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1 Introduction

During the last decade, the subject of fractional differential equations and inclusions has
been developed intensively (for example, see [1-8] and the references therein). An ex-
cellent account on the study of fractional differential equations can be found in [9-12].
Hybrid fractional differential equations and inclusions, certain classes of equations and
inclusions involve the fractional derivative of an unknown function hybrid with the non-
linearity depending on it. Also, they have been examined by several researchers (for ex-
ample, see [13-15]). Most of the workplace on the fractional differential equations and
inclusions is based on Riemann-Liouville, Caputo, and Hadamard type fractional deriva-
tives. In 2012, Jarad et al. modified the Hadamard fractional derivative into a more suitable
one having physical interpretable initial conditions similar to the singles in the Caputo set-
ting and called it Caputo—Hadamard fractional derivative. To determine the properties of
the modified derivative, refer to [16]. In 2011, Zhao et al. investigated the existence results

for the initial value problems of hybrid fractional integro-differential equation

0(t)
2 it | =00

with real-valued initial condition 6(0) = 6, where D7 denotes the Riemann—Liouville frac-
tional derivative of order 0 < g<1,t €/ =[0,T),u € C(J x R,R—-{0}),and vin C(J x R, R)

(for more details, see [13]). In 2016, Ahmad et al. studied the existence of solutions for a
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nonlocal boundary value problem of hybrid fractional integro-differential inclusions

1Pin;
CpeMELE O ¢ Gr,x(1),

x(0) = u(x), x(1) = A,

where D and I denote the Caputo fractional derivative and Riemann—Liouville integral
of order o, respectively, t € J=[0,1], me N, Ae R, 1<a <2,B;>0fori=1,2,...,m, the
functions f:J x R >R - {0}, #;: ] x R—> Rfori=1,2,...,m, u: C(J,R) - R, and the
multifunction G:J x R — P(R) satisfies certain conditions (for more details, see [14]).

Motivated by these articles, we look into the existence of solutions for the following
hybrid Caputo—Hadamard fractional differential inclusion:

I w(t)—f (2(6), 1Py (£2(8)),1P2 o (£.(8)),.... PP 1y (2,%(2))
w1 2GR0, (0), P71 3(0)) 2] € K(t,x(1)), )

x(1) = pu(x), x(e) = n(x),

where D% and I denote the Caputo—Hadamard fractional derivative and Hadamard in-
tegral of order «, respectively, t € J = [1,e], ;,me N, 1<a <2,8;>0fori=1,2,...,n, ¥, >
Ofori= 1,2,...,141,thefunctionsf:]x]R”+1 — R,g:]x]R”‘+1 — R—{0}, i; : ] x R — R for
i=1,2,...,n, functions u, n map C(J,R) into R, and the multifunction K : ] x R — P(R)
satisfies certain conditions.

The Hadamard fractional integral of order « > 0 of a function y is defined by

t a-1
Igy(t):%/ (mé) @ds,

where a > 0, ¢ > a. In particular, Iy y(¢) := I*y(¢).

Definition 1 LetneN,n—1<a <n,y € AC{[a, b], where 0 <a < b < 0o and

AC{la,b] = {y: [a,b] — R: 8" y(t) € ACla, b),6 = t%}

(i) If o #n, then the Caputo—Hadamard fractional derivative of order « is defined by

C o 1 ! t et ny(s) _ gn—-agn
Doyt = (n—a)/u (ln;) 8 Tds—la 3"y(t).

(i) If a = n, then the Caputo—Hadamard fractional derivative of order # is defined by
§Day(t) = 8"y(@).
In particular, $D9y(2) := y(¢) and §D%y(¢) := GD*y(t).

Lemma 2 ([16]) Leta >0, n = [a] + 1, and 8 > 0. Then

p-1 p-a-1 k
t r'(B) t t
p*(lm-) =—" (In- cp*(In-) =o,
H ”(na> F(ﬁ—a)<na> and i “<na> 0

where,B>n,k=(),1,...,n—1,and,§DZc=OforallcER.
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Lemma 3 ([16]) Letn e N, n—1<a < n, and x € AC{[a, b]. Then one has

n-1 i
I“(CD"‘ x(t) = x(¢) + Zc <1n —)
i=0
where co,c1,...,¢,-1 € R.

Lemma4 ([16]) Letn e N,n—1<a <n,and x € Cla,b]. Then one has f]Dg(Ig)x(t) = x(t).

Let (X, || - ||) be a normed space. Denote the set of compact and convex subsets of X,
the set of closed subsets of X, and the set of bounded subsets of X by P, .,(X), Py(X),
and P,4(X), respectively. An element x € X is called a fixed point of T : X — 2% when-
ever x € T(x). A multifunction T :J — 2F is said to be measurable whenever the func-
tion t — d(x, T(t)) is measurable for all x € R. A multifunction T:J x R — 2R is a
Caratheodory multifunction whenever the map ¢ — T'(¢,x) is measurable for all x € R and
the map x — T'(t,x) is upper semi-continuous for almost all ¢ € J. Also, a Caratheodory
multifunction T :J x R — 2R is called L!-Caratheodory whenever, for each p > 0, there
exists ¢, € L'(J,R*) such that

|| T(t, x) || = sup{|V| (Ve F(t,x)} < ¢,(2)

for all x € R with |x| < p and almost all £ € [1, ¢].
Suppose that x belongs to C(J,R). We define the set of the selections of a multifunction
T:] xR— 2% atxby

Stx= {v e L1, e]lv(t) € T(t,x(t)) Ve e]}.

Lemma5 ([17]) The selections St # ¥ for all x belong to C(J, R) whenever a multifunction
T:] x R — 2% is an L'-Caratheodory multifunction.

Lemma6 ([17]) Let T :J x X — Py (X) bean L'-Caratheodory multifunction and linear
mapping © : L}(J,X) — C(J, X) be continuous. Then the operator

OoSr:C(J,X)— Pcp,cv(C(]):X)¢
(O 0 S7)(x) = O(ST,),

is a closed graph operator in C(J,X) x C(J,X).

Lemma 7 ([17]) If a multifunction T : ] x X — Py(X) is compact and has a closed graph,
then it is upper semi-continuous.

Let B,(0) and B,(0) be the open and closed balls centered at the origin 0 of radius r in a
Banach algebra X, respectively.

Theorem 8 ([18]) Suppose that A, B, C from X to X are three operators such that
(a) ﬁ is well-defined and one-to-one,
(b) A and C are Lipschitzians with the Lipschitz constants q1 and q,, respectively,
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(c) B is completely continuous,

(d) Mqy +q5 < %, where
M = |B(B,(0))|| = sup{|Bx| : x € B,(0)}. 2
Then either

(i) the operator equation AxBx + Cx = x has a solution in B,(0), or

(ii) there exists u € X with ||ul|| = r such that puu = AuBu + Cu for some (1 > 1.

Theorem 9 ([19]) Let A,C : B,(0) — X and B : B,(0) — Pep,c/(X) be three operators such
that

(a) A and C are single-valued Lipschitz with the Lipschitz constants q, and qa,

respectively;

(b) B is upper-semi continuous and compact;

() Mgy +q2< %, where M is defined by (2).
Then either

(i) the operator inclusion x € AxBx + Cx has a solution, or

(i) there exists u € X with ||ul|| = r such that uu € AuBu + Cu for some pu > 1.

2 Main results
In this section, by using fixed point theorems, we look into the existence of solution for the
boundary value problem (1). In the first step, by applying the following lemma, we break

down the solution kind of hybrid fractional differential inclusion (1).
Lemma 10 Lety € C(J,R) and

x(-) = f (2 (), 1P (2 (), 1P B (- (), o 1P B (-, ()
g(.,x(.)’[)’lx(.),[hx(.), oo ,[me())

€ ACI[1,e].

Then the unique solution of the hybrid fractional differential equation

|

= y(2), ®3)

x(2) — f (&, x(t), [P hy (8, %(2)), IP2 By (8, x(2)), . .. ,Iﬂ”hn(t,x(t)))i|
gt x(t), IMx(), ["2x(2), ..., [ x(t))

via the boundary conditions x(1) = u(x) and x(e) = n(x), is

x(t) = g(6,x(2), 1" x(t), %), ..., " x(t))
1 L\ y(s)
x[m/l(ln;> Tds+a0
e a-1
+ (zz1 - %./1 (ln%) }@ds—ao> 1nti|

+f(6,%(8), I hy (6, %(8)), TP By (£, 5(8)), ..., TPl (£, %(2) ) ) (4)
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forallt e ], where

n

—
_ /’L(x) _f(lr /’L(x)’or i ’0)

N T L u),0,..,0)
— —
o= n(x) = f (&, %(8), 1P 1y (6, 2(0)), 1P by (8, %(2)), ..., TP By (£,5(2))) | -e

g(t,x(8), ["1x(8), [2x(t), ..., I x(£)) | =e

Proof Let x(t) be a solution of equation (3). By using the operator I* on both sides of

equation (3) and applying Lemma 3, we have

x(t) — f (&, x(t), [Py (t, %(2)), IP2 By (8, x(2)), . . ., Pl (£, %(2)))
g(t,x(t), M x(8), I"2x(2), ..., [Ymx(t))

=I1%y(t) + ¢y + ¢1 Int,
where ¢, ¢; € R denote arbitrary constants. Thus

x(t) = g(t, x(t), " x(t), [ x(¢), .. ., P””x(t))

t a-1
X [ﬁ/ (lné) @ds+co+cllnt:|
1

+f(6,2), 17y (6, %(2)), 1P By (£, %(0)), ..., 1P By (£, %(2) ) ).

Now, by utilizing the boundary conditions, we conclude ¢y = a¢ and

1 e 1 “_ly(s)
ca——— | (n=) 2 as—a,.
a=h r(a)/1<“s> s BT

Conversely, it is easy to check that equation (4) satisfies the boundary conditions x(1) =

1(x) and x(e) = n(x). On the other hand, by deformation equation (4) to

x(t) — f(t, x(t), IPr 1 (8, %(8)), IP2 hay (8, %(2)), ..., TP I, (2, %(2)))
gt x(t), M x(t), [72x(2), ..., ['mx(t))

e -1
=1°y(t) + ap + (ﬂl - %/} (ln%) J@ ds—ao> Int,

and by applying Lemmas 2 and 4, we have

x(t) = f(t,x(8), IP 1y (8, %(8)), IP2 hy (8, %(2)), . . ., 1P o (2, %(2)))
g(t,x(t), I"1x(8), [72x(8), ..., [rmx(t))

2D”[ ] = y(8),

where ay, a; are defined in Lemma 10. This finishes our proof. O
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A function x belonging to C(/,RR) is a solution of problem (1) whenever it satisfies the

boundary conditions, and there exists a function y € Sk, such that

x(t) = g(6,x(2), 1" x(t), %), ..., " x(t))
1 t a— ly( )
x[m/l(lns> . ds + ag
e a-1
+(a1%/1 <1n%) Jgds—ao)lnt]

+f (&%), 1P hy (8, %(2)), IP2hy (£,%(8)), . .., TP B (£, %(2)) )

for t € J, where

wx) - f(1, u(x),0,...,0)
21, u(x),0,...,0) ’
——
n(x) _f(t’x(t)’Iﬂlhl(t’x(t)),lﬂzhz(t,x(t)), .. .,Iﬂnhn(t,x(t)))h:e
g(t,x(), 11 x(2), I72x(t), ..., I x(t)) | e

1=

Let X = C(J,R) denote the Banach algebra of all continuous functions from J to R en-
dowed with the norm defined by ||x|| = sup{|x(¢)| : £ € J}.

Theorem 11 Suppose that
(Hy) The multifunction K :] x R — Py, ., (R) is an L*-Caratheodory such that

|K(t,%)|| = sup{lyl : y € K(t,%)} < p()g(1x])

for (t,x) € ] x R, where p € C(J,R*) and ¢ : [0,00) — (0,00) is a continuous and
increasing function;
(Hy) Function f:] x R™! — R is continuous, and there exists ¢ € C(J, R*) such that

n+l

lf(tyxlyxe .. ')x}’l+1) _f(t,x/px/z, coe yx;+1)| = ¢(t) Z|xl

i=1

where x;,x, € R fori=1,2,...,n+1,t €], andn e N;
(H3) Function g:] x R"™1! — R — {0} is continuous, and there exists € C(J,R*) such
that

m+1

‘g(t,xl,xg,...,xmﬂ)—f(t,x/l,x/z,. m+1 ‘ < Z|x, X

’

where x;,x; € R fori=1,2,...,m+1,t €], and m e N;

(Ha) Functions h; : ] x R — R are continuous for i = 1,2,...,n, and there exists p; €
CU,R*) fori=1,2,...,n such that |h(t,x) = h(t,x')| < p;(t)|x—«'| fori=1,2,...,n,
wherex,x’ e R,neN, te];

Page 6 of 15
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(Hs) There exist constants Mo, My > 0 such that

‘n(x) —f (&, x(), 1Pl (8, %(0)), 1P ha (8, %(0)), -, 1P B (8, 2(0)) 1= <M,

g(t,x(), I"1x(t), [V2x(8), . .., I x(£)) | r=e

and

n

‘ 1) —f(1, u(x),0,...,0) ’
g(1, u(x),0,...,0)
——

<M0

forall x € C(J,R).
The fractional differential inclusion (1) admits a solution whenever, for i =1,2,...,n,

2|plle(r)
(F(a+1) M M1>|W"<1+ZF( Vi 1))
+||¢>||(1 ZF('Z”E 1)) <2

where Go = sup,; |g(t, 0. 0)| Fo = sup,¢; [f(t,0,...,0)|, Hyo = sup,; |1;(£,0)|, and

m+1 n+l

2
Gol Mf;’) +2Mo + M) + 116 X0y 75 + Fo

EETEE o) I+ 2M + My) - (1 + Y1, eils)

Proof Let B,(0) = {x € X' : ||x|| < r}. Define operators A : B,(0) - X, B: B,(0) — P(X) and
C:B,(0) > X by

(Ax)(t) = g(t, x(2), 1" x(2), I x(t), ..., " x(t)),

t -1
(Bx)(t)z{v(t);v(r):%/ <ln§) %ds+a0

+<a1 F(a)/( ) —ds—ao)lntyeSKx},

(Cx)(0) = £ (&%), TP by (,5(0)), TP ha (£, 5()), ..., TP (2, 2(2)) ),
respectively. We establish that the operators A, B, and C satisfy all the conditions of The-
orem 9. Since the operator K is L!-Caratheodory, Sk # @ for all x € X. First, we show

that Bx is a convex subset of X’ for all x € B,(0). Consider x € B,(0) and v;, v, € Bx. Choose
y1,¥2 € Sk,x such that

a-1
V() = T )f< ) ne s + g
+<Il1 F(C\{)/ < ) )d — 0>lnt
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1 LO BN ya(s)
0= i | () s
(dll“(oc)/< ) yz_(S)d —ao)lnt.

At present, for any 0 < 1 < 1, we have

t a—1
0+ (=m0 = o [ () ORI,

e a-1 _
+ [al - ﬁ /; <ln %) Aya(s) + (1 Mya(s) ds — a0:| Int.

Since K has convex values, hence Sk, is convex and Ay; + (1 — 1)y, € Sk S0 Avy + (1 —

A)vo € Bx, which results in that Bx is a convex subset of X'. Now, we show that Bx is a
compact subset of X for all x € B,(0). Let x € B,(0) and {v,,} be a sequence in Bx. For each
n, choose y,, € Sk, such that

a-1
In(S)
vu(t) = ds + ag
F(a)f ( )
e a-1
+ (al - ﬁfl <ln %) yns(s) ds—a()) Int.

Since K is compact-valued, {y,} has a subsequence which pointwise converges to y. We de-
note this subsequence again by {y,,}. Since y(¢) € K(¢,x(¢)) and ||K(¢,x(t))|| < p(&)o(|x(2)]),

by using Lebesgue dominated convergence theorem y € Sk, we have

vn(t)—>v(t‘):ﬁ/1 <ln£> yi)d s + ag

o [ o

pointwise on J. Let £; < t; € J. Then we have

f2 153 a_lyn(s)
mﬂ@ﬁ)?ﬂ
) e
1 N N
1 e 1 0‘_ly,,(s)
M‘ﬁ@ﬁoﬁ> s

X (Inty —Inty)

tz a-1

r(a)/ <ln_> (ln?)

2 ")
*F@ﬁ@?)

|Vn(t2) - Vn(tl)| =<

+ s —ayg

lplle®) o

——"ds

N

Page 8 of 15
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e 1 a—1
<1n —> ds + |a0|)
1 S

As t; — ty, the right-hand side of the above inequality tends to zero. Hence {v,} is an

1
+ | el + =

X (Inty —Inty).

equicontinuous sequence. Therefore {v,} has a subsequence that uniformly converges to
v € Bx, which proves that Bx is a compact subset of X'. In this section, we shall show that
the operator B is compact on B,(0). Let S C B,(0). We prove that B(S) is a compact set in
X. To do this, we apply Arzeld—Ascoli theorem and show that B(S) is a uniformly bounded
and equicontinuous set. Let x € S, v € Bx, and ¢; < £, € J. Choose y € Sk, such that

t a-1
v(t):ﬁf (mf) yi)d s + do
1
y(s)
( a)/( ) ds—ao)lnt.

Therefore, we have

o) = s [ () 28 O
<|a1|+r() < ) L )|d+|0|)1nt
1\ plet)

< ) (m) P
e a-1
+M0+<M1+%‘/l (ln%) ”p”SﬂdS+Mo)

_ 2lplle()
I'oa+1)

+ 2M0 + M;.

Thus, [|v|| < 221e® 4 221, + M. Also, we have

I'(a+1)
/tz (ln 2)“—1)@ als—ft1 (ln t—1>a_1)@ ds’
1 N N 1 S S
1 e/ 1\* 1y(s)
ao—mfl <ln;> . ds —ag
1 (ol Bm\*"
<ra ) (0%) - ?)
a)f ( )
e a-1
+ (|a1| + %05)/1 <ln§) ds + |a0|>

x (Inty —Inty).
As t; — ty, the right-hand side of the above inequality tends to zero. Thus, B(S) is a uni-
formly bounded and equicontinuous setin X’ and B is a compact operator. In the following,

1
’V(t2) - V(t1)| = m

+ (Int, —Inty)




Samei et al. Advances in Difference Equations (2019) 2019:163

we shall show that the operator B is upper semi-continuous on B,(0). To do this, we ap-
ply Lemma 7 and show that B has a closed graph. Let x, — % and v,, € Bx,, (n > 1) with
vy — vo. We prove that vy € Bxg. For each natural number #, choose y, € Sk, such that

n(s) o
vu(l) =
0= I« )/( )
1 ¢l 1\ yu(s)
—— [ (m=) 2 ds—a)me
+<a1 F(a)/l(ns> . ds a0> nt
Define the continuous linear operator 0 : L'(J,R) — X by
mwm——i—/tmfalﬂﬂd+a
T I'e) J; s s ST

a-1
+ (611 - F(a)/ ( ) ¥s) ds—ao) Int.

By using Lemma 6, 60Sk is a closed graph operator. Since v, € 6(Sk,,) for all # and x,, —

X0, there exists y € S x, such that

1 L0\ yo(s)
V()(t)Z m[ <1H;) T S+ adgp
e a-1
+ (al—% (ln%) yOT(S) s—a()) Int.

Hence, vy € Bx,. This implies that B has a closed graph, and as a result, B is upper semi-
continuous. Now, we show that the operators A, C are Lipschitz on B,(0). Let x,y € B,(0).
Then we have

’Axt) Ay(t | ‘g(tx S x(t ),I”x(t),...,]y'”x(t))

- g(6:y(0, 7y (@), 172y(0), ..., I"y(1)) |

< w(t>[|x<t) —y@)]+ S |e) - 1%’y(t>|]

i=1

smeMﬂ—ﬂm

m

1 LN (s) — y(s)|
+; F(yi)/l (mE) s ®

<||W||[I|x Y+ [l — yIIZ 1+ 1)}

which implies that

m

1
1A% - Ayl < [yl 1+ T D =yl = qillx =yl
: L

i=1

q1

Page 10 of 15
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Also,

|Cx(t) - Cy(t)| = [f(t,x(t),lﬂlhl (t,x(t)),]ﬁth (t,x(t)), o IPh, (t,x(t)))
—f(t,y(t),l’glhl (t,y(t)),lﬂzhz (t,y(t)), o IPh, (t,y(t))) |

< ¢(t)[lx(t) -y@)|

IPing (£, x(2)) — 1Py (2, 9(2)) I}

n
>
i=1

< ¢(t)[lx(t) -y@)|

( ) (5(6) = sy
F(,Bl) s
<¢(t) [Ix(t) -y(0)]
"1 LN pis)|x(s) — y(s)]
"2 r(m)/l (1“2) s

i=1

" i
< ||¢||<||x—y|| e 1))

- g1 (“Zr(”;iﬂ 1)> o= 31l = qalle - .

i=1

q2

Since
M= |BED)] - 2|Iplle(r)
= sup {supBx(t),te/} < sl +2Mo + M,
x€B,(0)
we have
2l|pllg(r) “
Mqy + 4> < <F( 5 2M0+M1)||1/f||< ler( +1)>

el ) 1
+”¢”(“;r(ﬂi+1)) <3

Hence, all the conditions of Theorem 9 hold. Let u € X, ||u|| =7, u > 1, and uu € AuBu +

Cu. Then we have

()| < |g (& u(®), I u(t), I2ul®), ..., I u(t))|
L‘)" 'y(s)

In - ds + ay
s

Jra [ (o
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a-1
+<a1 T )/( ) y(s)ds—ao)lnt

+ |f (& u(), IP by (&, u(@®)), 1P By (8, u(2)), ..., 1P By (£, (2))) |

< [|g(&u(@®), 1" u(®), I?u(t),..., " u(t)) - g(t,0,0,...,0)|

m+1

2pllelul)

+ ]g(t,@,...,o)H( sl +2M0+M1>
m+1

+ |f (& u(0), IP by (6 u(®)), TP By (8, u(2)), . .., 17" B (£, (2)) )

—f(£0,0,...,0)| + [f(£,0,0,...,0)|

n+l n+l

< |:1p(t)<|u(t)| + Z|I”u(t)|) + Go} [%ﬁ”ﬁ”) +2M, +M1]

i=1

+ ¢<t><|u(t>| + Z(l”"hi(t,u<t>)|) +Fo

i=1

= 1 2lpllelul)
< [nwnnun (1 + Zlm> + G0:| [W +2M, +M1]

" |pi H;
+lel <||u|| 3 %) +Fy

i=1

for some y € Sk,,. Therefore

flull < |:||1/f||IIu||<1+Z Tl 1)> +G0:| [%ﬁll;ﬂ) +2Mo +M1}

“ i H;
ol (nun £y 7”’?%‘.”:1) '0) +Fp.

i=1
As a result, we have

Go["’“"‘(“"(“"” +2Mo+ Myl + o1l L, 7 + Fo

lull < :
L= I+ 7 ) LDy apg + M) — 1111+ Y0, i)

Since ||u|| = r, we have

Hi,
Go [ZHPKI) +2Mo + Mi] + 181 2211, i + Fo

<r
RS o) G+ 2M + My) = 16111+ Y7L, FEds)

This is an apparent contradiction, and conclusion (ii) of Theorem 9 does not hold. Hence,
there exists x € B,(0) such that x € AxBx + Cx, and it is a solution of hybrid fractional

differential inclusion (1). O
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In the following, we review the existence of solution for the hybrid fractional differential
equation

€ ya [ 2O~ ExOIPL by (66(0)1P2 hy (45(8)),od PP (£5(8))) 1
HDa[ g(tx(), 11 x(8) 172 x(8),...[ VM x(t)) ] - k(t’x(t))’ (5)

x(1) = p(x), x(e) = n(x),

where {D* and I* denote the Caputo—Hadamard fractional derivative and Hadamard in-
tegral of order «, respectively, t € J = [1,e],n,meN,1<a <2,6;>0(i=1,2,...,n),y; >0
(i=1,2,...,m), the functions f : J x R R,g:] x R™! > R—{0},h;: ] xR—R(i =
1,2,...,n),k:] x R— R, and pu,n: C(J,R) — R satisfy certain conditions. It is clear that
equation (5) is a special case of inclusion (1), where K(£, x(¢)) = {k(¢,x(£))}. With argument
similar to the proof of Theorem 11, and applying Theorem 8, we can prove the following
theorem.

Theorem 12 Suppose that
(H}) The function k : ] x R — R is a continuous map such that |k(t,x)| < p(t)e(|x|) for
all (t,x) € ] x R, where p € C(J,R") and ¢ : [0,00) — (0,00) is a continuous and
increasing function;
(H}) If (0159, 1) - _010920dmsl) o

X152, %me1) — EEY1LY20Ym1)
(X1,%25 o %me1) = V1 Y25+ o3 Vime1)

forallt €] and (x1,%2,...,%m1) € R,
Also, assume that conditions (H,), (Hs3), (Hs), and (Hs) in Theorem 11 hold. If

2llplle(r)
(F((x+1) 2M0+M1>|W”<1+ZF(, )>

l 1
+||¢||(1+Z I ) <3

where r is the constant that was introduced in Theorem 11, then the fractional differential
equation (5) has at least one solution on J.

Example 1 Consider the following hybrid Caputo—Hadamard fractional differential in-

clusion:
1 2
1 uf (M)‘
x(¢)-3- Wzﬂz) (sinx(t)+cos( 3 (sintan~L x(£)))+ 5(17”"“()‘)
3 1412 ( £2|x(t
D2 [ S ) ]€[0,é sint + 2],

2
Lyt (O] +113 x(¢
2

+ —TTL 3
1000(1+e~7F) 1+|2(0) |+ 3 ()| +]1 % x(8)]|

114 501 ) (6)

(%1 ] + 2 + |ws))e ™t
1000(1 + (1] + |2 + |3 ])(L + e771))

g(trxl’erxl?w) =1+

Page 13 0of 15



Samei et al. Advances in Difference Equations (2019) 2019:163 Page 14 of 15

£ . s
t,x 3 X9, X =3+ —— | sinx; + cosxy + ’
S0, %3) 100(1+t2)( ! 2Ty

K(t,x) = [0,e' sinx + 2], 11 (¢, %) = sinttan~' x, Ky (¢, %) = 1+|x| , m(y) = sm(y( )), and n(y) =
cos(y(%)) for all x, x1, x5, and x3 € R, t € J and y € C(J, R). Obviously,

—Tt

’g(t,xl,xg,xg) —g(t,x’l,x’z,xg)’ < W Z|x, - i

’

£2 >
f (&, 21,2, %3) = f (£, %, %5, &5) | < 100075 §|xl — X

|1t x1) = (6, x)| < sintlxy — 4|, |ha(t,%1) — o (6,%7)| < & le x40

‘n@) —f (&, (@), 1Py (8, 5(2)), P2 By (8, () | = < 4.03

g(t, x(t)r [Vl x(t)r ]sz(t) |t:e
’ p() -f(1, u(y),0,0)
&1, 11(»),0,0)

<4.03,

IK(t,x)|| < e +2, Fp <3.01, Go =1, and Hyg = Hag = 0 for all x1, x, x3, x/l, x’z, x5, and
x€R,te],andy € C(J,R). Now, by setting p(¢t) = € + 2, p(x) = 1, ¥(¢) = W’ o(t) =
W{rtz),pl(t) = sint, po(t) = %, My =4.03, and M; = 4.03 for all £ € J/ and x € R*, we have

1 1 2
Ipll =€ +2, 18]l < 155, 1Vl < 15550 P11l = 1, and [|p2 || = & . Hence

2lplle(r) = 1
(F(a +1) +2Mo +M1>”‘”"<1+LZ Iy + 1))

=1
+lloll 1+XH:M <0.14606 <
~Trp+1)) =" 2

Therefore, all the conditions in Theorem 11 are satisfied, and problem (6) has at least one
solution on B,(0), where
Hj,
Go[zﬁ’f‘ﬂfﬁ” +2Mo + Ml + 19l X0, TG T * Fo
TSI 2 o) R 2Mo + My) — 1L+ 2y i)

> 47.68.
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