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EXPANSIONS OF CHROMATIC POLYNOMIALS
AND LOG-CONCAVITY

FRANCESCO BRENTI

ABSTRACT. In this paper we present several results and open problems about log-
concavity properties of sequences associated with graph colorings. Five polyno-
mials intimately related to the chromatic polynomial of a graph are introduced
and their zeros, combinatorial and log-concavity properties are studied. Four
of these polynomials have never been considered before in the literature and
some yield new expansions for the chromatic polynomial.

1. INTRODUCTION

Log-concave and unimodal sequences arise often in combinatorics, algebra,
geometry and computer science, as well as in probability and statistics where
these concepts were first defined and studied (see [2] for further information
and references about the origin of the concept of a unimodal sequence). Even
though log-concavity and unimodality have one-line definitions, it has now be-
come apparent that to prove the unimodality or log-concavity of a sequence can
sometimes be a very difficult task requiring the use of intricate combinatorial
constructions [40, 58, 32, 62] or of refined mathematical tools. The number
and variety of these tools has been constantly increasing and is quite bewilder-
ing and surprising. They include, for example, classical anlaysis [54, 55, 56],
linear algebra [35], the representation theory of Lie algebras and superalgebras
[34, 46, 47], the theory of total positivity [8, 9, 11], the theory of symmetric
functions [10, 13, 41], and algebraic geometry [49]. We refer the interested
reader to [50] for an excellent survey of many of these techniques, problems,
and results.

In this paper we use the theory of total positivity and analytical results to
study some remarkable log-concavity properties arising from the enumeration
of colorings of a graph. More precisely, we will consider the zeros and the
log-concavity properties of the chromatic polynomial of a graph and of five
other polynomials naturally associated with it. Zeros and log-concavity prop-
erties of chromatic polynomials have been studied for several years (see, e.g.,
[1, 20, 38, 53, 60]) and one of the other five polynomials, the o-polynomial,
has been considered before in the literature (see [15, 29, 30, 61]), though none
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of these authors studied its log-concavity properties. The other four polynomi-
als, however, have never appeared before. In this work we show that all these
polynomials possess interesting log-concavity properties and that many previ-
ously known results about chromatic and o-polynomials can be interpreted as
log-concavity results. We also present several open problems and conjectures.
The organization of the paper is as follows. In the next section we recall some
definitions, notation, and results that will be used for the rest of the paper, as
well as two fundamental analytical results that are the theoretical foundation
of all the results that follow. In §3 we study the zeros and log-concavity prop-
erties of the o-polynomial and of the augmented o-polynomial of a graph.
We prove that these polynomials are log-concave or have only real zeros for
many general classes of graphs such as, for example, complements of compara-
bility and triangle-free graphs, graphs with a high chromatic number, interval
graphs, board graphs, triangulated graphs, complete multipartite graphs, and
trees. We also prove that the property of the o-polynomial having only real
zeros is preserved under an operation of “composition” of graphs which in-
cludes the ordinary product and disjoint union of two graphs. In §4 we study
the w-polynomial of a graph. After giving a combinatorial interpretation of its
coefficients (which yields a new expansion for the chromatic polynomial of a
graph, Theorem 4.4) we prove that the w-polynomial has only real zeros for a
general class of graphs which strictly includes the chordal graphs. We also prove
that the reality of the zeros of the w-polynomial is preserved under the oper-
ation of disjoint union, and we discuss the relationships between the zeros of
the w-polynomial and those of the ¢ and augmented o-polynomial. In §5 we
introduce and study the 7 and augmented 7-polynomial of a graph and discuss
the connections between its zeros and log-concavity properties and those of the
polynomials considered in §§3 and 4. A simple combinatorial interpretation is
found for the coefficients of the 7-polynomial which yields another new expan-
sion of the chromatic polynomial of a graph (Theorem 5.5) and also generalizes
a result of R. Stanley. In §6 we look at the log-concavity properties of the chro-
matic polynomial itself and we relate them to corresponding properties of the
other five polynomials considered in this paper. Finally, in §7, we discuss some
of the main open problems arising from our work and present some conjectures.

2. NOTATION AND PRELIMINARIES

In this section we collect some definitions, notation and results that will be

used in the rest of this paper. We let P def {1,2,3,...} and N “pu {0} ; for
a € N we let [a] &f {1,2,...,a} (where [0] & @) . The cardinality of a set 4
will be denoted by |A4|. A sequence {ag, a, ..., az} (of real numbers) is called
log-concave if a? > a;_ja;;y for i=1,...,d—1. Itis said to be unimodal if
there exists an index 0 < j <d suchthat ¢; <a;, for i=0,...,j—1 and
a; > a;yy for i=j,...,d—1. Itissaid to have no internal zeros if there are not

three indices 0 < i < j <k <d suchthat a;, ax # 0 and a; = 0. We say that
a polynomial Z;j:o a;x' is log-concave (respectively, unimodal, with no internal
zeros) if the sequence {aq, a;, ..., ay} has the corresponding property. It is
well known that if Z;j:o a;t' is a polynomial with nonnegative coefficients and
with only real zeros, then the sequence {ag, a;, ..., ay} 1is log-concave and
unimodal, with no internal zeros (see, e.g., [9], or [14, Theorem B, p. 270]).
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CHROMATIC POLYNOMIALS AND LOG-CONCAVITY 731

We will denote by K, (respectively, C, and N,), the complete graph
(respectively, the cycle and the empty graph) on p vertices, and by K, .
the complete multipartite graph on p, ..., p, vertices. Given a graph G we
will denote by x(G; x) its chromatic polynomial, by v(G) its chromatic num-
ber, and by kG (where k € P) the graph consisting of k£ disjoint copies of
G . Given two graphs G and H we denote by Gw H the disjoint union of
G and H. Given a graph G = (V, E) a walk in G is a sequence vov; --- Uy
of vertices of G such that (v;,v;,) € £ for i =0,..., n— 1, the integer
n is called the length of the walk, and the walk is called closed if vy = v, .
A closed walk vgv,---v, is called a cycle if the vertices vgv,---v,_; are all
distinct. A chord of a cycle vyv; ---v, is an edge of the form (v;, v;) where
0<i<j<n-1and j—i> 2. For other graph theoretic notation and
terminology we will follow [7].

By a simplicial complex we will mean a collection of sets .# with the property
thatif 4 €% and B C A4 then B € % . We call the elements of # the faces
of & . For S € &, the dimension of S is |S| — 1. Two general classes of
simplicial complexes will be particularly important for us. Given a partially
ordered set (or, poset, for short) P we let A(P) be the simplicial complex
of all the chains (i.e., totally ordered subsets) of P. We call A(P) the order
complex of the poset P. Given a graph G = (V, E) we let I(G) be the
simplicial complex of all the independent subsets of V', and we call I(G) the
independence complex of the graph G.

Given p € P, we will often use the basis of the vector space V), of real
polynomials of degree < p consisting of the polynomials {(“;’ Nz, It
is not hard to see that these polynomials are indeed a basis of V), (see, e.g., [48,
p. 209]). The reason why this basis is often used in enumerative combinatorics
lies in the following result which is, essentially, a restatement of the binomial
theorem (see, e.g., [48, p. 16]).

Theorem 2.1. Let A(x) be a real polynomial of degree d . Then

B d x+d-i
Ax)=>"b; p
i=0

if and only if
ZA('I)X 21 Ob'x

)d+1 ’
n>0

as formal power series.

A proof of the preceding result can be found in [9, Theorem 2.3.3]. Since we
will be often dealing with polynomials having only real zeros it will be conve-
nient to introduce the following terminology. Given two polynomials f and g
having only real zeros we say that g interlaces f if deg(g) = deg(f)—1 and
we have that

MmM<E<m<- <1 <151
where 1, 12, ..., 1§z are the zeros of f and &, &, ..., & are those of g.
Given a polynomial f having only real zeros we denote by A(f) (respectively
A(f)) the smallest (respectively the largest) zero of f.

We now recall two analytical results that relate the basis {(HI’)’ _i)}i=0,.,,, »
with polynomials having only real zeros. They are fundamental for this paper.
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d .
x+d-—i
-y ()
be a polynomial of degree d . Suppose that A(x) has only real zeros and that
A(x) = 0 for all x € ([M(A), —=11U [0, A(A)]) N Z. Then the polynomial

24_0 bix' has only real zeros.

Theorem 2.2. Let

Theorem 2.3. Let Y7  a;x’ and Y7 ,bix' be two polynomials with only real

zeros and nonnegative coefficients. Define a sequence {cy, Ci, ..., Cp+q} by
p+q . p
X+p4+qg—1i)\ def X+p-—1 X+q-—1i
S (e (e () (S0 (i)
i=0 i=0

then the polynomial z”:“g c;x' has only real zeros and nonnegative coefficients.

We state below two equivalent formulations of Theorem 2.3 that are com-
pletely independent from the polynomials (”;’ .

Theorem 2.4. Let V(z) and U(z) be two polynomials of degrees < a and
< b, respectively, having only real zeros and nonnegative coefficients. Define a
polynomial W(z) by

W(z) & (1 - z)z+b+! l(gd;)b

Then W (z) has only real zeros and nonnegative coefficients.

V(x)U(2)x®
(1 — x)a+l

X=z

Theorem 2.5. Let U(z) and V(z) be two polynomials having nonnegative co-
efficients and all their zeros in the interval [—1, 0]. Define a polynomial W (z)

by
£ z + 1 z!
Wi €y EEIE (—) v (1 ) (U(2).
iEN

Then W(z) has (nonnegatzve coeﬁiczents and) all its zeros in the interval [-1, 0].

The equivalence of Theorems 2.4 and 2.3 is proved in [9, Theorem 4.7.4],
while the equivalence of Theorems 2.5 and 2.3 is proved in [54] (see Lemma
1.2.2 and Theorem 1.4.4). Theorems 2.2 and 2.5 are both highly nontrivial
results and we refer the reader to [9, Theorem 4.4.1 and 56, Theorem 0.3],
respectively, for their proofs.

3. THE 0-POLYNOMIAL
Let G be a graph on p vertices and let
14
(1) 2(Gix) =) ailx)
i=0
be its chromatic polynomial, where (x); aef x(x=1)-(x—i+1)fori>1,

and (x)o 4f | . We define the g-polynomial of G to be the polynomial defined
by

(2) a(G; x) “éff:a,-x".
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The o-polynomial was first explicitly defined and studied by Korfhage in 1978
(see [29]), though, actually, his definition of the o-polynomial is equivalent to
what we denote by o(G; x)/x"(®) . However, since all the properties that we
are going to consider in this work hold for ¢(G; x)/x*©) if and only if they
hold for o(G; x), this difference is immaterial.

We begin by “rewriting” in terms of g-polynomials the following elementary
and well-known result about chromatic polynomials. It can also be proved
directly from (1) using the combinatorial interpretation of x(G; x). Recall
that a partition of a (finite) set V' is a collection n = {By, ..., Bx} of mutually
disjoint subsets of ¥ such that Ule B; = V. We call the elements of n the
blocks of 7.

Theorem 3.1. Let G = (V, E) be a graph with p vertices and q edges and let (2)
be its o-polynomial. Then, for i =0, ..., p, a; equals the number of partitions
of V into exactly i independent sets. In particular a, = 1, a,_, = (g) -q,
ai=0fori=0,...,v(G)-1,and a; >0 if i=v(G),...,p. O

It is also possible to give an explicit formula for the coefficient of x?—2

in ¢(G; x). The following result first appeared (though stated and proved
incorrectly) in [15, p. 220].

Proposition 3.2. Let G = (V, E) be a graph with p vertices and q edges and
let (2) be its o-polynomial. Then

0 (03 () (7)o

where t(G) is the number of triangles of G .
Proof. Let
p
(4) 2(G;x) =Y (=1 'bix’
i=0
be the chromatic polynomial of G. It then follows from (1), (4), and a well-
known identity (see, e.g., [48, p. 35]), that
(5) ap-2=bp2-S(p—1,p—2)by_1 +8,S(p, p - 2),

where S(p, k) is the number of partitions of [p] into exactly k blocks (see,
e.g., [48, p. 33] for further information about the S(p, k)’s). Now, it follows
easily from this combinatorial interpretation that

(6) se-1.p-2=(73")
and that
(7) S(p,p—2)=%<2,2f’p_4>+(§).

Substituting now (6) and (7) in (5) and using the well-known facts that b, = 1,
by_y =¢q,and b, 5 = (‘2') — H(G) (see, e.g., [36, Theorem 16]), gives (3), as
desired. O

In order to prove the next result it will be necessary to define a polynomial
that was first introduced and studied in [55]. Let V' be a finite set. A collection
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& of subsets of V is called a set systemon V if @€ F and Uyeag X =V .
Given a set system ¥ on V' we define the partition polynomial of F by

(8) p(Fx) E S pr(F)xk,
k>0

where pi(¥) equals the number of partitions of V' into k blocks such that
each block is in & . It follows immediately from (2) and Theorem 3.1 that, if
I(G) is the independence complex of a graph G, then

9) p(1(G); x) = a(G; x).

Thus the partition polynomial of a set system is a generalization of the o-
polynomial of a graph. Indeed, the partition polynomial of a set system pos-
sesses many other interesting properties as well (such as, for example, that of
being also a generalization of the matching polynomial of a graph) and we refer
the interested reader to [55] for further information about it.

We can now prove one of the main results of this section. Recall that a graph
G = (V, E) is called a comparability graph (see, e.g., [21, p. 539]) if there exists
a partial order < on V such that (x, y) € E if and only if x # y and either
xXXyory=xx.

Theorem 3.3. Let G be a graph such that the complementary graph G° is a
comparability graph. Then o(G; x) has only real zeros.

Proof. Since G¢ is a comparability graph there exists a partially ordered set
P=(V,=<),on V,suchthat (x,y) ¢ E ifandonlyif x #y and x and y
are comparable in P. Therefore a subset S C V is independent in G if and
only if it is a chain of P. Hence I(G) is the order complex of P. But, by
Theorem 2.5 of [55] the partition polynomial of an order complex has only real
nonpositive zeros. Hence p(I(G); x) has only real zeros and the result follows
from (9). 0O

Using a well-known characterization of comparability graphs (Theorem 1 of
[21]) we can restate Theorem 3.3 in the following form. Recall (see, e.g., [21,
p- 539]) that a triangular chord of a closed walk wvgu,---v, is an edge of the
form (v;, viy2), (where 0<i<n-1 and v; défvj_,, if j>n).

Theorem 3.4. Let G be a graph such that each closed walk of odd length of G°
has at least one triangular chord. Then o(G; x) has only real zeros. O

Theorems 3.3 and 3.4 have quite a large applicability. For example, as im-
mediate consequences of them, we obtain the following results. (We refer the
reader to, e.g., [21, p. 539] for the definition of an interval graph.)

Corollary 3.5. Let G be an interval graph. Then o(G; x) has only real zeros.

Proof. Since G is an interval graph there follows from Theorem 2 of [21] that
every closed walk of odd length of G° has at least one triangular chord and the
thesis follows from Theorem 3.4. O

Corollary 3.6. Let N, be the empty graph on p vertices. Then a(N,; x) has
only real zeros. 0O

Note that Corollary 3.6 is equivalent (by Theorem 3.1) to the known (see, e.g.,
[14, Theorem D, p. 271]) but not trivial fact that the polynomial Y% ,S(p, i)x’
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has only real zeros, where S(p, i) has the same meaning as in the proof of
Proposition 3.2. Therefore Theorem 3.3 is a generalization of this well-known
result.

Another general class of graphs for which (G ; x) has only real zeros consists
of all the graphs G = (V, E) such that v(G) > |V| — 2. Before we can prove
this result, however, we need to define two infinite families of graphs. Let
t,m, n €N, following [18]) we let V (¢, m, n) be the graph obtained from two
(disjoint) stars K; ;+n and K .1m by identifying ¢ of their leaves, and we let
T(t, m, n) be the graph obtained from V (¢, m, n) by adding the edge that
connects the two centers of the stars. So, for example, the graphs V' (4, 2, 1)
and T(2, 2, 1), are shown in Figures 1 and 2 respectively (the meaning of the
orientation of the edges of V' (4,2, 1) and T(2, 2, 1) is given in the proof of
Theorem 3.8). The following result appears in [18, Theorem 2.2], and we refer
the reader to this source for its proof.

Theorem 3.7. Let G be a graph on p vertices such that v(G) > p —2. Then
there exist k,t, m,n € N such that one of the following three conditions is
satisfied.:

(1) G =CsWkKy;
(i) G¢=T(t, m, n)WkK;;
(ili) G*=V(t, m, n)WkK,.

Using the preceding theorem, we obtain the following consequence of Theo-
rem 3.3.

Theorem 3.8. Let G be a graph on p vertices such that v(G) > p —2. Then
o(G; x) has only real zeros.

FIGURE 1. The graph V (4,2, 1)

FIGURE 2. The graph T(2, 2, 1)
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Proof. 1t is easy to see that, for all k, ¢, m, n € N, the graphs T(t, m,n)uy
kK;,and V(t, m, n)¥ kK, , are comparability graphs (Figures 1 and 2 show
the right orientations for V'(4, 2, 1) and T(2, 2, 1), the general cases being
completely analogous). On the other hand, it is not hard to verify directly that
6((Csw kK, ) ; x) = 6((Cs)¢; x)x* = x¥*+3(x2 + 5x + 5), which has only real
zeros. The thesis then follows from Theorems 3.3 and 3.7. O

As an immediate consequence, we obtain the following inequality, which first
appeared in [61, Theorem 6].

Theorem 3.9. Let G be a graph on p vertices with v(G) > p — 2 and let (2) be
its a-polynomial. Then a’_, >4a, ;. O

Let now H be agraphon p vertices vy, ¥2, ..., ¥y and Gy, Gz, ..., G, be
p graphs with disjoint vertex sets ¥y, V2, ..., V,. We define the composition
of H with G, ..., G,, denoted by H[G,, ..., Gp], to be the graph that has

y &f ViuVaU---UV¥, as vertex set and in which two vertices u, v € V are

adjacent if and only if either u,v € V; and (u, v) is an edge of G, for
some | <i<p;oruelV,vel,and (v, v;) is an edge of H, for
some | <i,j<p, i# j. To the best of our knowledge, this operation of
composition of graphs is new. It is, however, closely related to the operation of
composition of set systems, which was first defined in [55, §4], which is, in turn,
derived from a natural transformation in the theory of species (see [27]). Note
that K;[G,, G»] is just the ordinary product G, o G, (as defined, e.g., in [3,
p. 60] or [36, p. 60]), and that N,[G,, G2, ..., G,] is just the disjoint union
G WG G3- - WG, . We should also mention that the graphs H[Kp,, , ..., K, ]
have been studied in [37] where they are called “clan graphs with underlying
graph H.” We are now ready to prove the second main result of this section.

Theorem 3.10. Let H be a graph on p vertices and Gy, ..., G, graphs with
disjoint vertex sets. Suppose that d(G,; x), ..., d(Gp; x) all have only real
zeros and that H® is triangle-free. Then o(H[Gy, ..., Gpl; x) has only real
zeros.

Proof. With the notation above let S C VjU---UV,. Then it follows easily
from our definitions that S € I(H[G,, ..., G,]) if and only if SNV, € I(G;)
for i = 1,...,p, and {v;:i € [p], SNV, # @} € I(H). This means,
in the terminology of [55, §4], that I(H[G,, ..., G,]) is the composition of
I(H) with I(Gy), ..., I(G,) as set systems. Now, since H® is triangle-free,
I(H) is a one-dimensional simplicial complex. Furthermore, it follows from
(9) and from our hypotheses that p(I(G;); x), ..., p(I{(Gp); x) all have only
real nonpositive zeros. These conditions, by Theorem 4.5 of [55], imply that
p(I(H[G,, ..., Gpl); x) has only real zeros, which, by (9), implies the desired
result. 0O

In particular, we obtain the following result.

Corollary 3.11. Let H be a graph such that H® is triangle-free. Then a(H ; x)
has only real zeros. O

Note that (H[Gi, ..., G,])° may not be triangle-free even if H° and
G, ..., Gy are (take, e.g., N[Ny, N1]). Therefore Corollary 3.11 actually
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applies to a much wider class than just that of triangle-free graphs. In fact, it
would be quite interesting to have a characterization of this class.

Theorem 3.10 is a tool for constructing graphs whose o-polynomial has only
real zeros. As an application, we have the following result.

Theorem 3.12. Let G and H be two graphs such that o(G; x) and a(H ; x)
have only real zeros. Then o(Gw H ; x) has only real zeros.

Proof. As was observed above, GW H = N>[G, H] and since (N,)° is triangle-
free the result follows from Theorem 3.10. O

For the operation of product of two graphs even more is true. The following
is a well-known result though it has never been stated before in terms of o-
polynomials.

Theorem 3.13. Let G, Gy be two graphs and let G,0G, be their product. Then
a(G10Gy; x) =0(Gy; x)a(G2; x);

in particular, 6(G,0G,; x) has only real zeros if and only if both o(G,; x) and
o(Gy; x) have only real zeros.
Proof. The result follows immediately from our definition (2) and Theorem
3.1. O

Two immediate corollaries of Theorem 3.13 are given below. Recall (see,
e.g., {3, p. 60]) that the cone (respectively, suspension) of a graph G is the
graph c(G) Nl o G (respectively, s(G) o(G).
Corollary 3.14. Let G be a graph. Then the following are equivalent:

(i) a(G; x) has only real zeros;
(ii) o(c(G); x) has only real zeros,
(iil) o(s(G); x) has only real zeros. O

Corollary 3.15. Let G be a complete multipartite graph. Then (G ; x) has only
real zeros.

Proof. Let G = Ky, . . .m, ,thenitis well known that K,,,  m, = Npm,0:- 0Ny, .
The thesis now follows from Theorem 3.13 and Corollary 36. O

A particularly elegant special case of the preceding result is the following.
Corollary 3.16. Let H,, be the hyperoctahedral graph on 2m vertices. Then
d(Hpy; x)=x"(x+ 1)"
in particular, o(H,,; x) has only real zeros.
Proof. By definition,
Hm = K2,2,...,2 .
S —

m

Hence, by Theorem 3.13,
6(Hp; x)=0(Nyo---0 Ny ; x)=0(N; x)™,
N —— —

and the result follows. 0O

Using the definition (2) of the g-polynomial we immediately obtain the fol-
lowing consequence of Corollary 3.16.
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Corollary 3.17. Let H,, be the hyperoctahedral graph on 2m vertices. Then

X(Hn x) =3 (7)) @i ©

1
i=0

The preceding formula for the chromatic polynomial of an hyperoctahedral
graph seems to be new and solves the recurrence relation obtained in [3, §9B,
p. 62], for the y(H, ; x)’s.

There is another general class of graphs whose o-polynomials have only real
zeros. To describe it we need a few definitions. A board is a finite subset
BCPxP. Let n,c,r €P besuch that B C [c] x[r] and n > c¢. The rook
polynomial and the n-factorial polynomial of B are the polynomials defined by

(10) R(x;B)E 3 xS,
SER(B)

and

(11) s B)E Y (X)ncists
SER(B)

respectively, where R(B) < (S C B: (i1, j1), (ia, o) €S = i1 # iz, J1 # ja}.

These polynomials were first defined in [23] and have been extensively studied
(see, e.g., [17, 23, 24]). Following [24, §II] we call a graph G a board graph if
there exist n € P and a board B C [rn] x P such that p,(x; B) = x(G; x). We
can now prove the following result.

Theorem 3.18. Let G be a board graph. Then a(G; x) has only real zeros.

Proof. Let n € P and B C [n] x P be a board such that p,(x; B) = x(G; x).
By (1), (2), (10), and (11) this means that

(12) o(G;x)=x"R (%;B) .

But it is known (see [31, Theorem 1]) that the rook polynomial of any board
has only real zeros, and the thesis follows. O

We should remark that, as noted in [24, p. 140], no characterization of board
graphs seems to be known.

There is one more operation on graphs which preserves the property of the
o-polynomial having only real zeros. Before we can prove this, however, we
need the following analytical result.

Theorem 3.19. Let Z}izo aix' be a polynomial having only real nonpositive zeros,
and let

d+1

d
(13) S bi(x) € (x - 0) Y ai(x);
i=0 i=0

where ¢ > 0. Then E?:ol b;x' has only real zeros.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




CHROMATIC POLYNOMIALS AND LOG-CONCAVITY 739

Proof. 1t follows from (13) that

d+1 d
D obix)i =Y al(x)inr + (i — €)(x)i]
i=0 i=0

d+1

(@1 + ai(i — ¢))(x);
i=0

(where a_, &f a4 e 0) and hence that
d+1
(14) be )JA(x) + xA'(x),

where A(x) & E?:o a;x'. By our hypothesis, 4(x) has only real nonpositive
zeros. Therefore A'(x) has only real zeros and interlaces A(x). Hence xA'(x)
interlaces (x —c¢)A(x) and this, by a standard argument (see, e.g., [55, Lemma
1.3]) implies that (x — c)A(x) + xA’'(x) has only real zeros which, by (14), is
the desired result. O

Let now G = (V, E) be agraph, v € V,and n € N. We denote by G, ,
the graph obtained from G by adding »n new vertices #;,...,u#, to V and
adding all the edges (v;, ;) and (v,u;) to E for 1 <i,j<n, i#j. It

will also be convenient to let G, ¢ G for any v € V. Using the preceding
theorem we can prove the following result.

Theorem 3.20. Let G = (V, E) be a graph such that o(G; x) has only real
zeros. Then o(Gy, n; x) has only real zeros for all veV and ne N.

Proof. By its definition, G, , is the union of G and of a complete graph on
n + 1 vertices which “overlap” (in the sense of [36, p. 59]) on the vertex v.

Hence
X(Gy n; X)=x(G; x)(x = 1)+ (x = n).
Therefore
n+p
Za,-(Gv,,,)(x),- = X(Gy,n; X) = (x —=m)X(Gy n_1; X)
(15)

p+n—1
Z(X_n) Z ai(Gu,n—l)(x)i
i=0

where p & |V| and Y% ai(Gy n)x' = 0(Gy, n; x). We are now done by
induction and Theorem 3.19. O

As an immediate consequence of the preceding theorem we obtain the fol-
lowing result.

Corollary 3.21. Let G be a tree. Then o(G; x) has only real zeros. O

We close this section by introducing a modified version of the g-polynomial
which, besides giving rise to some interesting problems, “interpolates” between
the o-polynomial and the w-polynomial which will be introduced in the next
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| 1]

FIGURE 3

section. Let G be a graph on p vertices and let (2) be its og-polynomial. We
define the augmented c-polynomial of G by

14
(16) 7Gx &Y nax’.
j=0

As might be expected, the log-concavity properties and the zeros of the aug-
mented o-polynomial are related to those of the o-polynomial. The two most
important connections are given in the following two results.

Theorem 3.22. Let G be a graph such that G(G; x) has only real zeros, then
o(G; x) has only real zeros.

Theorem 3.23. Let G be a graph such that (G x) has only real zeros, then
7(G; x) is log-concave.

The preceding two theorems follow from two purely analytical results ap-
pearing, e.g., in [9] (Theorems 2.4.1 and 2.5.6, respectively) and we refer the
reader to that source for their proofs. We also have the following result, whose
easy verification is left to the reader.

Proposition 3.24. Let G be a graph such that &(G; x) is log-concave. Then
o(G; x) is log-concave. 0O

By Theorem 3.23, many of the results in this section give rise to corresponding
log-concavity results for (G ; x) . However, the augmented og-polynomial also
gives rise to many open problems. For example, it would be interesting to
know whether Theorems 3.10 and 3.13 have an analogue for augmented o-
polynomials and to know if Theorems 3.8, 3.18 and Corollaries 3.5, 3.11 remain
valid when @(G; x) is substituted for o(G; x), in their statements. Note,
however, that not all of the results presented in this section about the zeros of
o(G; x) hold for (G; x). For example, if G is the graph in Figure 3, then it
is easy to see that the complementary graph G¢ is a comparability graph. On
the other hand, it is not hard to verify that

7(G; x) = 2x% + 48x3 + 384x* + 960x°> + 720x5,

which is easily seen not to have only real zeros. Therefore Theorems 3.3 and
3.4 do not hold for the augmented o-polynomial. On the other hand, we will
see in the next section that Corollaries 3.6, 3.21 and Theorems 3.12, 3.20 also
hold for the augmented o-polynomial (see Corollaries 4.13, 4.14 and Theorems
4.17, 4.18).

4. THE wW-POLYNOMIAL

Let G be a graph on p vertices and let

p .
(17) 2G;x) =Y w; (FFP !
Su (1)
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be its chromatic polynomial. The w-polynomial of G is the polynomial defined
by

p
(18) w(G; x) €Y wix'.
i=0

From Theorem 2.1 and our definition we immediately obtain the first important
property of the w-polynomial.

Proposition 4.1. Let G be a graph on p vertices and let w(G; x) be its w-
polynomial. Then

G;
(19 S 1(G: mxn =

n>0
(as formal power series). O

We now give a combinatorial interpretation to the coefficients of the w-
polynomial. Let G = (V, E) be a graph on p vertices. An orientation of G
is an assignment of a direction to each edge (¥, v) € E denoted by u — v or
v — u. An orientation is said to be acyclic if it contains no directed cycles.
We denote the set of all acyclic orientations of G by A(G). Given 8 € A(G)
we can associate to it a finite poset P, having V' as underlying set, and where,
for x,yeV, x <y in Py if and only if either x = y or there is a directed
path from x to y in (G, 8). Given a finite poset P of cardinality p a linear
extension of P (see, e.g., [48, p. 110]) is a bijection w: P — [p] such that
x <y in P implies w(x) < w(y) (as integers). We can now state our second
result about the polynomial w(G; x). Recall that an ascent of a sequence
(by, ..., by) € Z" is an integer i € [n — 1] such that b; < b;,; . We denote by
a(by, ..., by) the total number of ascents of (by, ..., by).

Theorem 4.2. Let G be a graph on p vertices and let w(G; x) be its w-
polynomial. Then

(20) wGx)= > Y x@wa(e™ (1), .., wy(@™ " ()))+1
0€4(G) o: Py—Ip)

where P, is the poset associated to the acyclic orientation 8, wg: Py — [p] is
(any) linear extension of Py, and o runs over all linear extensions of Py .

Proof. 1t is proved in [44] (see equation (1) on p. 174) that given a graph G
on p vertices we have that

(21) 2Gix)= Y QPp; x),
0€A(G)

where Q(P,; x) is the strict order polynomial of the poset P (see, e.g., [42,
pp. 4, 45] or [9, §1.2] for the definition of the strict order polynomial of a poset).
But, for any poset P of size p, it is known (see [42, Propositions 8.1, 8.2, and
8.3, p. 24]) that

Y. p - xaw@ ' (1), .., w@™ (p))+]

(1 —x)r+!

(22) > QP n)x" =

n>0
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where w is (any) linear extension of P and o runs over all linear extensions
of P. Hence, since |Py| = p for all 8§ € A(G), from (19), (21), and (22) we
conclude that

Y06 A(G) Lo Pysip) X200 (D)o wala™ D H
. n _ Py
(23) > x(Ginmx"= tindh

n>0

as formal power series in Z[[x]], where wy is (any) linear extension of P;.
Comparing (23) with (19) yields the desired result. O

There is an equivalent way of stating Theorem 4.2 in purely graph theoretic
terms which also has the advantage of showing that w(G; 1) = p!, a fact which
is not obvious from (20). To do this we first need a definition. Let G = (V, E)
be a graph on p vertices and assume (since we are dealing with labeled graphs)
that V' =[p]. Let now o, 1 € S, (where S, denotes the symmetric group on
p elements) we say that o and 7 are G-equivalent (denoted o =g 1) if for
all (u,v) € E we have that a(u) < g(v) = t(4) < 7(v). It is easily verified

that =; is an equivalence relation which partitions S, into a(G) def |4(G)|

equivalence classes (note that this implies that a(G) = 1 if G has no edges).
We can now state and prove the following equivalent formulation of Theorem
4.2.

Theorem 4.3. Let G be a graph on p vertices. Then

(24) Z 3 xsleer

i=1 1€5,(0;)

where S,(c) = def {t € S,:1 2 0}, and oy, ..., 0y are a complete set of
distinct representatives of Sp modulo =g .
Proof. Let o € S, . Define an orientation 6, in G by letting u — v in ¢, if
and only if o(u) < g(v). The orientation 8, is clearly acyclic. Furthermore,
o is a linear extension of Py, and we claim that a map t: Py, — [p] is a linear
extension of Py if and only if 7 =g o. In fact if 7 is a linear extension of
Py, and (u,v) € E is such that o(¥) < o(v) then u < v in Py and hence
t(u) < 7(v) (since 7 is a linear extension). Conversely if 7 & ¢ and u < v
in Py, then there exists a directed path u =vp - vy —» -+ = v, =v in 6,.
This implies that o(u) = a(vy) < 6(vy) < -+ < 6(v;) = 6(v) and hence (since
(i, viy1) €E for i=0,...,t—1,and g = 1) that 17(¥) = 7(vg) < (V1) <
-+ < 7(v;) = ©(v) . Hence 7 is a linear extension of Py, , as claimed. Therefore

(25) E xa(a(t“(l)),...,a(r"(p)))+1: Z xa(aor")+l’

©: Py, —(p] T1€8,(0)

the sum on the left being over all linear extensions 7 of P, . Now, it is clear
that, given g, 02 € S,, 0, = 0,, if and only if g; =; 0,. Therefore the
polynomial on the RHS of (25) actually depends only on S,(¢). Furthermore,
it is easy to see that for any acyclic orientation 6 € A(G) there is at least a
o €S, such that § = 6, . Hence

a(G)

(26) Z Z xaw(ET ), weT )+ Z Z salaor™")41

6€A(G) 1: Py—[p] i=1 1€8,(0;)
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where a1, ..., 0,G) areacomplete set of distinct representatives of S, modulo
2; and the polynomial on the LHS of (26) is the same polynomial as in the
RHS of (20). Thus, comparing (20) and (26) yields the desired result. O

By the definition of the w-polynomial the preceding result yields the follow-
ing new expansion of the chromatic polynomial of a graph.

Theorem 4.4. Let G be a graph on p vertices. Then

(27) Z > (”p adior 0= 1>,

i=1 1€S8,(0;)
where Sy(0) and oy, ..., 04) have the same meaning as in Theorem 4.3. O

We illustrate Theorems 4.3 and 4.4 with an example. Let G = (V, E) be
the path on three vertices, and assume that V' =[3],and E = {(1, 2), (2, 3)}.
Then there are four equivalence classes of 53 modulo &g, namely {123},
{132, 231}, {312, 213}, and {321}, where we are writing permutations in
one-line notation, (i.e., a;---a, represents the map that sends i to a;, for
i=1,...,n). Hence, letting o, = 123, 0, =132, a3 = 312, and o4 = 321,
we have that by Theorem 4.3,

w(G; x) = i Z xa(a,-ot“)+l

i=1 1€83(0y)
_ Z xa(123or_')+l+ Z xa(13201_1)+1
1€{123} 1€{132,231}
+ Z xa(31201_1)+1+ Z xa(32101_1)+l
7€{312,213} t€{321}

XA+ (al12)+1 4 aQ213)+1)
4 (x4  a(3D41y 4 ya(123)+1
= 4x3 +2x2,
and hence, by the definition (18) of the w-polynomial,

G0 =2("1")+4(3).

As a consequence of Theorem 4.3 we obtain the following result.

Proposition 4.5. Let G be a graph on p vertices and (18) be its w-polynomial.
Then ¥F_ | wi=p!, w;=0if0<i<v(G)-1, w; €P for i=v(G),...,p,
and wy, equals the number of acyclic orientations of G .

Proof. The first assertion follows by letting x = 1 in (24). To prove the second

one let 0,7 € S, be G-equivalent, a;,...,a, € [p — 1] be the ascents of
(@(r7'(1)), ..., a(z™'(p))), and By € {a +1,ac +2,..., a1}, for k =
0,...,r (where qq ng,am qﬁfp). Fixnow 0 <k <r,thenforall x,y €

By, we have that x < y = a(t7!(x)) > a(t7!(y)). But this implies that
(t='(x), t='(y)) ¢ E (otherwise, since ¢ =; o, we would have that x <
y = (7 1(x)) < 1(z71(»)) = a(t7(x)) < ©(r7'(y)). Hence t7!(By) is an
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independent set of G, for k =0, ..., r. Since T7Y(By), ..., (B, are a
partition of V' this implies that v(G) < r+1 and hence that a(got7 1) +1 >
v(G). Since this holds for all g, 7 € S, that are G-equivalent we conclude,
from (24), that w; = 0 if 0 < i < v(G)— 1. To prove the third assertion
let »(G) < r <p andlet V|,...,V, be a partition of V into exactly r
independent sets. Choose a bijection ¢: V' — [p] with the property that

O'(I/j+1)={ij+ 1, ij+2, cies ij+1}

for j=0,...,r—1, (where ijdéf £:l|Vj| for 1<j<r,and iodéfO),and

define a bijection 7: V' — [p] by letting
(0™ (i + k) E ijr —k+ 1

for j=0,...,r=1, 1 <k <|Vy. Itis then easy to see that ¢ =g 7,
and that, by our definitions, a(too~!) = r — 1. Since any system of distinct
representatives of S, modulo =; may be used in (24) to compute w(G; x) we
may assume that ¢ is an element of {ay, ..., 0,6} in (24). Since 7 € S,(0)
and a(too™ ')+ 1 =r this implies that w, > 0, as desired. Finally, for every
fixed 8 € A(G) and linear extension wy of Py, the polynomial

T xawlo™ D) vl D)
g: Py—[p]
is monic of degree p (since a(wg(a~'(1)), ..., we(a~(p))) = p — 1 if and

only if o = wy). Hence, taking the coefficients of x? on both sides of (20)
gives that w, = |A4(G)|, as desired. O

Note that the fact that x*(©) divides w(G; x) may also be easily established
from (19) using the combinatorial definition of x(G; n) for n € N. However,
we thought a direct, combinatorial proof, to be preferable, and we thank An-
dreas Blass for suggesting the combinatorial argument given in the proof of the
preceding Proposition.

One of the main reasons for considering the w-polynomial of a graph is that
it can be used to derive information about some of the polynomials already
considered in this work. In fact, we have the following results.

Theorem 4.6. Let G be a graph on p vertices. Then
(28) w(G; x) = (1 - x)P5 (G; 1—_’%) .

In particular, w(G; x) has only real zeros if and only if G(G; x) does.

Proof. Equation (28) is an easy consequence of the definitions (18) and (16)
of w(G; x) and 7(G; x), and of the binomial theorem (see also [9, Theorem
2.3.3]). The second assertion follows from (28). 0O

Theorem 4.7. Let G be a graph and suppose that w(G; x) is log-concave. Then
both G(G; x) and o(G; x) are log-concave.

Proof. Let (18) and (16) be the w-polynomial and augmented o-polynomial
of G, respectively. Then, from (1) and (17) we conclude that

29) gwi (*2 1) =S (1)

i=0
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Since, by hypothesis, the sequence {wy, ..., w,} is log-concave, and by Propo-
sition 4.5 it has no internal zeros, there follows from (29), and Proposition
2.5.1 and Theorem 2.5.8 of [9] that the sequence {ao, a;, a2(2!), ..., ap(p!)}
is also log-concave. This shows that @(G; x) is log-concave and this implies,
by Proposition 3.24, that (G ; x) is also log-concave. O

As an immediate consequence of Theorems 4.6 and 3.22 we obtain the fol-
lowing result.

Theorem 4.8. Let G be a graph and suppose that w(G; x) has only real zeros.
Then o(G; x) has only real zeros. 0O

We now come to one of the main results of this section.

Theorem 4.9. Let G be a graph such that (G ; x) has all its zeros in the half
open interval [0, v(G)). Then w(G; x) has only real zeros.

Proof. By hypothesis A(x(G; x)) > 0 and A(x(G; x)) < v(G). Also, it is
clear from the combinatorial interpretation of the chromatic polynomial that
x(G;x) = 0 for all x € [0,v(G))NZ. Hence, by Theorem 2.2 and the
definition (18) of the w-polynomial we have that w{G; x) has only real zeros,
as desired. O

We now present a general class of graphs whose w-polynomials always have
only real zeros. A graph G on p vertices is called supersolvable if there is an
indexing vy, ..., v, of the vertices of G such thatif 1 <i< j<k <p and
v is adjacent to v; and v;, then v; and v; are adjacent. In other words,
the vertices adjacent to v, among v;, ..., v;_; induce a complete subgraph
of G, for k =1,...,p. This concept was first introduced and studied by
Stanley in the more general setting of lattices (see [43]). Intuitively, we may
think of a supersolvable graph as one which can be reduced to K; by taking
away one vertex at a time so that, each time, we are only allowed to take away a
vertex whose neighborhood is a clique. So, for example, the graphs T(t, m, n)
(defined in §3) are supersolvable, while the graphs V' (¢, m, n) are not, except
ift=1.

Our interest in supersolvable graphs stems from the fact that their chromatic
polynomials have a nice closed form, as the next result shows.

Theorem 4.10. Let G = (V, E) be a supersolvable graph on p vertices. Then

there exist nonnegative integers a,, ..., a, such that

p
(30) x(G;x) =[x —a).

i=1
Proof. Let G be a supersolvable graph and let v;, ..., v,—;, v, be an indexing
of the vertices of G as in the definition. For i = 1,...,p, let a; def I{j <
i:(v;, v;) € E}|, (so that a; = 0). Then we can color G in x colors by first
coloring v; in x ways, then v, in x —a, ways, etc...., and (30) follows. O

The previous theorem is a special case of Theorem 4.1 of [43] about super-
solvable lattices, however, we thought a direct, self-contained proof, to be more
illuminating. Theorems 4.9 and 4.10 immediately imply one of the main results
of this section.
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Theorem 4.11. Let G be a supsersolvable graph. Then w(G; x) has only real
zeros. O

As an immediate corollary of Theorems 4.8 and 4.11 we obtain the following
result which was first proved, though stated in a slightly different language, in
[55, Theorem 3.5].

Corollary 4.12. Let G be a supersolvable graph. Then a(G; x) has only real
zeros. O

Other immediate consequences of Theorem 4.11 are the following, which, by
Theorem 4.8, strengthen Corollaries 3.6, and 3.21, respectively.

Corollary 4.13. Let N, be the empty graph on p vertices. Then w(N,; x) has
only real zeros. 0O

Corollary 4.14. Let G be a tree. Then w(G; x) has only real zeros. D

The reader should note that it follows easily from Theorem 4.3 that

(31) w(N,; x) =Y xaO,
€S,

The polyomial on the RHS of (31) is called the pth Eulerian polynomial and has
been widely studied (see, e.g., [48, p. 22] for further information about Eulerian
polynomials). Thus, Corollary 4.13 is equivalent to the well-known (see, e.g.,
[14, Example 3, p. 292]) but nontrivial fact, that the Eulerian polynomials
have only real zeros. Hence Theorem 4.11 is a generalization of this well-
known result. Note that there are graphs whose chromatic polyomial do not
have only real zeros but that satisfy the hypotheses of Theorem 3.3 (take, e.g.,
C,) . Therefore Theorem 3.3 is not a special case of Theorem 4.9.

There is an elegant characterization of supersolvable graphs (mentioned in
[43, p. 205]) which is sometimes more convenient to handle than the original
definition. Recall (see, e.g., [19, p. 48]) that a graph G is chordal (sometimes
also called triangulated) if every cycle of G has a chord.

Theorem 4.15. Let G be a graph. Then G is supersolvable if and only if G is
chordal. O

It is easy to see that if G is supersolvable then G is chordal. The converse,
however, is not obvious, and we refer the reader to [16, 19, 39], for a proof.

We now prove that the operation introduced in the paragraph preceding The-
orem 3.20 also preserves the property of the w-polynomial having only real
zeros. In order to do this, we need the following analytical result, which is an
immediate consequence of Theorem 4.4.3 of [9].

Theorem 4.16. Let G and H be two graphs. Suppose that w(G; x) has only
real zeros and that

(32) x(H; x) = (x —c)x(G; x),
where 0 < ¢ < v(G). Then w(H ; x) has only real zeros. O

The following result is the analogue of Theorem 3.20 for w-polynomials. Its
proof is similar to that of Theorem 3.20 and is omitted.
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Theorem 4.17. Let G = (V, E) be a graph such that w(G; x) has only real
zeros. Then w(Gy ,; x) has only real zeros forall ve V and ne N. O

We conclude this section with a result that is a consequence of Theorem 2.3
and the obvious fact that y(GW H; x) = x(G; x)x(H; x). It is the analogue,
for w-polynomials, of Theorem 3.12.

Theorem 4.18. Let G and H be two graphs. Suppose that w(G; x) and
w(H ; x) have only real zeros. Then w(G W H ; x) has only real zeros. 0O

5. THE 7-POLYNOMIAL

Let G be a graph on p vertices and let
14

(33) (G x) = Y (=1 icilx),

i=0

(where (x); défx(x+1) -+ (x+i-1),for i > 1,and (x)g f 1), be its chromatic
polynomial. The t-polynomial of G is the polynomial defined by

14
(34) 2(G; x) S ax'.
=0

The 1-polynomial of a graph is, in some sense, a “dual” of the g-polynomial.
The next two results give some of its basic properties.

Proposition 5.1 (Decomposition). Let G be a graph and let u and v be two
adjacent vertices of G. Then

(G x) =1(G; x) +1(G"; x),
where G’ (respectively, G") is the graph obtained from G by removing the edge
between u and v (respectively, identifying u and v).

Proof. It is well known (see, e.g., [36, Theorem 1] or [3, Proposition 9.3]) and
easy to see that

(35) x(G'5 x) = x(G; x) + x(G"; x).
The thesis then follows from (35), (33), and (34). O

We now proceed to give a combinatorial interpretation of the coefficients of
7(G; x). To do this, we need the following result. (Recall that, given a graph
G, we denote by a(G) the number of acyclic orientations of G .)

Lemma 5.2. Let G be a graph and let u and v be two adjacent vertices of G .
Then

a(G) = a(G') + a(G"),
where G' and G" have the same meaning as in Proposition 5.1,
Proof. Letting x = n in (35) yields that
x(G'; n) = x(G; n)+x(G"; n).

Multiplying both sides of this equation by x" and summing over all n € N
gives, by (19), that

(36) w(G; x)=w(G; x)+ (1 —x)w(G"; x).
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But, by Proposition 4.5, the leading coefficient of w(H ; x) equals a(H), for
any graph H . Hence taking the coefficients of x? on both sides of (36) estab-
lishes the lemma. O

Using the preceding lemma we can give a combinatorial interpretation of the
coefficients of 7(G; x). Let V' be a finite set, we denote by II(¥') the set of
all partitions of V. Given a function f:V — [n] (n € P) we let n, be the
partition of V' defined by letting i, j € V' be in the same block of =, if and
only if f(i) = f(j). We call n, the partition of V induced by f. Given
n,a € II{V) we let 7 < ¢ if and only if every block of 7 is contained in
a block of . This makes II(V) into a partially ordered set (actually, into a
geometric lattice) and we refer the reader to [48] or [51] for further information
about it. Given u,v € V we will denote by uv the partition of V' having
all blocks of cardinality 1 except for the block {u,v}. For n € II(V) we
denote by |z| the number of blocks of #. Let now G = (V, E) be a graph.
Given a subset B C V' we denote by G(B) the subgraph of G induced by B

(ie., GB) ¥ (B, E(B)), where E(B) ® {(u,v) € E:u,v € B}). Given a

partition © of V we let G(n) &f Wper G(B). We can now prove one of the
main results of this section.

Theorem 5.3. Let G = (V, E) be a graph on p vertices and q edges and
7(G; x) be its 1-polynomial. Then

(37) (G x)= Y a(G(m)x".
nell(V)

Proof. We prove the result by induction on p + g . The result is easily verified
for p+ g < 2. So assume that (37) holds for all graphs G = (V', E) such that
[V|+|E| < p+g—1 andlet G be a graph on p vertices and ¢ edges. If g =0
then G = N, and hence x(G; x) = x?. But it is well known (see, e.g., [48, p.
209]) that x? = Y0 (=1)?~'S(p, i){x);, so from (33) and (34) we conclude
that 7(N,;x) = Y0 ,S(p, i)x'. Butif G = N, then G(n) = N, for all
n € (V). Therefore Y-, ) a(G()x!™ = 3 ) X1 = S, i)x!,
as desired. So suppose that there are u, v € V such that (4, v) € E, and let
(' and G” have the same meaning as in Proposition 5.1. Note that we have a
natural bijection

p: {melllV): uv < n} - I(V\{u})

and that G(n) = G'(n) and G(n)’ = G"(p(n)) if n > uv. Also note that if
m # uv then G(m) = G'(n). Then we have that

Y aG@px™= 3 (a(G(n))+a(G(m)")x™!

{mell(V): n>uv} {mell(V): n>uv}

= Y (@G@@)+a(G"(p(m))x"

{me€ll(V): n>uv}

= z xI"a(G'(n)) + Z xIMa(G"(n)).

{m€ll(¥V): na>uv} nell(V\{u})
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Hence
Yo xta@Gmy= > daG@y+ D xMa(@(n)
rell(V) {rell(V): n>uv} {nell(V): ntuv}
= Y xMa@ @)+ Y xMa(@(x)
nel{(V\{u}) nell(V)
=1(G"; x) + 1(G'; x)
=1(G; x)

by Proposition 5.1 and our induction hypotheses. This proves (37) for G and
concludes the induction step and hence the proof. O

As an immediate consequence of the preceding theorem we obtain the fol-
lowing result.

Corollary 5.4. Let G be a graph on p vertices and q edges and (34) be its
t-polynomial. Then, for i =0, ..., p, we have that

ci= > a(G(n)).
{mell(V): |r|=i}
In particular, ¢o =0, ¢; =a(G), ¢;>1 for i=2,...,p-2, ¢,.1=(5) +4q,
and c,=1. 0O

By the definition of the 7-polynomial Theorem 5.3 yields the following new
expansion of the chromatic polynomial of a graph.

Theorem 5.5. Let G =(V, E) be a graph on p vertices. Then
1(Gix)= Y a(Ga) (-1 "{x)y. O
nell(V)

We illustrate Theorems 5.3 and 5.5 with an example. Let G = (V, E) be
the cycle on three vertices and assume that V' =[3], and E = {(1, 2), (2, 3),
(3, 1)}. Then there are five partitions of V', namely, n; = {1, 2, 3}, n; =
{1}U{2, 3}, n3 ={2}uU{l, 3}, my = {3}U{l, 2}, and ns = {1} U{2} U{3}.
Hence,

1(G; x) = a(G({1, 2, 3))x" +a(G({1} U {2, 3})x?
+a(G{2} U {1, 3}))x* +a(G({3} u {1, 2}))x?
+a(G{1} U {2} U {3}))x°
=6x +6x%+x3,
and therefore
x(G35 x) = 6(x); — 6(x)2 + (x)3.

We now introduce a modified version of the t-polynomial that will serve the
same purpose as g(G; x) does for ¢(G; x). Let G be a graph on p vertices
and let (34) be its 7-polynomial. Then the augmented t-polynomial of G is
the polynomial defined by

p
(38) 7(G; x) €S (e
i=0

As another immediate consequence of Theorem 5.3 we obtain the following
combinatorial interpretation of the coefficients of 7T(G; x).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




750 FRANCESCO BRENTI

Theorem 5.6. Let G be a graph on p vertices and let (38) be its augmented

t-polynomial. Then, for i =0, ..., p, we have that
Me= Y alGn,)),
a: V—li]

g onto

where m, Is the partition of V induced by o. 0O

As a consequence of Theorem 5.6 we obtain the following combinatorial
interpretation of the chromatic polynomial of a graph evaluated at negative
integers.

Theorem 5.7. Let G be a graph on p vertices. Then, for n € P, we have that
(39) (=1Px(G;s-m) = Y alG(ny).
g: V—[n]

Proof. Fix n € P. Letting x = —n in (33) we obtain that

L n
(-172(Gs =n) = (a7
i=1
and the thesis follows from Theorem 5.6. O

Let 8 € A(G) and n € P,amap og: V — [n] is said to be 6-compatible if
u — v implies a(u) > o(v). We can now prove the following result originally
due to R. Stanley (see [44, Theorem 1.2]), and frequently rediscovered in the
case n =1 (see, e.g., [60, p. 202]).

Theorem 5.8. Let G be a graph on p vertices. Then, for n € P, (—1)Px(G; —n)
equals the number of pairs (0, ) where 8 is an acyclic orientation of G and
o:V — [n] is a O-compatible map. In particular, (—1?x(G; —1) equals the
number of acyclic orientations of G.

Proof. 1t is not hard to see that, for each map o: V — [n], there are exactly
a(G(ms)) acyclic orientations 8 of G such that ¢ is §-compatible. The thesis
hence follows from (39). O

The main connections between the zeros and log-concavity properties of
w(G; x) and T(G; x) are given in the next two results. We omit the proof
of the first one since it is similar to that of Theorem 4.6.

Theorem 5.9. Let G be a graph on p vertices. Then

(40) w(G; x)=(x— 1)’x7 (G; —1——> .
x—1
In particular, w(G; x) has only real zeros if and only if T(G; x) does. O

Theorem 5.10. Let G be a graph and suppose that w(G; x) is log-concave.
Then both T(G; x) and 1(G; x) are log-concave.

Proof. Let (18) and (38) be the w-polynomial and augmented 7-polynomial of
G, respectively. Then, by (17) and (33), we have that

D . D
(41) wi (TP} =S (1P iex),
Su () =%
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Letting now x = —x in (41) and then multiplying both sides by (—1)? yields

(42) pr " (x“"’) Zc, (i) ( )

i=1

By our hypotheses and Proposition 4.5 the sequence {wp, ..., wy, w;} is log-
concave with no internal zeros, hence by (42), and Proposition 2.5.1 and Theo-
rem 2.5.8 of [9], the sequence {cg, ci, 2(2!), ..., cp(p")} is log-concave. This
shows that T(G; x) is log-concave. The second statement follows easily from
the first one. 0O

Note that the preceding result is the analogue, for 7(G; x) and 7(G; x), of
Theorem 4.7. We conclude this section with a curious consequence of Theorem
5.9.

Proposition 5.11. Let G be a graph. Then
(43) 7(G; 1) = fw(G;2). O

It would be interesting to have a combinatorial proof of (43) based on The-
orems 4.3 and 5.3. Note that, by Theorem 4.6, Theorem 5.9 also implies that,
for a graph G, @(G; x) has only real zeros if and only if T(G; x) does. Also,
since the relationship between 7(G; x) and 7(G; x) is identical to the one
between o(G; x) and 7(G; x) Theorems 3.22 and 3.23 and Proposition 3.24
still hold when “o” is replaced by “t” throughout their statements. Finally, by
Theorem 5.9, all the results obtained in the preceding section about the zeros
of w(G; x) (namely Theorems 4.9, 4.11, 4.16, 4.17, and 4.18 and Corollaries
4.13 and 4.14) also hold for 7(G; x).

6. CHROMATIC POLYNOMIALS

In this section we study the zeros and log-concavity properties of the chro-
matic polynomial itself and the connections between these and those of the
polynomials studied in the preceding sections. Our first result is the following.

Theorem 6.1. Let G be a graph. Suppose that x(G; x) has only real zeros; then
7(G; x) has only simple real zeros.

Proof. Let (34) be the t-polynomial of G . Since x(G; x) has only real (neces-
sarily nonnegative) zeros, there follows from equality (33) that the polynomial
>, ci(x); has only real nonpositive zeros. But by Theorem 2.4.2 of [9] this
implies that %  ¢;x’ has only simple real zeros, as desired. O

Note that the converse of Theorem 6.1 does not hold (take, e.g., G = Cy).
We investigate next the log-concavity properties of the coefficients of x(G; x).
(We refer the reader to [3, p. 88] for the definition of the internal and external
activities of a spanning tree.)

Theorem 6.2. Let G be a connected graph on p vertices and let, for i =
1,...,p—1, t; be the number of spanning trees of G having internal activity i
and external activity 0. Suppose that the sequence {t,, ..., t,_} is log-concave
with no internal zeros; then (—1)? x(G; —x) is log-concave.
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Proof. 1t follows from our definitions and [3, Theorem 1.4.1, p. 94] that

(-1P(G; —x) = xY_ti(1+x)'

i>0
(44) :
E(E0)

(where t; 0 if i > p or i = 0). But, by our hypotheses, the sequence
{ti}ien is log-concave with no internal zeros (and eventually vanishing), hence,
by Proposition 2.5.1 and Theorem 2.5.3 of [9], the sequence

(=0

is log-concave and the thesis follows from (44). O

We now consider the log-concavity of the sequence {x(G; n)},—0,1,2,... Our
main result in this direction is the following.

Theorem 6.3. Let G be a graph and suppose that (G ; x) is log-concave. Then
the sequence {x(G; n)}n=0,1,2,.. is log-concave.

Proof. Let (16) be the augmented o-polynomial of G. By our hypotheses,
the sequence {ag, la;, 2'a,, ..., pla,} is log-concave, and, by Theorem 3.1, it
has no internal zeros. Therefore, by (1) and Theorem 2.5.7 of [9], the sequence
{x(G; n)}n=0,1,2,.. is log-concave, as desired. O

Note that, by the preceding result and Theorems 3.23 and 4.8, all the results
obtained in §§3 and 4 about the reality of the zeros of w(G; x) and o(G; x)
give rise to a number of classes of graphs for which the sequence {3(G; n)},en
is log-concave.

7. CONJECTURES AND OPEN PROBLEMS

There are several problems that are suggested by the research presented in
this work. The main one is probably the following.

Problem 7.1. Does the polynomial 7(G; x) have only real zeros for all graphs
G?

We have verified that the answer is yes for all connected graphs on < 8
vertices. G. F. Royle (private communication) has recently found that ¢(G; x)
does not always have only real zeros. However, we do feel that the following
statements are true. (We refer the reader to [3, p. 63] for the definition of
prisms and Mobius ladders.)

Conjecture 7.2. Let G be a graph on p vertices and suppose that v(G) > p-3.
Then ¢(G; x) has only real zeros.

Conjecture 7.3. Let G = (V', E) be a prism, a cycle, or a Mobius ladder. Then
o(G; x) has only real zeros.
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If v(G) > p — 2 then Conjecture 7.2 holds by Theorem 3.8. The chromatic
polynomials of connected graphs G on p vertices such that v(G) = p—3 have
been completely classified by Dhurandhar in [15] and Conjecture 7.2 might
follow from this characterization. We should warn the reader, however, that
some printing errors are present in [15]. Besides the wrong formula on p. 220
for a,_, (see Proposition 3.2 of the present work for the correct formula) the
constant term of a(G4) on p. 218 of [15] should be “5r—28” instead of “5r—23”
and the coefficient of ¢ in ¢(G)>) on p. 219 should be 17 instead of 19. We do
not know if other printing errors are present in [15]. Conjecture 7.3 has been
verified for |V| < 14.

The graph in Figure 3 at the end of §3 and Theorems 4.6 and 5.9 shows that
w(G; x), T(G; x), and 7(G; x) do not always have only real zeros. However,
it would be interesting to know for which graphs G this is true. The graph
G = Cs shows that the condition of x(G; x) having all its zeros in [0, v(G))
(though sufficient, by Theorem 4.9) is not necessary for w(G; x) to have only
real zeros. The main open problem about w(G; x), 7(G; x), and &(G; x),
however, is the following.

Problem 7.4. Are the polynomials w(G; x), T(G; x), and ¢(G; x) log-concave
(or just unimodal) for every graph G ?

We have verified that the answer to the above questions is yes for connected
graphs on < 7 vertices. Note that, by Theorems 4.7 and 5.10, if w(G; x) is
log-concave then both @(G; x) and 7(G; x) are also log-concave. Also, by
Theorem 3.23, if the answer to Problem 7.1 is yes for ¢(G; x) (respectively,
7(G; x)) then the answer to Problem 7.4 is also yes for 6(G; x) (respectively
7(G; x)).

Regarding the chromatic polynomial itself we feel that the following state-
ment holds.

Conjecture 7.5. Let G be a graph. Then the sequence {x(G; n)}nen is log-
concave.

If the answer to Problem 7.1 is affirmative for ¢(G; x) then, by Theorem
3.23 and 6.3, Conjecture 7.5 would follow. Also, if the answer to Problem 7.4
is yes for @(G; x) (or if w(G; x) is log-concave) then, by Theorems 4.7 and
6.3, Conjecture 7.5 would again follow. In particular, Conjecture 7.5 holds for
all graphs on < 7 vertices.

Finally, let us mention the following conjecture, due to Read for unimodality
(see [36, p. 68]) and to Welsh (in the more general setting of matroids, see [57,
Example 5, p. 266]) for log-concavity.

Conjecture 7.6. Let G be a graph, then the polynomial (—1)?x(G; —x) is log-
concave (and hence, in particular, unimodal).

Because this conjecture has already received a considerable amount of in-
terest we do not dwell on it here but instead refer the reader to [20] for more
information about it. However, one of the aims of this work has been to show
that Conjecture 7.6 is only one of a whole class of similar problems that are all
interconnected and worth investigating.
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