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Abstract The paper deals with existence, multiplicity and asymptotic behavior of entire
solutions for a series of stationary Kirchhoff fractional p-Laplacian equations. The existence
presents several difficulties due to the intrinsic lack of compactness arising from different
reasons, and the suitable strategies adopted to overcome the technical hurdles depend on
the specific problem under consideration. The results of the paper extend in several direc-
tions recent theorems. Furthermore, the main assumptions required in the paper weaken the
hypotheses used in the recent literature on stationary Kirchhoff fractional problems. Some
equations treated in the paper cover the so-called degenerate case that is the case in which
the Kirchhoff function M is zero at zero. In other words, from a physical point of view, when
the base tension of the string modeled by the equation is zero, it is a very realistic case. Last
but not least no monotonicity assumption is required on M, and also this aspect makes the
models more believable in several physical applications.
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1 Introduction

In this paper we study a series of problems involving the stationary Kirchhoff fractional
p-Laplacian operator u +— M ([u] Yp p)(—A)‘;,u for functions u, defined in the entire RV and
belonging to suitable fractional Sobolev spaces in which the Gagliardo semi-norm

lu(x) —uy)I?
ks _// Ty O
is well defined. The operator (—A)i, is the fractional p-Laplacian, which for every function
¢ e Cy° (RM) may be defined, up to normalization factors, as

o lp(x) — WP (p(x) — 9())
(CAet = 251—1>n(}+ RN\ B, (x) lx — y[N+ps @

forall x € RN, where B, (x) = {y e RN : |x — y| < ¢}.
The non-local coefficient M is the main Kirchhoff function related to the elliptic part of
the problem and is assumed throughout the paper, without further mentioning, that

M)O<s<l<p<oo,sp<N,M: ]R(J)r — Rg is a nonnegative continuous function
and there exists 6 € [1, N/(N — ps)) such that tM(t) < 0.(t) for any t € ]R(J)r,

where /(1) = [y M(t)dt

holds.

A typical prototype for M, due to Kirchhoff in 1883, is given by M (t) = a + b1?~! for
t >0,witha,b>0anda + b > 0. When M (¢) > O for all > 0, Kirchhoff problems are
said to be non-degenerate and this happens for example if a > 0 and » > 0 in the model
case. Otherwise, if M(0) = 0and M () > 0 for all t > 0, the Kirchhoff problems are called
degenerate and this occurs in the model case when a = 0 and b > 0.

In the large literature on Kirchhoff problems, the transverse oscillations of a stretched
string, with non-local flexural rigidity, depends continuously on the Sobolev deflection norm
of u via M ([u]iz). Sometimes the Kirchhoff function M is assumed Lipschitz continuous,
but not always monotone, as in [10], even if the model proposed by Kirchhoff is clearly
monotone. Note that when the inertial effects of longitudinal modes can be neglected, the
tension is spatially uniform along the string and can be directly computed from the elongation
of the string according to the Hooke law and arriving to the form of M proposed by Kirchhoff
and derived properly by Carrier. In any case, M measures the change of the tension on the
string caused by the change of its length during the vibration. The presence of the nonlinear
coefficient M is crucial to be considered when the changes in tension during the motion
cannot be neglected. In the case of linear string vibrations, the tension is constant that is
M ((t) = M(0), but nonlinear vibrations are more realistic.

The existence theorems we prove should use new techniques in order to overcome the
non-local nature of the problems as well as the lack of compactness, and the suitable strategies
adopted depend of course on the problem under consideration.

The first equation we treat is

|u| P>

M) ) (—AYu — L Awu? 2+ K@)P 2 mRY,  (11)

|x|Ps

where y and A are real parameters, the exponent ¢ is such that Op < g < p¥, with p} =
Np/(N — ps) the critical exponent in the sense of Sobolev, and the positive weights w and
K satisfy
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Existence theorems for entire solutions of stationary. . . 2101

(w) w>0ae.inRY and w € L® (RN), with p = p¥/(p¥ —q)and Op < q < p¥,
(K) K >0ae. inRN and K € L®(RN).

When yielding with (1.1) we assume also (w) and (K'), without further mentioning.
Problem (1.1) is fairly delicate due to the intrinsic lack of compactness, which arise from
the Hardy term and the nonlinearity with critical exponent p}. For this reason we assume
that (1.1) is non-degenerate, that is
inf M(t) =a > 0. (1.2)
teRy
Stationary non-degenerate Kirchhoff problems have been extensively studied in the last
decades, but usually under the request that M is increasing in Rg ,asin [17,26,29] and the
reference therein. We replace the monotonicity assumption by (M). In particular, as shown
in [2,31], the Kirchhoff function M(r) = (1 + 1)* + (1 + )™, k € (0, 1), verifies both
(M) and (1.2), but is not monotone. In fact, we have that inf, R} M(t) = a > 0, with
a = kM*tD(1 4 k) < M) = 2. Furthermore, (M) is satisfied taking 6 = k + 1,
provided that k is so small that k < sp/(N — sp).
The main solution space for (1.1) is the fractional Beppo—Levi space D*?(RN), that
is the completion of CgO(RN) with respect to [-];,,. As it is well known, DSP(RN) =
(DSP (RN, [ - 15, p) is a uniformly convex Banach space. By Theorems 1 and 2 of [23]

, si-s) ) A=)
”u”p;f = CN,p (N — ps)P_l [u]s,p, N |x|ps < CN,]J (N — ps)P [“]s,p

for all u € DSP(RN), where Cy. p is a positive constant depending only on N and p.
Thus, the fractional Sobolev embedding D% ?(RV) < L7 (RN and the fractional Hardy
embedding D%?(RY) — LP(RN, |x|~P*) are continuous, but not compact. However, we
are able to introduce the best fractional critical Sobolev and Hardy constant S = S(N, p, s)
and H = H(N, p, s) given by

p p
S = inf [uls,p H = inf [uls,p ||u||Z=/ |u(x)|pdx. (1.3)
RN

N P T N P ps
ueD* P ®Y) [|ull) ueDsr®N) [lully x|
u#0 s u#0

Of course the numbers S and H are strictly positive. We refer to Theorem 1.1 of [18] for
the sharp Hardy constant H.

Define x = « (g, M) by

alg —0p)
K= —-—"".
(g — p)

Clearly x € (0,a], being & > 1 and p < Op < g by assumption on 6 and ¢g. There are
cases, besides the obvious one M = a, in which x = a, thatis & = 1 in (M), as shown in
Sect. 2. Problem (1.1) has a variational nature, and under the above structural assumptions,
(weak) solutions of (1.1) are exactly the critical points of the underlying functional J, ;,
which satisfies the geometry of the mountain pass lemma. The main existence result for
problem (1.1) is given in terms of critical points u,, ; found at special mountain pass levels.
These solutions are simply called mountain pass solutions.

Theorem 1.1 Suppose that (1.1) is non-degenerate, that is (1.2) holds. Then for every y in
(=00, Kk H) problem (1.1) admits a non-trivial mountain pass solution u, j for any A > 0
and uy, ; satisfies the asymptotic behavior

)L]i)n;o[uy,k]s,p =0, (1.4)
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2102 M. Caponi, P. Pucci

whenever ||K |0 = 0. While if | K || > O, then there exists \* = 1*(y) > 0 such that for
any A > A* problem (1.1) admits a non-trivial mountain pass solution u., ; which satisfies
again (1.4).

Theorem 1.1 extends in several directions Theorem 1.3 of [16]. A very natural appealing
open problem is to prove existence of non-trivial solutions for (1.1), when M (0) = 0 and
M(t) > Oforallt > 0.

Next, we study problem (1.1) in the degenerate case, that is when

M) = inf M(r) =0.
teRy

But we require that y = 0, that is that the Hardy term does not appear any longer. A very
intriguing open question is to prove existence of solutions in the degenerate case, assuming
only that

inf M(t) =0.
reRy

Up to now this case has been never treated, since it seems particularly delicate to handle,
even if extremely interesting, not only from a mathematical point of view, but especially in
applications.

More precisely, we next consider

Ml p) (= A)pu = 2w ul*u + K 0 ul” u inRY, (15)
when (1.2) is replaced by M (0) = 0 and

(M) Forany t > O there exists m; > 0 such that M(t) > m, forallt > 1.
(M>) There exists b > 0 such that M(t) > bt forany t € [0, 1].

The degenerate case is very appealing, and it is covered in famous well-known papers in
Kirchhoff theory, as [10,27]. In particular, in [10] the Kirchhoff function M is assumed Lip-
schitz continuous, but not monotone. Also in the degenerate case there are several functions
M which are not increasing in R(J)r , but satisfy (M), (M) and (M>), see Sect. 3 for details.

From a physical point of view the fact that M (0) = 0 means that the base tension of the
string is zero, a very realistic model. The existence theorem for (1.5) is

Theorem 1.2 Let M(0) = 0 and ps < N < 2ps. Suppose that M satisfy (M) and (M>).
Then problem (1.5) admits a non-trivial mountain pass solution u, for any A > 0 and u,
satisfies the asymptotic behavior
lim [u;]5,, =0, (1.6)
A—00

whenever || K |0 = 0. While if || K ||co > O, then there exists \* > 0 such that for any A > \*
problem (1.5) admits a non-trivial mountain pass solution u, which satisfies again (1.6).

When p = 2, the restriction 2s < N < 4s was also required in [2,24] for somehow
related fractional degenerate Kirchhoff Dirichlet problems in bounded domains and it implies
N € {1, 2, 3}. Similarly, condition (M) already appears in [2], where it is largely explained
as it weakens analogous growth conditions on M required at O in the degenerate case in the
literature on Kirchhoff problems. We refer to [2] for further details.

Theorem 1.2 is very general and extends in several directions the existence results obtained
in [21], when u = O in [21].

In the last part of the work, we extend the results given in [31] for the non-homogeneous
fractional p-Laplacian Schrodinger—Kirchhoff equations to the degenerate case M (0) = 0
and consider
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M ([l ) (=) u + VO)lulPPu = f(x,u) + g(x,u) + h(x) inRY. (1.7)

For (1.7) we assume that M satisfies only (M) and (M ). The function 4 can be viewed
as a perturbation term, and h is assumed throughout the paper to be in L RN)Y, where V' is
the conjugate exponent of some fixed v € [p, p¥].

On the potential function V we suppose

(V1) V e C(RY) satisfies ian Vx)>=Vy>0.
xeR
(V2) There exists R > 0 such that lim meas({x € Br(y) : V(x) < c}) = 0 for any

|y|—>00
c> 0.

Condition (V») is weaker than the coercivity assumption V (x) — oo as |x| — oo usually
required in Schrodinger problems. Assumption (V,) was originally introduced by Bartsch
and Wang in [5] to overcome the lack of compactness in problems defined in the entire space
RV,

The natural space where finding solutions for (1.7) is W, that is the completion of Cgo (RM)
with respect to the norm

1
fulw = @il + ] )77l = [ Vel P,
RN

with V satisfying (V}). By standard arguments, it is clear that also W = (W, || - ||w) is a
uniformly convex Banach space, see Lemma 10 in the Appendix of [31].
The nonlinearity f : RN x R — R is a Carathéodory function verifying condition

(F) There exists q € (Op, p¥) such that either

(f1) fx, )= w(x)|t|‘1_2tf0r a.ax € RN and all t € R, where w satisfies (w), or
(f2) f verifies both assumptions
(a) there exists a positive function w of class L®@®RN)Y such that w(x) = o(1) as
x| = oo and | f(x, )| < w)|t|9"" fora.ax e RN and all t € R,
b) 0<gF(x,t) <t f(x,t)foraax € RN andallt € R\ {0}, where F(x,t) =
t

/ fx, t)dr.
0

The nonlinearity g : RN x R — R is a Carathéodory function satisfying condition
(G) There are exponents r and ( in (Op, p¥) such that for all ¢ > 0 there exists C > 0 and
18Ce, ] < Opelt|”P~ 4 rCele|™!
fora.a. x € RN and all t € R, and either

() Op < u < q and uG(x,t) < tg(x,t) foraa x € RN and all t € R, where
G(x,1) = fot g(x, )dr, or
(i) ¢ <u < pfand0 < puG(x,t) <tg(x,t)foraax e RN andallt € R.

Simple examples of subcritical nonlinear terms which satisfy conditions (F) and (G) are
givenby f(x,t) = w(x)|7]77%¢, withw > Oa.e.in RN and w either satisfying (w), or with w
in L2(RY) and w(x) = o(1) as |x| — oo, and by g(x, 1) = @(x)¥ (1), with ¢ € L®(RY),
¢ > 0aein RY and ¥ (1) = rlt|""2t + p|t|* 2, provided that p < min{g, u} and
w=r<p;g.

The condition inf{G(x,t) : x € RV, [t|] = 1} > 0, assumed in [31], is no longer
required in this paper thanks to the presence of the non-trivial nonlinearity f. We state below
the main existence result for problem (1.7).
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2104 M. Caponi, P. Pucci

Theorem 1.3 Let M(0) = 0 and suppose that M, V, f and g satisfy (M), (V1)—(V2),
(F) and (G), respectively. Then there exists a number § > 0 such that for all perturbations
hel (RN, with ||h||y < 8, problem (1.7) admits a non-trivial mountain pass solution ug in
W. If furthermore h is non-trivial, then (1.7) admits at least a second independent non-trivial
solution uy in W.

Finally, if g = 0, then the assertion above continues to hold assuming only (V) on the
potential V.

The last part of Theorem 1.3, that is when g = 0 in (1.7), takes inspiration from the paper
[19] and covers also the interesting case in which V is a positive constant. Furthermore,
Theorem 1.3 extends in several directions previous accomplishments, as the existence results
obtained in [7,15,22,33,34] and in a broad sense [8].

Finally, we study equation (1.7), still requiring only (V) on the potential V, but including
the term g, provided that V, f, g and h are radial functions in x.

Theorem 1.4 Let N > 2 and M (0) = 0. Suppose that (My), (V1), (F) and (G) hold, and
that V, f, g and h are radial functions in x. Then there exists a number & > O such that for
all radial perturbations h € L RN, with |k, < 8, problem (1.7) admits a non-trivial
radial mountain pass solution ug in W. If furthermore h is non-trivial, then (1.7) admits at
least a second independent non-trivial radial solution uy in W.

Theorem 1.4 not only covers the so-called degenerate and non-local case, but also encloses
general nonlinearities and perturbations. Therefore Theorem 1.4 extends in several directions
the existence results obtained in [14,25].

The paper is organized as follows. In Sect. 2 we prove the existence Theorem 1.1 for the
Hardy problem (1.1) and the asymptotic behavior (1.4). Section 3 is devoted to the study
of the degenerate problem (1.5) and to the proof of the existence Theorem 1.2 and of the
validity of (1.6). Finally, Sects. 4 and 5 deal with the proof of Theorems 1.3 and 1.4 for the
degenerate Schrodinger—Kirchhoff equation (1.7), respectively.

2 The non-degenerate problem (1.1)
In this section we prove the existence result for problem (1.1) and we recall that throughout

the section (M), (w), (K) and (1.2) hold.
Let L9(RY, w) be the weighted Lebesgue space endowed with the norm

lulld, = / w(x)|ul?dx
RN
By Proposition A.6 of [3] the Banach space L4 RN, w) = (LYRN, w), || - llg,w) is uni-
formly convex. Furthermore, combining some ideas of Lemma 2.3 of [3], Lemma 2.2 of [4]

and Lemma 2.6 of [32], see also Lemma 2.3 of [30], we have

Lemma 2.1 The embedding DP(RN) < L4(RN, w) is continuous, with

lullgw < Cwluls,, forallu € DSP(RY), 2.1)

and C,y = S~V/P ||w||;,/ 9 > 0. Furthermore, the above embedding is also compact.
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Existence theorems for entire solutions of stationary. . . 2105

Proof By (w), the Holder inequality and (1.3), for all u € D P(RN)

1/pq 1/p§
lullgw < (/ w(x)@dx) : (/ |u|f’sdx) < SV w9 uls.p.
RN RN

that is (2.1) holds.
To prove the second part of the lemma, we need to show that if u,, — u in D*?(RV),
then |lu, — u|ly,w — 0 asn — oo. Thanks to the Holder inequality

1/p
/ w(x)|u, —ulfdx < L(/ w(x)“)dx) =o(1) (2.2)
RN\Bp RN\ B

as R — oo, beingw € L®(RN) and ||u, _u”Z* = L < oo foralln € Nby (1.3). Moreover,

for all R > 0 the embedding D*-? (RN) < W*P(Bg) is continuous and so the embedding
DS P(RN) «s<s LV(Bpg) is compact for all v € [1, py), by Corollary 7.2 of [12]. In fact,
using (1.3) and the Holder inequality

Vel gy < Crllullly + ]2 < (Cr/S + DIl
for all u € D*P(RY), where Cp = (a)N/N)pS/NRps and wy is the measure of the unit
sphere S¥=1 = (x e RV : |x| = 1} of RV,
Fix ¢ > 0. There exists R, > 0 so large that f]RN\B w(x)|uy —ul?dx < & by (2.2).

Take a subsequence (up, )x C (Un)y. Since u,, — uin LY (BR ) forall v € [1, p¥), then up
to a further subsequence, still denoted by (u,, )i, we have that u,, — u a.e. in Bg,. Thus
w(x)|u, —u|? — 0 a.e. in Bg,. Furthermore, for each measurable subset E C Bg,, by the
Holder inequality we have

/e
/ wx)|uy, —ulfdx < L(/ w(x)pdx) .
E E

Hence, (w(x)|u,, — u|?)x is equi-integrable and uniformly bounded in Ll(BRS), since
w e LP[RY) by (w). Then, the Vitali convergence theorem implies

lim w(x)|uy, —ulfdx =0
k—00 Bg,

and so u, — u in L(Bg,, w), since the sequence (u,, )i is arbitrary.
Consequently, fBR w(x)|u, —ul4dx = o(1) as n — oo. In conclusion, as n — oo
£

llun — ulld w =/ w(x)|uy, — ul?dx +/ w(x)|u, —ul?dx <&+ o(l).
RN\ Bg, R

&

This completes the proof, being ¢ > 0 arbitrary. O
We say that u € D*?(R") is a (weak) solution of (1.1) if
) / ()P 2u () (x)
N

|x|P$

=?»/ w(X)IM(x)Iq_zu(X)sa(x)dx+/ K (0)|u ()17 u(x)p(x)dx,
RV RV

dx

M([”]fp)(“» @)S,p -

for all ¢ € D*P(RYN), where
_ lu(x) — u()IP~2(x) — u(3)) (@) — @(y))
u, (P>s,p = o dxd

lx — y|Ntps
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2106 M. Caponi, P. Pucci

Problem (1.1) has a variational structure and J,, ; : D5P(RY) - R, defined by

1 y A 1 P
Ty () = = (Wlf p) — = Nullfy — = llullg v — —lul’ 4
Y » 5P pi g p piK
where [lullprx = (Jpn K (x)|u(x)|?5dx)'/P5 | is the underlying functional associated
with (1.1). Obviously, J, ; is well defined and of class cl(D>P(RN)).
Condition (1.2) gives that M (t) > O for any ¢ € Rg and (M) yields that ¢ — =07 (1)
is non-increasing in R. Consequently, for all #) > 0

.4t < M (1o)t? forall 1> 1. (2.3)

Now, as in [17], we prove that the functional J, ; has the geometric features required to
apply the mountain pass theorem of Ambrosetti and Rabinowitz of [1].

Lemma 2.2 For every y € (—oo,aH) and » > 0 there exist « > 0 and p € (0, 1] such
that J, ; (u) > o forall u € D P(RN), with [uls,p = p, and a function e € C(C)’O(RN), with
lels,p > p and J, 5 (e) < 0. The function e depends only on y~ when K > 0 a.e. in RV,

Proof Fix y € (—o00,aH) and A > 0. By (K), (1.2), (1.3) and (2.1) there exists a positive
constant Sk such that for all u € D%?(RN)

a 1% A *
Fya) 2 1l = el = Sl = 2l

+
a vy P A q Py
S A e, - s .
_(p pH)[u]s,p g w[”]s,p K[u]s,p

Setting

) (” ”+)t1’ R eai —sgi?t forallt € [0, 1]
@) =\—-—-——F)t" == — SgtPs  fora 1,
7 p pH g "
we note that there exists p € (0, 1] such that max;co,1] 7y,2(t) = ny.(p) > 0, since
yT <aHand p < g < pf by (M) and (w). Consequently, Jyaw) = a =mny;(0) >0
forallu € DSP(RN), with [uly,, = p.

Now take v € COOO(]RN) such that [v]y,, = 1. By (2.3) we have for t — oo

tep op _ tP » 14 q tl’.t Pt
Jyav) < A (D) —lsp + v~ —lvly —2—lvlgw — — vl x = —o0,
p p Ps s
since p < 0p < g < p¥ by (M) and (w). Hence, taking e = tov, with 79 > O sufficiently
large, we obtain at once that [e]; , > 2 and J,, ;(e) < 0. In particular, [e];,, > o and e
depends on y ~. Furthermore, e can be taken independent of A whenever K > 0 a.e. in R",
otherwise e could depend also on A, as claimed. ]

From the proof of Lemma 2.2 it is apparent that if e is the function determined at some
y € (—00,aH) and Ay > 0, then e is such that J,, 5 (e) < Oforall A > A¢ and [e];,, > 2 >
p = p(y, ), being p € (0, 1].

We recall in passing that, if X is a real Banach space, a C'(X) functional J satisfies the
Palais—Smale condition at level ¢ € R if any Palais—Smale sequence (u,), at level c, that is
such that

J@wy) — ¢ and J'(u,) > 0 inX asn — oo 2.4)

admits a convergent subsequence in X.
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Fix y € (—00,aH), A > 0 and put

¢, = inf max J 1),
Y.k gel ref0.1] y,k(s( ))

I'={& € C([0, 1], D*P(R")) : £(0) = 0, &(1) =e}.

Obviously ¢, ; > 0 thanks to Lemma 2.2.

Before proving that J,  satisfies the Palais-Smale condition at level ¢, ; in DSP(RY),
we introduce an asymptotic condition for the level ¢, ;. This result is exactly Lemma 4.3
of [16] (see also Lemma 6 of [17] for a somehow related fractional non-degenerate Kirchhoff
Dirichlet problem) and will be crucial not only to get (1.4), but above all to overcome the
lack of compactness due to the presence of a Hardy term and a critical nonlinearity.

Lemma 2.3 Forall y € (—oo, aH) it results

lim ¢y ; = 0.
L—00

Proof Fix y € (—oo0,aH) and A9 > 0. Let e € Cgo (RM) be the function obtained by
Lemma 2.2, depending on ¥~ and possibly on 4. Hence the functional J, ; satisfies the
mountain pass geometry at 0 and such e for all A > Xg. In particular, there exists t,, , > 0
verifying J,, ;. (¢, ne) = max;>( J, »(te). Therefore, (J)’/,/\(ty,;te), e) = 0 and then

-1 -1 pi—1 pE
DML 1l lelt, — ylelly) = 2 el + 125 el

1 2.5)
= )LOI;)L ||€||Zw

by the fact that A > A9. We claim that {, ;}>, is bounded in R. Indeed, using (M) and
(2.3) we get

4
ty (el p M) 5 1e15 ) — vy s llellyy < 0-4(t),1€15 ) + 1y ek

_ (2.6)
< (M/(l) + %)zﬁf;[e]?,”p

forany A € A, with A = {A > A9 : t, 2[e]s,p = 1}. Hence, from (2.5) and (2.6) it follows

(9///(1) + %)[e]?ﬁ, > Aot;’f”neng,w forany A € A,
which implies the boundedness of {t, 3}.ca, since Op < g by (w), |ellg,w > 0 and e
depends on  ~ and A¢ by Lemma 2.2 and its remark. It follows at once that indeed {3 } 1>,
is bounded. This proves the claim.

Fix now a sequence (Ax)x C [Ag, 00) such that Ay — oo ask — oo. Obviously (#, 5, )« is
bounded in R. Hence, there exists a subsequence of (A ), still relabeled (1¢)k, and a constant
T > O such that #,,;, — 7 as k — oo. By the continuity of M, also (M(tf,xk el p)), is
bounded, and so by (2.5) there exists L, - such that

pi—

g—1
At Vi

! "Nel”, x < Ly~ foranyk € N. 2.7)

”e“Z,w +1t
We assert that T = 0. In fact, if 7 > 0 we get
. g—1, 1q e ST e _
Tim (hard el + 15, el ) = oo

@ Springer
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which contradicts (2.7). Thus T = 0 and ¢, ;, — 0 as A — oo, since the sequence (i) is
arbitrary.
Consider now the path £(¢) = te, ¢ € [0, 1], belonging to I". By Lemma 2.2

1 Y-
P (P P
0< Cyn = trer?(e)l,)%J -’y,)»(f(t)) = Jy,)»(ty,)»e) = ;%(ty’)\[e]s,p) + ?“e”[-]ty,)\'

Moreover, .4 (tf’ ,lelf ) — 0as A — oo by the continuity of .#. This completes the
proof of the lemma, since e depends only on y . O

Now, following the key idea of the proof of Lemma 4.5 in [16], given when M = 1 and
p = 2, we prove the validity of the Palais—Smale condition for J, ; atlevel ¢, ; in D*? (RM).

Lemma 2.4 Lety € (—oo, k H) be fixed. If | K ||co = O, then J,, ;, satisfies the Palais—Smale
condition at level c,, 5 for all . > 0. While if | K ||cc > O, then there exists A* = A*(y) > 0
such that J,, ;. satisfies the Palais—Smale condition at level c,, ;, for any ). > A*.

Proof Fix y < «H and let (u,), C D*P(R"N) be a Palais—Smale sequence of Jy 5 at level
¢y, forall A > 0. By (M) and (1.3)

Ty ) = (0] )t = ot (i 1? ) = Mt )t 1,
y.allln q y A \dn)s Un) = » nls,p q nls,p nls,p

11 , (1 1 P
AV llnlly + P lunll e x (2.8)
N

1 1 yT (1 1 1 1 *
14 p p Ps
= (Qp - ;)M([un]s,p)[un]s,p - H (; - ;) [un]s,p + (; - p*)“”n ”p;«,](-

)

Then, thanks to (1.2), (2.4) and (2.8) there exists 0, ; > 0 such that as n — oo

ey + oy alunls,p +o0(1) > puy[ugll ,,

Gl e
wy=al ———-)—-——(——-) > .
Y op q H\p ¢

since y < k H. Therefore, (1), is bounded in D% 7 (RV).
By (1.3) and Lemma 2.1, there exists u,, 5 € D% P(RN) such that, going if necessary to a
subsequence

ty = tty 5 in D*PRY), (unly p = 5,
*
. N —
tn = 1ty 0 L7 @RY), Nl — Lk = s

Un Uy . N
-~ 22 LP@RY), un —uyallg = 10, 2.10)
e T LR, syl 1y, (

Uy —> Uy 3 in LI®RY w), u, — Uy 3 a.e.in RV,

In particular, by (2.4) and (2.8)

1 1 *
Cya+ o(1) > My[un]gp + (5 - E) llun ”Z%»K’ (2.11)

N

where (1, is given in (2.9).
First, we assert that
lim a,; =0. (2.12)
L—00
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Existence theorems for entire solutions of stationary. . . 2109

Otherwise, lim sup,_, o, & = o, > 0. Hence there is a sequence k — Ax 1 oo such
that oty 3, — o, as k — oo. Then, letting k — oo we get from (2.11) and Lemma 2.3 that

0> pyay >0.
This contradiction proves the assertion (2.12). Moreover,
[u)/,)h]s,p = nligrolo[un]x,p = Uy 5,
since u, — uy j, and so (K), (1.3) and (2.12) implies that
li « g = li =1 =0. 2.13
)\LH;OHMV,AHIJS,K )\Ln;o”uy,k”H )Lgro)o[uy,k]s,p ( )

Thanks to (2.4), we have as n — oo

[ (O P21, (x) 0 (x) q
X
|x|Ps

o(1) =M ([un1¥ p)tn, @)s.p — ¥ /R ,
- / w () [ ()92, (1) (x)dx — / K ()it (0017 21 (1) (x)dx,
RN RN

for any ¢ € D*P(RY). By (2.10), the sequence (Uy),, defined in R* \ Diag (R*") by

[t (x) — up (y)lp_z(un(x) —uu(y))
|x — y|(N+PS)/p/

(-xv y) = un(xv )7) =

3

is bounded in L”’ (R2N) as well as U, — Uy, a.e.in R2V, where

[ty 5,.(X) — 1y 5 (P72 (g 1 (X) — Uy 2 ()
Uy (x,y) = x| .

Thus, going if necessary to a further subsequence, we get U, — U, ; in LY (R?V), and
)

(un, (P>s,p g (”y,% ¢’>s,p

for any ¢ € D%P(RN), since [p(x) — ()| - |x — y|"NFTP9)/P ¢ LP(R?N). Then, using
(2.10) and the facts that [u, |77 2u, — |uy |9 2uy; in L9 (RN, w) and |u,| P 2u, —
lty 5|75 2uy 5 in L?(RYN, K), by Preposition A.8 of [3], we obtain

dx

lty 5. (OIP 21y 5. (X)p(x)
14 VY, Y,
M(ay’)\)h/ty,)u (/)>s,p - VAN |x|ps

=2 / | WOy 3 ()1 (g () dx + / K@iy 1P 2y 5 () (x)dx
R R
for any ¢ € D%P(RN). Hence, u,,; is a critical point of the C!(D*?(R")) functional
1 y A 1 *
Jor, , (u) = ;M(Ol;’:,x)[u]f,p - ;||u||1pq — = uldw— E”“”Z},K' (2.14)

N

By the Holder inequality we have

[{u, v)s,pl < [u]f,_pl[v]s,p for all u, v € D (RY)
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and so, forany u € D*?(R"), the functional (u, - )s,p is linear and continuous on DSP(RN).
Consequently, (2.4), (2.10) and (2.14) give as n — 00

o(l) = (J;/,)L(un) - Jo/t%x (uy,k)a Un — uy,k) = M([”n]cp,p)[un]}vn,p
+ M((x)],i)\)[uy,)»]gp - M([un]sp,pxun» ”y,k)s,p - M(af’)\xuy,)u un)s,p

(un P2y — ey 3 1P 2y ) (U — 11y ) q
2 NG !

_a / Ol — Tty 1120y — 10y
R

) *_2
- / Rl Ty 2Pty 1) 1)
R

P p P p P Py
= M(Oly,)h)(ay’)\ - [uy,k]s,p) - V””n”H + V””y,A”H - ||”n||p§f,1(
*
s

+lluy il g +o(D)
= M@l ,)(ttn — uy 218 ) = ¥ lltn = wy 2y = lltn =y 20175 ¢+ 0(D).
In fact, thanks to (2.10) it results
Jim /R WO QT2 =y 1120 (= uy 3)dx = 0.
Furthermore, using again (2.10) and the celebrated Brézis & Lieb lemma of [6]
(wnlf p = Tun —uy 315 p + [uy 2155 + o(1),
D% g = Nt — w0y 3175 g+ Ny 20155 + 0(D),
Nl Gy = N = wy 2l + Ny sl + o(1)
as n — oo. Finally, we have used the fact that [u,];,, — o) 1 asn — oo.

Hence, we have obtained the main formula

Moy ;) Tim [y —uy sl p = 1 Jlun =1y l50 ¢ +y lim g —uyallf o1s)
Py '
= Z%A + )/l)]:,)\.
Let us divide the proof in two parts.
Case | K ||ooc = 0. Clearly £, ; = 0in (2.15). Assume for contradiction that 7, ; > 0. Then,
from (1.3) and (2.15)

P : P _ : b4 : b4
M(O{V’}L) nlgr;o[u” - uy,k]s,p =Yy HIHEOHMH — Uy ”H <aH HIEEOHMn - My,)\”H
< Moy ;) lim [un — uy 215 p.
which is impossible. Hence, 1), 5 = 0 for all A > 0. Thus, using also (2.15) and the fact that

£y =0, we get

. _ P _ P o_
'1]Ln;o[un My,)»]s,p = nlggo”un uy,k”[-] 0

by (1.2). In conclusion, u, — uy; in D*P (RN as n — oo for all A > 0 as required.
Case || K ||oo > 0. By (2.11) and the Brézis & Lieb lemma, we get as n — 0o
1 1 1

1 o P P
Cya + o(l) > (; - E)”un”p;s]( = (; - p;‘) I:EV’)‘ + ”uy,)»”p;g](] +o(D).
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Then, Lemma 2.3 and (2.13) imply that
lim ¢, ; =0. (2.16)
A—00
Since y < aH there exists ¢ € [0, 1) such that y+ = ca H. Thus, (2.15) can be rewritten
as
(1= oMey;) m [uy —uy I p + M@y ;) lim [un —uy 3005 =65 +y 1),
Now, for all & > 0 we have €7, +y 17, > (1 = OS|IKlloo PP atl, +caHi’, by
(K), (1.3) and (1.2), being ¢ € [0, 1). Therefore, since y ™ = ca H,
€, = (=S [Klloo P/Patl,. (2.17)

Consequently, (2.16) and (2.17) imply at once that there exists A* = A*(y) > 0 such that
£y, = 0forall A > A*. In other words,

lim |lu, —u =0
n—)oo” n y,)»”p;‘,K

for all A > A*. From now on we can proceed as in the first case, and prove that 1,2=0 for all
A = A*. Thus, using also (2.15), we get u, — u,  in DS P(RN) asn — oo forall A > A*
as required, and the proof is complete. O

As already noted in the Introduction, besides the obvious case M = a, in which k = a,
there are several non-monotone Kirchhoff functions for which x = a, that is & = 1. For
instance, M(t) = 2in [0, 1], M(t) =3 —tin[1,2], M(t) = 1in [2,3], M(t) =t — 2 in
[3,2+/3] and finally M (1) = 2+/3 — 2 in [24/3, 00) is a non-monotone function satisfying
(M), with 6 = 1.

Proof of Theorem 1.1 Fixy € (—o0, k H). Thanks to Lemmas 2.2 and 2.4 the functional J, ;,
satisfies all the assumptions of the mountain pass theorem for any A > 0 when ||K|oc = 0
and for any A > A*, with A* = A*(y) > 0if || K || > 0. This guarantees the existence of a
critical point u,, ; € DS P(RN) for Jy.aatlevelcy ;. Since Jy 5 (uy,3) = ¢y 5 > 0= J,,(0)
we have that u,, ; # 0. Moreover the asymptotic behavior (1.4) holds thanks to (2.13). O

3 The degenerate problem (1.5)

In this section we study the degenerate problem (1.5), and in passing we recall that (M) is
assumed throughout the paper.
If 4 (ty) > 0 for some #p > 0, then (M) yields that

8.4 (1) > 4 (to)t? forallt € [0, 1] (3.1)
and we have the following

Lemma 3.1 Suppose that ./ is not identically zero in RY and that (M) holds, with 6 = 1.
Then M (0) = My > 0.

Proof Suppose that .# (1) > 0, for simplicity. By (3.1) we know that

t
M)t < (1) :/ M(v)dr
0
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for all ¢ € [0, 1]. Now, let (#,), be a sequence such thatt, € (0, 1) foralln € Nand ¢, | 0
as n — oo. By the mean value theorem, we obtain the existence of a sequence (t,),, with
7, € (0, t,), such that

M (Dty, < M(ty)t, forallm e N 3.2)

and so .Z (1) < M(z,) for all n € N, being 7, > 0. Observe that M(t,) — M(0) as
n — oo, since 7, — 0 asn — oo and M is continuous. Hence, letting n — oo in (3.2) we
get M (0) > .#(1). This completes the proof, since .# (1) > 0 by assumption. O

As note in [9], condition (M) gives that M (¢) > O for any r > 0. In particular, under
(M) and (M), Lemma 3.1 implies that 0 > 1 when M(0) = 0. The vice versa is false.
Indeed, when @ > 0 and b > 0, the canonical Kirchhoff function M (t) = a + bt has the
property that M (0) = a > 0, but M satisfies (M) for any 6 > 2.

We say that u € DP(RY) is a (weak) solution of (1.5) if

M ([l p) (. ¢)s,p :)‘/RN w ()1 ()97 (x) g (x)dx

+ / K)o P 2u(x)p(x)dx,
]RN

for all ¢ € D®P(RN). The underlying functional associated with problem (1.5) is J, :
D*P(RN) — R, given by

1 A 1 *
S = Al ) = il =l

S

Obviously, also J, is well defined and of class C L(D*P(RN)). For (1.5) we somehow
follow the strategies developed in Sect. 2, but for convenience of the reader we give details.

Lemma 3.2 Suppose that ./ is not identically zero. For any . > 0 there exist « > 0
and p > 0 such that J,(u) > « for all u € DS P(RN), with [uls,p, = p, and a function
e € Cgo (RN, with lels,p > p and Jy(e) < 0. The function e is independent of ). when
K > 0a.e inRVN.

Proof By assumption there exists 7o > 0 such that .# (té7 ) > 0.
Fix A > 0 and take u € D*P(R"), with [ul;,, < fo. By (M), (K), (1.3), (2.1) and (3.1)
there exists a positive constant Sk such that

By = mlall®, = Sl — =l
Ps
> mlul’, - gcg [l — Sk ull’.
where m = . (t})t, % /p > 0, as shown above. Setting
() = m % — gcz}t‘f — Skt? forallt € [0, to],
we note that there exists p € (0, #o] such that max;c[o,4,] 71 (t) = 1n5.(p) > 0, sincefp < g <

p¥ by (w). Consequently, J (u) > & = n;(p) > 0 forallu € D*P(RV), with [u],, = p.
Now, take v € C(C)’O(]RN) such that [v]; , = 1. By (2.3) we have as t — o0

5

tq tpx £3
Jotv)y <mt% —x—|wlld , — —Ilv|I%  — —oo,
q pi
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since 0p < g < pi by (w). Hence, taking e = tov, with 79 > 0 sufficiently large, we obtain
at once that [e];,, > 2o and J).(e) < 0. In particular, [e],, > p and e does not depend on A
whenever K >0 a.e. in RV. m]

Again from the proof of Lemma 3.2 it is apparent that if e is the function determined at
some Ao > 0, then e is such that J;(e) < O forall A > A¢ and [e];,, > 2t) > p = p(}),
being p € (0, 1]

Fix A > 0 and set

= inf J; 1)),
Ch ggmgﬁl A1)

I={5 € C(0. 11, D*P(®Y)) : £(0) = 0, §(1) = e}.
Obviously ¢; > 0 thanks to Lemma 3.2.
Lemma 3.3 If 4 is not identically zero, then
,\]Ln;o ¢ =0
Proof We can proceed exactly as in the proof of Lemmas 3.2 and 2.3, formally taking y = 0,
Ao > 0, replacing . (1) by . () /tgp in (2.6) and defining
A={k> A : tilels,p = 10}
We leave the further details to the reader. O
Let (i), C D*P(R"N) be a Palais—Smale sequence for Jj at level ¢; € R. Then
B (un) = ¢ and Jy(uy) —> 0 asn — oo. (3.3)

Next, we prove the validity of the Palais—Smale condition for J; atlevel ¢, in D*-? (RM),
following somehow the main idea of the proof of Lemma 3.4 in [2], given for p = 2, see
also [9]. It is exactly at this point that we need also (M) and (M>). Just to clarify the two
simple examples,

4t set € [0, 1],
Mi(t)=16—2t sete[l,2], My (t) = </t + arctan ¢,
t set € [2,00],

are not monotone, but satisfy (M), with 6 = 2, as well as (M) and (M3).
Lemma 3.4 Let (M1)—(My) hold and suppose that ps < N < 2ps. If |[K ||co = O, then
the functional J, satisfies the Palais—Smale condition at level c;_ for all A > 0. While if

IK loo > O, then there exists \* > 0 such that J, satisfies the Palais—Smale condition at
level c), for any ). > A\*.

Proof FixA > 0.Let (u,), C D*?(R") be a Palais—Smale sequence of J, atlevel ¢;. Due to
the degenerate nature of (1.5), we have to consider two situations. Either ian [upls,p =dp >0
ne

or ing [1,]s,p = 0. Hence, let us divide the proof in two parts.
ne
Case ing[u,,]syp = dj > 0. We claim that (u,), is bounded in D*"?(RN). By (M), with
ne
T, = df , there exists mj = m,, > 0 such that

M([u,1¥ ,) > m; foranyn € N. (3.4)
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Using (M), we get

1
Ji(up) — 7(.]/{(11,,), Up)
q
” (3.5)

1 1
=~ ([unll p) — =M ([un) lunl? p + (
q q s
1 1 *
- - —)nunuﬁg,K.

1 1 P P
= % - M([”n]s,p)[”n]x,p + q p;"
Then, thanks to (3.3) and (3.4), there exists o) > 0 such that as n — oo
1
.+ U)L[un]s,p +o(1) > my (% - 7)[un]§p~

Therefore, (i), is bounded in D*P(RV), since 1 < p < 6p < q by (M), (w) and

Lemma 3.1.
By (1.3) and Lemma 2.1, there exists u; € D*P(RN) such that, going if necessary to a

[un].v,p — Uy,
(3.6)

subsequence
: s,p N

U, — uy in D>P(R™),

lun — upllpx. & — €,

. *
Uy — uy in L (RN),
. q N : N
U, — u) in L1°(R™, w), U, — uy a.e.in R,

In particular, by (3.5) as n — oo
3.7

e 4o0(1) > (i - l)M([u 18 )unl?
A - Gp q nlis,p nls,p-

Moreover o), > 0, since dj > 0. Therefore M([un]sp’p) — M(af) > 0asn — oo, by
the continuity of M and the fact that O is the unique zero of M thanks to (M).
First, we assert that
lim a; = 0. (3.8)
L—00

Otherwise, lim sup, _, ., @) = « > 0. Hence there is a sequence k — A; 1 oo such that
ay, — o ask — oo. Then, letting k — oo we get from (3.7) and Lemma 3.3 that

1 1
0> (— - f)M(otp)ap >0
bp g
by (M). This contradiction proves the assertion (3.8). Moreover,

[uk]s,p < lim [”n]s,p = Uy,
n— 00

since u, — uy in DSP(RY), and so (K), (1.3) and (3.8) implies that
(3.9)

lim ||M)\||p;ﬂ,1( = lim [M)L]s,p = 0.
A—00 A—00

Thanks to (3.3), as in Lemma 2.4, we obtain
M (@) (uz. ¢)s.p =2 / | WOl (0172w (1) (x)dx
R

+ /R KOl 01 0, ()p()ds
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forany ¢ € D*P(RY). Hence, u,_is a critical point of the CcL(D%P(RM)) functional

1 A 1 *
Jo () = ;M(af)[u]sp,p - gllullz,w - Ellullﬁglp (3.10)

s

Consequently, (3.3), (3.6) and (3.10) give as n — oo

o(1) =(J5 (un) = Jo, W), tn — 1) = M([un ¢ p)n1f p + M@ w315

- M([un]sp,p)(un» u)»)s,p - M(af)@‘k’ un)s,p
- / . W) (un? 21y — luz |9 %u3) (uy — uz)dx
R
—~ / K (1?2 = s 75200 (= ) G.11)
R
=M (@)) (et =[5 p) = lunllpy g+ lurll}: x +o(D)
=M () (un — w18 p) — lun — uxllﬁ},,{ +o(1).
Thus, we have obtained the main formula
M@y lim [u, —up1?, = lim ||lu, — uA||P§ ) (3.12)
A oS P n— 00 pi.K

Suppose that || K [loc = 0. Then £;, = 0in (3.12) and so u,, — uy, in D*P(RY) asn — oo
for all A > 0, being M () > 0.

Otherwise, if || K|loo > 0, by (3.3), (3.5), (3.6) and the Brézis & Lieb lemma, we get as
n— 0o

*
S

1 1 1 *
¢, +o(l) = Jy(u,) — 7(‘]){‘(1’{11)! Up) > (* — 7) llun ”;:k K
q q D o

1 1 [ P pr
= (== = )[&" + 1l ] + o0,
(q P;*) g ek
Then, Lemma 3.3 and (3.9) imply that
lim ¢, =0. (3.13)
A—00

Therefore, by (K) and (3.12), we have as n — oo
lw — w15 = SIK lloo ™7 M@t — 3 11 ¢ +0(1),

where § is the best fractional Sobolev constant given in (1.3). Consequently, using (3.6), for
all A e R X
e > SIK |loo PP M(al)e?. (3.14)

We claim that there exists A* > 0 such that £, = O for all A > A*. Otherwise there exists
a sequence k — A 1 oo such that £;, = £, > 0. Observe that (3.11) implies in particular

M@)) () =)} p) = 6.
for any A > 0. Then, denoting o, = o and u;, = uy, by (3.14) we get

* N _ *
PN = M@P PN (@f = w12 )P = SIK oo PP M(a)).
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Thanks to the above inequality, (M>) and (3.8), we obtain for k sufficiently large
2s/N s/N -p/pi —ps —p/p¥ _p(—ps/N
of N > (@f = 1wl )" = SIKILT M@y TN = s K P,

where ¢ = b!=P5/N Hence, since oy > 0 for all k € N, it follows that for all k sufficiently
large
af PPINTD > eS| K |0 PP

This is impossible by (3.8), being 2ps > N by assumption. The claim is so proved.
Therefore, for all A > A*
lim Jlup, — upllpr,x = 0.
n—00

Consequently, by (3.12), u,, — u; in DSP(RN) asn — oo forall A > A*, as required.
This completes the proof of the first case.
Case ing[un]s,p = 0.If 0 is an accumulation point of ([u,]s, »)», then there is a subsequence
ne

strongly convergent to u; = 0 in D%? (RN and so ¢, = Jy.(uy) = 0, which contradicts

¢, > 0. Hence, 0 is an isolated point for the real sequence ([u,]s,;),. Then there is a

subsequence ([uy, ]s, p)k such that éng[unk]s,p = d, > 0, and we can proceed as before. This
€

completes the proof of the second case and of the lemma. O

Proof of Theorem 1.2 Thanks to Lemmas 3.2 and 3.4 the functional J, satisfies all the
assumptions of the mountain pass theorem for any A > 0 when ||K| o = 0 and for any
A > A%, with A* > 0, if |K||lc > 0. This guarantees the existence of a critical point
uy € DP(RVN) for J, at level cy. Since Jy(u;) = ¢;. > 0 = J;(0) we have that u; # 0.
Moreover the asymptotic behavior (1.6) holds thanks to (3.9). O

4 The Schrodinger—Kirchhoff equation (1.7)
This section is dedicated to the study of the Schrodinger—Kirchhoff equation (1.7). First,
by Theorem 6.7 and Corollary 7.2 of [12] we have the following embedding result for the
uniformly convex Banach space W defined in the Introduction.
Lemma 4.1 Let (V) hold. If v € [p, pi], then the embeddings

W WHPRY) — LY(®RY)
are continuous. In particular, there exists a constant C,, > 0 such that

lully < Cyllullw forallu € W.

Ifv e [1, p¥), then the embedding W —— L"(Bg) is compact for any R > 0.

We say that u € W is a (weak) solution of problem (1.7) if
M([u) p){u, 9)s.p +/N V()1 ()|P7u(x)p(x)dx 4.1)
R

=/ f(x,u(x))«p(x)dx—i—/ g(x,u(x))w(x)dx+/ h(x)g(x)dx
RV RV RV
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for any ¢ € W. Obviously, also problem (1.7) has a variational structure and the underlying
functional associated is /, defined in W by

1) = J) — H@), Jw) = —(a(ulf,) + ull? ).

1
p
H(u) :/ F(x,u)dx —I—/ G(x,u)dx +/ h(x)udx.
RN RN RN
By Lemma 2 of [31] we know that J : W — R is of class CY(W) and

('), p) = MUl p)(u, ¢)s,p + /RN V() u ()P u(x)e(x)dx

forallu,p e W.
The next results take somehow inspiration from Lemma 3.1 of [19].

Lemma 4.2 Assume (V1) and (F). Then the functional ® (u) = fRN F(x, u)dx is of class
CY (W) and for any fixedu € W

@.g) = [ Flutnewds forallg e w. 42)
RN
Furthermore, ® : W — W/ is weak-to-strong sequentially continuous.

Proof First, @ is well defined on W. Indeed, using the Holder inequality and Lemma 4.1,
we get

q

1 q CP;‘ q
~lwlipllully: = lwllp lullyy, under (f1)
05/ F(x,u)dx < {4 9
]RN

q Cq q '
gllwlloollullq < ||w||oo?||”||w under (f2) — (@)
Hence, denoting for simplicity by K,, either |wl|| @CZ}* /q or ||w||OOCZ /q, we get at once
0< /RN F(x,u)dx < Ky llulf,. 4.3)
Obviously, the functional @ is Gateaux differentiable in W and (4.2) holds forallu, ¢ € W.

Thus, we only need to prove that @' (u,) — ®'(u) in W' if u, — u in W. Let (u,), C W
and u € W such that u,, — u in W. Then there exists a constant C such that for all n € N

lupllw = C and Jullw < C.

First, suppose that (f1) holds in (F). Using Lemma 2.1 we know that u,, — u in
LY(RM  w) and so |u, |9 %u, — |u|?2u in LY (RN, w), thanks to Proposition A.8 of [3].
Fixed v € W, with |lv||lw = 1, by the Holder inequality and Lemma 2.1 we get as n — oo

, 1/q'
/N |f e, wn) = f(x,w)] - Jvldx < (/N w) [[unl? 2y — | 2ul? dx) lvllg,w
R R

, 1/q'
< cw(/ w () ||| 20y — |uld™u|? dx) =o(1).
RN
Consequently, @' (u,) — ®'(u) in W' as n — oo, as required.
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Now suppose that (f2)—(a) holds in (F). Fixed ¢ > 0, there exists R, > 0 such that for
x| > R,

|f (e, u()] < elu@)?™" and | f(x, un(x))] < elup(x)|97" foralln e N, (4.4)

Consider a subsequence (u,, )x C (4,),. By Lemma4.1 we getthatu,, — win LY(Bg,).
Hence, up to a further subsequence, still denoted by (u,, ), for simplicity, there exists a
function ¢ € L4(Bg,) such that

up, — uae.in Bg, and |u, | < ¢ae.in Bg, and forall k € N.

Consequently, using ( f2)—(a) we have that f(x, u,, (x)) — f(x,u(x)) fora.a. x in Bg,
and
|G )] < wllocp? ™" € LY (Bg,) forall k € N.

The Lebesgue dominated convergence theorem implies that f(x, u,,) — f(x,u) in
Lq/(BRg) and so f(x,u,) = f(x,u)in Lq/(BRg) as n — oo, since the sequence (i, )i is
arbitrary.

Fix v € W, with ||v||w = 1. Then

Lo\ e
/ [f e up) — fx,u)| - uldx < (/ [f G, un) — f(x,u)]? dx) lvllg
R R

€ &

, 1/q'
ch(/ If(x,un)—f(x,u)|‘1 d)C) :0(1)

€

as n — 00. Now, by the Holder inequality, Lemma 4.1, ( f2)—(a) and (4.4)
/ Lf (e un) — f(x, u)] - Joldx S/ If(x,un)l-lvldX+/ [fCe,u)] - Jvldx
RN\ Bp, RN\ Bg, RN\Bp,

< s/ 1971 - ol + s/ el - Joldx
RN\ Bg, RN\Bpg,

€
—1 -1
< ellvllg(luallg™ + lullg™)
-1 -1
< eCq (lunllfy ™ + llullyy ) < ex,

where k = 2CJC9~!. Hence, as n — oo

(D' (un) — @' (w), v)| < /RNIf(x, up) — f(x,w)] - Joldx < ek +o(1).

Then, being ¢ > 0 arbitrary, we get at once that

10" (un) = @' Wllw = sup [P (un) — ®'(w),v)| > 0 asn — co.

veW, [vllw=1

This complete the proof. O

Clearly, the proof of Lemma 4.2 does not use at all ( f2)—(b) in (F). Combining Lemma 4.2
with Lemma 3 of [31], we have that H € C'(W) and

(H'(u0), ) = / e u())dx + / g e, u(x)p(x)dx + / B0
]RN ]RN ]RN

for all u, ¢ € W. Consequently, the underlying functional / associated with problem (1.7)
is well defined and of class C1(W).
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Before proving Theorem 1.3. let us note that (G) yields
|G(x,1)| < &t|” 4 Cc|t|” foraax e RY andallr € R. (4.5)
Lemma 4.3 Suppose that (M), (V1), (F) and (G) hold. Then there exist numbers o > 0,

p > 0and§ > Osuchthat I(u) > aforallu € W, with ||u|lw = p, andforallh € L”/(RN),
with ||h||,y < 8, andthere exists a radial functione € C(‘)X’(RN), with |le|lw > pandI(e) < 0.

Proof By the Holder inequality, Lemma 4.1, (3.1) with 7o = 1, (4.3) and (4.5), foru € W,
with |lu|lw < 1, and putting f = min{.# (1), 1}/p, we have
1 P 0
I(u) > ;(///(I)Msf’p +lullh ) = Kullullfy — ellulgy — Celluly — all llully

Op Op Op q
= Bllully — eCyp lullyy — Kuwllully, — CeCrllully — Collally lullw

B, ep—1 -1 _
= (Slulyy ™" = Kullull, " = CoCllully " = Colllly ) lullw,
2
choosing ¢ = /S/ZC;?I",7 > (. Define

n() = gtep‘l —Kyt?'—c.crl forallr €0, 1]

There exists p € (0, 1] such that max;c[o,1] n(t) = n(p) > 0, since 1 < Op < min{q, r}
by (M), (F) and (G). Taking § = n(p)/2C,, we obtain that I (1) > o = pn(p)/2 > 0 for
allu € W, with |lullw = p and forall h € LY (RN), with |||, < 8.

Fix a radial function v of class CSO(RN), with |lv]lw = 1. Fora.a x € R, by (F) we
obtain that the function ¢ > t~9 F (x, tv(x)) is non-decreasing in R* and so

F(x,tv(x)) > t9F(x,v(x)) forallr > 1.

Clearly fRN F(x,v)dx > 0by (F) and the fact that v € C(C)’O(RN) and ||v]|lw = 1. Hence,
ast — 00

/ F(x,tv)dx > t‘f/ F(x,v)dx — oo. (4.6)
RN RN

Similarly, for a.a x € RY the function t — "G (x, tv(x)) is non-decreasing in R* by
(G) in both cases (i) and (ii). Then

/ G(x,tv)dx > t“/ G(x,v)dx forallz > 1. 4.7)
RN RN

Moreover, (1.3) implies that [v]; , > 0. Consequently, by (2.3) with #p = 1, (4.6) and
(4.7), putting again 8 = max{.# (1), 1}/p, we have for all r > 1

1 , '
I(tv) < 7(///(1),917[1;]?{,, +tp||vH£,V) —/ F(x, tv)dx —/ G(x, tv)dx —z/ h(x)vdx
p RN RN RN

(t"/ F(x,v)dx + t"/ G(x, v)dx)under G — ()
< B — t/N h(x)vdx — RN :04
R

tq/ F(x,v)dx under (G) — (ii)
RN

— —00,

ast — oo, since 1 < Op < g by (M), (F) and Lemma 3.1 since M(0) = 0. Choosing
e = 1ov, with 79 > 0 large enough, we get at once that e is radial, ||e|lw > p and I (e) < 0.
This completes the proof. O
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Let us recall a standard definition. Let X be a real Banach space and Z be a functional
of class C'(X). We say that 7 satisfies the Palais—Smale condition, if any Palais—Smale
sequence (u,), C X, that is with the properties that (Z(u,)), is bounded and 7’ (u,,) — 0in
X' as n — 00, admits a subsequence which (strongly) converges in X.

It is exactly for proving that I possesses this property in W that we essentially use (V3).
This is also evident from the next crucial lemma.

Lemma 4.4 (Theorem 2.1 of [31]) Let (V1)—(V2) hold and let v € [p, p}) be a fixed expo-
nent. For any bounded sequence (v,), in W there existsv € W such that, up to a subsequence,

vn — v strongly in L"(RY) asn — oo.

Lemma 4.5 Let (My), (V1)-(V), (F) and (G) hold. Then I satisfies the Palais—Smale
condition.

Proof Let (u,), be a Palais—Smale sequence of / in W. Then there exists C > 0 such that
[(I"(un), un)| < Cllunllw and |I(u,)| < C foralln € N. (4.3)

Suppose that 0p < < q. Thus, by (M), (F), (G)—(i) and (4.8) we get

1
C + Cllupllw = I'(uy) — ;(I/Uln)y Up)

S (LI VIR0 P LN (LI TP /F( Jdx
=\op “ Unls,p)Unls, p » 1 Up oV " X, Uy

1 1
+ */ [, up)updx —/ G(x,un)dx+f/ g(x, up)updx
K JRrN RN n JRrN

u—1
n o Jr
1

. (7_i)M([u 12 ) lnl? +(1—1)||u Iy = [, Forms
=\op " nls,p)WUnls,p » m nllpy N s Un

1
+ 7/ SO, u)updx — |[”)ly llugly
q JRrRN

h(x)u,dx
N

1 1 1 1
> (% - ;)M([un]spp)[un]f,p + (; - ;)”un”gv = 1Al Il

Similarly, if ¢ < pu < p§, replacing now (G)—(i) by (G)—(ii), we have
1 /
C + Cllupllw = I(uy) — ;(1 (un), up)

1 1 p p 1 1 P
> % - ; M([”n]s,p)[“n]s,p + ; - ; ”“n”py - - G(x, u,)dx

1
+ */ 8, up)undx — [|hlly lunlly
w Jry

> (1 1)M([ 18 ) unl? +(1 1)Il [ 11w [l ||
> ——-- unls, p)linls, —— = )lu — Nunly-
op ¢ PEPTEREP T Np g )Y v
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Therefore, we have proved that for all n

C+ Clupllw = mi : L] : M ([unlf, p)unf
mn{— — —, — — —
Unflw = op 4 0p " Unls,p)Unls, p
. 1 11 1
+mln[*—*,*—*]llunﬂﬁv—||h||u’||un||u~ 4.9)
p 49 pP MK ’

Due to the degenerate nature of (1.7), we have to consider two situations. Either
inll;[un]s,p =d>0or ing[un]s,p = 0. Hence, let us divide the proof into two cases.
ne ne

Case ian[un]S,p =d > 0. By (M), with T = dP, there exists m = m; > 0 such that
ne

M([u,,]f,p) >m foranyn € N. (4.10)

Thus, (4.9) yields at once that for all n
. 1 1 1 1 1 11 1 »
C+Cllupllw Zminym{ — ——),m{———), ———, — — — ””n”w_ynun”W,
bp ¢ bp w) p g p nu

where y = C,||k]|,y by Lemma 4.1. Consequently, (u,), is bounded in W, since 1 < p <
Op < min{q, u} by (M), (F), (G) and Lemma 3.1, being M (0) = 0.
Hence, there exists a function # € W such that, going if necessary to a subsequence,

U, —~u inW, 4.11)

being W a uniformly convex Banach space. Let us prove that (u,), converges strongly to u
in W.

Since M is continuous in R, then (M ([u,15 ;) — M([u]ﬁp))n is bounded in R. Hence,
(4.11) gives that

[M ([un)§ p) — M) )Nt un — )5, p = 0. (4.12)

lim
n—00

Moreover, Lemma 4.2 implies that

n—oo

lim N(f(x, uy) — f(x,u))(up, —u)dx =0. (4.13)
R

Thanks also to (V;), going if necessary to a further subsequence, still denoted by (u,),,
we have
up, = u in LP(@®Y) and in L™ (RY) (4.14)

by Lemma 4.4, since p < 0p < r < p¥ by (M), (G) and Lemma 3.1, being M(0) = 0.
Furthermore, using (G), with e = 1/6p,

g, )] < 711?77V + K, |t "" foraa.x e RV andallt € R, (4.15)

where K, = rCj/gp. Then, the Holder inequality, (4.14) and (4.15) give as n — o0

/RN (g(x, up) — g(x, u))(uy — u)dx

< /N (een P14 4l P70 o Klutn "™+ Kl ™) faen — w]dx
R

Op—1
op

Op—1

< (llunl + lullgh™ len = wllgp + K (lun 177" + el ™) ey — uell, = o(1).
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Clearly (I'(u,) — I'(u), u, — u) — 0asn — oo by (4.11) and the fact that I'(u,) — 0
in W’. Therefore, combining with (4.11)—(4.13), we obtain as n — oo

o(l) = <1/(un) - 1/(14), Up —u) = M([“n]f",p)((una Up — U)s,p — (U, up — “)x,p)
+ [M([Mn]sp,p) - M([”]ﬁp)](’/l’ Un — M)S,p
b [Vl Py = )ty = w0+ 0(1)
RN
= M([”n]?,p)((”m Un — u)s,p —(u, up — u)s,p)

+ / VOl 2ty — 1?2ty — w0 - 0(1),
R
that is

nlingo (M([”n]f,p)((un’ Un — u)s,p — (u, up — u)g,p)
(4.16)
+/ V() (g 1P 2u — | P~2u0) (un — u)dx) =0.

RN

In particular, M ([un1 p) ((tn, un — )s,p — (U, up — u)sp) > 0 and similarly also
V() (|un|P2uy — P 2u) (1, — u) > 0 by convexity, (M) and (V}). Then, using (4.10)
and (4.16), we get

lim ((”n’ Up —u)s,p — (U, up — u)s,p) =0,

n—oo

4.17)
lim / V() (tn P 2un — [u)?"2u) (uy — u)dx = 0.
n—oo RN

Let us recall the well-known Simon inequalities

&y < LRo(E17728 —1nl?2n) - (€ =), p=>2,
L &o[0817728 —mir=20) - 6 =] as1” + i@ 1< p <2,

forall £, n € RV, where k p and K, are positive constants depending only on p. Let us divide
the proof into two cases.

Assume that p > 2. Taking § = u,(x) —u,(y) and n = u(x) — u(y) in the Simon inequality,
we get by (4.17)

(un —ull ) = / / @) = un () = u) +u)IP|x =y 7NV drdy
R
< kp((un» Un — u)s,p — {u, uy — u)s,p) =o(1)
as n — oo. Similarly, as n — oo
luw — el < kp/N V(o) (el P2ty — )P ~210) ty — w)ddx = o(1),
R
thanks to (V) and (4.17). In conclusion, ||u;,, — u|lw — 0 as n — o0, as required.
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Assume that 1 < p < 2. By (4.11) there exists o > 0 such that [u,];, < o foralln € N.
Then, using the Simon, the Holder inequalities and (4.17), we have as n — oo

lun = u1? p < Kp (Gt tn — s, p — G, 1 — ) p) "% (L1l + Tl ) 27772
< Kp (s g — 1) p — Gttt — ) p) " ()05 + [l 57772
< s (st — 1), p = G, 100 = w)s )" = 0(1)
where k = 2K 0P (2=P)/2 and where we have applied the following elementary inequality
(a+b)?=P12 < q@=P2 4 pC=P/2 foralla, b > 0, (4.18)

Similarly, by (4.11) there exists U > 0 such that ||u,||,,v < U for all n € N. Moreover,
by the Simon, the Holder inequalities, (4.17) and (4.18), as n — oo

p/2
luy = ull? < L(/RN Vo) (It P2t — [u0]P~200) (= u)dx) =o(),

where L = ZKPUP(Z’p)/Z. Hence, ||u, — ullw — 0asn — oo also for 1 < p < 2. This

completes the proof of the first case.

Case ing [un]s,p = 0.1f O is an isolated point for the real sequence ([u, ], )x, then there is
ne

a subsequence ([uy, |5, p)x such that Iinlf\][unk]x,p =d > 0, and we can proceed as before.
€

Otherwise, if 0 is an accumulation point of the sequence ([u,]s, p)x, then thanks to (1.3)
there is a subsequence, still relabeled (u,,),, such that

U, — 0 in D¥P(RYN), in L” (RV) and a.e. in RY. (4.19)

We claim that (u,), converges strongly to 0 in W. To this aim, we need only to show that
llunllp,v — O thanks to (4.19).
Now, (4.9) and (4.19) yield that as n — oo
(1 1 »
C + Cllupllp,v + o(1) = min > 47 & lunlly vy = Ellunllpv + o(1),

where now ¢ = C, k||, by Lemma 4.1. In particular, there exists a constant A > 0 such
that for alln € N

Hence, (i), is bounded in L?(RY, V) and so in W. Thus, by (4.19) and Lemma 4.1

up — 0in W and in L"(RY). (4.20)
By (4.20) and Lemma 4.2
lim [ f(x,u)u,dx =0 and  lim [ h(x)u,dx =0, 4.21)
n—o0 JpN n—>00 JpN

since h € LY (RV).
Clearly (4.15) yields

‘/N g(x, up)uydx
R

< lunllgh + Krllunlly = o(1) asn — oo, (422)
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by virtue of (V,), Lemma 4.4 and (4.19), since p < 6p < r < p¥ by (M), () and
Lemma 3.1, being M (0) = 0.

Obviously, (I'(uy), u,) — 0 as n — oo, by (4.20) and the fact that I’ (u,) — 0in W',
Hence, using the continuity of M and (4.19)—(4.22) we have as n — o0

o(1) :(1/(un)v Up) = M([un]fp)[un]ﬁp + ”un”;V - \/RN SO, up)undx

_/ g(x,un)undx—/ h(x)u,dx
RN RN
=lunll} y + o(1).

This shows the claim.
Therefore, I satisfies the Palais—Smale condition also in this second case and this com-
pletes the proof. O

Proof of Theorem 1.3 The proof is divided into two steps.
Step 1. Let us prove that there exists ug € W such that I’ (ug) = 0 and I (ug) < 0.
First, we claim that there exists a function € Cgo (RM) such that

/ h(x)y¥ (x)dx > 0. (4.23)
RN

Since h € LY (RN \ {0}, the function

px) [|h(x>|”/—2h<x>, if h(x) #0,

, e LY(RY).
0, if h(x)=0

Then, there exists a sequence (%), in C§° (RN such that h,, — ¢ strongly in LY (RM),
since C§°(RY) is dense in L"(R"). Hence, there exists ng € N such that

1 V-1
Ihny — @llv < Ellhllv/ :
Thus, by the Holder inequality, we have
, 1 ’
/ hng () (x)dx = —|lhpy — P llvlinlly +/ lh()[" dx > S|l > 0,
RN RN 2

since h # 0. The claim is proved taking ¥ = h,,,.
Now, putting M, = maxg¢[o,p] M (§7), where p > 0 is the number given in Lemma 4.3,
by (4.3), (4.5), with ¢ = 1, and (4.23) we have

1 P
109) < — @il ) + Dy —/ G(x, 19)dx —r/ ()P (x)dx
p p ’ RN RN

tP P 0
< Mp— W1, + IVl + 7Y llgh + Crt" Il — ’/RN h(x)¥ (x)dx <0,

for t € (0, 1) small enough, since | < p < Op < r by (M), (G) and Lemma 3.1, being
M (0) = 0. Thus, we obtain

co=inf{I(u) :u € B,} <0,

where B, = {u € W : |lullw < p}. Then, by the Ekeland variational principle of [13] in Ep
and Lemma 4.3, there exists a sequence (v,), C B, such that

1 1
co < I(vy) <co+ - and I(v) > 1(v,) — ;Ilv —vnllw (4.24)
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for all n € N and for any v € Ep. Fixed n € N, for all w € Sy, where
Sw={ueW:lulw=1}

and for all o > 0 so small that v, + o w € B, we have
I+ ow) = 1) = —2,
n

by (4.24). Since [ is Gateaux differentiable in W, we get
(v, +0w)—1(vy) - 1

(I'(vn), w) = lim
o—0 o n

for all w € Sw. Hence

1
(1" (vn), w)| < =,
n

since w € Sy is arbitrary. Consequently, I'(v,) — 0in W' as n — oo and so (vy), is
a bounded (PS) sequence of I in B,. Thus, Lemmas 4.3 and 4.5 imply the existence of a
function ug € B, such that I'(ug) = 0 and I (ug) = ¢ < 0.
Step 2. Let us prove that there exists u; € W such that /’(u;) = 0 and I (u;) > 0.

By Lemma 4.3 and the mountain pass theorem, there exists a sequence, say again (v, ),
in W such that as n — oo

I(v,) — c1 and I'(v,) — 0, where

— inf 1@ 0,
¢ = inf max E@) >

={eC(0,1],W):£0)=0,&(1) =¢}
and e € W is the function constructed in Lemma 4.3. Then, Lemma 4.5 implies the existence
of a function u; € W such that I'(u;) =0and I (u;) =c; > 0.
Finally, since I (1) = co < 1(0) =0 < I(u1) = cy, the solutions ug and u; of (1.7) are
non-trivial and independent. This concludes the proof. O

5 The Schrodinger—Kirchhoff equation (1.7) in the radial case

In this section we prove the main existence result for the (1.7) in the radial case. To apply
the mountain pass theorem and the Ekeland variational principle, we need the following
embedding result obtained combining Theorem II.1 of [20] with Lemma 4.1.

Lemma 5.1 Let N > 2. For any p < v < p{, the embedding
Wrag << L"(RY)
is compact, where Wiaqg = {u € W : u is radially symmetric with respect 0}.

Throughout the section we assume that V, f, g and h are radially symmetric functions in
x, and that (M), (V1), (F) and (G) hold, without further mentioning. Again, the geometry
stated in Lemma 4.3 continues to hold. The significant changes now occur in showing the
validity of the Palais—Smale condition. To overcome the non-compactness of the embedding
W L"RY), p < v < p¥, we need to restrict the study searching solutions of (1.7)
in Wiaq.

Lemma 5.2 Let N > 2 and M (0) = 0. Then [ satisfies the Palais—Smale condition in Wryq.
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Proof Fix (u,), any Palais—Smale sequence for / in Wy,q. Then, proceeding exactly as in
the proof of Lemma 4.5, we arrive at the same conclusion, replacing (V2) and Lemma 4.4
by Lemma 5.1, being 1 < p < 0p < min{q, u} by (M), (F), (G) and Lemma 3.1 since
M) =0. m}

To prove the existence of radial solution for problem (1.7), we need the following result.

Lemma 5.3 Let N > 2 and M (0) = 0. Then there exists a number 5 > 0 such that for
all radial perturbation h € LY (RN, with ||h|ly < 8, problem (1.7) admits a non-trivial
mountain pass radial solution uy in Wyyq. If furthermore h is non-trivial, then (1.7) possesses
a second independent non-trivial radial solution uy in Wyaq. More precisely, ug and uy are
non-trivial critical points of the underlying functional I restricted to Wyyq, that is

Ml ) kb + [ VOOl s )p
* (5.1)
= [ fmtpeds + [ stntneeds + [ nwpwods

for any ¢ € Wiy and fork =0, 1.

Proof The proof of this lemma is divided into two steps.
Step 1. As in the proof of Theorem 1.3, since & € LY (RY) is a radial function and & # 0,
we can choose a function 1 € Wyq such that f]RN h(x)¥ (x)dx > 0. Then

co=inf{I(u) :u € B,} <0,

where Ep ={u € Wa : llullw < p} and p > 0 is the number given in Lemma 4.3. Thus,
by the Ekeland variational principle in B, Lemma 4.3 and Lemma 5.2 imply the existence
of a function ug € B, such that I (ug) = co < 0 and I'(ug) = 0 in Wiaq.

Step 2. By Lemmas 4.3 and 5.2 and the mountain pass theorem, there exists a function
i1 € Wraq such that I (uy) = c¢; > 0and I’(u1) = 0 in Wyaq, where

= inf T(E(t 0,
1 égrzg%gfi] &) >

I" ={§ € C([0, 1], Wraa) : £(0) = 0,5(1) = ¢}

and ¢ € Wy,q is the function constructed in Lemma 4.3.
Hence, we have that ug, u; # 0 are two independent radial solutions of (1.7) in the sense
of definition (5.1). This concludes the proof. ]

Observe that, up to this moment, the functions uo and u; given by Lemma 5.3 are solutions
of problem (1.7) only in the Wy,q sense. Now, let us show that these functions are solutions
of (1.7) in the whole space W, that is in sense of definition (4.1). To this aim we use a version
of the well-known principle of symmetric criticality, due to Palais in [28], in the form proved
in [11] which holds in reflexive strictly convex Banach spaces.

Let X = (X, || - |lx) be a reflexive strictly convex Banach space. Then, thanks to the
Hahn-Banach theorem, for any f € X’ there exists a unique 1o € X such that

(f.uo) = lluoll% and || fllx = lluollx, (5.2)

where (-, -) denotes the dual pairing between X’ and X. Suppose that G is a subgroup of
isometries g : X — X, thatis g is linear and ||gu||x = |lu|x for all u € X. Consider the
G-invariant closed subspace of X

Y={ueX:gu=uforall g € G}.
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Lemma 5.4 (Proposition 3.1 of [11]) Let X, G and X be as before and let T be a c!
functional defined on X suchthatZ o g =7 forall g € G. Then u € X is a critical point of
T if and only if u is a critical point of I| 5.

The proof of Lemma (5.4) is a consequence of (5.2) and of the arguments used in the
proof of Proposition 3.1 of [11]. Finally, we have all the ingredients to complete the proof of
Theorem 1.4.

Proof of Theorem 1.4 Let SO (N) denote the special orthogonal group, that is
SON)={A e RV*N : ATA = Iy and det A = 1}.
Next, consider the following subgroup of linear operators of W in itself
=f{a:W—> W:au=uoA, where A € SO(N)}.

Observe that G is a subgroup of isometries of W. In fact fixed u in W, foralla € G

|au”W_// Iu(Ax)—u(Ay)I”d dy+/ V (o)l (Ax) Pdx
R2N RN

|x — y|N+ps

// u(x") — u(y)l”d /dy/-i—/ V) ux)Pdx" = ulll,,
RZN RY

|x/ — y/|N+ps

since |x — y| = |[A(x — y)| = |Ax — Ay| = |x’ — y'|, det A = 1 and V is a radial function.
Moreover, it results that

Wiad ={u € W :au = u forall a € G}.

To apply Lemma 5.4 to the functional /, we need to show that / oa = [ foralla € G.
As before, fixed u € W for all a € G we have

1
(I oa)(u) :;C%([au]gp) + IIaullﬁ,V) - /RN F(x, u(Ax))dx
—/ G(x,u(Ax))dx—/ h(x)u(Ax)dx
RN RN
1
=A@ + ] ) = /R RACRTCNY

—/ G(x', u(x"))dx’ —/ h(xDHu(xHdx' = I(u),
RV RN

since V, f, g and h are radial functions in x. Hence, [ satisfies Lemma 5.4, with X = W
and X' = Wiyq.
By Lemma 5.3 we know that u, u; are critical points of /|y,,, that is

(I'(ug), ) =0 forany ¢ € Wyaq and for k = 0, 1.

Then, using Lemma 5.4, we get that ug and u are critical points of / in the whole space
W. Thus, 1o and u; are solutions of the problem (1.7) in the sense of definition (4.1). ]
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