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Abstract. In this paper, we devoted to study the existence and uniqueness of nonlinear

fuzzy neutral integrodifferential equations. Moreover we study the fuzzy solution for the

normal, convex, upper semicontinuous, and compactly supported interval fuzzy number.

The results are obtained by using the Banach fixed-point theorem. An example is provided

to illustrate the theory.

1. Introduction

In various fields of engineering and physics, many problems that are related
to linear viscoelasticity, nonlinear elasticity have mathematical models and are de-
scribed by the problems of differential or integral equations or integrodifferential
equations. Integrodifferential equations are encountered in many areas of science
and technology. It is well-known that the notion of aftereffect introduced in physics
is very important. To model processes with aftereffect or delay it is not sufficient
to employ ordinary or partial differential equations. An approach to resolve this
problem is to use integrodifferential equations. Especially, one always describes
a model which possesses hereditary properties by integrodifferential equations in
practice. The word ”fuzzy” means ”vagueness”. Fuzziness occurs when the bound-
ary of a piece of information is not clear-cut. Fuzzy set have been introduced by
Zadeh [21] as an extension of the classical notion of set. Classical set theory allows
the membership of the elements in the set in binary terms, a bivalent condition-
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an element either belongs or does not belong to the set. Fuzzy set theory permits
the gradual assessment of the membership of elements in a set, described with the
aid of a membership function valued in the real unit interval [0, 1]. Fuzzy sets have
been able provide solutions to many real world problems. Fuzzy set theory is an
extension of classical set theory where elements have degrees of membership.

Generally, several systems are mostly related to uncertainty and inaccuracy.
The problem of inaccuracy is considered in general an exact science and that of
uncertainty is considered as vague or fuzzy and accidental. The definition given
here generalizes that of Aumann [2] for set-valued mappings. A differential and
integral calculus for fuzzy-set-valued, shortly fuzzy-valued, mappings was developed
in recent papers of Dubois and Prade [8, 9, 10] and Puri and Ralescu [20]. For
fuzzy concepts, recently Diamand and Kloeden [7] established the theory of metric
space of fuzzy sets. In particular, Kaleva [14] researched the fuzzy differential
equations, Cauchy problem for continuous fuzzy differential equations was studied
by Nieto [16], and Song et al. [18] obtained the global solutions. Park and Han
[19] studied the existence and uniqueness theorem for a solution of fuzzy Volterra
integral equations by using the method of successive approximation. Seikkala [17]
proved the existence and uniqueness of the fuzzy solution for the following systems:

u′(t) = f(t, u(t)), t ∈ [0, b],

u(0) = u0,

where f is a continuous mapping from R+×R into R and x0 is a fuzzy number. Re-
cently, the above concept has been extended t0 the integrodifferential equations by
Balasubramaniam and Muralisankar [6] and Alikharni, Bahrami, Jabbari [1] proved
the existence of global sloutions to nonlinear fuzzy volterra integrodifferential equa-
tions. Balachandran and Duar [4], Balachandran and Prakash [5] established the
existence of perturbed fuzzy integral equations and fuzzy delay differential equa-
tions with nonlocal conditions respectively. Ding and Kandel [11] analyzed a way to
combine differential equations with fuzzy sets to form a fuzzy logic systems called a
fuzzy dynamical system, which can be regarded to form a fuzzy neutral functional
differential equations. This paper is to investigate the existence and uniqueness
of the fuzzy solution for the following nonlinear fuzzy neutral integrodifferential
equations

d

dt
(u(t)− h(t, u(t))) = a(t)u(t) +

∫ t

0

k(t, s, u(s))ds+ f(t, u(t)), t ∈ J = [0, b],

u(0) = u0,

where a : J → EN is a fuzzy coefficient, EN is the set of all upper semicontinuous
convex normal fuzzy numbers with bounded α - level intervals, f : J × EN → EN ,
h : J × EN → EN and k : J × J × EN → EN are nonlinear continuous functions.
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Neutral differential equations arise in many areas of applied mathematics and
for this reason these equations have received much attention during the last few
decades [3, 12]. There are also a number of applications in which the delayed ar-
gument occurs in the derivative of the state variable as well as in the independent
variable, as in the so called neutral differential difference equations. A neutral
functional differential equation is one in which the derivatives of the past history
or derivatives of functionals of the past history are involved as well as the present
state of the system. A good guide to the literature for neutral functional differential
equations is the book by Hale and Verduyn Lunel [13] and the references therein.
Neutral integrodifferential equations occur in the study of population dynamics,
compartmental systems, viscoelasticity and many other fields of science.

2. Preliminaries

A fuzzy subset of Rn is defined in terms of a membership function which assigns
to each point x ∈ Rn a grade of membership in the fuzzy set. Such a membership
function is denoted by

u : Rn → [0, 1].

Throughout this paper, we assume that u maps Rn onto [0, 1], [u]0 is a bounded
subset of Rn, u is upper semicontinuous, and u is fuzzy convex. We denote by En

the space of all fuzzy subsets u of Rn which are normal, fuzzy convex, and upper
semicontinuous fuzzy sets with bounded supports. In particular, E1 denotes the
space of all fuzzy subsets u of R.

A fuzzy number a in real line R is a fuzzy set characterized by a membership
function χa

χa : R → [0, 1].

A fuzzy number a is expressed as

a =

∫
x∈R

χa

x

with the understanding that χa(x) ∈ [0, 1], represents the grade of membership of
x in a and

∫
denotes the union of χa

x .

Definition 2.1. A fuzzy number a ∈ R is said to be convex if, for any real numbers
x, y, z in R with x ≤ y ≤ z,

χa(y) ≥ min{χa(x), χa(z)}.

Definition 2.2. The height of a fuzzy set is the largest membership value attained
by any point.

Definition 2.3. If the height of a fuzzy set equals one, then the fuzzy set is called
normal. Thus, a fuzzy number a ∈ R is called normal, if the followings holds:

max
x

χa(x) = 1.
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Result 2.1. Let EN be the set of all upper semicontinuous convex normal fuzzy
numbers with bounded α- level intervals (see [15]). This means that if a ∈ EN , then
α− level set

[a]α = {x ∈ R : a(x) ≥ α, 0 ≤ α ≤ 1},

is a closed bounded interval, which we denote by

[a]α = [aαq , a
α
r ]

and there exists a t0 ∈ R such that a(t0) = 1.

Result 2.2. Two fuzzy numbers a and b are called equal a = b, if χa(x) = χb(x),
for all x ∈ R. It follows that

a = b ⇔ [a]α = [b]α, for all α ∈ (0, 1].

Result 2.3. A fuzzy number a may be decomposed into its level sets through the
resolution identity

a =

∫ 1

0

α[a]α,

where α[a]α is the product of a scalar α with the set [a]α and
∫

is the union of [a]α

with α ranging from 0 to 1.

Definition 2.4. The support of a fuzzy set A in the universal set U is a crisp set
that contains all the elements of U that have nonzero membership values in A, that
is,

supp(A) = {x ∈ U : χa(x) > 0},

where supp(A) denotes the support of fuzzy set A. Hence the support Γa of a fuzzy
number a is defined, as a special case of level set, by the following:

Γa = {x : χa(x) > 0}.

Definition 2.5. A fuzzy number a ∈ R is said to be positive if 0 < a1 < a2 holds
for the support Γa = [a1, a2] of a, that is, Γa is in the positive real line. Similarly,
a is called negative if a1 ≤ a2 < 0 and zero if a1 ≤ 0 ≤ a2.

Lemma 2.1([17]). If a, b ∈ EN , then for α ∈ (0, 1],

[a+ b]α = [aαq + bαq , a
α
r + bαr ],

[ab]α = [min{aαi bαi },max{aαi bαi }], (i, j = q, r),

[a− b]α = [aαq − bαq , a
α
r − bαr ].
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Lemma 2.2([17]). Let [aαq , a
α
r ], 0 < α ≤ 1, be a given family of nonempty

intervals. If
[aβq , a

β
r ] ⊂ [aαq , a

α
r ], for 0 < α ≤ β,

[ lim
k→∞

aαk
q , lim

k→∞
aαk
r ] = [aαq , a

α
r ],

whenever (αk) is nondecreasing sequence converting to α ∈ (0, 1], then the family
[aαq , a

α
r ], 0 < α ≤ 1, are the α -level sets of a fuzzy number a ∈ EN . Let x be a point

in Rn and A be a nonempty subsets of Rn. We define the Hausdroff separation of
B from A by

d(x,A) = inf{∥x− a∥ : a ∈ A}.

Now let A and B be nonempty subsets of Rn. We define the Hausdroff separation
of B from A by

d∗H(B,A) = sup{d(b, A) : b ∈ B}.

In general,
d∗H(A,B) ̸= d∗H(B,A).

We define the Hausdroff distance between nonempty subsets of A and B of Rn by

dH(A,B) = max{d∗H(A,B), d∗H(B,A)}.

This is now symmetric in A and B. Consequently,

(a) dH(A,B) ≥ 0 with dH(A,B) = 0 if and only if A = B;

(b) dH(A,B) = dH(B,A);

(c) dH(A,B) ≤ dH(A,C) + dH(C,B);

for any nonempty subsets of A, B and C of Rn. The Hausdroff distance is a metric,
the Hausdroff metric.
The supremum metric d∞ on En is defined by

d∞(u, v) = sup{dH([u]α, [v]α) : α ∈ (0, 1]}, for all u, v ∈ En,

and is obviously metric on En.
The supremum metric H1 on C(J,En) is defined by

H1(x, y) = sup{d∞(x(t), y(t) : t ∈ J), for all x, y ∈ C(J : En)}.

3. Existence and uniqueness of fuzzy solution

In this section, we consider the existence and uniqueness of the fuzzy solution
for nonlinear fuzzy neutral integrodifferential equations of the form

d

dt
(u(t)− h(t, u(t)) = a(t)u(t) +

∫ t

0

k(t, s, u(s))ds+ f(t, u(t)), t ∈ [0, b],(3.1)

u(0) = u0,(3.2)
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where a : J → EN is a fuzzy coefficient, EN is the set of all upper semicontinuous
convex normal fuzzy numbers with bounded α - level intervals, inhomogeneous
f : J × EN → EN , h : J × EN → EN and k : J × J × EN → EN are nonlinear
continuous functions and satisfy a global Lipschitz condition, that is, there exist
finite constants δ1, δ2, δ3 such that

dH([f(s, u1(s))]
α, [f(s, u2(s))]

α) ≤ δ1dH([u1(s))]
α, [u2(s))]

α),

dH([k(t, s, u1(s))]
α, [k(t, s, u2(s))]

α) ≤ δ2dH([u1(s))]
α, [u2(s))]

α),

dH([h(s, u1(s))]
α, [h(s, u2(s))]

α) ≤ δ3dH([u1(s))]
α, [u2(s))]

α),

for all u1(t), u2(t) ∈ EN . A mapping u : J → EN of a fuzzy process u, then

[u′(t)]α = [(uα
q )

′, (uα
r )

′], 0 < α ≤ 1.

The fuzzy integral

∫ b

a

u(t)dt, a, b ∈ J,

is defined by

∫ b

a

[
u(t)

]α
=

[ ∫ b

a

uα
q ,

∫ b

a

uα
r

]
provided Lebesgue integrals on the right

exist.

Theorem 3.1. Let b > 0, f, g and k satisfy a global Lipschitz condition, for every
u0 ∈ EN , then the fuzzy neutral integrodifferential equation has a unique solution
u ∈ C(J,EN ).

Proof. For each u(t) ∈ EN , t ∈ J .

(F0u(t)) = S(t)[u0 − h(0, u0)] + h(t, u(t)) +

∫ t

0

S(t− s)h(s, u(s))ds

+

∫ t

0

S(t− s)
(∫ s

0

k(s, r, u(r))dr
)
ds+

∫ t

0

S(t− s)f(s, u(s))ds

where S(t) is a fuzzy number and

[S(t)]α = [Sα
q , S

α
r ]

= [exp
{∫ t

0

aαq (s)
}
, exp

{∫ t

0

aαr (s)
}
],

and Sα
i (t)(i = q, r) is continuous. That is, there exists a constant δ > 0 such that

|Sα
i (t)| ≤ δ, for all t ∈ J . Thus F0u : J → EN is continuous, F0 : C(J,EN ) →
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C(J,EN ). For u1, u2 ∈ C(J,EN ), we have

dH

(
[(F0(u1)(t))]

α, (F0(u2)(t))]
α
)

= dH

([
S(t)[u0 − h(0, u0)] + h(t, u1(t)) +

∫ t

0

S(t− s)h(s, u1(s))ds

+

∫ t

0

S(t− s)(

∫ s

0

k(s, r, u1(r))dr)ds+

∫ t

0

S(t− s)f(s, u1(s))ds
]α

,[
S(t)[u0 − h(0, u0)] + h(t, u2(t)) +

∫ t

0

S(t− s)h(s, u2(s))ds

+

∫ t

0

S(t− s)(

∫ s

0

k(s, r, u2(r))dr)ds+

∫ t

0

S(t− s)f(s, u2(s))ds
]α)

= dH

(
[S(t)[u0 − h(0, u0)]]

α + [h(t, u1(t))]
α +

[ ∫ t

0

S(t− s)h(s, u1(s))ds
]α

+
[ ∫ t

0

S(t− s)(

∫ s

0

k(s, r, u1(r))dr)ds
]α

+
[ ∫ t

0

S(t− s)f(s, u1(s))ds
]α

,

[S(t)[u0 − h(0, u0)]]
α + [h(t, u2(t))]

α +
[ ∫ t

0

S(t− s)h(s, u2(s))ds
]α

+
[ ∫ t

0

S(t− s)(

∫ s

0

k(s, r, u2(r))dr)ds
]α

+
[ ∫ t

0

S(t− s)f(s, u2(s))ds
]α)

≤ dH

(
[h(t, u1(t))]

α, [h(t, u2(t))]
α
)

+dH

(∫ t

0

[S(t− s)h(s, u1(s))]
αds,

∫ t

0

[S(t− s)h(s, u2(s))]
αds

)
+dH

(∫ t

0

[S(t− s)(

∫ s

0

k(s, r, u1(r))dr)]
αds

+

∫ t

0

[S(t− s)f(s, u1(s))]
αds,

∫ t

0

[S(t− s)(

∫ s

0

k(s, r, u2(r))dr)]
αds

+

∫ t

0

[S(t− s)f(s, u2(s))]
αds

)
≤ dH

(
[hα

q (t, u1(t)), h
α
r (t, u1(t))], [h

α
q (t, u2(t)), h

α
r (t, u2(t))]

)
+

∫ t

0

dH

(
[Sα

q (t− s)hα
q (s, u1(s)), S

α
r (t− s)hα

r (s, u1(s))]ds,∫ t

0

[Sα
q (t− s)hα

q (s, u2(s)), S
α
r (t− s)hα

r (s, u2(s)))]ds
)

+

∫ t

0

dH

(
[Sα

q (t− s)(

∫ s

0

kαq (s, r, u1(r))dr), S
α
r (t− s)

(

∫ s

0

kαr (s, r, u1(r))dr)] + [Sα
q (t− s)(fα

q (s, r, u1(r)), S
α
r (t− s)(fα

r (s, r, u1(r))],∫ t

0

[Sα
q (t− s)(

∫ s

0

kαq (s, r, u2(r))dr), S
α
r (t− s)(

∫ s

0

kαr (s, r, u2(r))dr)]

+[Sα
q (t− s)(fα

q (s, r, u2(r)), S
α
r (t− s)(fα

r (s, r, u2(r))]
)
ds
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=max
(∣∣∣hα

q (t, u1(t))− hα
q (t, u2(t))

∣∣∣, ∣∣∣hα
r (t, u1(t))− hα

r (t, u2(t))
∣∣∣)

+

∫ t

0

max
(∣∣∣[Sα

q (t− s)
(∫ s

0

kαq (s, r, u2(r))dr
)

+ Sα
q (t− s)(fα

q (s, u2(s)) + hα
q (t, u2(t)))

]
−

[
Sα
q (t− s)

(∫ s

0

kαq (s, r, u1(r))dr
)
+ Sα

q (t− s)(fα
q (s, u1(s)) + hα

q (t, u1(t)))
]∣∣∣,∣∣∣[Sα

r (t− s)
(∫ s

0

kαr (s, r, u2(r))dr
)
+ Sα

r (t− s)(fα
r (s, u2(s)) + hα

r (t, u2(t)))
]

−
[
Sα
r (t− s)

(∫ s

0

kαr (s, r, u1(r))dr
)
+ Sα

r (t− s)
(
fα
r (s, u1(s))) + hα

r (t, u1(t))
)]∣∣∣)ds

≤δ3dH([u1]
α, [u2]

α) + δ

∫ t

0

max
(∣∣∣[( ∫ s

0

kαq (s, r, u2(r))dr
)

+ fα
q (s, u2(s)) + hα

q (t, u2(t))
]
−
[( ∫ s

0

kαq (s, r, u1(r))dr
)
+ fα

q (s, u1(s))

+ hα
q (t, u1(t))

]∣∣∣, ∣∣∣[( ∫ s

0

kαr (s, r, u2(r))dr
)
+ fα

r (s, u2(s)) + hα
r (t, u2(t))

]
−

[( ∫ s

0

kαr (s, r, u1(r))dr
)
+
[
fα
r (s, u1(s)) + hα

r (t, u1(t))
]∣∣∣)ds

≤δ3dH([u1]
α, [u2]

α) + δ

∫ t

0

dH

([ ∫ s

0

k(s, r, u1(r))dr
]α

,
[ ∫ s

0

k(s, r, u2(r))dr
]α)

ds

+ δ

∫ t

0

dH

([
f(s, u1(s))

]α
,
[
f(s, u2(s))

]α)
ds

+ δ

∫ t

0

dH

([
h(s, u1(s))

]α
,
[
h(s, u2(s))

]α)
ds

≤δ3dH([u1]
α, [u2]

α) + δδ2b

∫ t

0

dH

([
u1(s))

]α
,
[
u2(r)

]α)
ds

+ δδ1

∫ t

0

dH

([
u1(s))

]α
,
[
u2(s))

]α)
ds+ δδ3

∫ t

0

dH

([
u1(s)

]α
,
[
u2(s))

]α)
ds

≤δ3dH([u1]
α, [u2]

α) + (δδ2b+ δδ1 + δδ3)

∫ t

0

dH([u1]
α, [u2]

α)ds

≤δ3dH([u1]
α, [u2]

α) + η

∫ t

0

dH([u1]
α, [u2]

α)ds,

where η = δ(δ2b+ δ1 + δ3). Therefore
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d∞((F0u1,F0u2) = sup
t∈J

dH([(F0u1)]
α, [(F0u2)]

α)

≤ δ3 sup
t∈J

dH([u1]
α, [u2]

α) + sup
t∈J

η

∫ t

0

dH([u1]
α, [u2]

α)ds

≤ δ3d∞([u1]
α, [u2]

α) + η

∫ t

0

d∞([u1]
α, [u2]

α)ds.

Hence

H1(F0u1,F0u2) = sup
t∈J

d∞([u1]
α, [u2]

α)

≤ δ3 sup
t∈J

d∞([u1]
α, [u2]

α) + η sup
t∈J

∫ t

0

d∞([u1]
α, [u2]

α)ds

≤ (δ3 + ηb)H1(u1, u2).

We take sufficiently small b, (δ3 + ηb) < 1. Hence, F0 is a contraction mapping.
By the Banach fixed point theorem, fuzzy neutral integrodifferential equation has
a unique fixed point u ∈ C(J,EN ). 2

4. Example

Consider the nonlinear fuzzy neutral integrodifferential equation of the form:

d

dt
(u(t)− 2tu(t)2)) = 2u(t) + 2tu(t)2 + 3tu(t)2, t ∈ J,

u(0) = 2 ∈ EN .

The α - level set of fuzzy number 2 and 3 are

[2]α = [α+ 1, 3− α], for α ∈ [0, 1]

[3]α = [α+ 2, 4− α], for α ∈ [0, 1].

Let
∫ t

0
k(t, s, u(s))ds = 2tu(t)2, f(t, u(t)) = 3tu(t)2, h(t, u(t)) = 2tu(t)2. Then α -

level set of
∫ t

0
k(t, s, u(s))ds = 2tu(t)2 is

[ ∫ t

0

k(t, s, u(s))ds
]α

= [2tu(t)2]α

= t[2]α[u(t)2]α

= t[α+ 1, 3− α][(uα
q (t))

2, (uα
r (t))

2]

= t[(α+ 1)(uα
q (t))

2, (3− α)(uα
r (t))

2],
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where [u(t)]α = [uα
q (t), u

α
r (t)] and [2]α = [α + 1, 3 − α], for α ∈ [0, 1] and the α -

level set of f(t, x(t)) is

[f(t, u(t))]α = [3tu(t)2]α

= t[3]α[u(t)2]α

= t[(α+ 2)(uα
q (t)

2), (4− α)(uα
r (t))

2],

where [u(t)]α = [uα
q (t), u

α
r (t)] and [3]α = [α + 2, 4 − α], for α ∈ [0, 1] and the α -

level set of h(t, x(t)) is

[h(t, u(t))]α = [2tu(t)2]α

= t[2]α[u(t)2]α

= t[α+ 1, 3− α][(uα
q (t))

2, (uα
r (t))

2]

= t[(α+ 1)(uα
q (t))

2, (3− α)(uα
r (t))

2].

Thus[ ∫ t

0

k(t, s, u(s))ds
]α

+ [f(t, u(t))]α + [h(t, u(t))]α

= t[(α+ 1)(uα
q (t))

2, (3− α)(uα
r (t))

2] + t[(α+ 2)(uα
q (t)

2), (4− α)(uα
r (t)

2)]

+t[(α+ 1)(uα
q (t))

2, (3− α)(uα
r (t))

2]

= 2t[(α+ 1)(uα
q (t))

2, (3− α)(uα
r (t))

2] + t[(α+ 2)(uα
q (t)

2), (4− α)(uα
r (t)

2)].

Therefore

dH

(
[h(t, u(t))]α, (h(t, v(t))]α

)
+ dH

((
[h(t, u(t))]α +

[ ∫ t

0

k(t, s, u(s))ds
]α

+ [f(t, u(t))]α
)
,(

[h(t, v(t))]α +
[ ∫ t

0

k(t, s, v(s))ds
]α

+ [f(t, v(t))]α
))

= tmax {(α+ 1)
∣∣uα

q (t)
2 − vαq (t)

2
∣∣ , (3− α)

∣∣uα
r (t)

2 − vαr (t)
2
∣∣}

+2tmax {(α+ 1)
∣∣uα

q (t)
2 − vαq (t)

2
∣∣ , (3− α)

∣∣uα
r (t)

2 − vαr (t)
2
∣∣}

+tmax{(α+ 2)
∣∣uα

q (t)
2 − vαq (t)

2
∣∣ , (4− α)

∣∣uα
r (t)

2 − vαr (t)
2
∣∣}

≤ (3− α)b
∣∣uα

q (t) + vαq (t)
∣∣max{

∣∣uα
q (t)− vαq (t)

∣∣ , |uα
r (t)− vαr (t)|}

+(4− α)b
∣∣uα

q (t) + vαq (t)
∣∣max{

∣∣uα
q (t)− vαq (t)

∣∣ , |uα
r (t)− vαr (t)|}

≤ ηdH([u(t)]α, [v(t)]α),

where η = 7b
∣∣uα

q (t) + vαq (t)
∣∣ and η < 1. Since f , k and h are satisfy the global

Lipschitz condition, from Theorem 3.1, the fuzzy neutral nonlinear integrodifferen-
tial equations has a unique fuzzy solution.
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