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Existence, uniqueness, and numerical approximations
for stochastic Burgers equations

Sara Mazzonettoa and Diyora Salimovab

aInstitute of Mathematics, University of Potsdam, Potsdam, Germany; bSeminar for Applied
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ABSTRACT

In this article, we propose an all-in-one statement which includes exist-
ence, uniqueness, regularity, and numerical approximations of mild sol-
utions for a class of stochastic partial differential equations (SPDEs) with
non-globally monotone nonlinearities. The proof of this result exploits
the properties of an existing fully explicit space-time discrete approxi-
mation scheme, in particular the fact that it satisfies suitable a priori esti-
mates. We also obtain almost sure and strong convergence of the
approximation scheme to the mild solutions of the considered SPDEs.
We conclude by applying the main result of the article to the stochastic
Burgers equations with additive space-time white noise.
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1. Introduction

In this work, we exploit the properties of the approximation method introduced in [1] for a

class of stochastic partial differential equations (SPDEs) with non-globally monotone non-

linearities driven by additive space-time white noise and obtain existence, uniqueness, and

(spatial) regularity of the solution processes for such SPDEs. At the same time, we achieve

almost sure convergence of the approximation scheme (see Theorem 3.2). The proof of the

main result of the article (see Theorem 3.2) employs a priori estimates obtained in [2,

Corollary 2.6] as well as an existence and uniqueness result for solutions of a class of

Banach space valued evolution equations in [3, Corollary 8.4]. In addition, under the

abstract setting of the main result, we apply a strong convergence result in [2, Theorem

3.5], and thereby provide an all-in-one statement for existence, uniqueness, and (spatial)

regularity of the solution processes and strong convergence of the approximation scheme

in case of the considered SPDEs (see Corollary 3.3).

The approximation method we consider is the space-time full-discrete nonlinearity-

truncated accelerated exponential Euler-type scheme that converges strongly to the solu-

tions of certain infinite-dimensional stochastic evolution equations with superlinearly

growing non-linearities and driven by additive noise such as stochastic

Kuramoto–Sivashinsky equations with space-time white noise (see [1, Corollary 5.2]),
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stochastic Burgers equations and Allen–Cahn equations both driven by space-time white

noise (see [2, Corollaries 5.6 and 5.11]), and two-dimensional stochastic Navier–Stokes

equations driven by a certain trace class noise (see [4, Theorem 5.1]). Moreover, [5,

Theorem 1.1] establishes spatial and temporal rates of strong convergence for this

scheme in the case of stochastic Allen–Cahn equations. We would also like to mention

that explicit approximation methods similar to the one in [1] have been introduced and

proven to converge strongly for some stochastic evolution equations with superlinearly

growing nonlinearities in, e.g., [6–14].

To explain our result better let us consider H to be the real Hilbert space given by

H ¼ L2ðð0, 1Þ;RÞ, A : DðAÞ � H ! H to be the Laplace operator with Dirichlet bound-

ary conditions on H, and ðHr, h�, �iHr
, jj � jjHr

Þ, r 2 R, to be a family of interpolation

spaces associated to �A: The main result of this article, Theorem 3.2, is applicable to a

subclass of stochastic evolution equations considered in Theorem 3.5 in [2]. This sub-

class has to satisfy an additional regularity condition on the nonlinearity (see Setting

3.1, in particular, inequality (3.1)), which is crucial in the proof of pathwise a priori

estimates for the approximation process (see Lemma 2.2). These a priori bounds guar-

antee that the solution process takes values in an appropriate proper subspace of H,

that is, H. for some . 2 ð0,1Þ, which determines the spatial regularity. We note that

Theorem 3.5 in [2] requires that there exists a solution X : X� ½0,T� ! H. for some

appropriate . 2 ½0,1Þ: Our main result establishes existence and uniqueness of the

mild solution with a compatible spatial regularity. Techniques similar to the ones

appearing in our proof can, e.g., be found in [15, Theorem 3.1 and Section 4.3] which,

in particular, provides existence and uniqueness of the mild solution for stochastic

Burgers equations with additive space-time white noise with values in the Banach space

Cðð0, 1Þ,RÞ exploiting spectral Galerkin approximations.

As an example, we choose to apply the main result of this article to the stochastic

Burgers equations driven by space-time white noise. In this way for every . 2 ð1=8, 1=4Þ
we obtain the existence and uniqueness of the mild solution taking values in the space

H.: In particular, Corollary 4.3 establishes the existence and uniqueness of the mild

solution of the stochastic Burgers equation

@

@t
XtðxÞ ¼

@2

@x2
XtðxÞ � XtðxÞ �

@

@x
XtðxÞ þ

@

@t
WtðxÞ (1.1)

with X0ðxÞ ¼ nðxÞ, n 2 H1=2, and Xtð0Þ ¼ Xtð1Þ ¼ 0 for t 2 ½0,T�, x 2 ð0, 1Þ: We would

like to note that there are several existence and uniqueness results in the literature for

mild solutions of stochastic Burgers equations driven by colored noise (see, e.g., [16])

and by space-time white noise (see, e.g., [17] in the case of cylindrical Wiener process

and [18] in the case of Brownian sheet). Other relevant references can, e.g., be found in

[19, Section 13.9] and [20, Chapter 14] and the references mentioned therein. Our

results extend the strong convergence result for stochastic Burgers equations in [2,

Corollary 5.6] because they yield existence, uniqueness, and spatial regularity of the

mild solution and at the same time not only strong but also almost sure convergence

for the numerical scheme.

To conclude, let us mention the fact that our main all-in-one results (in particular,

Corollary 3.3) can also be applied to the Kuramoto–Sivashinsky equations considered in

[1], recovering the strong convergence result for the numerical scheme obtained there
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and also recovering the existence and uniqueness of the mild solution obtained in,

e.g., [21].

1.1. Outline of the article

First, in Section 2, we analyze pathwise regularity properties of the considered approxi-

mation scheme for a certain family of evolution equations. In particular, we obtain in

Section 2 pathwise a priori estimates and convergence to a local mild solution (see

Lemmas 2.2 and 2.3, respectively). The non-explosion of the approximation scheme

then leads to non-explosion of the unique maximal solution and therefore to pathwise

existence and uniqueness of the global solution (see Proposition 2.4). The main result

of the article is given in Section 3 in Theorem 3.2. It allows us to obtain an all-in-one

statement for existence, uniqueness, and (spatial) regularity of the solution processes

and strong convergence of the approximation scheme in Corollary 3.3. Finally, in

Section 4, we apply the latter to the stochastic Burgers equations with space-time white

noise (see Corollary 4.3).

1.2. Notation

Throughout this article the following notation is used. Let N ¼ f1, 2, 3, :::g be the set of

all natural numbers. We denote by b�ch : R ! R, h 2 ð0,1Þ, the functions which satisfy

for all t 2 R, h 2 ð0,1Þ that

btch ¼ maxðð�1, t� \ f0, h, � h, 2h, � 2h, :::gÞ: (1.2)

For a set A we denote by A 2 N [ f0g [ f1g the number of elements of A and we

denote by IdA : A ! A the function which satisfies for all a 2 A that IdAðaÞ ¼ a (iden-

tity function on A). For a topological space ðX, sÞ we denote by BðXÞ the Borel sigma-

algebra of ðX, sÞ:

2. Pathwise global solutions

This section is devoted to prove a pathwise existence of a unique global solution and

convergence of the approximation scheme. We establish this result in Proposition 2.4.

The main ingredients of the proof of Proposition 2.4 are Lemmas 2.2 and 2.3. The latter

establishes convergence and non-explosion of a (local) solution in a certain general set-

ting and the former shows suitable a priori bounds for the (deterministic) approxima-

tion scheme.

Setting 2.1. Let ðH, h�, �iH , jj � jjHÞ be a separable R-Hilbert space, let H � H be a nonempty

orthonormal basis of H, let g, j 2 ½0,1Þ, let k : H ! R satisfy that infb2Hkb >
�minfg, jg, let A : DðAÞ � H ! H be the linear operator which satisfies DðAÞ ¼ fv 2
H :

P

b2H jkbhb, viHj
2 < 1g and 8 v 2 DðAÞ : Av ¼

P

b2H�kbhb, viHb, let ðHr, h�, �iHr
,

jj � jjHr
Þ, r 2 R, be a family of interpolation spaces associated to j� A (see, e.g., [22,

Section 3.7]), and let T,#, c 2 ð0,1Þ, h, � 2 ½0,1Þ, a,u 2 ½0, 1Þ, c 2 ð0, 1Þ, q 2
½�a, 1�maxfa, cgÞ, .2ðq,1�cÞ, v2ð0,minfð.�qÞ=ð1þ#=2Þ,ð1�a�qÞ=ð1þ#Þg�:
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2.1. A priori bounds

Lemma 2.2. (A priori bounds). Assume Setting 2.1, assume in addition that

supb2Hjkbj < 1, let b 2 ð0,1Þ, h 2 ð0,minf1,Tg�, and let Y ,O,O : ½0,T� ! H, F 2
CðH,HÞ, /,U : H ! ½0,1Þ satisfy for all v,w 2 H, t 2 ½0,T� that gO 2 Cð½0,T�,HÞ, Ot ¼
Ot �

Ð t

0 e
ðt�sÞðA�gÞ gOs ds, jjFðvÞjjH�c

� cð2�þ jjvjj2HÞ, jjFðvÞjj
2
H�a

� hmaxf1, jjvjj2þ#
H.

g,

hv, Fðvþ wÞiH � 1

2
/ðwÞjjvjj2H þ ujjðg� AÞ1=2vjj2H þ 1

2
UðwÞ, (2.1)

jjðg� AÞ�1=2ðFðvÞ � FðwÞÞjj2H � hmaxf1, jjvjj#H.
gjjv� wjj2Hq

þ h jjv� wjj2þ#
Hq

, (2.2)

and

Yt ¼
ðt

0

eðt�sÞA
1 0, h�v½ �ðjjYbsch jjH.

þ jjObsch jjH.
ÞFðYbschÞ dsþ Ot: (2.3)

Then it holds that gO 2 Cð½0,T�,HÞ and for all t 2 ½0,T� that

jjYt � OtjjH.
� 2c etj tð1�.�cÞ

ð1� .� cÞ

�

�þ sup
s2½0,T�

jjObsch jj
2
H ds

þ
 

1þ
hej ð2þ#Þ½1þ ðjþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjegÞjjðj� AÞq�.jjLðHÞ þ

ffiffiffi

h
p

þ ffiffiffi

g
p �ð2þ#Þ

ð1� uÞð1� a� qÞð2þ#Þ

!

�
ðT

0

e

Ð T

s
/ðObuch Þþ2gð1þbÞdu

�

UðObschÞ þ
g

2b
jjOsjj2H

þ jmaxf1, g,Tgjð4þ3#Þmax

�

1,

ðT

0

jj ffiffiffigp
Oujjð4þ2#Þ

H.
du

��

ds

�

:

(2.4)

Proof of Lemma 2.2. First, observe that for all s 2 ð0,TÞ it holds that

jjðj� AÞð.þcÞesAjjLðHÞ ¼ esjs�ð.þcÞjjðsðj� AÞÞð.þcÞesðA�jÞjjLðHÞ � esjs�ð.þcÞ (2.5)

(cf., e.g., Lemma 11.36 in [23]). This, (2.3), the triangle inequality, and the assumption

that 8 v 2 H : jjFðvÞjjH�c
� cð2�þ jjvjj2HÞ imply that for all t 2 ½0,T� it holds that

jjYt � OtjjH.
�
ðt

0

jjðj� AÞð.þcÞeðt�sÞAjjLðHÞjjFðYbschÞjjH�c
ds

� c

ðt

0

eðt�sÞjðt � sÞ�ð.þcÞð2�þ jjYbsch jj
2
HÞds

� c½2�þ sups2 0, t½ �jjYbsch jj
2
H�
ðt

0

eðt�sÞjðt � sÞ�ð.þcÞ ds:

(2.6)

This together with the fact that 8 a, b 2 R : jaþ bj2 � 2jaj2 þ 2jbj2 and the fact that

.þ c < 1 shows that for all t 2 ½0,T� it holds that
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jjYt � OtjjH.

� c

�

2�þ 2 sup
s2 0,T½ �

jjYbsch �Obsch jj
2
H þ 2 sup

s2 0,T½ �
jjObsch jj

2
H

�

etj
ðt

0

ðt � sÞ�ð.þcÞ ds

¼ 2c

�

�þ sup
s2 0,T½ �

jjYbsch �Obsch jj
2
H þ sup

s2 0,T½ �
jjObsch jj

2
H

�

etj tð1�.�cÞ

ð1� .� cÞ :

(2.7)

Next note that the assumption that supb2Hjkbj < 1 assures that A 2 LðHÞ: Corollary
2.6 in [2] therefore ensures that gO 2 Cð½0,T�,HÞ and that

sup
t2½0,T�

jjYbtch �Obtch jj
2
H �

ðT

0

e

Ð T

s
/ðObuch Þþ2gð1þbÞdu

�

UðObschÞ þ
g

2b
jjOsjj2H

þ
hejð2þ#Þ½1þ ðjþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjegÞjjðj� AÞq�.jjLðHÞ þ

ffiffiffi

h
p

þ ffiffiffi

g
p �ð2þ#Þjmaxf1,

Ð T

0 jj ffiffiffigp
OujjH.

dugjð2þ#Þ

ð1� uÞð1� a� qÞð2þ#Þ

�max

�

h2ð.�q�vÞ, h2ð1�a�q�ð1þ#=2ÞvÞ, h

ðT

0

jj ffiffiffigp
Oujj2H.

du

�

�
	

	

	

	

max

�

h�v
,

ðT

0

jj ffiffiffigp
OujjH.

du

�	

	

	

	

#�

ds

� 1þ
hejð2þ#Þ½1þ ðjþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjegÞjjðj� AÞq�.jjLðHÞ þ

ffiffiffi

h
p

þ ffiffiffi

g
p �ð2þ#Þ

ð1� uÞð1� a� qÞð2þ#Þ

 !

�
ðT

0

e

Ð T

s
/ðObuch Þþ2gð1þbÞdu

�

UðObschÞ þ
g

2b
jjOsjj2H

þmax

�

h2ð.�q�vÞ�v#, h2ð1�a�q�ð1þ#ÞvÞ, h1�v#

ðT

0

jj ffiffiffigp
Oujj2H.

du

�

�
	

	

	

	

max

�

1,

ðT

0

jj ffiffiffigp
OujjH.

du

�	

	

	

	

ð2þ#Þ	
	

	

	

max

�

1, hv
ðT

0

jj ffiffiffigp
OujjH.

du

�	

	

	

	

#�

ds:

(2.8)

Combining this with the fact that h< 1, 1� v# � 0,
ð1�a�qÞ
ð1þ#Þ � v,

ð.�qÞ
ð1þ#=2Þ � v demon-

strates that for all t 2 ½0,T� it holds that

sup
t2½0,T�

jjYbtch �Obtch jj
2
H

� 1þ
hejð2þ#Þ½1þ ðjþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjegÞjjðj� AÞq�.jjLðHÞ þ

ffiffiffi

h
p

þ ffiffiffi

g
p �ð2þ#Þ

ð1� uÞð1� a� qÞð2þ#Þ

 !

�
ðT

0

e

Ð T

s
/ðObuch Þþ2gð1þbÞdu

�

UðObschÞ þ
g

2b
jjOsjj2H

þmax

�

1,

ðT

0

jj ffiffiffigp
Oujj2H.

du

�

jmax

�

1,

ðT

0

jj ffiffiffigp
OujjH.

du

�	

	

	

	

ð2þ2#Þ�

ds:

(2.9)
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Moreover, note that H€older’s inequality implies that

max

�

1,

ðT

0

jj ffiffiffigp
Oujj2H.

du

�	

	

	

	

max

�

1,

ðT

0

jj ffiffiffigp
OujjH.

du

�	

	

	

	

2þ2#

� max

�

1, g

ðT

0

jjOujj2H.
du

�	

	

	

	

max

�

1, g T

ðT

0

jjOujj2H.
du

�	

	

	

	

1þ#

�
	

	

	

	

max

�

1, g,T

�	

	

	

	

3þ2#	
	

	

	

max

�

1,

ðT

0

jjOujj2H.
du

�	

	

	

	

2þ#

�
	

	

	

	

max

�

1, g,T

�	

	

	

	

4þ3#

max

�

1,

ðT

0

jjOujj2ð2þ#Þ
H.

du

�

:

(2.10)

This together with (2.9) yields that

sup
t2 0,T½ �

jjYbtch �Obtch jj
2
H

�
�

1þ
hejð2þ#Þ½1þ jþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjeg


 �

jjðj� AÞq�.jjLðHÞ þ
ffiffiffi

h
p

þ ffiffiffi

g
p �2þ#

ð1� uÞð1� a� qÞ2þ#

�

�
ðT

0

e

Ð T

s
/ðObuch Þþ2gð1þbÞdu

�

UðObschÞ þ
g

2b
jjOsjj2H

þ jmaxf1, g,Tgj4þ3#max

�

1,
Ð T

0 jjOujj2ð2þ#Þ
H.

du

��

ds:

(2.11)

Combining this and (2.7) completes the proof of Lemma 2.2. w

Lemma 2.3 (Pathwise convergence and non-explosion). Let ðV , jj � jjVÞ be a separable

R-Banach space, let ðW, jj � jjWÞ be an R-Banach space, let T, v 2 ð0,1Þ, let J � ½0,T� be
a convex set satisfying 0 2 J, let F 2 CðV ,WÞ and W : ½0,1� ! ½0,1� satisfy for all r 2
½0,1� that Wð½0,1ÞÞ � ½0,1Þ and

WðrÞ ¼ sup

� jjFðvÞ � FðwÞjjW
jjv� wjjV

: v,w 2 V , v 6¼ w, jjvjjV þ jjwjjV � r

�

[ f0g
 !

,

(2.12)

let S : ð0,TÞ ! LðW,VÞ be a Bðð0,TÞÞ=BðLðW,VÞÞ-measurable function, let a 2 ½0, 1Þ
and ðPnÞn2N � LðVÞ satisfy that sups2ð0,TÞs

ajjSsjjLðW,VÞ < 1, lim supm!1jjPmjjLðVÞ < 1,

and

lim sup
m!1

ðT

0

jjðIdV � PmÞSsjjLðW,VÞ ds ¼ 0, (2.13)

let O 2 Cð½0,T�,VÞ and On : ½0,T� ! V , n 2 N, satisfy that

lim sup
m!1

sup
s2 0,T½ �

jjOs �Om
s jjV ¼ 0, (2.14)

let ðhnÞn2N � ð0,1Þ satisfy that lim supm!1hm ¼ 0, and let X 2 CðJ,VÞ and

Xn : ½0,T� ! V , n 2 N, satisfy for all t 2 J, n 2 N that Xt ¼
Ð t

0
St�s FðXsÞ dsþ Ot ,
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Xn
t ¼

ðt

0

Pn St�s 1 0, jhnj�v½ �ðjjX
n
bschn

jjV þ jjOn
bschn

jjVÞ FðXn
bschn

Þ dsþOn
t , (2.15)

and lim infm!1sups2J jjXm
s jjV < 1: Then it holds

(i) for all t 2 J that lim supn!1sups2½0, t�jjXs �Xn
s jjV ¼ 0 and

(ii) that sups2J jjXsjjV < 1:

Proof of Lemma 2.3 . First, observe that Item (i) in Proposition 3.1 in [1] shows that for

all t 2 J it holds that

lim sup
n!1

sup
s2 0, t½ �

jjXs � Xn
s jjV ¼ 0: (2.16)

This establishes Item (i). Next note that for all n 2 N, t 2 J it holds that

jjXtjjV � jjXn
t jjV þ jjXt � Xn

t jjV
� sups2J jjXn

s jjV þ jjXt � Xn
t jjV

� sups2J jjXn
s jjV þ sups2 0, t½ �jjXs � Xn

s jjV :
(2.17)

This together with Item (i) implies that for all t 2 J it holds that

jjXtjjV � lim inf
n!1

ðsup
s2J

jjXn
s jjV þ sup

s2 0, t½ �
jjXs �Xn

s jjVÞ

� lim inf
n!1

sup
s2J

jjXn
s jjV þ lim sup

n!1
sup
s2 0, t½ �

jjXs �Xn
s jjV

¼ lim inf
n!1

sup
s2J

jjXn
s jjV < 1:

(2.18)

Therefore, we obtain that

supt2J jjXtjjV � lim infn!1supt2J jjXn
t jjV < 1: (2.19)

This establishes Item (ii). The proof of Lemma 2.3 is thus completed. w

2.2. Pathwise existence, uniqueness, regularity, and approximation

Proposition 2.4 (Global solutions). Assume Setting 2.1, let F 2 CðH.,H�aÞ,
ðPnÞn2N � LðHÞ, let Hn � H, n 2 N, be finite subsets of H satisfying for all n 2 N, u 2 H

that PnðuÞ ¼
P

b2Hn
hb, uiHb, let /,U : H1 ! ½0,1Þ be functions such that for all n 2

N, v,w 2 PnðHÞ it holds that FðvÞ 2 H, jjFðvÞjjH�c
� cð2�þ jjvjj2HÞ,

hv, PnFðvþ wÞiH � /ðwÞjjvjj2H þ ujjðg� AÞ1=2vjj2H þ UðwÞ, (2.20)

and

jjFðvÞ � FðwÞjjH�a
� h ð1þ jjvjj#Hq

þ jjwjj#Hq
Þ jjv� wjjHq

, (2.21)

let ðhnÞn2N � ð0,T� satisfy that lim supm!1hm ¼ 0, assume in addition that a 2 ½0, 1=2�,
. 2 ðq, 1�maxfa, cgÞ, v 2 ð0,minfð.� qÞ=ð1þ #Þ, ð1� a� qÞ=ð1þ 2#Þg�, and
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lim sup
m!1

ðT

0

jjðIdH.
� PmjH.

ÞesAjjLðH�a,H.Þ ds ¼ 0, (2.22)

let O 2 Cð½0,T�,H.Þ and On,On : ½0,T� ! H., n 2 N, be functions which satisfy for all

n 2 N, t 2 ½0,T� that Onð½0,T�Þ � PnðHÞ, gOn 2 Cð½0,T�,PnðHÞÞ,
lim sup
m!1

sup
s2 0,T½ �

jjOs �Om
s jjH.

¼ 0, (2.23)

O
n
t ¼ On

t �
Ð t

0 e
ðt�sÞðA�gÞ gOn

s ds, lim supm!1 sups2½0,T� jjOm
bschm

jj2H < 1, and

lim inf
m!1

ðT

0

e

Ð T

r
2/ðOm

buchm
Þdu

max

�

UðOm
brchm

Þ, jjOm
r jj

2
H , 1,

ðT

0

jjOm
u jj

4þ4#
H.

du

�

dr < 1, (2.24)

and let Xn : ½0,T� ! H., n 2 N, be functions satisfying for all n 2 N, t 2 ½0,T� that

Xn
t ¼

ðt

0

Pn eðt�sÞA
1fjjXn

bschn
jjH.þjjOn

bschn
jjH.�jhnj�vg FðXn

bschn
Þ dsþOn

t : (2.25)

Then

(i) it holds that lim infn!1sups2½0,T�jjXn
s jjH.

< 1,

(ii) there exists a unique continuous function X : ½0,T� ! H. which satisfies for all

t 2 ½0,T� that
Ð t

0 jjeðt�sÞA FðXsÞjjH.
ds < 1 and

Xt ¼
ðt

0

eðt�sÞA FðXsÞ dsþ Ot , (2.26)

and

(iii) it holds that lim supn!1supt2½0,T�jjXt �Xn
t jjH.

¼ 0:

Proof of Proposition 2.4. Observe that (2.22) allows us to assume w.l.o.g. that for all n 2
N it holds that PnðHÞ 6¼ f0g: Throughout this proof we assume that for all n 2 N it

holds that PnðHÞ 6¼ f0g, let e 2 ð0, 1� a� .Þ be a real number, let ~h 2 ½0,1Þ be the

real number given by

~h ¼ maxf1, jjðg� AÞ�1ðj� AÞjjLðHÞg

�max

(

�

8h2 þ 2 jjFð0Þjj2H�a




max

�

1, sup
u2H.nf0g

jjujj2þ2#
Hq

jjujj2þ2#
H.

�

,

3 h2 sup
u2H�anf0g

jjujj2H�1=2

jjujj2H�a

2

4

3

5 1þ sup
u2H.nf0g

jjujj2#Hq

jjujj2#H.

2

4

3

5ð1þ 2maxf2#�1, 0gÞ
)

,

(2.27)

let W : ½0,1� ! ½0,1� be the function which satisfies for all r 2 ½0,1� that WðrÞ ¼
supðfjjFðvÞ � FðwÞjjH�a

=jjv� wjjH.
: v,w 2 H., v 6¼ w, jjvjjH.

þ jjwjjH.
� rg [ f0gÞ, and

let w : ð0,TÞ ! ð0,1Þ be the function which satisfies for all t 2 ð0,TÞ that
wðtÞ ¼ etj � 1þ te: (2.28)

Note that (2.21) ensures that for all r 2 ½0,1Þ, v,w 2 H. satisfying v 6¼ w and jjvjjH.
þ

jjwjj. � r it holds that
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jjFðvÞ � FðwÞjjH�a

jjv� wjjH.

�
jjv� wjjHq

jjv� wjjH.

h ð1þ jjvjj#Hq
þ jjwjj#Hq

Þ

� supu2H.nf0g
jjujjHq

jjujjH.

" #

h ð1þ 2r#Þ < 1:

(2.29)

Therefore, we obtain that for all r 2 ½0,1Þ it holds that

WðrÞ � h ð1þ 2r#Þ supu2H.nf0g
jjujjHq

jjujjH.

" #

< 1: (2.30)

This establishes that

Wð 0,1ÞÞ � 0,1Þ:½½ (2.31)

Next observe that for all n 2 N, t 2 ½0,T� it holds that

jjXn
t jjH.

� jjOtjjH.
þ jjOn

t � OtjjH.
þ jjXn

t �On
t jjH.

: (2.32)

This and (2.23) yield that

lim inf
n!1

sup
t2 0,T½ �

jjXn
t jjH.

� sup
t2 0,T½ �

jjOtjjH.
þ lim inf

n!1
sup

t2 0,T½ �
jjXn

t �On
t jjH.

: (2.33)

Furthermore, note that (2.21) and, e.g., Lemma 2.4 in [1] (with V ¼ H., V ¼ Hq, W ¼
H�a, W ¼ H�1=2, � ¼ h, h ¼ maxf1, jjðg� AÞ�1ðj� AÞjjLðHÞg

�1 ~h, e ¼ #, # ¼ 2# in

the notation of Lemma 2.4 in [1]) ensures for all v,w 2 H. that

jjðg� AÞ�1=2ðFðvÞ � FðwÞÞjj2H
� jjðg� AÞ�1ðj� AÞjjLðHÞjjFðvÞ � FðwÞjj2H�1=2

� ~hðmaxf1, jjvjj2#H.
gjjv� wjj2Hq

þ jjv� wjj2þ2#
Hq

Þ
(2.34)

and

jjFðvÞjj2H�a
� ~hmaxf1, jjvjj2þ2#

H.
g: (2.35)

In addition, observe that the assumption that 8 n 2 N : Onð½0,T�Þ � PnðHÞ implies for

all n 2 N that O
nð½0,T�Þ [ Xnð½0,T�Þ � PnðHÞ: Combining this, (2.34), (2.35), and

Lemma 2.2 (with H ¼ PnðHÞ, b¼ 1, h ¼ ~h, # ¼ 2#, A ¼ ðPnðHÞ� v 7!Av 2 PnðHÞÞ 2
LðPnðHÞÞ, h ¼ hn, Y ¼ ð½0,T�� t 7!Xn

t 2 PnðHÞÞ, O ¼ ð½0,T�� t 7!O
n
t ðxÞ 2 PnðHÞÞ,

O ¼ ð½0,T�� t 7!On
t ðxÞ 2 PnðHÞÞ, F¼ðPnðHÞ�v 7!PnFðvÞ 2PnðHÞ\H�aÞ 2CðPnðHÞ,

PnðHÞÞ, /¼ 2/jPnðHÞ,U¼ 2UjPnðHÞ for n2fm2N : hm � 1g in the notation of Lemma

2.2) yields that for all n2fm2N : hm � 1g it holds that
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supt2 0,T½ �jjXn
t �On

t jjH.
� 2c eTj Tð1�.�cÞ

ð1�.� cÞ

�

�þ sups2 0,T½ �jjOn
bschn

jj2H

þ 1þ
~hejð2þ2#Þ 1þ jþ ffiffiffi

g
p þ ffiffiffi

g
p jj�gjeg


 �

jjðj�AÞq�.jjLðHÞþ
ffiffiffi

~h
p

þ ffiffiffi

g
ph i2þ2#

ð1�uÞð1�a�qÞ2þ2#

0

@

1

A

�
ðT

0

e

Ð T

s
2/ðOn

buchn
Þþ4gdu

�

2UðOn
bschn

Þþg

2
jjOn

s jj
2
H

þjmaxf1,g,Tgj4þ6#max

�

1,
Ð T

0 jj ffiffiffigp On
ujj

4þ4#
H.

du

��

ds

�

:

(2.36)

Hence, we obtain that

lim inf
n!1

supt2 0,T½ �jjXn
t �On

t jjH.
� 2c eTj Tð1�.�cÞ

ð1� .� cÞ

�

�þ lim sup
n!1

sups2 0,T½ �jjOn
bschn

jj2H

þ 1þ
~hejð2þ2#Þ 1þ jþ ffiffiffi

g
p þ ffiffiffi

g
p jj� gjeg


 �

jjðj� AÞq�.jjLðHÞ þ
ffiffiffi

~h
p

þ ffiffiffi

g
ph i2þ2#

ð1� uÞð1� a� qÞ2þ2#

0

@

1

A

� lim inf
n!1

ðT

0

e

Ð T

s
2/ðOn

buchn
Þþ4gdu

�

2UðOn
bschn

Þ þ g

2
jjOn

s jj
2
H

þ jmaxf1, g,Tgj4þ6#max

�

1,
Ð T

0 jj ffiffiffigp On
ujj

4þ4#
H.

du

��

ds

�

:

(2.37)

Combining this, the assumption that lim supm!1sups2½0,T�jjOm
bschm

jj2H < 1, and (2.24)

assures that

lim inf
n!1

sup
t2 0,T½ �

jjXn
t �On

t jjH.
< 1: (2.38)

The assumption that O 2 Cð½0,T�,H.Þ and (2.33) therefore prove that

lim inf
n!1

sup
t2 0,T½ �

jjXn
t jjH.

< 1: (2.39)

This establishes Item (i). In the next step we observe that (2.28) yields that

lim sup
t&0

wðtÞ ¼ 0: (2.40)

Moreover, note that the fact that 8 r 2 ½0, 1�, t 2 ð0,TÞ : jjðtðj� AÞÞr etAjjLðHÞ � etj and

jjðtðj� AÞÞ�rðetðA�jÞ � IdHÞjjLðHÞ � 1 (cf., e.g., Lemma 11.36 in [23]) implies that for

all s 2 ½0,TÞ, t 2 ðs,T� it holds that
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sðaþ.þeÞ jjetA � esAjjLðH�a,H.Þ

¼ sejjðsðj� AÞÞðaþ.ÞesAðeðt�sÞA � IdHÞjjLðHÞ

� sejjðsðj� AÞÞðaþ.ÞesAðeðt�sÞA � eðt�sÞjÞjjLðHÞ

þ sejjðsðj� AÞÞðaþ.ÞesAðeðt�sÞj � IdHÞjjLðHÞ

� eðt�sÞjjjðsðj� AÞÞðaþ.þeÞesAjjLðHÞjjðj� AÞ�eðeðt�sÞðA�jÞ � IdHÞjjLðHÞ

þ seðeðt�sÞj � 1Þjjðsðj� AÞÞðaþ.ÞesAjjLðHÞ

� etj ðt � sÞe þ seðeðt�sÞj � 1Þesj

� maxf1,Teg eTjðeðt�sÞj � 1þ ðt � sÞeÞ:

(2.41)

and

saþ.þe jjesAjjLðH�a,H.Þ ¼ sejjðsðj� AÞÞðaþ.ÞesAjjLðHÞ � seesj � TeeTj: (2.42)

This together with (2.28) yields that

sup
s2ð0,TÞ

saþ.þe jjesAjjLðH�a,H.Þ þ sup
t2ðs,TÞ

jjetA � esAjjLðH�a,H.Þ
jwðt � sÞj

 !" #

� 2eTjmaxf1,Teg < 1:

(2.43)

Combining this, (2.30), (2.40), and Item (i) in Corollary 8.4 in [3] (with ðV , jj � jjVÞ ¼
ðH., jj � jjH.

Þ, ðW, jj � jjWÞ ¼ ðH�a, jj � jjH�a
Þ, S ¼ ðð0,TÞ� t 7! ðH�a� v 7! etAv 2 H.Þ 2

LðH�a,H.ÞÞ, S ¼ ð½0,T�� t 7! ðH.� v 7! etAv 2 H.Þ 2 LðH.ÞÞ, o¼O, / ¼ w in the

notation of Corollary 8.4 in [3]) demonstrates that there exists a convex set J � ½0,T�
with f0gˆ J such that there exists a unique continuous function X : J ! H. which sat-

isfies for all t 2 J that
ðt

0

jjeðt�sÞA FðXsÞjjH.
ds < 1, Xt ¼

ðt

0

eðt�sÞA FðXsÞ dsþ Ot, (2.44)

and

lim sups%supðJÞ
1

ðT � sÞ þ jjXsjjH.

� �

¼ 1: (2.45)

Next observe that Item (i) ensures that lim infn!1sups2J jjXn
s jjH.

< 1: Lemma 2.3 (with

ðV , jj � jjVÞ ¼ ðH., jj � jjH.
Þ, ðW, jj � jjWÞ ¼ ðH�a, jj � jjH�a

Þ, a ¼ .þ a, S¼
ðð0,T��t 7!ðH�a�v 7!etAv2H.Þ2LðH�a,H.ÞÞ, ðPnÞn2N¼ðH.�v 7!PnðvÞ2H.Þn2N in

the notation of Lemma 2.3) hence shows that for all t2 J it holds that

limsup
n!1

sup
s2 0,t½ �

jjXs�Xn
s jjH.

¼0: (2.46)

This, in particular, implies that sups2J jjXsjjH.
< 1: Item (iii) in Corollary 8.4 in [3]

therefore assures that J ¼ ½0,T�: This together with (2.44) establishes Item (ii). Next
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observe that the fact that T 2 J and (2.46) prove Item (iii). The proof of Proposition 2.4

is thus completed. w

3. The main result: existence, uniqueness, and strong convergence

In this section, we accomplish in Theorem 3.2 global existence and uniqueness of the

solutions for certain class of SPDEs. Moreover, Theorem 3.2 shows an almost sure con-

vergence of the approximation scheme (3.4). The other result of this section is

Corollary 3.3, which establishes a strong convergence of the approximation scheme and

follows from Theorem 3.2 and [2, Theorem 3.5].

Setting 3.1. Let ðH, h�, �iH , jj � jjHÞ be a separable R-Hilbert space, let H � H be a non-

empty orthonormal basis of H, let g, j 2 ½0,1Þ, let k : H ! R satisfy that infb2Hkb >
�minfg, jg, let A : DðAÞ � H ! H be the linear operator which satisfies DðAÞ ¼ fv 2
H :

P

b2H jkbhb, viHj
2 < 1g and 8 v 2 DðAÞ : Av ¼

P

b2H �kbhb, viHb, let

ðHr, h�, �iHr
, jj � jjHr

Þ, r 2 R, be a family of interpolation spaces associated to j� A (see,

e.g., [22, Section 3.7]), let T,#, c 2 ð0,1Þ, h, � 2 ½0,1Þ, a 2 ½0, 1=2�, u 2 ½0, 1Þ, c 2
ð0, 1Þ, q 2 ½�a, 1�maxfa, cgÞ, . 2 ðq, 1�maxfa, cgÞ \ ½0, 1�, v 2 ð0,minfð.�
qÞ=ð1þ #Þ, ð1� a� qÞ=ð1þ 2#Þg�, let F 2 CðH.,H�aÞ, ðPnÞn2N � LðHÞ, let Hn �
H, n 2 N, be finite subsets of H satisfying for all n 2 N, u 2 H that PnðuÞ ¼
P

b2Hn
hb, uiHb and lim infm!1infðfkb : b 2 HnHmg [ f1gÞ ¼ 1, let /,U : H1 !

½0,1Þ be functions such that for all n 2 N, v,w 2 PnðHÞ it holds that FðvÞ 2 H,

jjFðvÞjjH�c
� cð2�þ jjvjj2HÞ, (3.1)

hv, PnFðvþ wÞiH � /ðwÞjjvjj2H þ ujjðg� AÞ1=2vjj2H þ UðwÞ, (3.2)

and

jjFðvÞ � FðwÞjjH�a
� h ð1þ jjvjj#Hq

þ jjwjj#Hq
Þ jjv� wjjHq

, (3.3)

let ðhnÞn2N � ð0,T� satisfy that lim supm!1hm ¼ 0, let ðX,F ,PÞ be a probability space,

let Xn : ½0,T� � X ! H., n 2 N, be stochastic processes, let On : ½0,T� � X ! H., n 2
N, and O : ½0,T� � X ! H. be stochastic processes with continuous sample paths, let

X
n,On : ½0,T� � X ! H., n 2 N, be functions, and assume for all n 2 N, t 2 ½0,T� that

X
n
t ¼

ðt

0

Pn eðt�sÞA
1fjjXn

bschn
jjH.þjjOn

bschn
jjH.�jhnj�vg FðXn

bschn
Þ dsþOn

t , (3.4)

Onð½0,T� � XÞ � PnðHÞ,On
t ¼ On

t �
Ð t

0 e
ðt�sÞðA�gÞ gOn

s ds, and PðXn
t ¼ Xn

t Þ ¼ 1:

Remark 3.2. The above setting can be interpreted in the following way. The operator A

is diagonal linear with respect to the orthonormal basis H and with the point spectrum

�k: The parameter T is the end time of the SDE we consider, the parameters #, h, a,

and q represent a semi-global Lipschitz continuity of the nonlinearity F (see (3.3)), the

parameters c, �, and c are involved in the condition ensuring at most quadratic growth

of F (see (3.1)), the parameters u, g and the functions /,U describe the coercivity-type

condition of F in (3.2), and the parameter . determines the domain of F (F takes values

from H.). Moreover, we think of the stochastic process O as the noise part of the SDE
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we consider and we think of ðOnÞn2N as certain approximations of this noise. Given all

these, the approximating scheme is constructed as follows. We take the projection map-

pings ðPnÞn2N, the time discretizations ðhnÞn2N, and the truncation parameter v to con-

struct the approximating processes ðXnÞn2N (and ðXnÞn2N) as in (3.4). Additionally, we

consider the noise processes ðOnÞn2N which satisfy below certain regularity conditions

(see (3.5)) and which we think of as spectral Galerkin approximations of the noise pro-

cess of a shifted version of the SDE we consider (with the shift parameter g, the same

as in coercivity-type condition of F (3.2)).

Theorem 3.2 (Existence, uniqueness, and almost sure convergence). Assume Setting 3.1,

let X0 2 fB 2 F : PðBÞ ¼ 1g, and assume that for x 2 X0 it holds that

lim inf
m!1

ðT

0

e

Ð T

r
2/ðOm

buchm
ðxÞÞdu

�

1þ jUðOm
brchm

ðxÞÞj þ
ðT

0

jjOm
u ðxÞjj

4þ4#
H.

du

þ jjOm
r ðxÞjj

2
H

�

dr < 1
(3.5)

and

lim sup
m!1

sup
t2 0,T½ �

jjOtðxÞ � Om
t ðxÞjjH.

¼ 0: (3.6)

Then

(i) there exists an up-to-indistinguishability unique stochastic process X : ½0,T� �
X ! H. with continuous sample paths which satisfies that for all t 2 ½0,T� it

holds P-a.s. that

Xt ¼
ðt

0

eðt�sÞA FðXsÞ dsþ Ot (3.7)

and

(ii) there exists an event X1 2 fB 2 F : PðBÞ ¼ 1g such that for all x 2 X1 it holds that

lim sup
n!1

sup
t2 0,T½ �

jjXtðxÞ � X
n
t ðxÞjjH.

¼ 0: (3.8)

Proof of Theorem 3.2 . Throughout this proof let X1 � X be the set given by

X1 ¼ X0 \ fx 2 X : ð8 m 2 N, s 2 0,T½ � : Xm
bschm

ðxÞ ¼ Xm
bschm

ðxÞÞg (3.9)

and let Xn : ½0,T� � X ! H, n 2 N, be the functions which satisfy for all n 2 N, t 2
½0,T� that

Xn
t ¼

ðt

0

Pn eðt�sÞA
1fjjXn

bschn
jjH.þjjOn

bschn
jjH.�jhnj�vg FðXn

bschn
Þ dsþOn

t : (3.10)

Observe that the assumption that 8 n 2 N, t 2 ½0,T� : PðXn
t ¼ Xn

t Þ ¼ 1 yields that
n

x 2 X :
�

8 m 2 N, s 2 0,T½ � : Xm
bschm

ðxÞ ¼ Xm
bschm

ðxÞ

o

2 F (3.11)

and
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Pð8 m 2 N, s 2 0,T½ � : Xm
bschm

¼ Xm
bschm

Þ ¼ 1: (3.12)

Combining this and (3.9) demonstrates that

X1 2 fB 2 F : PðBÞ ¼ 1g: (3.13)

Next note that the fact that for all r 2 ½0, 1�, t 2 ½0,T� it holds that jjðtðj� AÞÞr etAjjLðHÞ � etj

(cf., e.g., Lemma 11.36 in [23]) implies for all e 2 ½0, 1� a� .� that

sups2 0,T½ �

�

sð.þeþaÞjjesAjjLðH�a,H.þeÞ




¼ sups2 0,T½ �jjðsðj� AÞÞð.þeþaÞ esAjjLðHÞ � eTj < 1:
(3.14)

Therefore, we obtain for all n 2 N, t 2 ½0,T�, e 2 ½0, 1� .� aÞ that
ðt

0

jjðIdH.
� PnjH.

Þ esAjjLðH�a,H.Þ ds

�
ðt

0

jjIdH.þe
� PnjH.þe

jjLðH.þe,H.Þ jjesAjjLðH�a,H.þeÞ ds

� jjðj� AÞ�eðIdH � PnÞjjLðHÞ

ðt

0

eTj s�ð.þeþaÞ ds

¼
eTj jjðj� AÞ�1ðIdH � PnÞjjeLðHÞ tð1�.�e�aÞ

ð1� .� e� aÞ :

(3.15)

This together with the assumption that lim infn!1infðfkb : b 2 HnHng [ f1gÞ ¼ 1
proves that

lim sup
n!1

�

ðT

0

jjðIdH.
� PnjH.

ÞesAjjLðH�a,H.Þ ds



¼ 0: (3.16)

Moreover, observe that the assumption that 8 n 2 N, t 2 ½0,T�,x 2 X : On
t ðxÞ ¼

On
t ðxÞ �

Ð t

0 e
ðt�sÞðA�gÞ gOn

s ðxÞ ds and the fact that 8 t 2 ½0,T� : jjetAjjLðHÞ � etj (cf., e.g.,

Lemma 11.36 in [23]) imply that for all n 2 N, t 2 ½0,T�,x 2 X it holds that

jjOn
t ðxÞ � On

t ðxÞjjH.

�
ðt

0

jjeðt�sÞðA�gÞjjLðHÞ jjgOn
s ðxÞjjH.

ds �
ðt

0

eðt�sÞðj�gÞ jjgOn
s ðxÞjjH.

ds

� g

ðT

0

eðT�sÞjj�gj jjOn
s ðxÞjjH.

ds � g T eTjj�gj½sups2 0,T½ �jjOn
s ðxÞjjH.

�:

(3.17)

Therefore, we obtain for all x 2 X that

lim sup
n!1

sup
t2 0,T½ �

jjOn
t ðxÞjjH.

� lim sup
n!1

�

sup
t2 0,T½ �

jjOn
t ðxÞ � On

t ðxÞjjH.
þ sup

t2 0,T½ �
jjOn

t ðxÞjjH.




� ðg T eTjj�gj þ 1Þ lim sup
n!1

sup
t2 0,T½ �

jjOn
t ðxÞjjH.

:

(3.18)

636 S. MAZZONETTO AND D. SALIMOVA



Furthermore, note that the assumption that O : ½0,T� � X ! H. has continuous sample

paths and (3.6) ensure that for all x 2 X1 it holds that

lim sup
n!1

sup
t2 0,T½ �

jjOn
t ðxÞjjH.

� lim sup
n!1

sup
t2 0,T½ �

jjOn
t ðxÞ � OtðxÞjjH.

þ sup
t2 0,T½ �

jjOtðxÞjjH.

¼ sup
t2 0,T½ �

jjOtðxÞjjH.
< 1:

(3.19)

Combining this with (3.18) we obtain for all x 2 X1 that

lim sup
n!1

sup
t2 0,T½ �

jjOn
btchn

ðxÞjjH.
< 1: (3.20)

The fact that H. � H continuously hence shows that for all x 2 X1 it holds that

lim sup
n!1

sup
t2 0,T½ �

jjOn
btchn

ðxÞjjH < 1: (3.21)

This, (3.16), and Proposition 2.4 (with O ¼ ð½0,T�� t 7!OtðxÞ 2 H.Þ, ðOnÞn2N ¼
ð½0,T�� t 7!On

t ðxÞ 2 H.Þn2N, ðOnÞn2N ¼ ð½0,T�� t 7!O
n
t ðxÞ 2 H.Þn2N, ðXnÞn2N ¼

ð½0,T� � t 7!Xn
t ðxÞ 2 H.Þn2N for x 2 X1 in the notation of Proposition 2.4) assure that

for all x 2 X1 it holds that

lim inf
n!1

sup
t2 0,T½ �

jjXn
t ðxÞjjH.

< 1 (3.22)

and that there exists a unique function YðxÞ 2 Cð½0,T�,H.Þ which satisfies for all t 2
½0,T� that

Ð t

0 jjeðt�sÞAFðYsðxÞÞjjH.
ds < 1 and YtðxÞ ¼

Ð t

0 e
ðt�sÞA FðYsðxÞÞ dsþ OtðxÞ:

Let X : ½0,T� � X ! H. be the function which satisfies for all t 2 ½0,T�,x 2 X that

XtðxÞ ¼
YtðxÞ : x 2 X1

OtðxÞ : x 62 X1

:

�

(3.23)

Observe that for all x 2 X it holds that

XðxÞ 2 Cð 0,T½ �,H.Þ: (3.24)

Moreover, note that for all t 2 ½0,T�,x 2 X1 it holds that

XtðxÞ ¼
ðt

0

eðt�sÞA FðXsðxÞÞ dsþ OtðxÞ: (3.25)

Furthermore, observe that (3.3) proves that for all r 2 ½0,1Þ, v,w 2 H. satisfying v 6¼ w

and jjvjjH.
þ jjwjj. � r it holds that

jjFðvÞ � FðwÞjjH�a

jjv� wjjH.

�
jjv� wjjHq

jjv� wjjH.

h ð1þ jjvjj#Hq
þ jjwjj#Hq

Þ

� supu2H.nf0g
jjujjHq

jjujjH.

" #

h ð1þ 2r#Þ < 1:

(3.26)

Combining this, the fact that lim supn!1jjPnjH.
jjLðH.Þ ¼ 1 < 1, (3.16), the assumption

that lim supn!1hn ¼ 0, (3.25), (3.10), and (3.22) allows us to apply Lemma 2.3 (with
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ðV ,jj�jjVÞ¼ðH.,jj�jjH.
Þ, ðW, jj � jjWÞ¼ðH�a, jj � jjH�a

Þ, T¼T, v¼v, J¼½0,T�, F¼F, S¼
ðð0,T��t 7!ðH�a�v 7!etAv2H.Þ2LðH�a,H.ÞÞ, a¼.þa, ðPnÞn2N ¼ðH.�v 7!PnðvÞ 2
H.Þn2N, O¼ð½0,T��t 7!OtðxÞ2H.Þ, ðOnÞn2N¼ð½0,T��t 7!On

t ðxÞ 2H.Þn2N, ðhnÞn2N¼
ðhnÞn2N, X¼ð½0,T��t 7!XtðxÞ2H.Þ, ðXnÞn2N¼ð½0,T��t 7!Xn

t ðxÞ 2H.Þn2N for x2X1

in the notation of Lemma 2.3) to obtain for all x2X1 that

limsup
n!1

sup
t2 0,T½ �

jjXn
t ðxÞ�XtðxÞjjH.

¼0: (3.27)

This, in particular, implies that for all t 2 ½0,T�,x 2 X1 it holds that

lim sup
n!1

jjXn
t ðxÞ � XtðxÞjjH.

¼ 0: (3.28)

Moreover, note that Lemma 2.3 in [1] and the assumption that On : ½0,T� � X !
H., n 2 N, are stochastic processes with continuous sample paths ensure that Xn :

½0,T� � X ! H., n 2 N, are stochastic processes with right-continuous sample paths.

This, (3.28), the fact that 8 t 2 ½0,T� : XtjXnX1
¼ OtjXnX1

, and the fact that X1 2 F
prove that X : ½0,T� � X ! H. is a stochastic process. Combining this, the fact that

PðX1Þ ¼ 1, (3.24), and (3.25) ensures X : ½0,T� � X ! H. is a stochastic process with

continuous sample paths which satisfies that for all t 2 ½0,T� it holds P-a.s. that

Xt ¼
ðt

0

eðt�sÞA FðXsÞ dsþ Ot: (3.29)

In the next step let Z : ½0,T� � X ! H. be another stochastic process with continuous

sample paths which satisfies that for all t 2 ½0,T� it holds P-a.s. that Zt ¼
Ð t

0 e
ðt�sÞA FðZsÞ dsþ Ot: This ensures that there exists an event X2 2 fB 2 F : PðBÞ ¼ 1g

such that for all t 2 ½0,T�,x 2 X2 it holds that

ZtðxÞ ¼
ðt

0

eðt�sÞA FðZsðxÞÞ dsþ OtðxÞ: (3.30)

Combining this, (3.26), (3.25), (3.14), and, e.g., Corollary 6.1 in [3] (with ðV , jj � jjVÞ ¼
ðH., jj � jjH.

Þ, ðW, jj � jjWÞ ¼ ðH�a, jj � jjH�a
Þ, T¼T, s ¼ T, F¼ F, x1 ¼

ð½0,T�� t 7!XtðxÞ 2 H.Þ, x2 ¼ ð½0,T�� t 7!ZtðxÞ 2 H.Þ, o ¼ ð½0,T�� t 7!OtðxÞ 2
H.Þ, S ¼ ðð0,TÞ� s 7! esA 2 LðH�a,H.ÞÞ for x 2 X1 \ X2 in the notation of Corollary

6.1 in [3]) demonstrates that for all t 2 ½0,T�,x 2 X1 \ X2 it holds that XtðxÞ ¼ ZtðxÞ:
This and the fact that X1 \ X2 2 fB 2 F : PðBÞ ¼ 1g show that the stochastic processes

X and Z are indistinguishable. This and (3.29) establish Item (i). In the next step we

combine (3.10), (3.27), and the fact that 8 n 2 N, t 2 ½0,T�,x 2 X1 : X
n
t ðxÞ ¼ X

n
t ðxÞ to

obtain that for all x 2 X1 it holds that

lim sup
n!1

sup
t2 0,T½ �

jjXtðxÞ � X
n
t ðxÞjjH.

¼ 0: (3.31)

This and (3.13) establish Item (ii). The proof of Theorem 3.2 is thus completed. w

Corollary 3.3 (Strong convergence). Assume Setting 3.1, let p 2 ½2,1Þ, and assume that

lim supn!1supt2½0,T�E½jjOn
t jj

p
H� < 1,

lim sup
n!1

E½minf1, supt2 0,T½ �jjOt �On
t jjH.

g� ¼ 0, (3.32)
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and

lim sup
n!1

E

�
ðT

0

e

Ð T

r
p/ðOn

buchn
Þduð1þ jUðOn

brchn
Þj

p
2 þ jjOn

r jj
p
H

þ
Ð T

0 jjOn
ujj

2pþ2p#
H.

duÞ dr

�

< 1:

(3.33)

Then

(i) there exists an up to indistinguishability unique stochastic process X : ½0,T� �
X ! H. with continuous sample paths which satisfies that for all t 2 ½0,T� it
holds P-a.s. that

Xt ¼
ðt

0

eðt�sÞA FðXsÞ dsþ Ot , (3.34)

(ii) it holds that X
n : ½0,T� � X ! H., n 2 N, are stochastic processes with right-

continuous sample paths and

lim sup
n!1

E½minf1, supt2 0,T½ �jjXt � X
n
t jjH.

g� ¼ 0, (3.35)

(iii) it holds that lim supn!1 supt2½0,T� E½jjXtjjpH þ jjXn
t jj

p
H� < 1, and

(iv) it holds for all q 2 ð0, pÞ that lim supn!1 supt2½0,T� E½jjXt � Xn
t jj

q
H� ¼ 0:

Proof of Corollary 3.3. First, note that (3.32) implies there exists a strictly increasing

function k : N ! N such that

X

1

n¼1

E½minf1, supt2 0,T½ �jjOt �OkðnÞ
t jjH.

g� < 1: (3.36)

Lemma 3.1 in [2] (with ðX,F ,PÞ ¼ ðX,F ,PÞ,E ¼ Cð½0,T�,H.Þ, d ¼ ðCð½0,T�,H.Þ �
Cð½0,T�,H.Þ� ðx, yÞ 7! supt2½0,T� jjxðtÞ � yðtÞjjH.

2 ½0,1ÞÞ, ðXnÞn2N ¼ ðOkðnÞÞn2N,X0 ¼
O in the notation of Lemma 3.1 in [2]) hence proves that

P

�

lim supn!1supt2 0,T½ �jjOt �OkðnÞ
t jjH.

¼ 0



¼ 1: (3.37)

Next observe that (3.33) implies that

lim sup
n!1

E

�
ðT

0

e

Ð T

r
p/ðOkðnÞ

buchkðnÞ
Þdu

ð1þ jUðOkðnÞ
brchkðnÞ

Þj
p
2 þ jjOkðnÞ

r jjpH

þ
Ð T

0 jjOkðnÞ
u jj2pþ2p#

H.
duÞ dr

�

< 1:

(3.38)

This, in particular, yields that

P

�

lim infn!1

ðT

0

e

Ð T

r
2/ðOkðnÞ

buchkðnÞ
Þdu�

1þ jUðOkðnÞ
brchkðnÞ

Þj þ jjOkðnÞ
r jj2H

þ
Ð T

0
jjOkðnÞ

u jj4þ4#
H.

du

�

dr < 1
�

¼ 1:

(3.39)
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Combining this with (3.37) and Item (i) in Theorem 3.2 (with Pn ¼ PkðnÞ,Hn ¼
HkðnÞ, hn ¼ hkðnÞ,Xn ¼ X kðnÞ,On ¼ OkðnÞ, O¼O, Xn ¼ X

kðnÞ, and O
n ¼ O

kðnÞ for n 2 N

in the notation of Theorem 3.2) assures that there exists an up-to-indistinguishability

unique stochastic process X : ½0,T� � X ! H. with continuous sample paths which sat-

isfies that for all t 2 ½0,T� it holds P-a.s. that

Xt ¼
ðt

0

eðt�sÞA FðXsÞ dsþ Ot: (3.40)

This establishes Item (i). Next note that the assumption that Xn,On : ½0,T� � X ! H., n 2
N, are stochastic processes and (3.4) prove that for all n 2 N it holds that Xn : ½0,T� � X !
H. is also a stochastic process. The assumption thatOn : ½0,T� � X ! H., n 2 N, are continu-

ous, and, e.g., Lemma 2.2 in [1] therefore ensure that Xn : ½0,T� � X ! H., n 2 N, are sto-

chastic processes with right-continuous sample paths. Next observe that the fact that

H � H�1 ¼ H
H�1 and the fact that for all n 2 N it holds that Pn 2 LðHÞ imply that there exist

~Pn 2 LðH�1,HÞ, n 2 N, such that for all v 2 H, n 2 N it holds that ~PnðvÞ ¼ PnðvÞ: Items

(i),(ii) and (iii) in Theorem 3.5 in [2] (with Pn ¼ ~Pn, n 2 N, in the notation of Theorem 3.5 in

[2]) therefore establish Items (ii), (iii), and (iv). The proof of Corollary 3.3 is thus completed. w

4. Example: stochastic Burgers equations

In this section, we apply Corollary 3.3 to the stochastic Burgers equations with space-time white

noise. Throughout this section we use the following notation. For a set A 2 BðRÞ we denote by
kA : BðAÞ ! ½0,1� the Lebesgue-Borel measure onA. For a measure space ðX,F , lÞ, a meas-

urable space ðS,SÞ, a set R, and a function f : X ! Rwe denote by ½f �l,S the set given by
½f �l,S ¼ fg : X ! S : g is F=S �measurable and

9 A 2 F : lðAÞ ¼ 0 and fx 2 X : f ðxÞ 6¼ gðxÞg � Ag:
(4.1)

We denote by ð�Þ : f½v�kð0, 1Þ,BðRÞ 2 L0ðkð0, 1Þ;RÞ : v 2 Cðð0, 1Þ,RÞg ! Cðð0, 1Þ,RÞ the

function which satisfies for all v 2 Cðð0, 1Þ,RÞ that ½v�kð0, 1Þ,BðRÞ ¼ v:

The following setting is a special case of Setting 3.1. In particular, we set the underlying

space H to be the space of all square-integrable functions over (0, 1) and the linear operator A

to be the Laplacian with Dirichlet boundary conditions multiplied by some positive constant.

Setting 4.1. Let c1 2 R, T, c0 2 ð0,1Þ, j 2 ½0,1Þ, a ¼ 1=2, q ¼ 1=8, c 2 ð3=4, 7=8Þ,
. 2 ð1=8, 1� cÞ, # ¼ 1, v 2 ð0, ð.� qÞ=ð1þ #Þ�, let

ðH, h�, �iH , jj � jjHÞ ¼ ðL2ðkð0, 1Þ;RÞ, h�, �iL2ðkð0, 1Þ;RÞ, jj � jjL2ðkð0, 1Þ;RÞÞ, (4.2)

let ðenÞn2N � H and ðknÞn2N � ð0,1Þ satisfy for all n 2 N that

en ¼ ð
ffiffiffi

2
p

sin ðnpxÞÞx2ð0, 1Þ
h i

kð0, 1Þ,BðRÞ
and kn ¼ c0p

2n2, (4.3)

let A : DðAÞ � H ! H be the linear operator which satisfies DðAÞ ¼ fv 2 H :
P

k2N jkkhek, viHj
2 < 1g and 8 v 2 DðAÞ : Av ¼Pk2N �kkhek, viH ek, let

ðHr, h�, �iHr
, jj � jjHr

Þ, r 2 R, be a family of interpolation spaces associated to j� A (see,

e.g., [22, Section 3.7]), let F : H1=8 ! H�1=2 satisfy for all v 2 H1=8 that
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FðvÞ ¼ c1ðv2Þ0, (4.4)

let ðPnÞn2N � LðHÞ satisfy for all u 2 H, n 2 N that

PnðuÞ ¼
X

n

k¼1

hek, uiH ek, (4.5)

let ðhnÞn2N � ð0,T� satisfy that lim supm!1hm ¼ 0, let n 2 H1=2, let ðX,F ,PÞ be a

probability space with a normal filtration ðFtÞt2½0,T�, let ðWtÞt2½0,T� be an IdH-cylindrical

ðX,F ,P, ðFtÞt2½0,T�Þ-Wiener process, let Xn,On,Wn : ½0,T� � X ! PnðHÞ, n 2 N, be sto-

chastic processes which satisfy for all n 2 N, t 2 ½0,T� that Wn
t ¼ Pn etA nþOn

t ,

½On
t �P,BðHÞ ¼

ðt

0

Pn eðt�sÞA dWs, (4.6)

and

P

�

Xn
t ¼ W

n
t þ

ðt

0

Pn eðt�sÞA
1fjjXn

bschn
jjH.þjjWn

bschn
jjH.�jhnj�vg FðXn

bschn
Þ ds




¼ 1: (4.7)

4.1. Properties of the nonlinearity

The following lemma shows that the function F in Setting 4.1 satisfies the elementary

property (3.1).

Lemma 4.2. Assume Setting 4.1 and let r 2 ð3=4,1Þ. Then it holds for all v 2 H1=2 that

FðvÞ 2 H and that

jjFðvÞjjH�r
� jc1j

�

X

n2N
2p2n2 ðjþ c0 p2 n2Þ�2r


1=2

jjvjj2H < 1: (4.8)

Proof of Lemma 4.2. Throughout the proof let v 2 H1=2: Observe that, e.g., Lemma 4.5

in [24] ensures that FðvÞ 2 H: Hence, we obtain that

jjFðvÞjjH�r
¼ supu2Hnf0g

jhFðvÞ, ðj� AÞ�r uiHj
jjujjH

¼ jc1j supu2Hnf0g
jhðv2Þ0 , ðj� AÞ�r uiHj

jjujjH

" #

:

(4.9)

Next note that for all u 2 H it holds that ðj� AÞ�r u 2 Hr and

ðj� AÞ�r u ¼
X

n2N
ðjþ knÞ�r hu, eniH en: (4.10)

This ensures that for all u 2 H it holds that
�

ðj� AÞ�r u

0

¼
X

n2N
ðjþ knÞ�r hu, eniH e0n

¼
X

n2N
ðjþ c0 p2 n2Þ�r hu, eniH

�

�

ffiffiffi

2
p

pn cos ðpnxÞ



x2ð0, 1Þ

�

kð0, 1Þ ,BðRÞ
:

(4.11)
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The Cauchy–Schwarz inequality hence imply that for all u 2 H it holds that
	

	

	

	

	

	

	

	

�

ðj� AÞ�r u

0
	

	

	

	

	

	

	

	

L1ðkð0, 1Þ;RÞ
�
X

n2N

ffiffiffi

2
p

pn ðjþ c0 p2 n2Þ�r jhu, eniHj

�
�

X

n2N
2p2n2 ðjþ c0 p2 n2Þ�2r


1=2�X

n2N
hen , ui2H


1=2

¼
�

X

n2N
2p2n2 ðjþ c0 p2 n2Þ�2r


1=2

jjujjH:

(4.12)

Combining this with (4.9) yields that

jjFðvÞjjH�r
� jc1j supu2Hnf0g

jhv2, ððj� AÞ�r uÞ0iHj
jjujjH

" #

� jc1j supu2Hnf0g
jjujjH
jjujjH

" #

�

X

n2N
2p2n2 ðjþ c0 p2 n2Þ�2r


1=2

jjv2jjL1ðkð0, 1Þ;RÞ

¼ jc1j
�

X

n2N
2p2n2 ðjþ c0 p2 n2Þ�2r


1=2

jjvjj2H:

(4.13)

Moreover, observe that the fact that r > 3=4 assures that
P

n2N 2p2n2 ðjþ c0 p2 n2Þ�2r < 1: The proof of Lemma 4.2 is thus completed. w

4.2. Existence and uniqueness of the solution and strong convergence of the

approximation scheme

Corollary 4.3. Assume Setting 4.1 and let p 2 ð0,1Þ. Then there exists a unique stochas-

tic process X : ½0,T� � X ! H. with continuous sample paths which satisfies for all t 2
½0,T� that

P

�

ðt

0

jjeðt�sÞA FðXsÞjjH.
ds < 1




¼ 1, (4.14)

that

Xt½ �
P,BðHÞ ¼

�

etAnþ
ðt

0

eðt�sÞA FðXsÞ ds

�

P,BðHÞ
þ
ðt

0

eðt�sÞA dWs, (4.15)

and that

lim sup
n!1

sup
t2 0,T½ �

E½jjXt � Xn
t jj

p
H� ¼ 0: (4.16)

Proof of Corollary 4.3. Throughout this proof let q 2 ½maxf2, pg,1Þ be a real number,

let h, c 2 ð0,1Þ be the real numbers given by

642 S. MAZZONETTO AND D. SALIMOVA



h ¼ jc1jjc0j�1=2 supu2H1=8nf0g
jjujj2L4ðkð0, 1Þ;RÞ
jjð�AÞ1=8ujj2H

2

4

3

5þ 1 (4.17)

and c ¼ jc1j ð
P

n2N 2p2n2 ðjþ c0 p2 n2Þ�2cÞ1=2, and let /,U : H1 ! ½0,1Þ be the

functions which satisfy for all v 2 H1 that

/ðvÞ ¼ max

�

2jc1j2
c0

, 4

�

½1þ supx2ð0, 1ÞjvðxÞj
2� (4.18)

and

UðvÞ ¼ max
n 2jc1j2

c0
, 4
oh

1þ supx2ð0, 1ÞjvðxÞj
maxf2jc1j2=c0, 4g

i

: (4.19)

Then note that Lemma 5.3 in [2] shows that for all v,w 2 H1=2 it holds that Fðvþ wÞ 2 H

and that

hv, Fðvþ wÞiH

� max

�

2jc1j2
c0

, 4

�

jjvjj2H½supx2ð0, 1ÞjwðxÞj
2� þ 3

4
jjð�AÞ1=2vjj2H

þmax

�

2jc1j2
c0

, 4

�

½1þ supx2ð0, 1ÞjwðxÞj
maxf2jc1j2=c0 , 4g�

� /ðwÞjjvjj2H þ 3

4
jjð�AÞ1=2vjj2H þ UðwÞ:

(4.20)

Moreover, observe that Lemma 5.4 in [2] demonstrates that for all v,w 2 H1=8 it holds

that

jjFðvÞ � FðwÞjjH�1=2
� jc1jjc0j�1=2 supu2H1=8nf0g

jjujj2L4ðkð0, 1Þ;RÞ
jjð�AÞ1=8ujj2H

2

4

3

5

�
�

1þ jjð�AÞ1=8vjjH þ jjð�AÞ1=8wjjH



jjð�AÞ1=8ðv� wÞjjH
� hð1þ jjvjjH1=8

þ jjwjjH1=8
Þjjv� wjjH1=8

:

(4.21)

Furthermore, note that Lemma 4.2 assures that for all v 2 H1=2 it holds that FðvÞ 2 H

and

jjFðvÞjjH�c
� cjjvjj2H: (4.22)

In addition, observe that Proposition 4.6 in [2] (with p¼ q in the notation of

Proposition 4.6 in [2]) proves that there exist a real number g 2 ½0,1Þ and stochastic

processes O : ½0,T� � X ! H.,Qn,Qn : ½0,T� � X ! PnðHÞ, n 2 N, with continuous

sample paths which satisfy for all n 2 N, t 2 ½0,T� that ½Ot�P,BðHÞ ¼
Ð t

0 e
ðt�sÞA dWs,

½Qn
t �P,BðHÞ ¼

Ð t

0 Pn eðt�sÞA dWs, Q
n
t ¼ Qn

t þ Pne
tAn�

Ð t

0 e
ðt�sÞðA�gÞ gðQn

s þ Pne
sAnÞds,

P

�

lim sup
m!1

sup
s2 0,T½ �

jjðOs þ esAnÞ � ðQm
s þ Pme

sAnÞjjH.
¼ 0



¼ 1, (4.23)
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that

lim sup
m!1

�

E

� ðT

0

exp
�

ðT

r

q /ðQm
buchm

Þ du



max

�

jUðQm
brchm

Þjq=2, 1, jjQm
r jj

q
H ,

ðT

0

jjQm
u þ Pme

uAnjj2qþ2q#
H.

du

�

dr

�

þ sup
s2 0,T½ �

E jjQm
s jj

q
H

� �

�

< 1,

(4.24)

and that

P

�

Xn
t ¼

ðt

0

Pn eðt�sÞA 1fjjXn
bschn

jjH.þjjQn
bschn

þPne
bschn AnjjH.�jhnj�vg FðXn

bschn
Þ ds

þ Pne
tAnþQn

t

�

¼ 1:

(4.25)

Combining this with (4.20)–(4.22), as well as Item (i) and Item (iv) in Corollary 3.3

(with H ¼ fek 2 H : k 2 Ng, Hn ¼ fek 2 H : k 2 f1, :::, n� 1, ngg, # ¼ 1, �¼ 0, u ¼
3=4, a ¼ 1=2, q ¼ 1=8, . ¼ ., On ¼ ð½0,T� � X� ðt,xÞ 7! ðQn

t ðxÞ þ Pne
tAnÞ 2 H.Þ,

O ¼ ð½0,T� � X� ðt,xÞ 7! ðOtðxÞ þ etAnÞ 2 H.Þ, O
n¼ð½0,T��X�ðt,xÞ 7!Qn

t ðxÞ2H.Þ,
n2N, p¼q in the notation of Corollary 3.3) we obtain that for all t2½0,T� Equations
(4.14) and (4.15) hold and that for all u2ð0,qÞ it holds that

limsup
n!1

sup
t2 0,T½ �

E½jjXt�Xn
t jj

u
H�¼0: (4.26)

This, in particular, establishes (4.16). The proof of Corollary 4.3 is thus completed. w
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