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1. Introduction

The theory of media with microstructure was developed in various papers (see e.g.,
[1=5]). In [7], 1. Hlavagek and J. Nedas established an existence theorem in the
classical linear theory of elasticity and in [8], I. Hlavagek and M. Hlavagek proved
the existence of the solution in the linear theory of elasticity with couple stresses.

In this paper, we extend the results from [7], [8] to the linear theory of multipolar
clasticity for the inhomogeneous anisotropic bodies.

2. Basic Equations

Let Q be a Lipschitz region in the three-dimensional Euclidean space, occupied by
an inhomogeneous and anisotropic multipolar continuum, whose boundary is I
The basic equations in the theory of elasticity of multipolar bodies were established
by Green and Rivlin in [1], [2]. In the linear theory of multipolar elasticity these
equations are:

— the equations of equilibrium

(2.1) cii;t+fi=0,
(2‘2) Gijreis = Okijuuwjpk T Jijrooip (ﬁ =12,.., V)’
(2.3) Cim = Oy = Cipy — G s
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— the geometrical equations
(24 25 = Wi; + Wyis
dij = py + pyy s
d = Uijijrunp B=23,...v),

Cifrianniph = Hijujsipk (B =1,2,3,..,v),

ij1j2 ..jp

— the constitutive equations

, x4 ot
(2-5) Cij = 7T » Okijijg = T (/3 =12,.., V)
0Og;; aeijl...j,gk
&if = Qi{ ’ &ijljz-..j,q = 6'%__ (ﬂ = 2, 3, ceey V) .
adii adijsz-nfﬁ

We take the conditions on the boundary I' in the form:

(2.6) u; = ﬁi N uijx---jﬂ = Lal,'jl”_jﬂ (ﬂ = 1, 2, sony V) on FU

°

=t, t = Okijy...jpk =

i = 0l ijieip

i JitJ

i1eenis (,B=1,2,...,v) on Iy

where I'y, I'y represent a disjoint decomposition of I', I' = I'yu I'by U N (N has the
surface measure zero).

In the relations (2.4) &, dyj,. j,» €ij,..ix (B =1,2,...,v) are the classical strain
tensor and the multipolar strain tensors, &/ is the elastic energy per unit volume and
the other notation in the above relations follows that from [2].

For the linear theory of elasticity, the internal energy has the following form:
(2-7) -ﬂ(sij, dijl.“j;;r eijl...j,gj) = %AijkmBijgkm + %Bijkmdijdkm +

+ 2Cij1j2...jakhlhz...h.,dijljz. T

2 N
11 <

N

i<

M«
P

+4

Dij1...j,jkhl...hyheijl...j,jekhl‘..h.,h + Eijkmgijdkm +
a

1 1

v

v
+ Fijnhsrity€ii9knsha.on, + ) Gijkhy ... h€ijCkhyveisn T
y=2 y=1

v v
+ ZHijkhlhz...h-,dijdkhlhz...hy + ZIijkIu...hvhdijekhl...hyh +
y=2 r=1
v oo

+ Zz ZlJijsz...jakhl...h.,hdijljz...j,ekhl...h.,h;
a2 4=
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where

(2-8) Aijkm = Akmij = Ajikm ) Bijkm = Bkmij s Eijkm = Ljikm >

Cifxfz-uiukhlhz...hy = Cunsha.yijijzeju > Fijkhhzody = Fjikhing...hy (“, y=2.. V) ’
Dijl...j,,jkhl...hyh = th;...hyhijl...j,j > Gijkh(...hyh = Gjikhl...hyh (0" y=12.., V)

and Aijkms Bijim Cij,jz,..j.,khlhz...h.,, Dij1...j.,jkh1‘.4hyh! E; jtms Fijkh;h;...h,n Gijkhl...hy’"

I_{ij,,hl,,z.._hy, Lijngotighs Jijsjan.jakhsoiiyh @TE bounded and measurable functions in
Q=QuT.

We suppose that the form (2.7) is uniformly positive definite in the tensors &i;

and e;;, ;i€

3

eij1...jﬂ_i) =c D (Sfj +ﬂ§1ei2jl...jﬂj) (B =12,.., V)

Gitsensivii=1

(2.9) M(ﬁij, dij,...j,s’

for each point x € Q and c is a positive constant.

3. Existence and uniqueness of the weak solution

In this section we shall apply the method given in [7], [8] to prove the existence
and uniqueness of a weak solution of the mixed boundary-value problem in the
linear elasticity of multipolar bodies. LZ(Q) denotes the space of real functions square-
integrable in Q in the Lebesgue sense and W$(Q) denotes the subspace of L,(<)
which contains the functions whose derivatives up to the order k in the sense of
distributions are in L,(Q).

Next, W is the Cartesian product H Wi(Q), s = 1,2, ..., m, where m, %, are
positive integers.

In our case we have
m=333*"-1), s=1,2,...m, % =x,=..=12x,=1,
so that

= [1w:"(9).

If we denote

(3.1) u = {u, uij;...jg} B=12,...,v)
then
(3.2) = {u|u,uy, ;j,eWP(Q), p=1,2,..,v}
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with the norm
3 v .
(3.3) 5 = )y ) (luillbevaer + X Ntisijaial reraen) »
i,71202 s dv=1 f=1
where
alel

”v”fy(k)z(ﬂ) = (U, D)k = Z J‘QD%)D“U dx 5 D* = W? .

la] <k

Let 2(Q) be the space of real functions with compact support in @ which are
infinitely differentiable. Let W{9(Q) be the closure of 2(Q)in Wi*(Q) and W =

- [175(@)
s=1
If V denotes a closed subspace of W such that WceVc W, then we obtain

(3.4) V={u|lueW, u,=u =0 on Iy, B=12,..,v}.

iji...jp

According to [6], we define a bilinear form A(v, u) on W x Wby

(3.5)  A(v,u) = | [Aijemei;(v) &xm(tt) + Bijimdif(v) dim(ut) +

Q

—_—

Me

v
+ ) Cijljz...jmkh1hz.,.l|5dij1jz...j¢(v) Ainsy..ny(tt) +
a=2p=2
v v
+ Zl ﬂZ Dij;...jujkh;...h/;heij‘...j.,j(v) eklu...hﬁh(u) +
=1 4=

+ Ejjin(:j(0) din(u) + &:5(ut) din(v)) +522F ikt (8i1(0) Dy (1) +
+ &;(1t) digny.. (V) +ﬂZIGijklu...h/;h(gij(v) ekm...h,gh(”) + &;(1t) euy..nnl(v) +
+ﬂZZI{ijkhlhz...h,q(dij(v) dkh;hz...hﬂ(u) + d;j(u) dkhlhz...hﬂ(v)) +

+ﬁ\;1[ ity gh(di(0) €uny.mpr(tt) + dif(U) e, npn(v)) +

M=

+,
=2

1Jij1j2..‘j,kh1..,h,gh(dij;jz...j,(v) ekhl...hph(u) + dij,jz...j,,(“) ekh...hﬁh(b))] dx

i

B

and the functionals

(3.6) f(v) =J (fivi + Zv:fij,...jpvijl...j,;) dx,
2 p=1

v
o) = f (s + 3 Fistiss) AT
I'r B=1

for each ve W.
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By virtue of (2.7), (2.8), we can write
(37) f 258 (615 i €35,..507) A% = Al u) - A, v) = A(v, 0).
Q
From (2.9) and (3.7), we obtain

3 v
(38) Al,v) 22¢ 3 j (e + X €ijugps) X -
ftseesdvsi=1 J 2 p=1
Let i = (i, iy, ;,} €W, (B=1,2,..,v) and &, i, j,€ Lo(Tr), (B =1,2,...,)
so that the boundary conditions (2.6) are met in the sense of traces and in the sense

of LZ(FT), respectively. We say that u € Wis a weak solution of the mixed boundary-
value problem, if

(3.9) u—daev

(3.10) A(u, v) = f(v) + g(v)

for each ve V.

m

The operators N = Y, Y n,,,D%,(1 = 1,2,..., h),[6], h = 3m — 3, mapping

r=1la]sxr

Winto L,(Q) are taken as follows:

(3.11) Ny =0, Nyw = 3(vyq + 055), N3v=13(vs, + v,3),
Ny, ..., N = Vijijaunipol 3
Npsy1v =035, Nyiov= %(03,2 + 02,3) >
Nyl eee s Nopm—10 = Ujj,js.p.2 5
Nowt =033,  Nome10s oo, Nam—3V = Vijjyjp 35
where f = 1,2,3,...,v, and i, jy, jy, .., jy = 1, 2, 3. We have

h 3 v
61 SWelhe= Y [@ia )0

Wtseeesdvsd =

so that (3.8) implies
h
(3.13) Afv,v) Z 2¢ Zl N[z -
1=
From (3.11) it follows that the matrix Ny & = Y. n,&* has the rank m for each

E+0,EeCs lal =25

By virtue of Theorem 3.1 from [6], we can conclude that the system of operators
Nw(l =1,2,3,..., h)is coercive on W.
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For 2, we obtain

(3.14) P ={v|veV, v;=a;+ bx;, v;; =b

j ij» Vijija..jp

=0,8=23...,v

where a;, b;; = —b;; are constants.

The definition (3.4) of Vimplies a; = b;; = 0, hence 2 = {0}.

All assumptions of Theorems 2.1 and 2.2 from [6] are satisfied. According to these
theorems, we have

(3.15) Ao, v) 2 c4|o]}7

for each v eV, and the mixed boundary-value problem has one and only one weak
solution u € W, continuously dependent on the given data.
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Souhrn

EXISTENCNI VETY V LINEARNI TEORII MULTIPOLARNI PRUZNOSTI

CARMEN MARIA IESAN

Tento Elanek je vénovan kombinované uloze linearni pruznosti pro multipolarni
télesa. Uziva se nékterych vysledki z teorie linearnich eliptickych parcidlnich diferen-
cialnich rovnic. Pro odpovidajici bilinearni formu vnitini energie je odvozena
V-elipticita a je dok4zana existence a unicita feSeni, jakoZ i spojita zavislost feSeni na
okrajovych podminkéch.
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