators F* = 9/0t— A" (i € S) are uniformly parabolic
in D when the operators A are uniformly elliptic in D.

Functions u = u(t,z) and v = v(t,z) € Cg™(D) satisfying the systems
of inequalities

] (t,2) < Filta,ult, ) for (
®) { u(t,z) (

< g(t,x) for (t,x) € X,
(4) {fi[vi}(t,x) > fi(t,x,v(t,-)) for (t,z) € D, i€ S,
v(t,x) > g(t, ) for (t,z) e ¥

are called, respectively, a lower and an upper function for problem (1), (2)
in D.
We assume that the functions
f':DxCs(G) > (t,x,8) — fi(t,r,s) ER, €S,
satisfy the following assumptions:
(Hy) f'(-,-,5) € C¥T(D) (i € S);
(L) f* (i € S) satisfy the Lipschitz condition with respect to s, i.e., for
all 5,5 we have
’fi(t7x73)_fi(t7x7§)‘ SLHS_:;H for (t,x)GD,

where L > 0 is constant;
(W) f* (i € S) are increasing with respect to s.
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(H,) The coefficients aé-k = aék(t,w), aék = a};j (J,k=1,...,m, 16 S)

in (1) are Holder continuous with respect to ¢t and z in D, ie., aj; €
Ct(D).

(H,) g* € C*t2(X) for i € S.

We remark that if ¢¢ € C?T%(X) and 0G € C?*® then, without loss of
generality, we can consider the homogeneous boundary condition
(5) z(t,x) =0 for (t,z) € X.
Accordingly, in what follows we confine ourselves to considering the homo-

geneous problem (1), (5) in D only.

ASSUMPTION (A). There exists at least one pair ug = ug(t,r), vo =
vo(t, x) of a lower and an upper function for problem (1), (5) in D.

3. Existence and uniqueness theorem

THEOREM. Let all the above assumptions hold. Consider the following
infinite systems of linear equations:

(6) Flup)(t, @) = f'(t, 2, un—1(t, ),
(7) Fi[”;,](ta x) = fi(t,x,vnfl(t, ))7 i €S,
forn=1,2,... with boundary condition (5). Then

(i) there exist unique regular solutions u, and v, (n =1,2,...) of sys-
tems (6) and (7) with boundary condition (5) in D;

(i) the inequalities
(8) Un—1(t,z) <un(t,x), vp(t,z) <vp_1(t, )
hold for (t,z) € D (n=1,2,...);

(iii) the functions u, and v, (n =1,2,...) are lower and upper functions
for problem (1), (5) in D, respectively;

(iv) limy, . oo[vn (t, 2) — un(t, )] = 0 uniformly in D:;

(v) the function

z(t,x) = n1—>H;o un(t, )

is a unique regular solution of problem (1), (5) in D and z € C&"*(D).

Before going into the proof we introduce the Nemytskii operator and
prove some lemmas. Nemytskil operators play an important role in the
theory of nonlinear equations. For more information see [1].

REMARK 1. If u and v are lower and upper functions for problem (1), (5)
in D, respectively, and z is a regular solution of this problem, then by the
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Szarski theorem on differential-functional inequalities for infinite systems of
parabolic type [10] we have
9) u(t,z) < z(t,x) <wv(t,z) for (t,z) € D.
In particular we have
(10) uo(t,z) < z(t,z) <wo(t,z) for (t,x) € D.

Let 3€Cs(D) be a sufficiently regular function. Denote by P the oper-
ator

P ﬁ — Y= ’Pﬁ’
where 7 is the (supposedly unique) solution of the boundary value problem
(11) Fily(t,x) = fi(t,z, B(t,-)) for (t,z) € D, i€ S,
y(t,z) =0 for (t,x) € X.

The operator P is the composition of the nonlinear Nemytskii operator
F=(F.LF2%..),

F:6—6=Fp3,
where
F'B(t,x) := f'(t,x, B (t,-), B2(t,"),...) = &6'(t,x), €S,
and § = (61,62,...), and the linear operator
G:0—7,
where 7 is the (supposedly unique) solution of the linear problem

(12) Fiy(t,z) = 6(t,x) in D, i€,
v(t,x) =0 on X.
Hence P =GoF.

LEMMA 1. If B € O3 (D) and the function f = (f1, f2,...) generating
the Nemytskii operator F satisfies conditions (Hy) and (L), then

6 =Fp3 e Cot(D).
Proof. Since 8 € C3"*(D), we have
|6°(t,x) = (', 2')| < K (|t =t + ||l — 2| )*/?

for all (¢,z),(t',2') € D and i € S, where K is some nonnegative constant.
Hence

15, ) = B, ) = Sug{lﬂi(t,w) =Bt )|} < Kt =t/
1€
el
From (Hy) and (L) it follows that
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6% (t,z) — 8° (', )|
= [F'B(t,z) — F'B(t', 2')|
= [f'(t, 2, B(t, ) — f1(', 2", B, )|
< |fH(tx, B(t ) — f1 (2 Bl D+ 11 (2 Bt ) — f1(E 2, B )
< Ky (jt =] + ||z — 2|3 )*"* + LB, ) — B, )|
<K ([t —t'| + ||z — 2’ ||2.)? + LK|t — t'|*/?
<K ([t =t + ||z — 2]

where K* = Ky + LK for all (t,z),(t',2’) € D, i € S. Therefore § €
Cg+a(D). ]

LEMMA 2. If § € C3T(D) and the coefficients satisfy assumption (Hy),
then problem (1), (5) has a unique regular solution v € C3"*(D).

I%RWL )OL/2’

Proof. Observe that system (12) has the following property: the ith
equation depends on the ith unknown function only. Therefore, applying
the theorem on the existence and uniqueness of solution of Fourier’s first
problem for a linear parabolic equation (see A. Friedman [5], Theorems 6
and 7, p. 65), the statement of the lemma follows immediately. m

Lemmas 1 and 2 yield
COROLLARY. P=GoF : 0% (D)3 B8 —>~v=PB€Cs™™(D). n
LEMMA 3. If B is an upper function (resp. a lower function) for problem
(1), (5) in D, then PB(t,x) < B(t,z) (resp. PB(t,z) > B(t,x)) in D.
Proof. If § is an upper function, then by (4) we have
FB(t,x) > fi(t,x,B(t,) inD,i€S.
From the definition of the operator P (see (12)) it follows that
F'y(t, ) = fi(t,x,B(t,-)) inD, icsb.
Therefore
Filyt = BY(t,2) <0 in D, i€ S.
and
v(t,x) — B(t,x) <0 on X.
Hence, by the Szarski theorem [10], we have y(¢,xz) — B(¢t,z) < 0in D so
(13) PB(t,z) =~(t,z) <B(t,z) inD. =

LEMMA 4. If B is an upper (resp. a lower) function for problem (1), (5)
in D, then v = P is also an upper (resp. a lower) function for problem

(1),(5) in D.
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Proof. From (11),(13) and condition (W),

fz[fyl](ta $> - fl(t7x77<t7 )) = fl(t,.f(},ﬁ(t, )) - fi(ta .’L',"}/(t, )) >0
in D, i€ S, and y(t,r) = 0 on X. From the Corollary it follows that v is a
regular function, so it is an upper function for problem (1), (5) in D.

Proof of Theorem. Starting from a lower function ug and an upper
function vy, we define by induction

up = Pug, up = Puy_1,
v1 =Pvg, vp=Pv,_1, n=12 ...

From Lemmas 1, 2 and 4 it follows that u, and v, (n = 1,2,...) are
respectively a lower and an upper function for problem (1), (5) in D.
By induction, from Lemma 3 we have

Up—1(t,2) < Pup_1(t,x) = un(t, z),
vp(t, ) = Pop_1(t,x) <v,_i(t,z) (n=1,2,...) for (t,7) € D.
Therefore
wo(t,x) <up(t,x) < ... < wuy(t )
<< wp(tx) << ot x) <ot )

for (t,z) € D.
We now show by induction that
(14) w;(t,m)gNo(;') , n=0,1,2,..., for (t,z) € D, i €S,
where by (9) and (10),
(15) wh (t,x) = v (t,x) —ul (t,) >0 in D

and
No = max max_[v}(t, ) — uf(t,x)] > 0;
€S (t,x)eD
owing to the regularity of ug and vy we have Ny < oo.
It is obvious that (14) holds for wy. Suppose it holds for w,,. Since the
functions f¢ (i € S) satisfy the Lipschitz condition (L), by (6), (7), (8), (14)
and (15), we get

Flwpalt ) = £/t oa(t,2) = £1(6 @, un(t ) < Lwa(t )]l
By the definition of the norm in Cs(D) and by (14) we get

(Lt)"
Juwat, )l < S
so we finally obtain
o Ln—i—ltn
(16) F'lwy, 1 1](t,2) < No for (t,z) € D, i € S,

n!
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and
Wpt1(t,x) =0 for (t,x) € X.

Consider the comparison system

) ) Ln+1tn
(17) F' M, 1])(t,x) = Ny o for (t,x) € D, i € S,
with the boundary condition
(18) My4q(t,z) >0  on X.

It is obvious that the functions

(Lt)n+1
(n+ 1)
are regular solutions of (17), (18) in D.

Applying a theorem on differential inequalities of parabolic type ([8],
Theorem 64.1, p. 195) to systems (16) and (17) we get

(Lt)n+1

(n+1)!

so the induction step is proved and so is inequality (14).
As a direct consequence of (14) we obtain

M}, (t,z) = Ny i€ S.

w;+1<tv .CC) S MZ

my1(t,x) = No for (t,z) € D, i € S,

(19) lim [v,(¢,7) — u,(t,x)] =0 uniformly in D.

The functional sequences {u,} and {v,} are monotone and bounded,
and (19) holds, so there exists a continuous function U = U(t,z) in D such
that
(20)  lim u,(t,z) =U(t,z), lim v,(t,2) = U(t,z) uniformly in D.

n—oo n—oo

Since the functions f? (i € S) are monotone (condition (W)), from (8) it
follows that the functions f*(t,x, u,—1(t,-)) (i € S) are uniformly bounded
in D with respect to n. Hence we conclude by Lemma 2 that all the functions
u, € C3*(D) for n = 1,2,... satisfy the Hélder condition with a constant
independent of n. Hence U € C5"(D).

If we now consider the system of equations
(21)  FU(t,x) = fi(t,z,U(t,-)) = FU(t,z) for (t,x) €D, ic S

with boundary condition (5), then by Lemma 1 we have F'U € C5"*(D).
Therefore by Lemma 2 this problem has a unique regular solution z €
Czt(D).

Let us now consider systems (6) and (21) together, and apply Szarski’s
theorem ([8], Theorem 51.1, p. 147) on the continuous dependence of solu-
tion of the first problem on initial and boundary values and on the right-hand
sides of the systems.
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Since the f (i € S) satisfy the Lipschitz condition (L), by (20) we have
lim fi(t, 2, un(t,-)) = f(t,z,U(t,-)) uniformly in D.
Hence

(22) lim u,(t,z) = 2(t,z).

By (20) and (22),
z=z2(t,x) =U(t,z) for (t,z) € D

is a regular solution of problem (1), (5) in D and z € Ct*(D).
The uniqueness of the solution follows from Szarski’s uniqueness criterion
[9]. It also follows directly from inequality (14). m

REMARK 2. Instead of Assumption (A), one may use the following
stronger assumption (see [4]):

ASSUMPTION (A*). There exists at least one pair ug = ug(t,z), vo =
vo(t, x) of a lower and an upper function for problem (1), (5) in D such that

ug(t,z) < wo(t,x) for (t,z) € D.

Under Assumption (A*), the other assumptions on the functions f? may
be weakened in such a way that conditions (Hy), (L) and (W) hold only

locally in the set K, where K := {(¢t,z,s) : (t,x) € D, s € (ug,vp)} and
(ug,vo) is the segment defined by

(ug,vo) := {s € Cs(D) : up(t,z) < s(t,x) < vy(t,z) for (t,z) € D}.

The existence and uniqueness of the solution will then be guaranteed in the
set (ug,vp), though. m
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