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Active control of sound radiation from a vibrating rectangular plate excited by a steady-state 

harmonic point force disturbance is experimentally studied. Control structural inputs are 
achieved by three piezoceramic actuators bonded to the surface of the panel. Microphones 
were implemented as error sensors in the radiated field, while the control approach was based 

upon a filtered-X version of the adaptive least-mean-squares (lms)algorithm. Both position 
and number of piezoceramic actuators were varied during the test to determine the effects on 

control authority. A variety of test cases were studied for controlling sound radiation due to a 
disturbance both on and off resonance. Results from these experiments indicate that 
piezoceramic elements provide an efficient method for distributed modification of structural 

response to attenuate sound radiation. In addition, the adaptive lms algorithm is shown to be 

an effective narrow-band controller, which in contrast to feedback approaches, requires little 
system modeling. 

PACS numbers: 43.40.Dx, 43.40.Vn 

INTRODUCTION 

Much research has been devoted to the study of adaptive 
control of structures in an effort to reduce the far-field sound 

radiation. Recent work has been devoted to the implementa- 

tion of point force inputs to control sound radiation from 

plate structures. •-3 In addition to the fact that point force 
inputs can sometimes lead to "control spillover," physical 

limitations are imposed due to the nature of the hardware 

necessary in implementing the control (i.e., shakers capable 

of providing the necessary control must be physically at- 

tached to the structure and often require additional reaction 
mounting). Recent analytical studies have suggested a pie- 

zoelectric actuator as an alternative control input in order to 

overcome some of these disadvantages. 4-7 
Piezoelectric actuators can be bonded directly to the 

structural surface or embedded in the material, becoming an 

integral part of the system. At this point, the structure can be 

labeled an adaptive structure since the actuators enable the 
alteration of system states or characteristics in a controlled 

manner. 8 Crawley and de Luis, 4 Bailey and Hubbard, 5 and 
Fanson and Chen 6 have all investigated structural control 
with the use of piezoelectric actuators. Recent analytical 

studies have been devoted to controlling sound radiation 

from flat plates with piezoelectric actuators. 7'9 In addition, 
Fuller et al. experimentally studied the control of sound ra- 

diation from a simply supported rectangular plate with a 
single piezoelectric actuator as the control input. 1ø In that 
study, control of far-field sound was achieved by "modal 

suppression," meaning that during control, all of the modal 

amplitudes were reduced. The alternative to modal suppres- 

sion is "modal restructuring." In modal restructuring, the 

modal amplitudes can increase; however, the residual struc- 

tural response has a lower overall radiation efficiency lead- 

ing to a reduction in far-field sound levels. • 
As an extension to the work conducted by Fuller et al., •ø 

the present study considers distributed control of the struc- 
ture, utilizing up to three piezoelectric actuators as control 
inputs, in conjunction with an advanced adaptive controller. 
In the present work, the control approach was based upon a 
filtered-X version of the adaptive least-mean-squares (lms) 

algorithm, and microphones located in the radiated field 
were implemented as error sensors. In conducting the tests, a 
variety of cases were studied for controlling sound radiation 
due to a disturbance both on and off resonance. In addition, 

the number of control channels and position of control actu- 
ators were varied to illustrate the advantages of distributed 

control. Based on results of these experiments, piezoelectric 

actuators are demonstrated to provide an efficient method 
for distributed control of structural response to attenuate 

sound radiation. In addition, the adaptive lms algorithm is 
shown to be an effective narrow-band controller, which in 

contrast to feedback approaches, requires a much lower de- 
gree of system modeling. 

I. EXPERIMENTAL SETUP 

Experiments were performed in the anechoic chamber 
at Virginia Polytechnic Institute and State University which 
has dimensions 4.2 X 2.2 X 2.5 m and a cutoff frequency 'of 

250 Hz. The test plate, which was mounted in a rigid steel 
frame, was cut from steel and measured 380X 300X 1.96 

mm. The simply supported boundary conditions were 
achieved by attaching thin shim spring steel to the boundar- 
ies of the plate with small set screws and a sealing compound. 
The shims were then attached to the rigid steel frame, allow- 

ing the plate to bend relatively freely but restricting out of 
plane motion at the boundaries. Previous testing has shown 
that this arrangement adequately models the simply sup- 
ported boundary conditions. •2 The test rig was placed in the 
anechoic chamber where it was rigidly Supported on a struc- 

ture configured with a 4.2-m X 2.2-m X 19-mm wooden 
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FIG. 1. Experimental arrangement. 

baffle. The baffle was implemented to reduce the dipole ef- 
fect created by the front and back of the plate as well as 

facilitate later analytical comparisons. As illustrated in Fig. 

1, the plate resides in the center of the baffle. 

For the noise input, the plate was driven with a shaker. 

attached to the back of the structure with a stinger at spatial 
coordinates of (240, 130 mm) from the left lower corner of 

the front of the plate. The plate was instrumented with nine 

Bruel & Kjaer mini accelerometers, weighing less than 0.65 g 

each, and the output of these accelerometers was analyzed 

by solving a set of simultaneous equations to recover the 

amplitudes of independent modes on the panel. 3 This meth- 
od is further discussed in the Appendix. The directivity pat- 

tern was obtained by traversing the acoustic field with a 

Bruel & Kjaer microphone. Acoustic measurements were 

obtained in 9 ø increments about the horizontal midplane of 

the plate at a radius of 1.6 m. For the frequency range of 
interest, this radius was not at a coordinate location where 

the far-field relations could be accurately used; however, this 

was the greatest radius possible due to the finite dimensions 

of the chamber. The sound radiation directivity pattern was 

mapped both with and without control. In addition, a few 

microphones were randomly located in the chamber to pro- 

vide a measure of the global attenuation. The output of all 

transducers was sampled and signal processed with a model 

2032 Bruel & Kjaer spectrum analyzer. 

Two identical plates were constructed for testing; how- 

ever, the positions of the piezoceramic actuators were varied 
to illustrate the effect on distributed control. The first plate 

was configured with three sets of piezoelectric actuators as 
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FIG. 2. Schematic of plates 1 and 2. 
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Plate 

illustrated in Fig. 2. The center of each of the three actuators 
. 

was located at spatial coordinates of (63.3, 150 mm), ( 190, 

250 mm ), and ( 316.6, 50 mm), respectively. Notice that the 

orientation of actuators allows coupling with odd modes 
(shown in Fig. 3) in the y direction as well as those in the 

x direction. Each actuator Con. sists of two piezoceramic ele- 
ments of dimensions 38.1 X 21 X 0.19 mm bonded symmetri- 

cally (front and back). The actuator material was PZT G- 

1195 supplied by Piezoelectric Products Incorporated. The 

second plate was also configured with three sets of piezoelec- 

tric actuators with orientation as depicted in Fig. 2. The 

center of each of the three actuators was located at spatial 
coordinates of (63.3, 150 mm), ( 190, 150 mm), and ( 316.6, 

150 mm), respectively. Notice that the actuators are opti- 

mally positioned to couple with the (3,1 ) mode of the plate 

(i.e., at the antinodes where surface strain is the highest for 
this mode). 
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FIG. 3. Schematic of mode shapes (m,n). 

All piezoelectric elements were bonded to the structure 

with M-bond 200 adhesive, and the glue layer was main- 
tained as thin as possible (approximately 0.02 mm). A thin 

foil lead (approximately 0.01 mm) was soldered to the un- 

derside of the piezoelectric patch, and a wire was soldered 

directly to the exposed side of the patch to complete the 
electrical circuit necessary to drive the element. The symme- 

trically located patches were wired out of phase such that a 

voltage inducing extension on one side of the plate would 

induce contraction on the opposite, resulting in uniform 

bending about the neutral axis of the plate. With this config- 
uration, driving the actuators electrically results in line mo- 

ments acting around the boundaries of the actuator as dis- 

cussed by Dimitriadus et al. •3 
A modal analysis of each of the previously described 

plates was performed to extract the resonant frequencies and 
compare them to those computed from thin plate theory. As. 
evident in the results presented in Table I, the measured 

resonant f?equencies are within 1% for the modes presented. 
For future reference, a schematic of the mode shapes for a 
simply supported plate is presented in Fig. 3. 

A signal generator was used to create a harmonic distur- 

bance and the signal was amplified to drive the shaker. The 

same signal was input as the reference of the controller. The 

control outputs from the digital to analog board were ampli- 

fied separately. To obtain the necessary high voltage re- 

quired by the piezoelectric actuators, a 17:1 voltage trans- 
former was used to increase the amplifier output voltage. 

Due to the high impedance of the PZT, the input voltage 
could not be measured directly; however, it was measured on 

the input side of the transformer to assure that the actuators 
ß 

were not over driven (i.e., less than • 180 Vrms). '4 

II. DESCRIPTION OF CONTROLLER 

To achieve control, a three-channel adaptive controller 
based on the multichannel version of the 9Vidrow-Hoff ill- 

tered-X control algorithm was implemented on a 
TMS320C25 DSP resident in an AT computer. This algo- 

rithm is described in detail by Elliott et al. •5 A block diagram 
illustrating the control system is presented in Fig. 4. The 

output of an error sensor can be modeled at the nth time step 
as 

M N--I N--I 

el(/'/) =d/(n)+ • • Plmj Z w..(n--j)x(n--i--j), 
rn=l j=O i=O 

(1) 

where d I (n) is the I th error sensor, x(n) is the input refer- 

ence source, Wrn i are the coefficients of the adaptive finite 

impulse response (FIR) filters, and Pimj is thejth coefficient 
of the transfer function between the output of the mth adap- 
tive filter and the I th error sensor. The number of control 

actuators and filter coefficients are designated by M and N, 

respectively. 

In the lms algorithm, the mean-square-error signal is 
defined by 

J= E e•(n) , (2) 

where Eis the expectation operator. Since this error function 

is quadratic, only o•ne minimum solution exists. The outputs 
of the fixed filters, Plmj, at each time step n, were used by the 
lms algorithm to minimize the mean-square-error signal by 
modifying the coefficients of the adaptive filter as follows: 

L 

Wmi(rt -k 1) = Wrni(l'l) --]l• Z el(rt)rlrn (11 -- i), (3) 
1=1 

where 

Reference Input Disturbance Simply Supported Plate 
Shaker 

PZT Actuators 

TABLE I. Theoretical versus experimental resonant frequencies. 

Mode Theoretical f.. (Hz) Experimental frnn (Hz) 

(1,1) 88 88 

(2,1) 189 187 

(1,2) 250 253 

(2,2) 351 349 

(3,1) 357 353 

(1,3) 519 511 

(3,2) 520 522 

(4,1) 592 584 

(2,3) 621 612 

Adaptive Filter 
I Microphone: 

..... tError , 

Adaptive Filter 

FIG. 4. Block diagram of controller. 
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N--1 A 

rlm (tl -- i) = • PlmjX(tl -- i--j). (4) 
j=0 

Note that the summation in Eq. (3) is an estimate of the 
gradient necessary in updating the weighting coefficients. As 
opposed to taking the expectation of the error signal as indi- 
cated in Eq. (2), the square of the error signal is simply taken 
as an estimate of the desired expectation in the lms algo- 
rithm. As a result, the gradient components contain a large 
contribution of noise; however, the noise is attenuated with 

time due to the adaptive process. 16 In Eq. (3), L is the total 
number of error sensors utilized and L•>M. The coefficients 

rtm (tl) are the outputs of the compensating filters Ptmj which 
are estimates of the actual coefficients, Ptm• measured prior 
to starting the control algorithm. This procedure is neces- 
sary since the lms algorithm assumes that the error e ! (tl) is 
the instantaneous result of the control input for which the 
signal rim n (tl) is a better estimate than x (n) (Ref. 1 $ ). The 

factor/• in Eq. (3) is the gain constant that regulates the 
speed and stability of convergence. 

A steady-state sinusoid was used as the disturbance sig- 
nal for all tests conducted. A signal generator resident on the 
Bruel & Kjaer model 2032 spectrum analyzer was used to 
create the disturbance and reference signal for the lms con- 

troller. Since the signal was sinusoidal, a finite impulse re- 
sponse filter with two coefficients can be implemented to 
modify the phase and magnitude of the signal. While a nar- 
row-band controller was utilized in the tests, multiple chan- 
nels were implemented in the control algorithm, up to three 
as illustrated in Fig. 4. The choice of sampling rate was based 
upon the frequency of the disturbance since low-frequency 
signals require slower sampling rates for stable convergence. 

III. EXPERIMENTAL PROCEDURE 

Experiments were conducted for both on and off reso- 

nance cases of the plates. Identical tests were performed on 

both plates such that results could readily be compared. In 
outlining the test procedures, only one plate will be dis- 

cussed, realizing that the test procedures were uniformly ap- 
plied to both plates. 

For the on resonance cases, the panel was tuned for reso- 

nant response by driving the shaker near the resonance and 

varying the frequency while monitoring the response of an 
accelerator located at an antinode for the desired mode of the 

structure. The frequency corresponding to the maximum re- 

sponse was determined to be the resonant frequency. This 
procedure was performed each day a test was conducted to 

compensate for changes in resonant response due to slight 
fluctuations in ambient temperature, which was approxi- 
mately 25.4 øC. Upon determining the resonant frequency of 
the (3,1) mode, the plate was driven with the shaker at a 

level resulting in acoustic radiation ranging from 60 to 80 dB 

(referenced to 20/•Pa) at a radius of 1.6 m from the plate. 
The test procedure was identical for both the on and off 

resonance cases. Before applying control, the response of the 
array of accelerometers was measured and the acoustic field 

was traversed with a microphone to obtain the resulting di- 

rectivity pattern. The signals of the accelerometers were 
used in the modal decomposition algorithm described in the 

Appendix. After obtaining measurements from the uncon- 
trolled case, the filtered-X lms algorithm was invoked, and 

the plate was controlled via the piezoelectric actuators. 

Upon converging to the minimum acoustic response at each 

microphone, acoustic and structural measurements were ob- 

tained. After obtaining these measurements, the uncon- 

trolled and controlled responses were compared for both the 
acoustic radiation and the structural vibration. Note that the 

closed loop response of the structure is decomposed into the 

simply supported or open loop modal amplitudes in order to 

make direct comparisons. In reality, it has been shown by 
Burdisso and Fuller 17 that the closed loop system has new 
resonant frequencies and associated mode shapes similar to 
feedback control. 

IV. RESULTS 

A. Multichannel control comparison 

For the first case, plate 1 was driven slightly below reso- 

nance of the (3,1) mode at an excitation frequency of 351 

Hz. Since the resonant frequency of the (2,2) mode is 349 

Hz and the resonant frequency of the (3,1) mode is 353 Hz, 
contributions from both modes were expected. Both the 

acoustic response and modal response of the plate are illus- 

trated in Fig. 5 (a) and (b), respectively. In the legend of the 

figure, "C•" indicates the respective piezoelectric actuator 
used in the control implementation, and the error micro- 

phone position is given in units of degrees about the mid- 

plane of the plate. In this case, microphones located at 
d-45 ø, 0 ø, and --45 ø were implemented as error sensors, 

while the number of control actuators was varied between 

one and three. As is obvious from the acoustic response, 
the radiated sound was attenuated between 30 and 40 dB 

with little discernible differences while increasing the num- 

ber of control inputs. The method of control was very similar 

whether using three control actuators or one as can be seen 

in Fig. 5 (b). Modal reduction appears to be the dominant 

mechanism in achieving sound attenuation while modal res- 
tructuring is also evident as observed with the increase of the 
amplitude of the (2,2) mode upon achieving control. The 
modal response of the ( 1,1 ) mode was observed to increase 
as well; however, destructive interference occurred between 
the (1,1) and (3,1) mode as they were out of phase with 

respect to each other. The increased response of the (2,2) 
mode was of little significance since it is an inefficient acous- 
tic radiator. The overall result is a reduction in the radiated 

sound pressure. 

As a second case, plate 1 was driven well off resonance at 
400-Hz implementing microphones at the same coordinates 
as in the previous test case and again increasing the number 
of control inputs from one to three. The acoustic response 
and modal response for this test case are presented in Fig. 
6(a) and (b), respectively. In contrast to the on resonance 
case, significant improvement in sound reduction is ob- 
served with increasing number of control inputs. While only 
5 to 10 dB of noise reduction was obtained when implement- 

ing a single channel of control, as much as 30 dB of sound 
attenuation was achieved when utilizing three control in- 

puts. As the component modal amplitudes and thus overall 
plate response typically increased under control conditions 
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5. 

16 

. 
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(1,1) (2,1)(1,2) (2,2)(3,1) (1,3)(3,2) (4,1)(2,3) (1,1) (2,1) (1,2) (2,2) (3,1) (1,3).(3,2) (4,1) (2,3) 
Bode (re,n) Bode (re,n) 

C1;C2,C3,-45,0,451 

(b) Modal Amplitudes 

FIG. 5. Response on-resonance of (3,1) mode (plate 1 ). 

(b) Modal Amplitudes 

FIG. 6. Response at 400 Hz (plate 1 ). 

attenuation of sound was achieved through modal restruc- 

turing. To achieve reduction in sound radiation with increas- 

ing plate response, the residual response of the plate must 
have a lower overall radiation efficiency than the open loop 
case. 

In discussing the advantages of implementing multiple 
channels for controlling sound radiation from the plate, the 
two cases previously presented will be considered. The first 

case presented in Fig. 5 corresponded to the resonant re- 
sponse of the (3,1 ) mode of the plate. In this experiment, 
little if any improvement in sound attenuation was observed 

when increasing the number of control channels. This result 
was expected since each piezoelectric actuator implemented 
in the control was observed to couple equally well to the 
(3,1) mode of the structure, which is dominant in the re- 

sponse as indicated by the modal decomposition. In addi- 

tion, the acoustic field is dominated .... t_ (,, --A•A D,I) 111UUC;, oy UlC 

which is an efficient radiator. As a result, only one control 

actuator was required to effectively couple to the structural 
mode creating the undesired noise. 

Results from the off resonance case presented in Fig. 6 

are quite different. A significant improvement in sound at- 
tenuation was observed with increasing number of control 

inputs, approximately 10 dB per control channel. This can 
be explained when considering results from the modal de- 
composition. The structural response is more "roodally 
rich" for the uncontrolled case since multiple modes are nec- 

essary to create the disturbance measured at 400 Hz. If only 
one channel of control is implemented, the phasing of this 
control input can be varied relative to that of the disturbance 
to attenuate the undesired noise; however, there is a limit to 

the possible variations. As the number of control channels 
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increases, more complex phasing of actuators is possible re- 
sulting in distributed control of the panel. In general, as the 

response of the structure is dominated by multiple modes, a 

proportional number of actuators is necessary to provide the 

degrees of freedom necessary in creating the control input, 
unless of course those modes are inefficient acoustic radia- 

tors. 

B. Effect of actuator location on distributed control 

A second plate was constructed primarily for the study 

of resonance cases, specifically for controlling the (3,1) 
mode. However, for off resonance cases, control authority 

with actuators positioned as those on plate 2 was observed to 

be poor since coupling into odd modes in the y direction of 
the plate was practically impossible. Placement of actuators 
on plate 1 were chosen to alleviate this problem. A compari- 

o 
---- No Contxol 

0 o ..... C1,45,0,-45 
......... C1,C2,45,0,-45 

• .... C1,C2,C3,45,0,-45 

.90o , , , 90 ø 
60 45 30 15 0 15 30 45 60 

Radiated Sound Pzessuz= Level (dB) 

(a) Acoustic Directivity Pattern 

(1,1) (2,1) (1•) (2•) ($,1)(1•) ($• (4,1) (2•q) 
Modo (m,n) 

(b) Modal Amplitudes 

FIG. 7. Response at 400 Hz (plate 2). 

l•il 4•'ø'45 
c:.•c3,45,0,• 
Cl,C•C3,4•,0,.• 

son was made between levels of attenuation obtained from 

plates 1 and 2 at a frequency of 400 Hz. Results from plate 1 

were previously presented in Fig. 6. In general, sound at- 

tenuation on the order of 30 dB was obtained when imple- 

menting three control actuators and error microphones. Re- 

sults from tests conducted on plate 2 are presented in Fig. 7. 

While significant attenuation was achieved at the micro- 

phone located at 0 ø, in general, global attenuation was ob- 

served to be poor (on the order of 0 to 5 dB). The most 

significant observation that can be made when comparing . 

the modal amplitudes of Figs. 6 and 7 is that the response of 

the (1,1) mode is negligible under control conditions for 

plate 1, while significant in the response of plate 2 under 
control conditions. This is an undesirable effect under con- 

trol since this mode is an efficient acoustic radiator (i.e., 

spillover is occurring into an important mode). 

A high level of response of these modes can be attributed 

to the location of the piezoelectric actuators on plate 2 that 

are positioned to couple strongly to the ( 1,1 ) and (3,1 ) 

modes. As the actuators are on the plate horizontal center- 

line, they cannot strongly couple into modes with vertical 

symmetric components (theoretically totally decoupled). 

However, as discussed in the companion paper •8 at around 
400 Hz for this geometry of the plate, the (1,2) mode con- 

tributes significantly to the radiated energy. Thus the con- 

troller attempts, with limited success, to attenuate these ra- 

diation components by increasing the response of the ( 1,1 ) 

and (3,1 ) modes so that the combined structural response 

has a lower radiation efficiency. When three actuators are 

located off the midplane, as in plate 1, the control can now be 

achieved by directly attenuating most of the significant mod- 

al contributions and far higher levels of attenuation are 

achieved. Thus the location of the actuators is extremely 

important for effective and efficient sound reduction. 

V. CONCLUSIONS 

Active control of sound radiation from a vibrating sim- 

ply supported rectangular plate excited by a steady-state 

harmonic point force disturbance has been experimentally 

studied. For on resonance cases, only marginal improve- 

ment in sound attenuation was achieved by increasing the 

number of control piezoelectric actuators. This result was 

not surprising since the acoustic response on resonance is 

usually dominated by one mode of the structure. 
For the off resonance cases, the contrary was observed. 

Increasing the number of control actuators was directly cor- 
related with improvement in sound attenuation. In addition, 
the position of piezoelectric actuators on the plate was criti- 
cal to obtaining the desired structural response in order to 
reduce sound radiation. Since the acoustic response results 

from a more complex interaction between structural modes 
for off resonance cases, increasing the number of control 

actuators provides a method for the controller to create the 
'necessary response by optimally varying the phase and mag- 
nitude between actuators. In other words, a higher-order 

controller has more degrees of freedom in terms of structural 
response. 

Based on results of this study, the adaptive lms algo- 
rithm is shown to be an effective narrow-band controller, 
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which in contrast to feedback approaches, requires a much 
lower degrees of system modeling. The combination of mul- 
tiple piezoelectric actuators with an adaptive lms algorithm 
provides the flexibility necessary in minimizing the acoustic 
radiation of a structure for both on and off resonance distur- 

bances. In general, these trends seen in the experimental in- 
vestigation agree well with those of an analysis of a similar 

arrangement. 7 Future work will be devoted to optimizing 
the location of the piezoelectric actuators for controlling 
structure-borne sound radiation. In addition, a companion 
paper studies the use of PVDF structural error sensors. TM 
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APPENDIX 

The modal decomposition follows a method previously 
outlined by Hansen et al. 3 For a simply supported plate, the 
displacement response to can be represented as follows: 

to(x,y,t) = • • Amn sin rmrx• sin tory exp(jcot), 
rn=l n=l k Lx ] Ly 

(A1) 

where m and n represent the mode number, Lx and Ly are 
the plate dimensions, co is the frequency of vibration, and 
.4,,, are the modal amplitudes. 

Nine accelerometers were randomly placed on the plate, 
and an additional reference accelerometer was placed on the 
plate away from nodal lines of modes desired in the decom- 

position. Since only two channels of A/D were available on 

the spectrum analyzer, a reference accelerometer was re- 

quired to obtain phasing of' the measurements. The frequen- 
cy response function between each randomly placed acceler- 
ometer and the reference accelerometer was measured as 

well as the autospectrum of the reference accelerometer. The 

autospectrum provides a means of scaling the data in terms 

of engineering units. By computing the frequency response 
function, phase information is also obtained. If the plate is 
assumed to respond as predicted in the theoretical analysis, a 

matrix of spatial coefficients can be generated from the theo- 

retical eigenvectors by substituting the spatial coordinates of 

the randomly positioned accelerometers into the equation. 
For nine independent measurements, nine distinct modal 

amplitudes can be computed, resulting in a 9 X 9 matrix of 

the eiõenvectors. After measuring the acceleration at each of 

these coordinates, a system of linear algebraic equations re- 
sults. 

[w]=[$]M], 

where the matrix of measurement is 

[w] = , 

while modal amplitudes are 

(A2) 

(A3) 

All 

[A] = , 

and the matrix of spatial functions is 

'Sill Sl12 S•1 

s;, ß 

IS] = S•i S•2 S231 

where 

1 g 

(A4) 

, (A5) 

S • = sin ( i•rx•,/L•, ) sin (j•ry•,/L•,). (A6) 

In the above equation, i and j represent the mode number. 
Each of the spatial coordinates of the randomly placed acce- 

lerometers are designated with (x• ,yp ), where p is the num- 
ber of measurements taken. The modal accelerations were 

extracted by solving this system of linear equations. If mea- 
surements are taken such that the system is overdetermined, 

a least-mean-squares approach can be taken to solve for the 

desired modal amplitudes. 

Since there are a finite number of measurements, spatial 
aliasing results. When nine measurements are made, only 

nine modal amplitudes can be resolved for a structure whose 

response is typically represented with an infinite number of 

modes. As a result, response of higher modes can "fold 

back" into the lower modes (i.e., the nine computed). When 

applying this technique, the response of the higher modes 
must be assumed negligible. This can be checked by observ- 

ing the roll off in the amplitudes of the higher-order modes 
when included in the solution. To this end, the excitation 

frequency of the structure should be well below the resonant 

frequency of the highest mode which can be resolved. 

Note that this method decomposes a system response 
into amplitudes or coetficients corresponding to the basis 

functions of Eq. (A6). For the open loop case, these basis 
functions correspond to the modes of the system. For the 

closed loop case, the system will have new mode shapes and 
resonant frequencies. 17 However, it is convenient to decom- 
pose the closed loop response into the open loop modal com- 
ponents so that a direct comparison of the component 
changes can be made. 
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