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Abstract:  This paper presents the results of an experimental investigation on the cracking behavior of 

brittle heterogeneous materials.  Unconfined, uniaxial compression tests were conducted on prismatic 

gypsum specimens containing either one, or two, inclusions.  These inclusions were of different 

strengths, stiffnesses, shapes, and sizes.  Emphasis was placed on crack coalescence processes 

associated with specimens containing an inclusion pair, as this was the primary objective of the 

research.  Some observations reported in this study compare well with those of other researchers as the 

overall cracking sequences are similar.  On the other hand, the amount of debonding observed in this 

study at the inclusion interface is significantly less than what was previously observed.  Moreover, the 

extent of shear crack growth at an inclusion boundary increased substantially in specimens containing 

two inclusions, compared to those with single inclusions. 

Keywords: inclusions, uniaxial compression, high speed camera, debonding, tensile 

cracks, shear cracks. 

1. Introduction 

The cracking behavior of brittle materials containing inclusions is complicated.  It is 

well known that the strength of a brittle material is governed by the initiation, 

propagation, and coalescence of cracks during loading.  This has been well 

established experimentally (Griffith 1920; Bombolakis 1963; Brace & Bombolakis 

1963; Hoek & Bieniawski 1965; Bieniawski 1967; Nesetova & Lajtai 1973; Horii & 

Nemat-Nasser 1985 and others) and analytically (Inglis 1913; Griffith 1920; 

Bienawski 1967; Irwin 1957 and others).  Some work has also been done to study 

cracking in brittle material containing inclusions; specifically, various experimental 

(Zaitsev and Wittmann 1981; Maji and Shah 1989; 1990; Zhang and Gjørv 1990; 
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Aulia 2000 and others) and analytical (Zaitsev and Wittmann 1981; Tasdemir et al. 

1989 and others) studies have been performed.  Not much work has been done, 

however, regarding the coalescence of cracks resulting from the presence of 

inclusions within a material.  The underlying question is how the cracking processes 

in brittle materials occur when there are inclusions.  This is of interest for many 

natural materials (rock) as well as artificial products (concrete and many other 

composites). 

 

This study aims to broaden the work done by past researchers, specifically 

understanding, in detail, the crack coalescence processes associated with brittle, 

composite materials.  The purpose of this study was to observe the cracking processes 

(especially crack coalescence) associated with specimens of gypsum containing 

inclusions.  The research involved uniaxial compression tests on prismatic specimens 

of gypsum material containing inclusions of various properties (i.e., strength, 

stiffness, shape, and size).  This paper will first present a review of past studies on 

crack growth within a brittle material containing inclusions (specifically concrete, 

where much work was done).  Then the experimental work performed in this study 

will be described, including specimen preparation, testing procedure, and results.  A 

comparison of past studies to the present one will subsequently be made, followed by 

concluding remarks. 

2. Previous Studies 

The inclusions and matrix of a brittle, heterogeneous material typically have different 

mechanical properties, specifically the modulus of elasticity, thermal coefficient, and 

hardening rate (Mitsui et al. 1994).  It is, therefore, important to understand if any 

stress concentrations develop at the interface because of these mechanical differences.  

If linear elastic behavior is assumed, the property that has the greatest influence on 

the internal stress distribution of a composite material is the difference between the 

elastic constants of the inclusion and the surrounding matrix (Hansen 1958; Neville 

1997; Aulia 2000 and others).  Goodier (1933) derived closed form solutions (which 

followed those developed by Kirsch (1898)) to predict the stress concentration values 
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surrounding a spherical particle within a matrix subjected to a far field compressive 

stress.  These solutions will later (in Section 4, ―comparison‖) be discussed in more 

detail, since they will help explain the cracking processes observed in this study. 

 

Typically, however, a third phase exists within a heterogeneous material which 

introduces further variability.  This third phase is the interface, or interfacial transition 

zone, which exists between the matrix and the inclusion and is considered the weakest 

part of the overall material (Taylor and Broms 1964 and others).  The explanation lies 

within the microstructure of this zone, which is affected by how the matrix and 

inclusion are produced, either naturally or artificially.  In most artificial materials, 

such as concrete and steel, inclusions (and the imperfections associated with them) 

are a common result of production.  For instance, during casting the particles of a 

cement paste in concrete are unable to tightly adhere to larger aggregate particles.  

This is commonly referred to as the wall effect as voids form between the paste and 

aggregate.  The result is a very porous interface, which reduces the strength of this 

zone and, therefore, the strength of the material as a whole (note that while this 

applies to concrete it does not necessarily apply to other materials).  Several visual 

studies have been performed on concrete in order to observe the interface of 

inclusions.  Zhang and Gjørv (1990) performed SEM analyses on lightweight 

aggregate interfaces and concluded that as the porosity of the aggregate increased, so 

did the quality of the bond (Fig. 1b and c).  They attributed this to the fact that an 

increase in porosity improves the mechanical interlock of the aggregate and the 

matrix.  Lo and Cui (2004) confirmed these observations by performing SEM 

analyses on the interfaces of aggregate with various strengths and also concluded that 

lightweight aggregate has smaller interface thicknesses compared to normal-weight 

aggregate. 

  

Several analytical and other experimental studies have also been conducted, 

specifically on inclusions and their effects within a brittle material.  Zaitsev and 

Wittmann (1981) began modeling the cracking processes of a heterogeneous material 

by integrating the sliding crack model, which was first introduced by Bombolakis 
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(1963), into an analysis of a single polygon-shaped inclusion within a matrix 

subjected to a far field compressive load (Fig. 2).  They showed that an inclined 

interface microcrack will begin to propagate in shear along the interface, but, at the 

ends of the interface, the same crack will propagate into the matrix in tension 

(assuming that the tensile strength of the matrix is much lower than its compressive 

strength).  A similar analysis for a matrix containing two polygonal inclusions was 

also performed.  Crack propagation along the interface of a second inclusion was 

studied assuming a single tensile crack (propagated from the first inclusion) results in 

the coalescence of the two inclusions (Fig. 3). 

  

Maji and Shah (1989) performed experiments on specimens containing circular 

inclusions - and void pairs (Fig. 4) and made observations regarding the specimens’ 

cracking and stress/strain behavior.  They first created prismatic concrete specimens 

containing circular, limestone inclusion pairs.  Two series of specimens were created 

containing one-inch and half-inch inclusion pairs.  Maji and Shah (1989) reported that 

interface cracks typically propagated along the entire one-inch limestone inclusion 

before propagating into the concrete matrix (Fig. 5b).  They also noted that interface 

cracking initiated at various points around the inclusions.  This suggests that the 

interface cracks may not be purely tensile in nature; this is because initiation did not 

exclusively occur at the right and left inclusion boundary, where tensile stresses 

perpendicular to the inclusion interface occur (stress concentrations around inclusions 

are discussed in more detail in Section 4).  Just prior to failure, Maji and Shah (1989) 

observed diagonal cracks, which commonly coalesced with previously initiated 

vertical matrix cracks (see Fig. 5c).  These diagonal cracks typically initiated at the 

sides of the inclusion boundary, and post-mortem investigations showed that many of 

these cracks did not extend entirely through the specimen.  Regarding the half-inch 

limestone inclusions, on the other hand, Maji and Shah (1989) reported that no 

interface and negligible matrix cracking occurred. 

 

Maji and Shah (1989) also created prismatic concrete specimens containing circular, 

one-inch and half-inch holes.  These specimens behaved differently than the 
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specimens containing inclusions.  Matrix cracking always initiated at the top and 

bottom of the holes, and then propagated in the same fashion as the specimens 

containing inclusions.  These specimens also experienced minor diagonal cracking 

and failed when spalling of specimen pieces occurred at one of the boundaries. 

  

Tasdemir et al. (1989) extended the principles of mixed-mode fracturing to a crack at 

a rectangular inclusion interface that refined the work done by Zaitsev and Wittmann 

(1981).  The analytical results were confirmed through experiments in which concrete 

specimens containing single rectangular inclusions were cast at various inclination 

angles (Fig. 6).  The results showed that the specimens’ debonding, initiation, and 

failure stress decreased as the inclusions’ inclination angle increased (where 

horizontal = 0° and the maximum inclination angle ≈ 72°).  Maji et al. (1991) later 

performed experiments that verified the analytical work done by Tasdemir et al. 

(1989) and also showed that the initiation of cracks at a rectangular inclusion 

interface was not purely tensile, but mixed-mode (tensile behavior dominated, 

however). 

 

Aulia (2000) performed experiments on concrete specimens where the modulus of 

elasticity of the matrix (Em) and aggregate (Ea) were either similar, or very different.  

When Em << Ea microcracking (which later propagated into the matrix) initiated at 

the top and bottom of the aggregate interface (i.e., parallel to the direction of 

compressive load).  When Em ≈ Ea, on the other hand, microcracking (which later 

propagated into the matrix) initiated at the sides of the aggregate interface. 

 

To summarize, the experimental and analytical work presented in this section 

provides a basis for this area of research.  The selections of specimen material 

(especially inclusion shape and strength) were limited, however, due to fabrication 

issues.  In order to thoroughly investigate the main objective of this study (i.e., how 

crack coalescence is affected by inclusions), specimens containing inclusions of 

various shapes, sizes, strengths and stiffnesses need to be tested. 
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3. Experiments 

3.1 Specimen Preparation 

Unconfined, uniaxial compression tests were conducted on prismatic gypsum 

specimens containing inclusions.  The dimensions of these specimens were 6 inches 

(height) x 3 inches (width) x 1.25 inches (thickness) (~152mm x ~76mm x ~32mm).  

As mentioned earlier, inclusion size (one-inch or half-inch), shape (square, circle, 

hexagon, or diamond), strength, and stiffness were varied.  Three gypsum-based 

materials were used in this study; they are HYDROCAL B-11
®
, ULTRACAL

®
 30, 

and white molding plaster.  The inclusions were made of plaster (lower strength and 

stiffness relative to the Hydrocal matrix) or Ultracal (higher strength and stiffness 

relative to the Hydrocal matrix).  The Hydrocal and Ultracal material are both 

comprised of calcium sulfate hemihydrate (CaSO4·  1/2H2O) and Portland cement, 

while the molding plaster consists only of hemihydrate.  In the laboratory, the 

gypsum powder is combined with water in order to create hydrated gypsum 

specimens (CaSO4·  2H2O).  Table 1 presents the composition and mechanical 

properties of the three gypsum materials. 

 

The Hydrocal matrices were created using the methods developed by the MIT rock 

mechanics group (Reyes & Einstein 1991; Shen et al. 1995; Bobet & Einstein 1998; 

Ko et al. 2006; Wong and Einstein 2009a).  To create the Hydrocal paste, 

HYDROCAL B-11
®
 powder, celite powder, and water were combined at a mass ratio 

of 175:2:70, respectively.  After the paste was mixed thoroughly, it was poured into a 

steel mold.  The steel molds used in this study were modified versions of those used 

by Wong and Einstein (2009a).  The mold contained greased nylon bars at different 

geometries to create the inclusion voids (Fig. 7).  Cardboard templates at the top and 

bottom of the form ensured that the voids were cast at the correct locations within the 

specimen (see Fig. 8).  The specifics of the void (inclusion) geometries will be 

presented in Sections 3.3 and 3.4.  
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The hardened specimens were placed in a 40°C oven after their removal from the 

mold.  These specimens were weighed regularly until a constant mass was reached.  

The specimens were then submerged in a bucket of water prior to pouring the 

inclusion paste into the voids.  To create the paste for a stiff inclusion, ULTRACAL
®

 

30 powder and water were combined at a mass ratio of 56:19, respectively.  For the 

less stiff inclusion, molding plaster and water were combined at a mass ratio of 

120:81, respectively.  The paste was poured into the voids after it was mixed 

thoroughly.  The specimen was then returned to the drying oven until a constant mass 

was reached.  Each specimen was then sanded and dimensioned prior to testing. 

 

Notice that the mechanical properties of the half-inch and one-inch inclusions 

presented in Table 1 are slightly different.  It appears that the half-inch inclusions are 

somewhat stiffer and stronger than the one-inch inclusions, as a result of the way 

specimens were cast.  The higher values may also be a result of size effect (see 

Baecher and Einstein 1981). 

3.2 Experimental Procedure 

This section will describe the various components and phases of testing performed in 

this study.  The three main components of the setup were the loading machine, 

camcorder, and high speed video camera.  A schematic of this setup is shown in Fig. 

9.  The uniaxial compression tests were performed in a Baldwin 200 kip Loading 

Frame that was controlled by the computer software program MTestW (Version M 

9.0.7i) created by ADMET.    Load-displacement data were acquired for each of the 

experiments, which were then synchronized with video recordings in order to obtain a 

full account of crack initiation, propagation, and coalescence (if the latter is 

applicable).  Load, displacement, and time data were recorded at a rate of 1800 

samples per minute. 

 

Real-time and high speed video were captured during each test.  A camcorder (Sony 

DCR-HC65) was used to capture video footage of the specimen surface during each 

experiment.  The camcorder recorded at a rate of thirty frames per second.  After 
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testing, the video footage was converted to a digital format so it could be 

synchronized with the high speed video footage and stress-strain data.  A high speed 

video (HSV) system (Phantom v7.1) was also used to capture footage of the specimen 

surface during testing.  The primary purpose of the HSV camera was to capture the 

various cracking processes until failure as well as the crack coalescence sequence 

(when specimens contained double inclusions).  This camera has the capacity of 

recording up to 30,000 frames per second, but also has a finite amount of memory.  

Therefore, a lower frame rate had to be used in order to increase the number of 

frames in the video stream.  A frame rate of 5,000 frames per second was chosen as 

the camera could then capture 1.081 seconds of video.  Real-time video was recorded 

throughout the entire test, while the high speed video was only taken when a 

significant cracking event occurred.  These recordings were used to visually analyze 

the cracking processes at the specimen’s surface.  Wong and Einstein (2009b) 

describe the testing procedures in more detail. 

 

To perform unconfined compression tests, frictional resistance (confinement) at the 

loaded boundaries needs to be minimized.  Many researchers have incorporated 

various types of media at the boundaries to achieve this goal.  The MIT rock 

mechanics group has been using brush platens (a method also used by others, such as 

Kupper et al. (1969)).  These platens were first developed by Bobet and Einstein 

(1998) and then redesigned for this study.  Fig. 10 shows the details of the platens 

used here. 

3.3 Single Inclusions 

The first part of this study examined the cracking sequences associated with 

specimens containing single inclusions.  Four different inclusion geometries 

(hexagon, square, circle and diamond) were tested to study the effect of inclusion 

shape on the cracking processes.  A total of twenty-four specimens containing one-

inch inclusions were tested, and the exact dimensions of these inclusions are shown in 

Fig. 11.  After the single one-inch inclusion series was tested, half-inch circular and 

square inclusions were then investigated; a total of twelve specimens containing half-
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inch inclusions were tested.  The main objective was to systematically investigate 

specimens containing single inclusions (of varying properties) to study crack 

initiation and propagation; a double inclusion series was later investigated (Section 

3.4) using the knowledge obtained from the single inclusion series with the specific 

objective to observe inclusion interaction effects, notably coalescence. 

 

Fig. 12 and 13 present summaries of typical cracking sequences and relative stress 

levels for each inclusion size, shape, and material.  The relative stress level at each 

stage was calculated by normalizing the respective stress level when those particular 

cracks developed, with the maximum stress; this is reported in the top right-hand 

corner of every image.  The ratio of the number of specimens that exhibited the trend 

to the total number of specimens is reported at the bottom of each image.   

 

The cracking behavior observed in this study can be separated into four categories:  

interface debonding, tensile cracks, matrix shear cracks, and interface shearing.  The 

difference between interface debonding and interface shearing is that the former 

resulted from tensile opening; whereas, the latter resulted from in-plane shearing of 

the inclusion and matrix boundary.  A matrix shear crack is defined as shear crack 

propagation into the specimen matrix. 

 

Summarizing the observations for plaster inclusions, tensile cracks always initiated at 

a point along the interface first and then propagated into the surrounding matrix.  As 

the load increased, the same tensile cracks typically propagated into the inclusion.  

For Ultracal inclusions, tensile cracks commonly initiated at a debonded portion of 

the interface (i.e., the left and right interface boundary) and then propagated into the 

surrounding matrix; on occasion, tensile cracks initiated within the matrix, just above 

and below the inclusion.  Four basic tensile crack types can be defined as follows (see 

Fig. 14 and 15): 

Type I – Tensile cracks that initiate at the interface and propagate straight, 

Type II – Tensile cracks that initiate at the interface and propagate with 

curvature, 
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Type III – Tensile cracks that initiate at a pre-test surface crack, 

Type IV – Tensile cracks that initiate within the matrix. 

 

In addition to the effects caused by different inclusion materials, the size and shape of 

an inclusion also had particular effects.  Specifically, more debonding was observed 

as the inclusion size decreased.  Debonding occurred at the same locations (i.e., the 

left and right interface) for both sizes, however (refer to Fig. 12 and 13).  Comparison 

between Fig. 12 and 13 shows that tensile crack initiation was affected by inclusion 

size, as it typically occurred at lower relative stress levels in specimens containing 

one-inch inclusions compared to half-inch inclusions.  Shape also had an effect on the 

location of tensile crack initiation.  Diamond inclusions, for example, always 

experienced tensile crack initiation at the upper and lower interface points, regardless 

of material type (see Fig. 12).   

 

An advantage in using the high speed camera was that not only could the sequence of 

crack initiation and propagation be captured, but a differentiation between shear and 

tensile cracks was also possible.  As mentioned previously, two types of shearing 

occurred in addition to tensile cracking: shear crack propagation into the specimen 

matrix and shearing of the inclusion interface.  The location of matrix shear crack 

initiation depended on inclusion geometry.  Such shear cracks typically initiated at 

the bottom corners of a square inclusion, but always initiated at the centers of the 

other inclusion shapes (refer to Fig. 12 and 13).  Shear cracking also occurred less 

frequently as the inclusion size decreased.  As shown in Fig. 12, the shape of the 

inclusion seemed to govern the extent of shearing at the inclusion interface, which 

typically occurred just before specimen failure (i.e., at 99% of maximum stress or 

later).  Shearing at the interface was observed at hexagonal and diamond shaped 

inclusions, but not at the square or circular inclusions.  Regarding the diamond 

inclusion series, shearing at the interface occurred ―simultaneously‖ with tensile 

crack initiation (and failure) at the upper and lower interface.  The amount of 

interface shearing typically increased as the inclination of a respective inclusion 

interface increased.  Post-mortem investigations showed that diamond inclusions 
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completely sheared at the interface (100%), while hexagons experienced moderate 

shearing (~75%). 

 

The maximum stresses for specimens containing one-inch and half-inch inclusions 

are shown in Fig. 16.  The maximum stresses for the one-inch inclusion geometries 

varied, with the circular inclusions having the highest average maximum stress.  

However, unlike what was observed with the one-inch inclusions, the average 

maximum stress for the half-inch circular inclusions was less than the square 

inclusions.  The average maximum stress for the smaller (half-inch) inclusions was 

greater than the average maximum stress for the one-inch inclusions, but the increase 

differed depending on inclusion shape.  The specimens containing square inclusions 

had a stress increase of about fifty percent, while the circular inclusions had an 

increase of five to twenty percent (see Fig. 16).  An explanation for this difference is 

offered in the following paragraph.   

 

It was observed that pre-test surface cracks within inclusions affected the cracking 

behavior of specimens.  As described in Section 3.1, each specimen was placed into 

the drying oven after the inclusion paste was poured into the Hydrocal matrix.  The 

inclusion paste lost moisture as it hardened, which resulted in shrinkage cracks.  Fig. 

17 presents an example of a pre-test surface crack.  The occurrence of pre-test surface 

cracks was more likely in one-inch inclusions compared to half-inch inclusions.  They 

were also common in one-inch square, diamond, and hexagonal inclusions, but not in 

circular inclusions.  The existence of surface cracks may explain why the one-inch 

inclusions had a lower average maximum stress, and why there is a greater difference 

between the square and circular maximum stresses of both inclusion sizes.  It also 

appears that pre-test surface cracks had an effect on the tensile crack initiation stress 

of the specimens, as shown in Table 2. 

3.4 Double Inclusions 

The second part of this study examined the cracking sequences associated with 

specimens containing double inclusions.  Recall that the major objective of this study 
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is to determine crack coalescence associated with inclusions, and particularly how 

these coalescence patterns compare to the patterns observed in different materials 

containing preexisting cracks but no inclusions.  The double inclusions were a half-

inch in size, and the shape was either circular or square (Fig. 18).  The inclination 

angle (β) of the inclusion pair was also varied.  A total of forty-two specimens were 

tested, and a summary of typical coalescence patterns for each specimen’s geometry 

is presented in Fig. 19 and 20, and Tables 3 and 4.  The number at the top right-hand 

corner of each image represents the coalescence category after Wong and Einstein 

(2009a) (which are shown in Fig. 21), while the fraction at the bottom right-hand 

corner represents the number of specimens showing that particular behavior out of the 

number of specimens tested.  

 

Typically, the tensile cracking processes associated with the double inclusion series 

were very similar to the single inclusion series.  The four tensile crack types 

discussed in Section 3.3 were again observed in this series (see Fig. 14 and 15).  One 

of these tensile crack types always initiated first, which was later followed by the 

initiation of matrix shear cracks at the inclusion boundary.  The propagation of these 

shear cracks into the matrix resulted in the coalescence of the inclusion pair (either 

exclusively or in combination with tensile cracks, as described next).  An example of 

a typical cracking sequence for specimens containing an inclusion pair is shown in 

Fig. 22 (refer to Fig. 19 and 20, and Tables 3 and 4 for specific details regarding each 

geometry).  

 

In many cases, the initiation of primary tensile cracks had some effect on 

coalescence.  This effect was either direct (when the coalescence involved a primary 

crack) or possible (when the coalescing crack initiated at the same inclusion as 

primary tensile crack initiation).  Typically, a direct effect on coalescence only 

occurred for the circular β = 60° series and the square β = 75° series.  Possible effects 

on coalescence were common in all other series. 
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A complex relationship exists between the maximum stresses of both circular and 

square inclusion pairs (Fig. 23 and 24).  Specimens containing plaster inclusions 

typically had a higher maximum stress and tensile crack initiation stress (see Fig. 25 

and 26) compared to specimens containing Ultracal inclusions.  As mentioned 

previously, this is possibly a result of pre-test surface cracks located especially within 

Ultracal inclusions.  For example, all three specimens in the Ultracal, circular β = 30° 

series contained pre-test surface cracks, while the other two series (β = 0° & 60°) only 

had one specimen containing visible pre-test surface cracks.  This may explain the 

drop in maximum stress shown in Fig. 23.  Also, all of the specimens in the circular β 

= 0° plaster series contained pre-test surface cracks, which may explain the lower 

relative maximum stresses compared to the other plaster series in Fig. 23.  Regarding 

the square series, eleven out of twelve Ultracal specimens contained visible pre-test 

surface cracks, while only three out of the twelve plaster specimens contained surface 

cracks.  Further investigation into the effects of surface cracks is still needed, 

however. 

 

A major difference between the double inclusion series and the single inclusion series 

was the significance of shear crack initiation at the inclusion interface and 

propagation into the matrix.  For specimens containing single inclusions, shear crack 

propagation was a randomly occurring effect.  The extent and direction of shear crack 

propagation differed even with specimens of the same type.  With the double 

inclusion series, however, shear crack initiation and propagation was common and 

consistent among specific geometries.  Specifically, it was typical that all specimens 

of a particular geometric series coalesced in the same way (see Fig. 19 and 20). 

4. Comparison of this Study to Others 

In this comparison section, emphasis will be placed on the occurrence of interface 

debonding, tensile and shear cracking, and most importantly, coalescence.  

Debonding (prior to tensile crack propagation into the matrix) was found to be minor 

in all cases of this study, but was slightly more extensive at the interfaces of half-inch 

inclusions compared to the one-inch inclusions.  When debonding initiated in this 
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study, it typically occurred only at the right and left inclusion boundaries.  Other 

researchers such as Maji and Shah (1989), Tasdemir et al. (1989), and Maji et al. 

(1991) all observed complete interface debonding prior to tensile crack initiation, 

however.  The difference might be attributable to the difference in the mechanical 

properties of materials between this study and others, along with specimen 

preparation methods, but additional experimental work needs to be performed to 

clarify this point.  Moreover, a microscopic analysis (such as the ones performed by 

Zhang and Gjørv (1990), and Lo and Cui (2004)) may contribute to better 

understanding this phenomenon.  

 

Stress distributions were calculated in an attempt to explain the observed cracking 

processes (specifically debonding and tensile crack initiation) for inclusions of 

different strengths and stiffnesses.  The results of these closed formed solutions tend 

to agree with the results observed in this study.  Fig. 27 shows the stress 

concentration factors associated with a hole (E = 0) and a rigid inclusion (E = ∞) set 

in an infinite plate subject to a vertical far field uniaxial, compressive stress.  Both the 

tangential stress (σθ) and radial stress (σr) concentration factors are plotted.  It is 

assumed that the Poisson’s ratio (ν) of the plate is 0.25.   

 

According to Fig. 27, the matrix containing a hole experiences high tangential 

compressive stresses (σc = 3σo) at the right and left interface, and moderate tensile 

stresses (σt = -σo) at the top and bottom interface.  Transition into a compressive 

stress then occurs further above and below the hole.  The matrix containing a rigid 

inclusion experiences different stress concentrations.  The top and bottom interface 

experiences compressive tangential stresses (σc ≈ 0.38σo), but a transition into tensile 

stresses then occurs at about a distance of half the inclusion’s radius from the 

interface.  Both the radial and tangential stresses are also plotted for the sides of the 

rigid inclusion.  Note that the tangential stresses are compressive, while the radial 

stresses are tensile.  
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These closed form solutions can be compared to the cracking behavior observed in 

this study.  Fig. 28 compares the cracking patterns for the Ultracal, circular inclusions 

to the ―rigid inclusion‖ model shown in Fig. 27.  As mentioned earlier, debonding 

(prior to tensile crack propagation into the matrix) only occurred at the sides of the 

inclusion interface.  This agrees with the presence of tensile radial stresses at the sides 

of the rigid inclusion model.  Since the tensile strength of gypsum is about a tenth of 

its compressive strength, tensile debonding is likely to initiate first.  It was also 

observed that tensile crack initiation occurred in the matrix above and below the 

inclusion (as shown in Fig. 28a) in some specimens containing half-inch, Ultracal 

inclusions.  The plot in Fig. 28c agrees with this observation as tensile tangential 

stresses occur just above and below the inclusion.  

 

The tendency for tensile crack initiation at the upper and lower interface of plaster 

inclusions (Fig. 29a) can be explained through comparison to the hole model in Fig. 

27.  According to the closed form solutions, the tangential tensile stresses at these 

locations are relatively high.  Again, since the tensile strength of a typical gypsum 

material is about a tenth of its compressive strength, it is likely that tensile cracks 

should initiate at the top or bottom of the interface.  This can also explain why tensile 

cracks initiated at plaster inclusions at lower stresses compared to the Ultracal 

inclusions, since a higher tensile stress concentration exists just above and below the 

plaster inclusion compared to the rigid (Ultracal) inclusion model. 

 

Interestingly, these closed form solutions (along with the observations from this 

study) do not agree with the tensile crack initiation results reported by Aulia (2000), 

but appear to agree with the work done by Maji and Shah (1989).  Aulia (2000) stated 

that when large differences between Em and Ea exist, as in the case of a high-strength 

concrete (Em << Ea), microcracking will occur at the top and bottom interface.  He 

also stated that when the differences between Em and Ea are small, microcracking will 

occur at the sides of the interface.  Aulia (2000) did not provide sound reasoning to 

back up his theory, other than the fact that the theory agreed with his experimental 

work.  This discrepancy could be caused by the fact that Aulia (2000) did not test 
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specimens containing single inclusions, but concrete specimens containing numerous 

inclusions.  The experimental work performed by Maji and Shah (1989) appears to 

agree to some extent with the tensile crack initiation predictions from the closed form 

solutions, considering that they reported that the entire inclusion typically debonded 

prior to tensile crack propagation into the matrix.  If one assumes that complete 

debonding may make the inclusion correspond to the hole model rather than the stiff 

inclusion model, it might explain why in their experiments tensile crack initiation 

commonly occurred at the top and bottom of the debonded interfaces.         

 

The initiation of shear cracks (that propagated into the matrix) at an inclusion 

boundary was not reported by any other researcher prior to this study.  Here the 

propagation of shear cracks was a common phenomenon that resulted in the 

coalescence of all specimens containing inclusion pairs.  As mentioned earlier, Maji 

and Shah (1989) frequently observed the initiation of ―diagonal‖ cracks at the sides of 

the inclusion interface.  They did not, however, report the nature (tensile/shear) of 

these diagonal cracks.  Based on the results of this study, these diagonal cracks may 

have been shear cracks.  The occurrence of surface spalling was commonly observed 

in this study adjacent to a propagating matrix shear crack, which would explain Maji 

and Shah’s (1989) post-mortem observations regarding diagonal cracks not extending 

through the entire specimen. 

 

The other type of shear cracking (interface shearing) can also be compared to other 

studies.  In this study, interface shearing typically initiated at the inclined boundary of 

hexagon and diamond inclusions.  The results from Zaitsev and Wittmann (1981) and 

Tasdemir et al. (1989) essentially agree with these observations.  Zaitsev and 

Wittman (1981) attributed this phenomenon to the presence of stresses on the inclined 

interface, and used it as a fundamental assumption for their analytical work.  

Comparison can also be made with the work done by Tasdemir et al. (1989) on 

specimens containing an inclined rectangular inclusion.  The present study consisted 

of a square and diamond inclusion series, where the diamond inclusions had an 

interface inclination angle of 45° and the square inclusions had an interface 



17 

inclination angle of 0°.  As shown in Fig. 16, the average failure stress for the one-

inch, diamond inclusion series was lower than the square series (regardless of 

inclusion material), which is consistent with the results of Tasdemir et al. (1989). 

 

Regarding specimens containing two inclusions, the coalescence patterns observed in 

this study can be compared to the results of Wong and Einstein (2009a) for specimens 

containing a flaw pair (i.e., existing cracks).  The results of this study match those 

reported by Wong and Einstein (2009a) quite well (see Fig. 30).  For example, the 

horizontal inclusion pair (square and circle) and the horizontal, coplanar flaw pair 

geometries reported by Wong and Einstein (2009a) both coalesced indirectly along 

two or more cracks.  The experimental series performed by Maji and Shah (1989) on 

horizontal inclusion pairs also agrees with the results from this study, as both studies 

observed that the horizontal inclusion pair typically coalesced indirectly (Fig. 5, 19 

and 20).  The results of the analytical study by Zaitsev and Wittman (1981) can also 

be related to this study (refer to Fig. 3).  As mentioned earlier, Zaitsev and Wittman 

(1981) assumed that coalescence only occurred along a single tensile crack for an 

overlapping inclusion pair.  In this study, however, coalescence never occurred 

through a single tensile crack; this may be explained by the fact that no specimens 

containing overlapping inclusions were tested in this study.  In some specimens 

where the inclusion inclination angle was large (i.e., close to overlapping), however, 

the propagation of tensile cracks (along with propagating matrix shear cracks) 

resulted in coalescence.  Fig. 31 presents a visual comparison of the coalescence 

patterns observed by Zaitsev and Wittman (1981), Wong and Einstein (2009a), and 

this study.  To fully confirm the similarities, it will be necessary to test specimens 

containing overlapping inclusion geometries. 

5. Conclusions 

Many advances have been made in studying the cracking behavior associated with 

material containing inclusions.  This study consisted of an experimental series that 

considered the effects of inclusion shape, size, stiffness, and strength on the cracking 

behavior of materials containing inclusions.  While past work consisted of 



18 

experimental and analytical studies with the same intentions, none have 

systematically studied crack coalescence resulting from inclusion interaction.   

 

In this study, the first objective was to obtain an idea on the cracking behavior of 

specimens containing a single inclusion of four different shapes (hexagon, square, 

circle and diamond) and two different sizes (one-inch and half-inch).  The series 

showed that tensile and shear cracks can be distinguished, each in the form of 

interface cracking (i.e., tensile debonding and shearing) or tensile and shear cracks 

within the matrix.  The type of cracking varied with inclusion characteristics, 

specifically size, shape, stiffness, and strength.  Tensile debonding and tensile 

cracking within the matrix compared well to theoretical solutions, in which tensile 

stresses occur at different locations and in different magnitudes depending on the 

relative stiffness of the inclusion and matrix.  Tensile cracking for single inclusions 

was also affected by size, as it initiated at lower stress levels (relative to the 

maximum stress) for the larger inclusions compared to the smaller inclusions.  Shear 

cracking occurred for all shapes when the inclusions were large but only rarely for the 

smaller ones.  Although the location of shear cracking varied, it always occurred at 

the lateral extremities of the inclusions.  These experimental observations and 

theoretical considerations (where applicable) regarding tensile cracks around single 

inclusions correspond well to those of other researchers.  It appears, however, that no 

other research so far has reported shear cracking.  This is probably due to the fact that 

the high speed video system used in this study made it possible to distinguish the 

cracking processes.   

 

The single inclusion experiments in this study are interesting but are subsidiary to the 

major objective, namely, the study of crack coalescence in conjunction with inclusion 

pairs.  For this purpose, square and circular shaped half-inch inclusions of different 

stiffnesses, cast at various inclination angles, were investigated.  The major result was 

that crack coalescence, which eventually leads to failure, always involved shear 

cracking or shear cracks coalescing with tensile cracks.  The tensile cracks (when 

they occurred) were analogous to those observed for single inclusions, attesting to the 
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necessity of the preceding experimental series.  Very relevant in this regard is the fact 

that the observed crack coalescence patterns with inclusion pairs can be compared to 

crack coalescence behavior of specimens containing pre-existing cracks.  Extensive 

testing on crack coalescence between pre-existing cracks (so-called flaws) of different 

sizes and inclinations had been conducted by the same research group.  The results 

observed with the inclusion pairs compared well to those with pre-existing cracks.  

There is also reasonable correspondence to the few experimental and analytical 

results obtained by others. 

 

The systematic study of the effect of single and, particularly, of double inclusions on 

crack and crack-coalescence behavior showed results, which confirm those of similar 

studies.  Additionally, the study revealed behavior that had not been observed 

previously.  This indicates that continued experimentation along the lines of what has 

been reported is necessary in order to eventually provide the basis for analytical 

modeling. 
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Figure 1.  (a) An ESEM image showing the porous interfacial transition zone of a stiff inclusion (top 

left) from this study and its surrounding gypsum matrix (bottom right) at a 2500x magnification, (b) A 

SEM image detailing a piece of aggregate with a dense outer shell at a 200x magnification (Zhang and 

Gjørv 1990), (c) A SEM image detailing a porous aggregate piece with no outer shell at a 200x 

magnification (Zhang and Gjørv 1990).  
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Figure 2.  Application of Sliding Crack Model to Interface Cracks - Tensile crack of length, 2l1, is 

located at the inclusion interface, AB: (a) initial crack, (b) propagation of the crack along the inclusion 

face, (c) propagation of the crack into the surrounding matrix (Zaitsev and Wittmann 1981). 

 

 

Figure 3.  Extension of Fig. 2 with more than one inclusion: (a) initial crack presented in Fig. 2c, (b) 

propagation of the crack until its coalescence with the second inclusion, (c) propagation of the crack 

along the boundary of the second inclusion (Zaitsev and Wittmann 1981). 
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Figure 4.  Specimen geometries tested by Maji and Shah (1989): (a) 1‖ diameter limestone inclusion; 

(b) 1‖ diameter hole; (c) ½‖ diameter limestone inclusion; (d) ½‖ diameter hole.  

 

     

Figure 5.  (a) Load-displacement diagram for a 1‖ diameter limestone specimen (b) sketch of bond 

(interface) crack initiation, (c) sketch of specimen just prior to failure (Maji and Shah 1989). 
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Figure 6.  Geometry of a specimen containing a rectangular limestone inclusion (labeled as ―stone‖) 

cast at an inclination angle β (Maji and Shah 1989).  

 

Figure 7.  Steel mold used to cast specimens containing a greased nylon bar set within a cardboard 

geometric form. 

 

 

Figure 8.  Cross-section of a specimen within the steel mold. 
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Figure 9.  Schematic of a typical experimental setup. 

 

 

Figure 10.  End platens used in the current study. 

 

 

Figure 11.  Four inclusion geometries used in the specimens containing one-inch single inclusions. 
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1” Inclusion 
Shape & Material 

Initial 
Geometry 

Typical Fracturing Sequence and Relative  
Stress Levels 

Circle 

Plaster 

    

Ultracal 

    

Hexagon 

Plaster 

    

Ultracal 

    

Diamond 

Plaster 

    

Ultracal 

    

Square 

Plaster 

    

Ultracal 

    

Figure 12.  Crack sequences for the single, one-inch inclusions, where T = tensile cracks, (T) = tensile 

debonding, S = shear cracks, and (S) = interface shearing.  The number at the top right-hand corner of 
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each image is the relative stress level at each stage shown, while the fraction in the bottom represents 

the number of specimens showing that particular behavior out of the number of specimens tested. 

    

1/2” Inclusion 

Shape & Material 

Initial 

Geometry 

Typical Fracturing Sequence and Relative  

Stress Levels 

Circle 

Plaster 

    

Ultracal 

    

Square 

Plaster 

    

Ultracal 

    

Figure 13.  Crack sequences for the single, half-inch inclusions, where T = tensile cracks, (T) = tensile 

debonding, and S = shear cracks.  The number at the top right-hand corner of each image is the relative 

stress level at each stage shown, while the fraction in the bottom represents the number of specimens 

showing that particular behavior out of the number of specimens tested. 
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Figure 14.  Typical tensile crack initiation and propagation at a square (left) and circle (right) plaster 

inclusion.     

           

 

Figure 15.  Typical tensile crack initiation and propagation at a square (left) and circle (right) Ultracal 

inclusion.  Note the pre-test surface crack located within square inclusion (refer to Section 3.3) 
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Figure 16.  Maximum stresses for specimens with one-inch and half-inch, single inclusions.  The solid 

points represent the values for the Ultracal inclusions, while the hollow points represent the values for 

the plaster inclusions.  The lines connect the averages for each geometry and material type. 

 

      

Figure 17.  Half-inch square inclusion showing no visible pre-test surface cracks (left) and a one-inch 

square inclusion containing a distinct pre-test surface crack (right). 
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Figure 18.  Double inclusion geometries for the square and circle half-inch inclusions, showing also 

inclination angle (β) and a ligament length (L). 

 

Circle 

Inclusion 

Inclination Angle (β) 

β = 0° β = 30° β = 60° 

Plaster 

   

Ultracal 

   
Figure 19.  Coalescence patterns for the circular inclusion pair series.  The number in parenthesis 

represents the coalescence category observed (refer to Figure 21), while the fraction represents the 

number of specimens showing that particular behavior out of the number of specimens tested.  
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Square 

Inclusion 

Inclination Angle (β) 

β = -45° β = 30° β = 60° β = 75° 

Plaster 

    

Ultracal 

    

Figure 20.  Coalescence patterns for the square inclusion pair series.  The number in parenthesis 

represents the coalescence category observed, while the fraction represents the number of specimens 

showing that particular behavior out of the number of specimens tested.  

 

Figure 21.  The nine coalescence patterns reported by Wong and Einstein (2009a), where T = tensile 

cracks and S = shear cracks. 
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Figure 22.  Typical cracking sequence for specimens containing inclusions pairs, where T = tensile and 

S = shear.  Refer to Fig. 19 and 20, and Tables 3 and 4 for specific details regarding each geometry.     
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Figure 23.  Maximum stresses for the circular, double inclusion series.  The solid points represent the 

values for the Ultracal inclusions, while the hollow points represent the values for the plaster 

inclusions.  The lines connect the averages for each inclination angle and material type. 
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Figure 24.  Maximum stresses for the square, double inclusion series.  The solid points represent the 

values for the Ultracal inclusions, while the hollow points represent the values for the plaster 

inclusions.  The lines connect the averages for each inclination angle and material type. 
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Figure 25.  Tensile crack initiation stresses for the circular, double inclusion series.  The solid points 

represent the values for the Ultracal inclusions, while the hollow points represent the values for the 

plaster inclusions.  The lines connect the averages for each inclination angle and material type. 
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Figure 26.  Tensile crack initiation stresses for the square, double inclusion series.  The solid points 

represent the values for the Ultracal inclusions, while the hollow points represent the values for the 

plaster inclusions.  The lines connect the averages for each inclination angle and material type. 

 

Figure 27.  Plots showing the tangential (σt) and radial (σr) stress concentration factors for a hole (left) 

and a rigid inclusion (right) cast within an infinite plate (for ν = 0.25) subject to a far field uniaxial 

compressive stress (σo) in the vertical direction. 
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Figure 28.  Comparison of the one-inch (a) and half-inch (b) Ultracal, circular inclusions to the plot (c) 

showing the tangential (σt) and radial (σr) stress concentration factors for the rigid inclusion in Fig. 27. 

 

Figure 29.  Comparison of the plaster, circular inclusions (a) to the plot (b) showing the tangential (σt) 

stress concentration factors for the model containing a hole in Fig. 27. 
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Figure 30.  Sketch of the double inclusion coalescence patterns from this study, compared to the β=0°, 

β=30°, and α=60° (β=30°) geometries (where α = bridging angle of flaw pair) reported by Wong and 

Einstein (2009a).  The fraction represents the number of specimens showing that particular behavior 

out of the number of specimens tested. 

 

 

Figure 31.  Comparison of the coalescence patterns observed by Zaitsev and Wittmann (1981) (left), 

this study (center), and Wong and Einstein (2009a) (right). 
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Table 1.  Composition and mechanical properties of the three gypsum materials.  

Material Properties 

Material 

Hydrocal
®
 

Plaster Ultracal
®

 

½‖ Size 1‖ Size ½‖ Size 1‖ Size 

CaSO4·  ½H2O (wt%) >85 100 >85 

Portland Cement (wt%) <10 0 <10 

Crystalline Silica (wt%) <5 <1 <5 

Density, ρ [g/cm3
] 1.55 1.33 1.32 2.11 2.09 

Young’s Modulus, E [GPa] 15.0 10.5 9.29 29.0 28.1 

Compressive Strength, σc 

[Mpa] 
37.20 28.55 27.55 91.10 86.92 

 

Table 2.  Comparison of average tensile crack initiation ratios (i.e., tensile crack initiation stress 

divided by the maximum stress) between one-inch inclusions containing surface cracks, versus no 

visible surface cracks.  Note the differences in the Ultracal, hexagon inclusion series and the plaster, 

diamond inclusion series. 

 Circle Hexagon Diamond Square 

1”
 

In
cl

u
si

o
n

 

Plaster w/ 

surf. cracks 
N/A 62.9% 62.6% N/A 

Plaster w/o 

surf. cracks 
70.9% N/A 92.1% 66.7% 

Ultracal w/ 

surf. cracks 
N/A 81.3% N/A 64.9% 

Ultracal w/o 

surf. cracks 
93.7% 99.9% 99.9% N/A 
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Table 3.  Summary of cracking behavior for the circular inclusion pairs.  Numbers in parentheses 

represent the number of specimens that experienced that behavior compared to the total number of 

specimens tested. 

* A possible effect on coalescence is when the initiation of the first shear crack occurred at the 

same inclusion as primary tensile crack initiation, while a direct effect is when coalescence 

involved primary tensile cracks. 

** First crack initiated at the lower loaded specimen boundary and propagated towards an 

inclusion. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Inclination 

Angle 

First (Primary) 

Cracks To 

Appear 

*Effect of 

Primary Cracks 

on Coalescence 

Coalescence Cracks 

P
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In
cl

u
si

o
n

s 

β = 0° Type II (2/3) Possible (2/3) 
Category 2 (2/3) 

No Coalescence (1/3) 

β = 30° Type II (2/3) 
Possible (1/3) 

None (2/3) 
Category 4 (3/3) 

β = 60° Type II (3/3) Direct (3/3) Category 5 (3/3) – two cracks 

U
lt

ra
ca

l 

In
cl

u
si

o
n

s 

β = 0° Type II (3/3) 
Possible (2/3) 

None (1/3) 
Category 2 (3/3) 

β = 30° 

Type I (1/3) 

Type III (1/3) 

Type IV (1/3) 

Possible (3/3) Category 4 (3/3) 

β = 60° 
Type II (1/3) 

Boundary** (2/3) 
Direct (3/3) 

Category 5 (1/3) – two cracks 

Category 5 (2/3) – four cracks 
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Table 4.  Summary of cracking behavior for the square inclusion pair series.  Numbers in parentheses 

represent the number of specimens that experienced that trait compared to the number of specimens 

tested. 
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Effect of 

Primary Cracks 

on Coalescence 
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P

la
st

er
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n

s 

β = 0° 

Type I (2/3) 

Type II (1/3) 

Type IV (1/3) 

Possible (2/3) 
Category 2 (2/3) 

No Coalescence (1/3) 

β = 30° Type I (3/3) Possible (1/3) 
Category 4 (1/3) 

No Coalescence (2/3) 

β = 60° 
Type I (2/3) 

Type III (1/3) 

Direct (1/3) 

None (1/3) 

Category 3 (1/3) 

Category 4 (1/3) 

No Coalescence (1/3) 

β = 75° 
Type II (2/3) 

Type III (1/3) 
Direct (2/3) 

Category 5 (2/3) – two cracks 

No Coalescence (1/3) 

U
lt

ra
ca

l 

In
cl

u
si

o
n

s 

β = 0° 

Type II (1/3) 

Type III (1/3) 

Type IV (1/3) 

Possible (3/3) Category 3 (3/3) 

β = 30° 

Type I (1/3) 

Type II (1/3) 

Type III (1/3) 

Possible (2/3) 

None (1/3) 
Category 4 (3/3) 

β = 60° 
Type II (2/3) 

Type III (1/3) 
Possible (3/3) 

Category 3 (2/3) 

Category 4 (1/3) 

β = 75° 

Type II (1/3) 

Type III (1/3) 

Type IV (1/3) 

Direct (2/3) 
Category 5 (2/3) – two cracks 

No Coalescence (1/3) 


