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SUMMARY 

b 
The work r epor t ed  h e r e i n  was performed a s  p a r t  of t h e  base, technology . 

a c t i v i t y  under Flow Induced Vib ra t ion  Program (189a No. CA054) sponsored * 

. b y  ERDA~RDD. The o v e r a l l  o b j e c t i v e  of t h e  a c t i v i t y  i s  t o  develop new and/or  

. . improved, experimental ly-val idated a n a l y t i c a l  methods and g u i d e l i n e s  f o r  

des igning  LMFBR components t o  avoid de t r imen ta l  flow induced v i b r a t i o n .  

Many r e a c t o r  system components, such as h e a t  exchanger tubes  and r e a c t o r  

f u e l  p i n s  are long,  s l ende r ,  beam-like components t y p i c a l l y ' a r r a n g e d  i n  

bundles and immersed i n  a f lowing l i q u i d .  A s  such,  they  a r e  s u s c e p t i b l e  

t o  flow induced v i b r a t i o n .  Due t o  f l u i d  coupl ing ,  t h e  tubes  w i l l  respond 

i n  one o r  s e v e r a l  of coupled modes. Therefore ,  understanding t h e  coupled 

modes Is e s s e n t i a l  i n  des ign  t o  avoid de t r imen ta l  flow-induced v i b r a t i o n s .  

A g e n e r a l  method of  a n a l y s i s  was developed r e c e n t l y  f o r  p r e d i c t i n g  

t h e  n a t u r a l  f requencies ,  mode shapes,  and tube  responses  of tube  a r r a y s  

i n  l i q u i d ;  t h e  method can be  app l i ed  t o  tube  a r r a y s  arranged i n  apy p a t t e r n .  

The o b j e c t i v e  of t h i s  r e p o r t  i s  t o  p re sen t  t h e  r e s u l t s  of s e v e r a l  s e r i e s  

of experiments designed t o  v e r i f y  t h e  theory.  

Four series of tube  a r r a y s  a r e  t e s t e d .  The arrangements of t h e  tubes  

a r e  a s  fol lows:  ( a )  a row of f i v e  tubes  w i t h  t h e  gap t o  tube  r a d i u s  ra t i .0  

(G/R) equa l  t o  2.0, 1.0,  and 0.25; (b)  three- tube a r r a y s  i n  the. s taggered  

arrangement w i t h  G/R equal  t o  2.0, 1 .0  and 0.5; ( c )  seven-tube a r r a y s  

i n  t h e  s taggered  arrangement w i t h  G/R equal  t o  1.5,  1 . 0  and 0.4; and .  (d) four- 

' tube a r r a y  i n  a square  p a t t e r n  with'G/R = 0.5. The f o u r t h  s e r i e s  i s  

t e s t e d  under f i v e  d i f f e r e n t  cond i t i ons :  (1) f u l l y  submerged i n  unconfined 

water ;  (2 )  p a r t i a l l y  submerged i n  water ;  (3)  near  a f l a t  w a l l ;  (4) 

contained i n  a c i r c u l a r  c y l i n d e r ;  and (5) f u l l y  submerged i n  a l i q u i d  of 

h igh  v f s c o s i t y  (mineral  o i l ) . ,  A means t o  e x c i t e  t h e  tubes  i s  provided by 

an  e lec t romagnet ic  e x c i t e r  assembly. A s e rvo  system can be  used t o  c o n t r o l  



i npu t .  Response i n  t h e  form of tube  a c c e l e r a t i o n  is  measured us ing  two 

acce leromet~ers  mounted on each tube.  The d a t a  is processed i n  a  f a s t  

Four i e r  Transform Analyzer. 

An a n a l y s i s  i s  made f o r  each t e s t  case.  I n  t h e  a n a l y s i s ,  t h e  eqJa- 

t i o n s  of motion and boundary condi t ions .  f o r  each tube  are der ived  inc lud ing  

f l u i d  coupling.  Using t h e  .uncoupled modal func t ion ,  one can reduce  t h e  

p a r t i a l . d i f f e r e n t i a 1  equa t ions  t o  a  system of second order  o rd ina ry  

d i f f e r e n t i a l  equat ions ,  from which coupled n a t u r a l  f r equenc ie s  and tube  

responses  can b e  c a l c u l a t e d .  

The d e t a i l e d  informat ion ,  f o r  uncoupled and coupled n a t u r a l  f requenkies ,  

mode shapes,  damping, and tube  response  a r e  presented  i n  t h e  r e p o r t .  The 

exper imenta l  d a t a  and a n a l y t i c a l  r e s u l t s  a r e  found t o  be  i n  good agreement. 

Therefore ,  t h e . a n a l y t i c a 1  method developed e a r l i e r  can be  app l i ed  t o  F 

d i f f e r e n t  s i t u a t i o n s .  The r e s u l t s  of t h i s  i n v e s t i g a t i o n  have a p p l i c a t i o n s  

t o  h e a t  exchanger tube  banks, f u e l  assembl ies ,  and o t h e r  s t r u c t u r a l  compo- 

n e n t s  w i t h  m u l t i p l e  c i r c u l a r  c y l i n d r i c a l  elements.  
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I. INTRODUCTION 

When a tube  bundle v i b r a t e s  i n  a l i q u i d ,  due t o  f l u i d  coupl ing ,  t h e  tubes  

w i l l  o s c i l l a t e  a s  a  group w i t h  d e f i n i t e  p h a s e . r e l a t i o n s  among t h e  tubes ;  

t h i s  type  of o s c i l l a t i o n  i s  c a l l e d  coupled v i b r a t i o n .  On t h e  o t h e r  hand, 

' i f  on ly  one of t h e  tubes  is  o s c i l l a t i n g  wh i l e  a l l  o t h e r s  are held s t a t i o n a r y ,  

i t  i s  c a l l e d  uncoupled v i b r a t i o n .  Coupled and uncoupled v ib ra t . i ons  of 

t ube  bundles  a r e  important  i n  many p r a c t i c a l  system components,' such as 

hea t  exchanger tubes ,  nuc lea r  f u e l  assembl ies ,  t ransmiss ion  l i n e s ,  p i l e s ,  

and o t h e r  s i m i l a r  components. Understanding t h e  v i b r a t i o n a l  c h a r a c t e r i s t i c s  

of tube  bundles  is e s s e n t i a l  i n  des ign  t o  avoid d e t r i m e n t a l  flow-induced 

v i b r a t i o n s .  

Many i n v e s t i g a t i o n s  of t u b e  bundles v i b r a t i n g  i n  a  l i q u i d  have been 

made t o  o b t a i n  a  b e t t e r  understanding of t ube  v i b r a t i o n  phenomena; a  l is t  

of t hose  i n v e s t i g a t i o n s  can  be found i n  Reference 1. However, t hose  

s t u d i e s  a r e  l i m i t e d  t o  some s p e c i a l  t u b e  arrangements.  A gene ra l  method 

of a n a l y s i s  was developed r e c e n t l y  f o r  p r e d i c t i n g  t h e  n a t u r a l  f r equenc ie s ,  

mode shapes, and tube  responses  of a  group of t u b e s , i n  a l i q u i d  [I-31; 

t h e  method can b e  app l i ed  t o . t u b e  bundles  arranged i n  any p a t t e r n .  The 

objec t l .ve  nf t h l s  report is t o  present t h e  results of fou r  s e r i c c  of 

experiments designed t o  0htaj.n t h e  informat ion  on coupled t u b e l f l u i d  

v i b r a t i o n s .  Experimental d a t a  a r e  found t o  be i n  good agreement w i t h  t h e  

ana ly t . ica1  r e s u l t s ;  t hus ,  t h e  theory  developed previous ly  is  sound and 

can be used w i t h  confidence. . . 

11. EXPERIMENTAL DESCRIPTION . * 
The test r i g  is shown i n  Fig.  1. It is  a t ank  f a b r i c a t e d  from f o u r  

l u c i t e  p l a t e s  fas tened  t o  a base  p l a t e .  The tank is 35.56 cm (14 i n . )  

long,  35.56 cm (14 i n . )  wide, and 40.64 cm (16 i n . )  deep. A b r a s s  b lock  

bol ted  t o  t h e  tank  base is provided f o r  i n s t a l l i n g  t h e  test assembly. 

* 
Figures  begin on page 15. 



Four . Gets , of tube assembly a r e  t e s ted .  The arrangements of t h e  tubes 

a r e  shown i n  Fig. 2 :  (1) a row of f i v e  tubes with t h e  gap t o  t h e  radius  

r a t i o  (G/R) equal t o  2.0, 1.0,  and. 0.25; (2) a group of t h r e e  tubes i n  a 

t h e  staggered arrangement with G/R equal t o  2.0, 1.0,  and 0.'5; .(3) a group 

of seven tubes i n  t h e  staggered arrangement with G / R '  equal t o  1.5, 1 .0 ,  

and 0.4; and (4) a group of four tubes arranged i n  a square p a t t e r n  with 

G/R = 0.5. The four th  series is t e s t ed  under f i v e  d i f f e r e n t  condit ions:  

(a)  f u l l y  submerged i n  unconfined water; (b) p a r t i a l l y  submerged i n  water; 

(c)  ,near  a f l a t  wall ;  (d) contained i n  a c i r c u l a r  cyl inder ;  (e)  f u l l y  

submerged i n  a l i q u i d  of high v i s c o s i t y  (mineral o i l ) .  The tube assembly 

c o n s i s t s  of a group of b rass  tubes wi th  1.27 cm (0.5 i n . )  ou t s ide  diameter, 

0.159 cm (1132 i n . )  wa l l  thicknes's, and 30.48 cm (12 in . )  long. Each tube 

element is  soldered t o  a brass  p l a t e  a s  shown i n  Fig. 3. The assembly is s 
. . 

then mounted on t h e  b rass  block a t  t h e  center  of t h e  tank base. 

A means t o  e x c i t e  t h e  tubes i s  provided by an electromagnetic e x c i t e r  

assembly, which i s  represented by t h e  arrows i n  Fig. 2. This  e x c i t e r  

assembly cons i s t s ' . o f  a permanent magnet embedded i n  an  aluminum mounting 

block which is  screwed t o  t h e  f r e e  end of a tube i n  t h e  assembly, and a 

c o i l  supported by a .post f ixed t o  t h e  tank base. An a l t e r n a t i n g  cur ren t  

. . .  
appl ied  t o  t h e  c o i l  from a s i g n a l  generator  induces an  a l t e r n a t i n g  magnetic 

f i e l d  which, i n  tu rn ,  produces a f o r c e  on t h e  t u b e  through t he  &bedded .. . 

magnet. I n  each assembly, only one tube i s ' p rov ided  with t h e  e x c i t e r  
. . 

assembly; those  tubes wi th  magnet a r e  tube 5 i n  case  1, tube 3 i n . c a s e  2, P . ..:.-: 

tube 6 i n  case 3 and tube 4 i n  case  4. A servo system can be used t o  
r 

. c o n t r o l  t h e  current  input  o r  acce le ra t ion  output ,  a s  desired.. 

Response, i n  t h e  form of tube accelerat ion, '  is measured using two . 2 

accelerometers mounted on each tube. The accelerometers a r e  cemented t o  

a small  aluminum block with t h e i r  s e n s i t i v e  axes orthogonal t o  each other .  



The mounting aluminum block is  then,mounted, to t h e  f r e e  end of t h e  tube 

by a screw such t h a t  t h e , s e n s i t i v i t y  axes a r e  p a r a l l e l  t o  the  x and y 

d i r e c t i o n s .  These accelerometers a r e  provided by t h e  manufacturer with 
I 

leads  .attached. The wire l eads  from t h e  accelerometers a r e  passed through 

the  tube, tube base p l a t e ,  b rass  block, and tank base, and then at tached 

t o  a charge ampl i f ie r .  A f a s t  Fourier  transform analyzer  i s  used t o  

process t h e  da ta .  

111. TEST PROCEDURES 

' . A. A i r  ~ n v i r o i e n t  

Tes t ing  i n  a i r  was performed t o  determine t h e  n a t u r a l  frequency and 
. . 

damping f o r  each tube and t o  observe t h e  e f f e c t  of coupling i n  a i r .    he 

t e s t  f o r  each tube assembly c o n s i s t s ' o f  tGo phases. 
b' 

(1) Uncoupled Vibra t ion  -, Addit ional  suppor ts  t o  t h e  f r e e  ends of 

t h e  tubes  are provided using wooden wedges and two p o s t s  f ixed  t o  t h e  tank . ' 

base  ;or a l l  tubes  except t h e  one t o  be t e s t e d .  Those tubes  wi th  an 

a d d i t i o n a l  support  have much higher  n a t u r a l  f requencies ,  and can be  

considered a s  f ixed .  The tube, is  exc i t ed  by plucking i t  a t  ' the f r e e  end. 

. . 
The t r a n s i e n t  response of t h e  tube  i s  recorded. Then, t h e  damping is 

I 

obtained from t h e  log  decrement of t h e  a c c e l e r a t i o n  t r a c e  and t h e  n a t u r a l  

frequency i s  determined from t h e  power spectrum of t h e  acce le ra t ion .  

Each tube is t e s t e d  i n  two orthogonal d i r e c t i o n s .  Figure 4 shows a 

t y p i c a l . e x m y l e  of t h e  r e s u l t s  from t h e  t e s t s .  

(2)' Coupled Vibra t ion  - The coupling e f f e c t  of t h e  air  i s  small .  

  ow ever , t h e r e  '.is some tube i n t e r a c t i o n  caused by mechanical coupling 

through t h e  base end plate. Afte r  t h e  uncoupled n a t u r a l  frequency and 

damping are found for each tube,  t h e  a d d i t i o n a l  suppor ts  a t  t h e  top of t h e  

, . 

' tubes a r e  removed. The tube  assembly i s  then exc i t ed  by plucking any one 

. , ,  . ,  , 

of t h e  tubes.  From t h e  power spec t r im of t h e  re iponse  of any o n e  of t h e  
. . 



t ubes ,  one .can i d e n t i f y  t h e  coupled n a t u r a l  f r equenc ie s  i n  a i r .  . . The 

coupl ing  i n  air  is  found t o  be s m a l l ;  t hus ,  coupled v i b r a t i o n  t e s t  i n  a i r  

was made only  f o r  a few cases .  F igure  5 shows a t y p i c a l  example of t h e  

power s p e c t r a l  d e n s i t y  of tube  a c c e l e r a t i o n .  

B. Liquid Environment 

A l l  tests were conducted i n  water  except  t h e  last  t e s t  i n  t h e  f o u r t h  

s e r i e s  i n  mine ra l  o i l .  Tes t ing  i n  l i q u i d  was performed t n  determine the  

uncoupled n a t u r a l  f requency and damping f o r  each tube ,  coupled n a t u r a l  

f r equenc ie s ,  mode shapes,  s t eady- s t a t e  response,  and t r a n s i e n t  response.  

These tests c o n s i s t  of f i v e  phases: 

(1) Uncoupled Vib ra t ion  - The same procedure as i n  a i r  environment 

was used t o  determine t h e  n a t u r a l  frequency and damping f o r  each tube  i n  

two orthogonal  d i r e c t i o n s . '  I n  t h i s  test, a l l  o t h e r  tubes  except  t h e  one 

be ing  t e s t e d  a r e  jammed t i g h t  by wedges t o  e l i m i n a t e  responses of t h e  

surrounding tubes .  F igure  6 shows t h e  acce lera t ion- t ime t r a c e  and power 

s p e c t r a l  d e n s i t y  f o r  a t y p i c a l  case.  

(2) Coupled Na tu ra l  Frequencies  - Coupled n a t u r a l  f r e q u e n c i e s  were 

determined f rw t h e  power spectrum of acce lerometer  s i g n a l s  i n  response  

t o  a plucking  of  t h e  tubes .  S ince  t h e r e . a r e  many modes i n  a frequency 

band and some of  t h e  modes a r e  n o t  e a s i l y  e x c i t e d ,  d i f f e r e n t  methods of 

p luck ing  have t o  b e  used t o  f i n d  a l l  coupled modes. For example, two . 

t u b e s  may b e  plucked s imul taneous ly .  F igure  7. shows t h e  ~ o w e r  spectrum 

f o r  t ubes  4 and 5 when tubes  1 and 5 a r e  e x c i t e d  a t  t h e  same t i m e .  The 

test i s  r epea t ed  s e v e r a l  t imes  t o  o b t a i n  a l l  n a t u r a l  f r e q u e n c i e s  of coupled 
... 

modes. The coupled n a t u r a l  f r e q u e n c i e s  ob ta ined  from each t e s t  are t hen  

averaged.  

(3)  Mode Shapes - Once a l l  coupled n a t u r a l  f r e q u e n c t e s  are determined 

from plucking  t e s t s ,  a s i n u s o i d a l  c u r r e n t  w i t h  i t s  frequency equa l  t o  one 



I 

of t h e  coupled n a t u r a l  f r equenc ie s  i s  a p p l i e d  t o  t h e  c o i l s .  Thus, t h e  

- 
tubes  a r e  set i n  resonance.  A f t e r  t h e  tubes  r each  t h e  s t e a d y  s t a t e ,  t h e  

two acce lerometer  s i g n a l s  from each  t u b e  a r e  recorded on a n  FM magnetic  
L 

t a p e  f o r  a l l  t ubes  s imultaneously.  From t h e s e  s t e a d y - s t a t e  a c c e l e r a t i o n -  

t ime t r a c e s ,  one can  s tudy  t h e  r e l a t i v e  motions (mode shapes), of . the t ubes .  
, 

Thi s  procedure i s  c a r r i e d  out  f o r  a l l  coupled n a t u r a l  f r equenc ie s .  

. . 
(4.) S t eady- s t a t e  Responses - For each  t u b e  asSembly, a s i n u s o i d a l  

c u r r e n t  w i t h  a c o n s t a n t  ampl i tude  c o n t r o l l e d  by a s e r v o  system i s  a p p l i e d  

t o  t h e  c o i l s  and s lowly  . swept  through t h e  frequency band of i n t e r e s t .  

The responses  of t h e  tubes  a s  f u n c t i o n s  of t h e  e x c i t a t i o n  frequency a r e  

recorded.  From t h e  response  cu rves ,  coupled n a t u r a l  f r e q u e n c i e s  can  b e  
. . .- . . . . , . . .. , 

i d e n t i f i e d  and t h e  damping of  some coupled modes can  be  es t imated  us ing  
'? 

t h e  ba*dwidth method. 
' C  

(5) Trans i en t  Responses - The t r a n s i e n t  responses  of t h e  tubes  are 

, a l s o  recorded  f o r  some tube  assembl ies .  - T h i s  is  done by p lucking  one tube  . . * 'V 

and r eco rd ing  t h e  a c c e l e r a t i o n  f o r  each tube  s imul taneous ly .  : 

I V .  ANALYTICAL METHOD 

One of t h e  o b j e c t i v e s  of t h e  experiments is  t o  v e r i f y  t h e  theory  

develdped earlier [1 ,3] .  Therefore ,  a n a l y t i c a l  s t u d i e s  a r e  madk f o r  each 

tube  &sembly f o r  comparison. The mathematical model is  given i n  F ig .  8. 

The method of a n a l y s i s  i s  t h e  same a s  t h a t  presented  i n  Refs. 1 and 4. 

Tn a group of k tubes ,  each tube  call move i n  ehe x and y d i r e c t i o n s .  

Le t  ui ( i  = 1. t n  k) and u ( i  - k-C1 and 2k) iayuesent rhe displacement  
i 

components of tube  i i n  t h e  x and y d i r e c t i o n s  r e s p e c t i v e l y .  Th'e equat ion  . 
of motion f o r  t ube  i i s  [ I ]  

wlrrre t i s  rime, z i s  a x i a l  coo rd ina t e ,  mi is t u b e  mass per  u n i t  l eng th ,  



E I is f l e x u r a l  r i g i d i t y ,  c is  damping c o e f f i c i e n t ,  e i s  e x c i t a t i o n  
i i i i .. 

f o r c e ,  and y is  added mass mat r ix .  For p a r t i a l l y  submerged tubes ,  
i j 

Eq. (1)  is  app l i ed  t o  t h e  p o r t i o n  submerged i n  l i q u i d ,  whi le  t h e  equa- 

t i o n  of motion f o r  t h e  p o r t i o n  i n  a i r  i s  corresponding t o  Eq. (1) by 

s e t t i n g  y = 0. Note t h a t  t h e  v a r i a b l e s  w i t h  t h e  index i ( o r  j )  from 
i j 

1 t o  k are a s s o c i a t e d  w i t h  t h e  motion i n  t h e  x d i r e c t i o n  whi le  from 

k+l  t o  2k i n  t h e  y direction. 

The method f o r  c a l c u l a t i n g  t h e  added m a s s  mat r ix  f o r  tube  a r r a y s  

i n  a n  i n f i n i t e  f l u t d  and contained i n  a c i r c u l a r  c y l i n d e r  have been d i s -  
. :. 

cussed p rev ious ly  [1 ,3] .  For tube  a r r a y s  near  a f l a t  w a l l ,  t h e  fol lowing 

procedure can be.employed. A group of k t ubes  near  a f l a t  w a l l  i s  

mathematical ly  equ iva l en t  t o  t h e  problem of 2k tubes  which a r e  l oca t ed  

and move ~ ' ~ e t r i c a l l y  about  t h e  f l a t  w a l l  a s  shown i n  Fig. 9. Therefore ,  
a 

i f  t h e  added m a s s  mat r ix  f o r  2k tubes  i n  an  i n f i n i t e  f l u i d  is known, t h e  

corresponding adde'd m a s s  mat r ix  f o r  k tubes  near  a f l a t  w a l l  can be 

c a l c u l a t e d .  Let  t h e  added,mass ma t r ix  f o r  2k tubes  i n  an  i n f i n i t e  f l u i d .  

be  [ y  1 ,  m,n = 1 ,2 ,3 , .  . .4k, and t h e  added mass ma t r ix  f o r  k tubes  nea r  
mn 

a w a l l  be [y ]', m,n = 1 , 2 , 3  ,... 2k. i s  given  by 
mn 'mn 

Each tube  is  e l a s t i c a l l y  r e s t r a i n e d  a g a i n s t  r o t a t i o n  by a t o r s i o n a l  

s p r i n g  w i t h  spr ing  cons t an t  k and a concent ra ted  mass M a t t ached  t o  
i' i 

t h e  f r e e  end; t h e  mass M r e p r e s e n t s  t h e  masses of t h e  acce lerometers ,  
i 

permanent magnet, and aluminum mounting block.  Therefore  t h e  boundary 



conditions are: 

.At zero: 
2 

a ui 
au 

u = 0 and EiIi - = i . 
. i 

a z 
2 k i a z  ' 

and at z = R: 

2 
a u 3 2 

a Ui 
- -  - 0' and 

a Ui - -  
2 Eili 3 - M i ~  . a z a z at 

where,R is the length of the tubes. Without loss of generality, the 

initial state of the tubes may be assumed as follows: 

It is assumed that only the vibrations of the mode with no nodal 

point along the tube axis are significant and all others are negligible. 

aui(z,t) 
ui(zy t) = 0 and at I t=O 

Let 

= O  . 
t=o 

( 4 )  
1 

where $ is the modal function for uncoupled vibration of tube .i such that 
i 

, Using Eqs. (1). (31, (41 ,  and (5) y f e l d s  

and 

where [MI, [C], and [K] are symmetric matrices with elements , 

m ij' c ij 

and kij, , and [Q] and [F] are general coordinate and generalized force 
. . 

with elements qi and f in which 
i' 



and Sl is  t h e  c i r c u l a r  f r equencyof  t h e  uncoupled mode'of tube i- i n  water.  
i 

For f r e e  v i b r a t i o n ,  neglec t  damping and fo rc ing  terms and l e t  

Natural  f requencies  and mode shapes of coupled t u b e l f l u i d  v i b r a t i o n  a r e  

computed from t h e  undamped' homogeneous equations 

Equation (10) w i l l  give  2k n a t u r a l  f requencies  f o r  a group of k ' tubes. 

Using t h e  normal modes, Eq. (7)  can be  reduced t o  a s e t  of 2k ' . 

uncoupled modal equations. Then t h e  response t o  an e x c i t a t i o n  can e a s i l y  

be  ca lcula ted .  

V. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 

I n  t h e  ana lys i s ,  uncoupled n a t u r a l  frequencies measured. i n  a i r  a r e  

used t o  e s t a b l i s h  t h e  t o r s i o n a l  sp r ing  constant  k Then t h e  uncoupled 
i* 

n a t u r a l  frequency Sl and modal ' func t ion .  4 i n  water f o r  each tube i n .  t h e  
i i 

x and y d i r e c t i o n s  a r e  ca lcula ted .  Coupled n a t u r a l  frequencies and mode 

shapes a r e  determined' from Eq. (10). Once the  normal modes of coupled 

motion a r e  determined, tube responses t o  any e x c i t a t i o n  can be ca lcu la ted  

r a t h e r  e a s i l y .  



A. Uncoupled Natura l  Frequencies  

- 
Uncoupled n a t u r a l  f r equenc ie s ,  modal damping r a t i o ,  and r e l a t e d  

* 
parameters  a r e  g iven  i n  Tables  1 t o  6,  where t h e  dimensionless  s p r i n g  

kill 
cons t an t  p is def ined  by - 

i 
(ll = tube  l eng th ,  Ei = Young's modulus, 

E i I ' i  

, and Ii = moment of i n e r t i a ) .  The nominal qap-to-radius r a t i o s  a r e  g iven  

i n  Fig. ' 2 .  However, i n  t h e  t e s t e d  assembl ies ,  t h e  average gap-to-radius 

r a t i o  a t  t h e  f r e e  end is  d i g f e r e n t  from t h a t  a t  t h e  base.  I n  computations,  

t h e  average v a l u e  is used; t hose  v a l u e s  a r e  g iven  i n  t h e  t a b l e s .  i n  

parentheses .  

I tb can be seen  from Tables  1-6 t h a t  t h e  c a l c u l a t e d  v a l u e s  a r e  i n  

reasonable  agreement w i th  t h e  exper imenta l  d a t a .  I n  g e n e r a l ,  t h e  

measured f r equenc ie s  are somewhat lower t han  t h e  c a l c u l a t e d  v a l u e s ;  t h i s  

is  bel ieved  t o  be  due t o  t h e  f a c t  t h a t  wedges a r e  employed i n  experiments 

t o  hold t h e  tubes  such t h a t  t h e  tubes  w i l l  be  c l o s e r  t o  t h e  measured tube  

and t h e  added m a s s  e f f e c t  w i l l  be  l a r g e r  t han  c a l c u l a t e d  va lues .  It is  

noted t h a t  t h e  modal damping i n  water  i s  much l a r g e r  t han  t h a t  i n  air.  

Since  t h e  tubes  a r e  so ldered  t o  t h e  base ,  damping i s  small .  

B. Coupled Natura l  Frequencies  

For a group of lc tubes ,  there are 2k coupled n a m r a l  f r equenc ie s .  

These coupled n a t u r a l  f r equenc ie s  from experiments and ana lyses  a r e  shown 

i n  Tables  7-13. 

T h e o r e t i c a l l y ,  t h e  motions f o r  a row of t ubes  i n  t h e  in-plane and 

out-of-plane a r e  uncoupled 121. Experimental r e s u l t s  show t h a t  they  

indeed a r e  independent of each o t h e r .  Therefore ,  t h e  r e s u l t s  f o r  t h e  

7 

c a s e s  of tube  rows a r e  presented  i n  two groups i n  t h e  x and y d i r e c t i o n s .  

The c a l c u l a t e d  and measured v a l u e s  of coupled n a t u r a l  f r equenc ie s  

agree very  we l l .  For p a r t i a l l y  submerged cases ,  a s  t h e  f l u i d  depth  

* 
Tables begin on pagc 36.  



becomes s,mall, f l u i d  coupl ing  dec reases  and t h e  theory  and experiment do 

n o t  a g r e e  very  wel l .  Th i s  i s  a t t r i b u t e d  t o  t h e  base  coupling which i s  

n o t  accounted f o r  i n  t h e  theory .  

The damping r a t i o  shown i n  Tables  7-12 is c a l c u l a t e d  from Eq. (6) 

assuming t h a t  t h e  damping c o e f f i c i e n t  c = 20 (m. + yii)ci, where 5 i s  
i i 1 i 

t h e  uncoupled modal damping r a t i o  i n  water .  I n  gene ra l ,  t h e  damping . 

r a t i o  f o r  coupled modes i n c r e a s e s  a s  t h e  frequency i n c r e a s e s  and i ts 

magnitude i s  approximately t h e  same as t h o s e  f o r  uncoupled modes. 

C. Mode Shapes 

The t h e o r e t i c a l  mode shapes f o r  coupled modes are obta ined  from 

Eq. ( l o ) ,  wh i l e  t h e  experimental  mode shapes are obta ined  us ing  t h e  acce le-  

ra t ion- t ime t r a c e s  recorded from s t eady- s t a t e  e x c i t a t i o n  a t  a resonance 

frequency. For s i m p l i c i t y ,  only t h r e e  t y p i c a l  c a s e s  a r e  presented  i n  

F igs .  10-12, where t h e  exper imenta l  f r equenc ie s  a r e  t h e  d r i v i n g  f r equenc ie s .  

The arrows on t h e  f i g u r e s  i n d i c a t e  t h e  r e l a t i v e  p o s i t i o n  f o r  each 

tube ,  and. t h e  l e n g t h s  of t h e  l i n e s  r e p r e s e n t  the ,  magnitudes of t ube  d i s -  

placements.  Comparing t h e  t h e o r e t i c a l  and experimental  r e s u l t s ,  one can 

see t h a t . . t h e  agreement i s  ve ry  good. There a r e  a few except ions .  For 

example i n  t h e  c a s e  of S ' t u b e s ,  tube  1 has  a r e l a t i v e l y  l a r g e  component 

i n  t h e  in-plane d i r e c t i o n .  Th i s  may b e  a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  t h e  

tubes  may no t  be  p r e c i s e l y  p a r a l l e l  o r  t h e  p r i n c i p a l  axes  of t ube  l m a y  

n o t  be  i n  t h e  x and y d i r e c t i o n s .  The o t h e r  examples are t hose  of modes 3 

and 5 f o r  3 tubes .  In  t h o s e  modes, t h e  t h e o r e t i c a l  and e x p e r h e n t a l  r e s u l t s  

do n o t  a g r e e  w e l l .  Thi s  can  be expla ined  e a s i l y .  The tube  assembly i s  

e x c i t e d  a t  tube  3 i n  t h e  y d i r e c t i o n .  However, corresponding t o  t hose  

modes, t u b e  3 h a s  a v e r y  s m a l l  displacement  component; i . e . ,  t h e  tube  

assembly is  no t  e a s i l y  e x c i t e d  by apply ing  f o r c e  t o  t ube  3.  A t  t hose  f r e -  

quencies ,  no t  on ly  those  n a t u r a l  modes a r e  exc i t ed ,  b u t  o t h e r  modes a l s o  
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a r e  exc i t ed .  Therefore,  t h e  experimental  r e s u l t s  cannot r ep re sen t  t h e  

a c t u a l  modes b u t  a r e  combinations of s e v e r a l  n a t u r a l  modes. I f  t h e  

assembly were exc i t ed  a t  t h e  o t h e r  tubes ,  c o r r e c t  experimental  r e s u l t s  

would have been obtained f o r  t hose  two modes. Modes 4 and 6 f o r  f o u r  

tubes  are a l s o  n o t  i n  agreement; t h i s  i s  a t t r i b u t e d  t o  t h e  same reason.  

D. Steady-State  Responses 

The e x c i t a t i o n  f o r c e  is propor t iona l  t o  t h e  inpu t  c u r r e n t .  Its 

magnitude is  small and n o t  e a s i l y  c a l i b r a t e d .  Therefore,  t h e  e x c i t a t i o n  

f o r c e  i s  no t  measured d i r e c t l y  i n  experiments.  I n  o r d e r  t o  compare t h e  

t h e o r e t i c a l  and experimental  r e s u l t s ,  t h e  magnitude of t h e  f o r c e  used i n  

t h e  a n a l y s i s  i s  obta ined  us ing  t h e  experimental  response va lues  f o r  t h e  

tube  exc i t ed  a t  a frequency equal  t o  50 Hz; i . e . ,  t h e  a n a l y t i c a l  and 

experimental  a c c e l e r a t i o n s  a t  50 Hz are made equal  f o r  t h e  t u b e  exc i t ed .  

The r e s u l t s  are presented  i n  Figs.  1 3  and 14 f o r  two t y p i c a l  cases .  It 

. . can be  seen  t h a t  t h e  agreement i s  v e r y  good. Because of f l u i d  coupling,  

t hose  tubes  n o t  d i r e c t l y  exc i t ed  have l a r g e  response  i n  t h e  frequency 

band con ta in ing  coupled n a t u r a l  f r equenc ie s  of t h e  system. 

E. Trans i en t  Responses 

Ail exluple of t h e  transient responses  f o r  5 t ubes  is  presented  i n  

Fig.  15. S imi l a r  r e s u l t s  a r e  obta ined  f o r  o t h e r  ca ses .  For conciseness ,  

those  r e s u l t s  a r e  no t  presented  here.  The t r a n s i e n t  responses  a r e  obtained 

by plucking. S ince  t h e  e x c i t a t i o n  f o r c e  i s  n o t  w e l l  def ined ,  ' i k  i s  d i f f f -  
. . 

c u l t  t o  compare w i t h  a n a l y t i c a l  c a l c u l a t i o n s .  Theref o r e ,  no a n a l y t i c a l  

r e s u l t s  a r e  presented  f o r  t r a n s i e n t  responses.  
. . 

? '  

Based on t h e  experimental  r e s u l t s  we n o t e  t h a t  t h e r e  e x i s t  bea t ing  

. . 

. . phenomena f o r  a l l  tubes.  This  occurs  because ' t h e r e  a r e  f i v e  n a t u r a l  £re- ' . . . 

quencies  which are r e l a t i v e l y  c l o s e  t o  one another .  . The d i s t u r b a n c e  w a s  



given  t o  t ube  1, i t  has  a l a r g e  response i n s t a n t l y .  On t h e  o t h e r  hand, 

t h e  peak ampli tudes occur  later f o r  o t h e r  tubes ;  it  t a k e s  time t o  develop 

l a r g e  t u b e  o s c i l l a t i o n s .  

V I .  EFFECTS OF VARIOUS PARAMETERS ON TUBE RESPONSES 

A. Gap-to-Radius Xat io  

For a group of t ubes  v i b r a t i n g  i n  a l i q u i d ,  the.frequen 'cy band of 

coupled modes [2] becomes wider  a s  t h e  gap-to-radius r a t i o  (G/R) decreases .  

Th i s  can b e  seen  c l e a r l y  from Table 8 f o r  3-tube a r r a y s .  Based on t h e  

exper imenta l  d a t a ,  t h e  l i m i t s  of t h e  frequency band a r e  64.02 Hz t o  

71.52 Hz f o r  G / R = . ~ . o ,  and 57.42 Hz t o  74.47 Hz f o r  G / R =  0.5. Other 

t ube  a r r a y s  a l s o  show similar e f f e c t .  Th i s  i s  a t t r i b u t e d  t o  f l u i d  i n e r t i a  

coupl ing;  as t h e  gap dec reases ,  t h e  f l u i d  coupling becomes l a r g e r .  

B. F l a t  Wall 

F igu re  16 shows t h e  experimental  d a t a  f o r  t h e  n a t u r a l  f r equenc ie s  of 

coupled modes as a f u n c t i o n  of t h e  r a t l o  of t h e  gap t o  tube  r a d i u s  ( G ~ / R ) .  

A s  G /R decreases ,  t h e  frequency band becomes wider;  t h e  w a l l  e f f e c t  is  
W 

s i m i l a r  t o  t h a t  of reducing t h e  tube  p i t c h  (G/R). 

C. E c c e n t r i c i t y  of Outs ide  Container  

F igure  17 shows t h e  e f f e c t  o f  t h e  e c c e n t r i c i t y  (G,/R) on . . n a t u r a l  

f r e q u e n c i e s  (experimental  d a t a ) .  Most of t h e  n a t u r a l  f r equenc ie s  dec rease  

with i nc reas ing  G /R, b u t  t h e  f o u r t h  mode inc reases .  However, t h e  e f f e c t  
t! 

. . 
is  s m a l l .  

D. .Water Depth 

The v a r i a t i o n s  of coupled n a t u r a l  f r equenc ie s  (exper.imenta1 daca) w i t h  C 

f l u i d  d e p t h . a r e  shown i n  Fig.  18. Two e f f e c t s  are observed as t h e  f l u i d  . . 

dep th  inc reases :  (1) t h e  frequency band becomes wider ,  (2) t h e  coupled 

n a t u r a l  f r equenc ie s  become lower. 



E. Flu id  -Vi scos i ty  

.. The n a t u r a l  f r equenc ie s  of uncoupled and coupled v i b r a t i o n s  and 

damping a r e  shown i n  Table 14 and 15  f o r  t h e  4-tube a r r a y  v i b r a t i n g  i n  

water and minera l  o i l  ( s p e c i f i c  g r a v i t y  = 0.935, and v i s c o s i t y  = 41 cp) .  

The e f f e c t  of f l u i d  v i s c o s i t y  on damping is s i g n i f i c a n t ,  b u t  i ts  e f f e c t  

on n a t u r a l  f r equenc ie s  is s m a l l .  The r o l e  of f l u i d  v i s c o s i t y  on coupled 

v i b r a t i o n  of m u l t i p l e  t ubes  i s  similar t o  . t ha t  of two c o a x i a l  s h e l l s  [5] .  

F. Uncoupled Vib ra t ion  

F igures  .19 and 20 show t h e  s t e a d y - s t a t e  responses  of two-tube a r r a y s  

under two d i f f e r e n t  condi t ions :  (a)  a l l  o t h e r  t ubes  a r e  he ld  r i g i d  

except  t h e  one helmg exc i t ed ;  and (b) a l l  tubes  are f r e e  t o  v i b r a t e .  

It can be seen  t h a t  t h e  tube  responds d i f f e r e n t l y  under two d i f f e r e n t  

condi t ions .  Th i s  i l l u s t r a t e s  t h a t  u s ing  uncoupled modes t o  s tudy  mul t ip l e -  . 

. tube problem may r e s u l t  i n  e r r o r .  

V I I .  CONCLUSIONS 

Four series of tests have been performed f o r  uncoupled and coupled 

v i b r a t i o n s  of tube  bundles  i n  l i q u i d s .  The experimental  d a t a  and a n a l y t i c a l  

r e s u l t s  f o r  n a t u r a l  f requencies ,  mode shapes,  and forced  responses  a r e  i n  

good agreement. Therefore,  t h e  a n a l y t i c a l  method developed e a r l i e r  [1 ,3 ]  

i s  b a s i c a l l y  sound and c a n ' b e  used w i t h  confidence f o r  tube  bundles  

v i b r a t i n g  i n  l i q u i d .  

Although ex tens ive  s f u d i e s  of v i b r a t i o n  of tube  b u ~ i d l e s  have been 

r epor t ed ,  t h i s  s tudy  is  t h e  f i r s t .  k.nnwn sys temat ic  experimental 

i n v e s t i g a t i o n  t o  o b t a i n  t h e  d e t a i l e d  informat ion  of coupled t u b e l f l u i d  

v i b r a t i o n .  I n  the  p a s t ,  p r e d i c t i o n s  of t ube  responses  i n  l i q u i d  w e r e  

f r e q u e n t l y  based on uncoupled mode of a  s i n g l e  tube. k n m  the  a n a l y t i c a l  

and experimental  r e s u l t s  presented  i n  t h i s  paper ,  i t  is  c l e a r  t h a t  i n  

p r e d i c t i n g  tube t u u d l e  responses  coupled modes should be  employed. 
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Fig. 1. Test assembly 



Fig. 2a. Tube arrangement 
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Fig. 4 .  Acceleration-time trace and power spectral density of tube acceleration, 

for tube 2 in air (G/R = 0.25) 
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Fig. 5. Power s p e c t r a l  d e n s i t y  of tube  a c c e l e r a t i o n  f o r  a  row of f i v e  tubes i n  ai r  (G/R = 0.25) 
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Fig. . 6 .  Acceleration-time trace and. power spectral density'of I 
acceleration for tube 2 in water (G/R = 0.25) 
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Fig., 8. Mathematical model used .in analysis'- 
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Fig. 9. ~ b b e  array near a. wall 



' EXPERIMENT THEORY 
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..Fig.. 10. Mode. shapes of a row of 5 tubes with:G/R = 0.25 
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Fig. 11.   ode shapes of 'a group of 3 tubes.with G/R = 0.5 
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Fig. 12. Mode shapes of a group of four tubes in unconfined water 
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Fig. 15. Acceleration-time traces pf a row of 5 tubes to an 
initial disturbance on tube 1 with G f R  = 0.2 
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Fig. 16. ~ a t u r a l  frequencies a s  a function of the gap toTradius  ra t io ,  G"/;I/K. 
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P i g .  17. ~atural frequencies as a function of the eccentricity, Ge/R 
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Fig. 18. Natural frequencies as a function of the ratio of water 
depth to tube length (hlR) 
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. g . . l ? .  Response of tube 6 i n  the y direct ion based on uncoupled and 

coupled vibrations for a 7-tube array (G/R = 0.4)  i n  water 



Fig. 20. Response of tube. 4 i n  the y direction based 'on uncoupled and 
coupled vibrations for  the.4-tube:array i n  unconfined mineral' o i l  



Table 1. Experimental and a n a l y t i c a l  r e s u l t s  f o r  uncoupled v i b r a t i o n  of a row of f i v e  tubes 

Tube 
 umber 

1 

2 
. -- 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

Dimensionless 
Spring 

Constant 

(pi) 

104.3 

99.0 

128.5 

155.2 

354.0 

129.0 

129.3 

242.6 

288.5 

354.0 

105.1 

84.2 

98.3 

86.5 

186.6 

155.8 

114.1 

154.9 

127.4 

253.4 

99.2 

85.2 

92.0 

97.2 

325.2 

131.5 

101.1 

97.2 

103.6 

930.5 

Gap- to- 

Radius 
Ratio 

(G/R) 

2.0 
(1.988) 

1.0 
(0.981) 

0.25 

(0.248) 

i r e c t  ion  
of 

Motion 

x 

' 

Y 

x 

Y 

x 

Y 

Measured 
Uncoupled 

Frequency, 

I n  A i r  

83.79 

84.67 

84.27 

'84.38 

77.93 

84.08 

85.05 

84.86 

84.86 

77.93 

83.40 

83.79 

83.69 

83.01 

77.05 

83.89 

84.28 

84.28 

83.59 

77.25 

83.40 

83.50 

83.50 

83.40 

77.73 

83.79 

83.79 

83.59 

83.50 

78.02 

Natural  
Hz 

In  Water 

69.63 

70,41 

69.92 

70.21 

65.50 

70.02 

70.90 

70.51 

70.80 

66.70 

69.24 

68.75 

68.85 

68.26 

64.94 

69.92 

69.53 

69.63 

69.04 

65.53 

68.55 

66.99 

67.29 

67.38 

64.55 

69.24 

67.38 

66.80 

67.19 

65.42 

Calculated 
Uncoupled Natural 

Frequency i n  
Water, Hz ' 

70.07 

70.58 

70.39 

70.57 

66.87 

70.31 

70.89 

70.86 

70.96 

66.87 

69.54 

69.39 

69.43 

68.96 

65.93 

69.91 

69.72 

69.82 

69.37 

66.07 

68.45 

67.08 
- -*.,. . A .- 

67.23 

67.28 

65.63 

68.52 

66.70 

66.53 

66.75 

65.66 
A 

I n  A i r  

0.00118 

0.00095 

0.00031 

0.00028 

0.00062 

0.00113 

0.00032 

0.00103 

0.00078 

9.00148 

0.00044 

0.00052 

0.00051 

0.00063 

0.00103 

0.00032 

0.00054 

0.00073 

0.00152 

0.00092 

0.00093 

0.00045 
* -a. - -- 

0.00146 

0.00131 

0.00108 

0.00046 

0.00055 

0.00088 

0.00069 

0.00226 

Measured 
Damping 
Rat io 

I n  Water 

0.0044 

0.0049 
p - .  

0.0053 

0.0045 

0.0043 

0.0042 

0.0036 

0.0044 

0.0034 

0.0042 

0.0063 

0.0078 

0.0088 

0.0099 

0.0047 

0.0037 

0.0043 

0.0044 

0.0051 

0.0039 

0.0073 

0.0124 

0.0137 

0.0190 

0.0081 

0.0062 

0.0076 

0.0070 

0.0076 

0.0046 



Table 2. Experimental and analytical results for uncoupled vibration of a. group. of 

three tubes . ' . 

Dimensionless 
' ~ r ~ t ~ ~ T ~ r  Spring ' I Uncoupled Measured Natural 

Measured .Calculated 

Danip ing Uncoupled Natura: 

Ratio Frequency in 

In Air InWater 'Water, Hz 

0.00152 0.0038 68.53 ' . 
. , .  

0.00090 0.0041 70.35 
. . 

0. 00341 0.0041 
' 

. . 66.22 

0.00103 0.0037 68.59 

0.00095 0.0045 69.63 

0 1 
Number Constant 

Motion1 I (pi) 



Table 3.. Experimental and onnlyclcal resulta  for  uncoupled vlbrecion of e group of 
' ecvrn tubes 



Table 4 .  ~ x ~ e r i m e n t ' a l  and a n a l y t i c a l  r e s u l t s  f o r  uncoupled v i b r a t i o n  of t h e  four- tube 
a r r a y  i n  unconfined water '  

Gap- t o- 
Radius 
Ratio 

(G/R) 

0.5 
(0.585) 

D i r ec t ion  

of 
f i t i o n  

X 

Y 

Tube 
Number 

1 

2 

3 

4 

1 

2 

3 

4 

Dimensionless 
Spring 

Constant 

(pi) 

98.1 

60.6 

. 78.1 

1030.0 

75.0 

74.9 

86.4 

228.1 

Measured 
Uncoupled Natura l  

Frequency, Hz 
I n  A i r  

83.79 

83.98 

83.59 

77.83 

83.30 

84.28 

83.78 

77.34 

Calcu la ted  
Uncoupled Na tu ra l  

Frequency i n  
Water, Hz 

68.57 

68.42 

68.41 

65.55 

68.17 

68.82 

68.57 

65.13 

I n  Water 

68.65 

68.85 

68.55 

65.33 

67.77 

68.95 

68.46 

64.16 

Measured 
Damping 

Rat io  
I n  A i r  

0.00099 

0.00169 

0.00566 

0.00091 

0.00131 

0.00286 

0.00290 

0.00633 

I n  Water 

0.0079 

0.0138 

0.0125 

0.0080 

0.0072 

0.0147 

0.0089 

0.0117 



Table 5. Experimental and analytical results for uncoupled vibration of 

the four-tube array near a flat wall 

Calculated 

Uncoupled Natural 

Frequency, Hz 

68.27 

66'. 87 

66.88 
. -~ 

65.29 

67.. 93 

67.38 

67.15 

64.93 

68.14 

' . 65.31 

65.31 

65.18 

67.85 

66.15 

65.91 

: 64.86 

. 

Gap- t o- 

Tadius 
Ratio . 

(Gw/R) 

1.0 

. 

0.5 

Direction 

of . 

X 

Y 

X. 

.. . 

, '  

Y 

. 

Tube 

Number 

1 

2 

3 

4 

' '1 

2 

3 

' 4  

1 

2 

3 

4 

1 

2 

3 

' .  4 

Measured 

Uncoupled Natural 

Frequency, Hz 

68.46 

67.24 

66.75 

65.14 

67.58 

. 67.04 

66.55 

64.06 

68.51 

65.53 

65.38 

65.19 

67.48 

66.16 

66.06 

64.21 

Measured 

Damping 
Ratio 

0.0066 ; 

0'. 007 1 

0.0059 

0.0101 

0.0078 

0.0065 

0.0087 

0.0070 

0.0059 

0.0138 

0.0143 

0.0094 

0.0038 

0.0087 

0.0096 

0.0103 



.. . 
. . 

Table 6. Experimental and analytical  resul ts  for uncoupled vibration'of 

the four-tube array contained in a cylinder 

. 

.. , 
Calculated 

Uncoupled 
Natural 

Frequency. H.z 

Measured 

. Reti' . 

Measured 
Uncoupled 
Natural 

Preauency. Hz 

Tube 
Number 

EtE 
R,/R 

Eccentricity 

Gel? 

Direction 



42 1 

Table 7 .  ~ x ~ e r i m e n t a i  and analyt ical  r e s u l t s '  f o r  coupled vibrat ion of 5 tubes 

Gap-to-Radiu 
Ratio 

(GIR) 

.Direction 
Mode 

Measured Coupled Calculated Coupled 
Dampins 

Niunber 
Natural . Natural' 

Frequencies, Hz Frequencies, Hz 
Ratio 

Motion , 



Table 8. ~xperimental. and analytical results for 
coupled vibration of 3 tubes- 

Gap- to- 

Radius 
Ratio 

Mode 
Number 

1 

2 

: 3. 

5 

6 . 

1 

2 

3 

. 

5 

6 

1. 

2 

3 

. .  

5 

6 

L 

I 

( G I N  

2.0 

(1.933) 

1.0 
(0.983) 

.0.5 

(0.475) 

Measured Coupled 
Natural 

Frequencies, Hz 

64.02 

. 65.20 

67.65 

69.04 
. . 

Calculated Coupled 
Natural 

Frequencies, Hz 

64.61 

65.23' 

67.76 

69.10 
- 

, 

. . 
... 

Ratio 

0.0036 

0.0038 

0.0039 

0.0039 
- 

71.28 . ' 

71.52, 

. . 

61.21 

64.02 

66.25 

69.52 

72.10 

72.85 

57.42 

62.29 

64.76 

70.24 
. 

72.88 - 

74.47 

t 

71.10 

71.61 

62.04 . 

63.84 

66.42. 

69.68 

71.78 

72.72 

58.15 

62.32 

64.86 

70.14 

72.66 

74.32 
I 

0.0043 

0.0042 

0.0061 

0.0063 

0.0060 

0.0065 

0.0069 

0.0070 

0.0046 

.O. 0051 

0.0047 

0.0055 

0.0054 

0.0055 - 



Table 9. Experimental and analyt ical  re su l t s  for 
coupied vlbrntion 6E 7. tubca 



Table 10. Experimental and a n a l y t i c a l  r e s u l t s  f o r  coupled 
v i b r a t i o n  of t h e  four- tube a r r a y  i n  unconfiried 

.water  

Gap- t o- 
Radius 
Ra t io  

.: 

0.5 
(0.585) 

Mode 
.Number 

1 

2 

3 

4 .  

6 

7 

8 

Damping 

Rat io  

0.0090. 

0.0094 

0.0123 

0.0091 

0.0117 

0.0095 

0.0124 

0.0121 

~ e a s u r e d  Coupled 

. 
Natura l  

Frequencies ,  Hz 

56.79 

62.79 

66.26 

67.38 

69.53 

71.88 . 

'74.32 

76.95 

Calculated Coupled 
Natura l  

Frequencies ,  Hz 

57.90 

62.99 

66.73 

67.87 . 

69.66. 

71.38 

74.19 

76.39 



Table 11. Experimental  and A n a l y t i c a l  R e s u l t s  f o r  Coupled Vib ra t i on  of 

t h e  Four-Tube Array Near a F l a t  Wall 

Damping 

' Rat io  

0.0066 
- -- . ,- -- . ,. - . 

0.0071 

0.0077 

0.0071 

0.0079 

0.0077 

0.0080 

0.0083 

0.0094 

0.0093 

0'. 0098 

0.0091 

0.0097 

0.0112 

0.0084 

0.0115 

c a l c u l a t e d  coupled 

Na tu ra l  ~ r e q u e n c y ,  

Hz 

57.78 
-. 

62.08 I 

64.75 

- - -  

66.69 

68.95 

70.32' 

73.35 

76.35 

57.. 17 

60.52 

64.08 

66.11 

68.30 

69.60 
. . 

72.82 

76.13 

Measured Coupled 
Na tu ra l  Frequency, 

Hz 

'56.69 . 
~- - 

. 61.87 

64.84 

66.94 

69.04 '. , 

71.19 . . 

73 .5'4 

76.81 

56.25 

60.11 

64.36 

66.70 

68.51 

70.68 

72.99 

76.51 

r 

Gap- to- 
~ a d i u s  Ra t io  

G /R 
W 

1.0 

0.5 

Mode. 
Number 

1 
~ 

2 

3 :  

4 

5 

6 

7 
. . 

8 

1 

2 

3 

4 

5 

6 
- 

,7 

8 



Table 12. Experimental and Analytical Results for  Coupled Vibration of the 
Pour-Tube Array Contained i n  a Cylinder 



Table U. .Experimental and Analytical Results for Coupled Vibrations of the Four-Tube Array Partially submerged in Water 

Ratio of Water I Mode 
Natural Frequencies of Coupled Modes, Hz 

D e ~ t h  to Tube 
~ & t h  (h/ a) Number 

Experiment . Theory 

Ratio of ~ e t e r  
Depth to Tube I ' Mode 

~atural Frequencies of Coupled Modes, Hz 

Length (h/k) Number I - 
I I Experiment I Theory I 



Table 14. Experimental Resu l t s  f o r  Uncoupled Vib ra t i on  of the.Four-Tube 
'Ar rays  i n  Viscous F l u i d s  . . . .  . . . , .  

Condit ions 
- 

* 

I n  unconfined 
f l u i d  

Near a 

f l a t  w a l l  

(Gw/R = 0.5) 

D i r e c t i o n  
of 

Motion 

X 

s 

s 

Y 

X 

Y 

Measured Damping 

Tube 

Number 

1 

2 

3 

3 

4 

1 

2 

3 

4 

1 

2 

3 

4 

1 

2 

3 

4 

Water 

0.0079 

0.0138 

0.0125 

0.0080 

0.0072' 

0.0147 

0.0089 

0.0117 

0.0059 

0.0138 

0.0143 

0.0094 

0.0038 

0.0087 

0.0006 

0.0103 

Ra t io  

M i n e r a l o i l  

0.0262 

0.0318 

0.0285 

0.0309 

0.0284 

0.0336 

0.0285 

0.0290 

0.0254 

0.0311 

0.0308 

0.0375 
-- 

0.0350 

0.0268 

0.0323 

0.0243 

- 

Measured Uncoupled 
Na tu ra l  

Water 

68.65 

68.85 

68.55 

65.33 

67.77 

68.95 

68.46 

64.16 

68.51 

65.53 

65.38 

65.19 

67.48 

66.16 

66.06 ' 

64.21 

Frequency, Hz 

Minera l  O i l  

68.31 

69.14 

68.41 

65.04 

67.48 

69.14 

68.56 

64.99 

68.56 

66.31 

65.58 

64.70 
- _ _ _ I - -  

67.48 

65.82 

66.02 

64.84 



h 

T a b l e  15. Exper imenta l  and ~ n a . 1 ~  t i ca l  R e s u l t s  f o r  N a t u r a l  F requenc ies  

of Coupled Modes i n  Viscous  F l u i d s  

I 

h 

C o n d i t i o n s  

-a ,- 

I n  
unconfined 

f l u i d  

Near a 

f l a t  w a l l  

(Gw/R = 0.5) 

i 

Mode 

Number 

1 

2 

3 

4 

5 

6 

7 

8 

1 

2 

3 

4 

5 

6 

7 

8 

Measured Coupled 

N a t u r a l  

Water 

56.79 

62.79 

66.26 

67.38 

69.53 

71.88 

74.32 

76.95 

56.25 

60.11 

64.36 

66.70 

68.51 

70.68 

72,99 

76.51 

C a l c u l a t e d  Coupled 

Frequency, Hz 

M i n e r a l  O i l  

56.33 

62.65 

63.28 

67.58 

69.75 

74.22 

76.57 

77.08 

57.09 

61.15 

63.00 

66.31 

68.65 

70.13 

72.79 

76.52 

N a t u r a l  

Water 

57.90 

62.99 

66.73 

67.87 

69.66 

71.38 

74.19 

76.39 

57.17 

60.52 

64.08 

66.11 

68.30 

69.60 

72.82 

76.13 

Frequency, Hz 

M i n e r a l  O i l  

, 58.82 

63.76 

67.47 

68.62 

70.23 

72.01 

74.70 

76.78 

58.12 
. - 

61.44 

64.80 

66.92 

68.99 

70.26 

73.36 

76.53 

- 


