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EXPLICIT DESCRIPTION OF AEF SOLUTION SETS FOR
PARAMETRIC LINEAR SYSTEMS*

EVGENIJA D. POPOVAT

Abstract. Consider linear systems whose input data are linear functions of uncertain parame-
ters varying within given intervals. We are interested in an explicit description of the so-called AE
parametric solution sets (where all universally quantified parameters precede all existentially quan-
tified ones) by a set of inequalities not involving the parameters. This work presents how to obtain
explicit description of AFE parametric solution sets by combining a modified Fourier—-Motzkin type
elimination of existentially quantified parameters with the elimination of the universally quantified
parameters. Some necessary (and sufficient) conditions for existence of nonempty AFE parametric so-
lution sets are discussed, as well as some properties of the parametric AF solution sets, e.g., shape of
the solution set and some inclusion relations. Explicit descriptions of particular classes of AF para-
metric solution sets (tolerable, controllable, any two-dimensional) are given. Numerical examples
illustrate the solution sets and their properties.
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1. Introduction. Consider a linear algebraic system

(1.1a) A(p)z = b(p)

having linear uncertainty structure

m m
(1.1b) aij(p) := aijo + Z Qij,pPps bi(p) := bio + Z bi, b,
p=1 p=1
where aij 0, bi € R, u=0,...,m,i,j =1,...,n, and the parameters p = (p1, ..., Pm

)T

are considered to be uncertain, varying within given intervals

(1.1c) p € [pl=(pils- o))"

In a more general case, the dependencies between the parameters in (1.1b) can be
nonlinear. Such systems are common in many engineering analysis or design problems,
control engineering, robust Monte Carlo simulations, etc., where there are complicated
dependencies between the model parameters which are uncertain. The set of solutions
to (1.1), called the united parametric solution set, is

(1.2) X = X (A(p), b(p), [p]) == {z € R" | 3p € [p], A(p)x = b(p)} .

The (united) parametric solution sets generalize the (united) nonparametric solution
sets to interval linear systems; the elements of the matrix and of the right-hand side
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in the latter are independent intervals. However, the solutions of many practical
problems involving uncertain (interval) data have quantified formulation involving
the universal logical quantifier (V) besides the existential quantifier (3). Examples of
several mathematical problems formulated in terms of quantified solution sets can be
found in [14] and in the vast literature on quantified constraints satisfaction problems;
see, e.g., [5] for references to applications in control engineering, electrical engineering,
mechanical engineering, biology, and others.

In this work we focus on linear systems involving linear dependencies between
interval parameters and on quantified parametric solution sets where all universally
quantified parameters precede all existentially quantified ones. Such solution sets are
called AE parametric solution sets, after Shary [14]. AFE parametric solution sets
generalize both the united parametric solution set and the corresponding nonpara-
metric AE solution sets. Our goal is to describe the parametric AE solution sets by
inequalities not involving the interval parameters. This is a fundamental problem with
considerable practical importance. The explicit description of a parametric solution
set is useful for visualizing the solution set, for exploring the solution set properties,
which helps in designing better (sharp and fast) numerical methods, and for finding
exact bounds for the solution, which helps in testing new numerical methods.

The description of the parametric solution sets is related to quantifier elimina-
tion, which has stimulated a tremendous amount of research. Since Tarski’s general
theory [15] is EXPSPACE-hard [2], a lot of research is devoted to special cases with
polynomial-time decidability. Apart from quantifier elimination, the only known gen-
eral way of describing the united parametric solution set is a Fourier-Motzkin type
parameter elimination process proposed in [1] and modified in [9]. The nonparametric
AE solution sets were studied by many authors; see [3], [4], [14] and the references
given therein. With the exception of [12], [13], which consider some special cases
of tolerable solution sets, and [10], also considering a special case, to our knowledge
there are no other studies of the parametric AE solution sets.

In this paper (section 4) we discuss how to obtain an explicit description of para-
metric AE solution sets by a Fourier—Motzkin type elimination of the existentially
quantified parameters (called E-parameters). The methodology for elimination of
FE-parameters is presented in section 3. Explicit descriptions of particular classes of
parametric AE solution sets (tolerable, controllable, any two-dimensional) are given
in section 5. Based on the explicit description or the properties of the parameter
elimination process, in this section we prove several properties of the parametric AE
solution sets. Some necessary or necessary and sufficient conditions for a parametric
AF solution set to be nonempty are presented. Also discussed are the shape of the
parametric AF solution sets and some inclusion relations. For simplicity of notation
we consider square systems. However, all the assertions in the paper are valid for
rectangular systems. Numerical examples illustrate the parametric AF solution sets
and their properties.

2. Notation. Denote by R™ R™ ™ the set of real vectors with n components
and the set of real n x m matrices, respectively. A real compact interval is [a] =
[a=,at]:=={a € R |a <a<at} ByIR",IR"™ we denote the sets of interval
n-vectors and interval n X m matrices, respectively. For [a] = [a~,a™], define mid-
point @ := (a~ + a™*)/2 and radius G := (a™ — a~)/2. These functions are applied to
interval vectors and matrices componentwise. For a given index set IT = {my,..., 7},
denote prr = (Pry, - -+ Py, )- /\ and A denote the logical “And.”
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With the notation Aee, := (Gij) € R™*™, bey := (biy) € R", p=0,...,m, the
system (1.1a) can be rewritten equivalently as

(A..O + pr,Aoo,u> €r = boO + pr.b.p.-
p=1 n=1

For a matrix A € R"*", A,,. denotes the mth row of A.

For a parametric matrix A(p) (resp., vector b(p)), depending on a number of
parameters (1.1c¢), A([p]), b([p]) denote the corresponding nonparametric matrix (resp.,
vector)

aij([p]) == aizo + Y aigulpals  billp]) = bio + ) biulpil-

n=1 v=1

Exactly one nonparametric system A([p])z = b([p]) corresponds to a parametric sys-
tem A(p)x = b(p). However, for a nonparametric system [A]x = [b], there are infinitely
many ways by which one can choose the number m of the parameters, the type of the
parameter dependencies Aqey, 1t = 0,...,m, and the parameter domain [p] € IR™,
so that A([p]) = [4] and b([p]) = [b]. All parametric systems A(p)x = b(p), such
that A([p]) = [4], b([p]) = [b], correspond to the nonparametric system [A]z = [b].
Lemma 5.5 below defines a way by which one can obtain a variety of parametric
systems that correspond to a nonparametric system.

DEFINITION 2.1. A parameter p,, 1 < p < m, is of 1st class if it occurs in only
one equation of the system (1.1a).

It does not matter how many times a 1st class parameter appears within an
equation. A parameter p, is of 1st class iff the vector be, — Aeenz has only one
nonzero component (that is, b;, — Aje,x 7# 0 for exactly one i, 1 < i < n).

DEFINITION 2.2. A parameter p,, 1 < p < m, is of 2nd class if it is involved in
more than one equation of the system (1.1a).

A parameter p, is of 2nd class iff the vector be, — Aeen2 has more than one
nonzero component.

DEFINITION 2.3. A parametric matriz is called row-dependent! if for some p €
{1,...,m} and some i € {1,...,n}, Card(J) > 2, where J :={j |1 < j <n,a;j, #
0}. A parametric matriz is called row-independent if for all p € {1,...,m} and all
ie{l,....,n}, Card(J) < 2

A row-dependent parametric matrix is denoted by A,4(p) and a row-independent
one by A,;(p). Examples of row-independent parametric matrices are the symmetric,
skew-symmetric, Hankel, Toeplitz, and Hurwitz matrices, as well as the nonparametric
matrices.

3. Fourier—Motzkin type elimination of E-parameters. The united para-
metric solution set (1.2) is characterized as follows by a trivial set of inequalities:

¥ o={xeR"|3p, eR,u=1,...,m:(3.1)~(3.2) hold},

where
(31) 0oL — lO + Z ool — )py < 0 < A..()ZIZ .() + Z ooyl — oy) Pus

(32) pu_p,uép:, pw=1...,m.

!By analogy with the column-dependent parametric matrices defined in [7].
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Starting from a trivial description of X? .. the following theorem shows how the exis-
tentially quantified parameters in this set of inequalities can be eliminated successively

in order to obtain a new description not involving p,,, p=1,...,m.
THEOREM 3.1 (see [9]). Let gx(x), fru,1(x), frav2(), iau(z), A=1,... k(> n),
v=1,...,m —1, m > 1, be real-valued functions of v = (z1,.. .,xn)T on some

subset D C R™. Assume that there exists a nonempty set T C {1,...,k} such that
Fama(x) #0 for all X € T. For the parameters p,, g =ma,...,m, varying in R and
for x varying in D define the sets Sy,S2 by

Si:={zeD|3p,eR,p=my,...,m:(3.3),(3.4) hold},
Sy:={zeD|Ip,eRp=m1+1,...,m:(3.5),(3.6),(3.7) hold},

where inequalities (3.3), (3.4) and (3.5), (3.6), (3.7), respectively, are given by

miq— 1 m1—1

(33 g)\ Z f)\lll pu + Z f)\u,2(x)p
v=1

+ Z Pa@)pp < = Famy (@)pmy <+, A=1,...,k,
o pEm
(3.4) Pu—Du < Pu <Pu+Du  p=mi,...,m,

mi— 1 mlfl

(3 5 g)\ Z fAz/ 1 pu + Z fAu,Q(x)ﬁl/ + f)\ml ($)pm1 + |fAm1 (x)|f)m1
v=1

+ Y Pul@pe <0< A=1,. K,

p=mi+1

and for o, B €T, a < f3,
(3.6)

mi—1
9o ) fom, (2) = g5 (2) fam, (x) + Z (fam (@) fav,1 (2) = fam, (@) fav,1(2)) Py

m11

+ Z (I fpms (@) fav,2 (@) + | fam ()| fov,2(x)) Dy

+ Z (fau(@) fom, (@) = fou(@) fam, () Py <O< -+,

p=mi+1
(37) p,u_f),ué Pu Sﬁu"’f’ua u=m1—|—1,...,m

The “-- 7 in the right-hand side inequalities denotes the left-side expression in the left
inequality with the bottom sign (+) in front of the terms involving a parameter radius,
while “F7 in the left inequality should be read “—.”? (Trivial inequalities which are
true for any x € R™ can be omitted.) Then S; = Ss.

2For example, the expanded (3.3) is

mip—1 mip—1

Z Pz Z Drw,2(@)py + Z Iap @)y < = famy (2)Pm,y

p=mi+1

mip—1 mi1—1

<on@+ Y. bea@pe+ Y. buz@be + D>, Fau(@)pu
v=1 v=1

p=mi+1
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The inequalities (3.5) are called end-point inequalities because they are obtained
by combining (3.3) with (3.4). The inequalities (3.6) are called cross inequality pairs
because they are obtained by combining two inequality pairs (3.3). Note that the
resulting inequalities (3.5) and (3.6) have the form (3.3), which allows the elimination
process to continue with the next parameters.

The parameter elimination process resembles the so-called Fourier-Motzkin eli-
mination of variables; see, e.g., [11]. It was first proposed in [1] in a form based on the
parameter inequalities (3.2) which leads to a tremendous number of solution set char-
acterizing inequalities. In order to reduce the number of characterizing inequalities,
the modified parameter elimination in Theorem 3.1 is based on the equivalent pa-
rameter inequalities (3.4) in midpoint/radius representation. Thus, in the parameter
elimination process we apply the relation

(3.8) Ay — [Apu <Apu< M+ AP, for AeR

without the necessity to consider the particular sign of A\. Therefore, the modified
parameter elimination does not depend on a particular orthant. Furthermore, The-
orem 3.1 gives a compact representation of the characterizing inequalities which will
be illustrated below.

Consider the parametric system (1.1), the united parametric solution set of which
is described by the trivial set of characterizing inequalities (3.1) and for p = 1,...,m,
(3.4). Let for My UM, = {1,...,m}, My N My = 0, p,, p € My, be 1st class
E-parameters and p,, 1 € M, be 2nd class E-parameters. By Theorem 3.1, the
elimination of all p,,, u € My, updates the inequality pairs (3.1) so that they become

(39) AooOx oO + Z oop,$ -H)ﬁu + Z |Aoop,$ - b.p,| ﬁu
nEM;y nEM;y

+ Z --,ux -,u)p,ugoé"'
HEM2

The end-point inequality pairs (3.9) are equivalent to single absolute-value inequalities
(3.10) and vice versa:

(3.10)  [AeeoZ — oo+ > (Aeep — bep) P
pneMy

+ > (A — <" A — byl

HEM> HEMy

Let for p,,, 1 € Ma, T,, C {1,...,n}, Card(7,,) = k, be the index set of the
inequalities (3.9) (resp., (3.10)) involving p,,. By Theorem 3.1, the elimination of p,,
updates the end-point inequalities (3.9) (resp., (3.10)), which become

(3.11)  |AseoT —beo+ Y (AeepT — bap) By
peMiU{vr}

Y et be)pu| € X e~ bul

nEM\{v1} HEMU{v1}
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and for «, 8 € T, generate k(k — 1)/2 cross inequality pairs

(3.12) Ao, (a + > A (e B.2)py

HEMy

F Y (B [ fulen ) + [ fon (0 2)| [ (B, 2)]) B

HEM:

+ Y Au(@Ba)pu <0<

pEM2\{r1}

wherein f,, (o, 2) := (Aaep® — bay), and similarly for f,, (o, z), f.(8,2), fi, (8, ),
and Ay, (o, 8,2) == fu,(B,2) fu(a,x) — fu, (o, 2)fu (B, ) for p € {0} UM, or p €
M5 \ {v1}. The cross inequality pairs (3.12) also can be written as equivalent single
absolute-value inequalities.

The elimination of the next 2nd class E-parameters updates similarly the end-
point inequalities (3.11) and introduces more cross inequalities. The cross inequalities
can be more complicated than the inequalities (3.12). However, the solution set
characterizing inequalities (both end-point and cross inequalities), obtained by the
Fourier-Motzkin type elimination of E-parameters, have the same general form, which
can be presented as follows.

For A € T := {1,...,n} U 7., where {1,...,n} is the index set of the end-
point characterizing inequalities and 7. is the index set of the characterizing cross
inequalities, the set of all solution set characterizing inequalities obtained by the
Fourier-Motzkin type elimination of E-parameters is

(3.13) A wo(@) + D uapu(@)py — > vap@)py < Y wau(a)p

AET pneLy pneLy pneL2

<UAO ZUA,LL pu"'zvk,u p,ua

peLy peLy

wherein L; is the set of indexes of all eliminated E-parameters, uxo(x), ux,.(z),
v (), wy . (z) are corresponding real-valued functions of z = (z1,...,2,)", and Lo
is the set of indexes of the noneliminated parameters. A more general representation
of the inequality pairs (3.13) is

(314) /\ U)\ T, L1 Z w)\ﬂ < UA(QJ,Ll),

ANET ne Lo

where uy(x, L1) is the expression in the left side of the left inequality of (3.13), and
va(x, L) is the expression in the right side of the right inequality of (3.13); ux(x, L1)
and vy (z, L) differ only in the signs of the terms involving the radius of a parameter.

4. Description of parametric AFE solution sets. We start this section with
a general definition.

DEFINITION 4.1. Quantified solution sets to a parametric linear system A(p)x =
b(p), involving either linear or nonlinear dependencies between the parameters p =
(p1,..-,pm) ", are sets of the form

{z € R" [ (Qip1 € [p1]) - - (Qmpm € [pm])(A(p)z = b(p))},
where Q; € {V,3},i=1,...,m
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The total number of quantified parametric solution sets exceeds 2™ since the ex-
istential and the universal quantifiers do not commute. In this work we consider only
linear systems involving linear dependencies between the uncertain parameters and
quantified solutions sets of such systems where all occurrences of the universal quan-
tifier precede all occurrences of the existential quantifier. After the terminology used
in [14], we call these solution sets AE parametric solution sets. Thus, a parametric
AF solution set of the system (1.1a)—(1.1¢) is defined by

(4.1) Yhg = {z € R" | (Vpa € [pa])(3pe € [pe])(A(p)z = b(p))},

where A and & are sets of indexes such that AUE ={1,...,m}, ANE = . There
are exactly 2™ parametric AF solution sets.

THEOREM 4.2. For given index sets A and &, the parametric AE solution set
(4.1) of the system (1.1a)—(1.1c) is described by the set of inequality pairs

42 A @8 = (wru@p, — lwru@)lp) <0

AT peA

<oa(@,8) = 3 (r @)y + lwsu(@)lp,) |
pneA

where

Sg 1= /\ ur(z,&) < Zw%u@)pu < oz, &)

AT HeEA

is the set of inequality pairs obtained by Fourier—Motzkin type elimination of all E-
parameters, T ={1,...,t}, t > n.
Proof.

She = {r € R" | (Vpa € [pa])Fpe € [pe])(Alp)z = b(p))}

=<Kz eR"|(Vpa€e [pA])< /\ ux(z, &) < Z wx,u(x)py < U)\($,5)>

AT peA
= {zeR"| (4.2)}.

The first equality above follows from the Fourier—-Motzkin type elimination of all
E-parameters. The second equality follows from the distributivity of the universal
quantifiers over conjunction, the parameter inequality pairs for the A-parameters,
and the relation

43 (peblib < <t & (n<nin o) n (o) <h). 0

pE[p] PE[p]

COROLLARY 4.3. The elimination of the universally quantified parameters does
not introduce new characterizing inequalities to the description of X%, obtained by
elimination of all existentially quantified parameters.

It was proved in [9] that the elimination of 1st class E-parameters does not in-
troduce the so-called cross inequalities. These inequalities are generated only by the
elimination 2nd class £-parameters and the degree of the polynomials involved in the
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cross inequalities may increase with each eliminated 2nd class £-parameter. Thus, we
can estimate the shape of a parametric AF solution set, i.e., the maximal degree of
the polynomial equations describing the solution set boundary.

COROLLARY 4.4. The nonlinear shape of X%, is determined by the 2nd class
E-parameters.

The next important corollary follows from the elimination theorems for the 1st
class £-parameters and the A-parameters.

COROLLARY 4.5. The infimum/supremum of a parametric AE solution set is
attained at particular end-points of the intervals for the 1st class E-parameters and
the A-parameters.

Due to the above, we sometimes say that the boundary of a parametric AE
solution set is linear with respect to the 1st class £-parameters and the A-parameters.
Despite this property, the parametric AE solution set may not depend linearly on
these parameters.

The application of Theorem 4.2 will be illustrated in the next section, where we
consider some classes of parametric AE solution sets, give their explicit description,
and derive some of their properties.

5. Properties of the parametric AFE solution sets. The first two general
theorems below are proved in [10] and are not based on the description of the para-
metric AE solution sets. The following theorem gives a set-theoretical description
of AE parametric solution sets (4.1) and generalizes a corresponding theorem [14,
Theorem 3.1] for nonparametric AE solution sets.

THEOREM 5.1 (see [10]).

She= () U {z€R"[Alpa,pe) -z =bpa,pe)}

PAE[pa] pe€[pe]

The next theorem gives some analytic necessary conditions for a general AE
parametric solution set to be nonempty.

THEOREM 5.2 (see [10]). If a parametric AE solution set (4.1) is nonempty, then
for any z € X,

(51) Z (Aooux - bou)[pu] g boO - AooOx +Z (b'u - Aooux) [pu]

veA pee

The interval inclusion (5.1) is equivalent to the inequality

(5.2) [AD)e =) <D ul Avept = beplpy,
pn=1

where 6, :=={lif pe &, —1 if p e A}.

The inequality (5.2) presents the end-point inequalities in the explicit character-
ization of a parametric AF solution set. The following theorem and corollary follow
from Theorem 4.2 and a property proved in [9] that the elimination of 1st class E-
parameters does not generate any cross inequalities.

THEOREM 5.3. A parametric AE solution set of the linear system (1.1a)—(1.1c)
is nonempty iff the solution set describing inequalities (4.2), defined in Theorem 4.2,
holds true.

COROLLARY 5.4. Let the definition of a parametric AE solution set to the linear
system (1.1a)—(1.1c) involve only 1st class existentially quantified parameters. Such
parametric AE solution set is nonempty iff the inequality (5.2) holds true.
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X2

3 ! 5 *
i

Fic. 5.1. The parametric AE solution set for the system from Example 5.1.

The nonempty parametric AE solution sets from Corollary 5.4 have linear shape
but they are not convex in the general case.
Ezample 5.1. Consider the parametric linear system A(p)z = b(q), where

. 2p1 P12 — P1 _[2q
A(p)‘(2.5p21+p2 D ) b(”‘(zq)’

el§ 611—7 € [0,1] GEE
P1 272 y P2 10710 y P12, P21 y 1] 4 676 .

The solution set Xvgap, ps,p12,per 15 Presented on Figure 5.1. Its boundary is linear but
neither the whole solution set nor its intersection with the fourth orthant is convex.
Furthermore, the solution set is unbounded in the fourth orthant.

It is well known that a parametric united solution set is a subset of its corre-
sponding nonparametric solution set, but we have never seen a formal proof of this
fact. Below, for completeness, we give the proof of a more general inclusion relation.

LEMMA 5.5. Let f(p) and g(p) be linear functions of the interval parameters
p € [p] € IR™ such that they involve at least two different parameters p;,, pi, :

f(p) =ap + ap;, + fO(p \ {pilapiz})v g(p) = 60 =+ 6pi2 + gO(p \ {piupiz})v

where v, Bo, o, B € R, and fo, go are linear functions of pis,...,pi, . Then for f(q),
9(q), defined by

(@) :=aq + g+ folp\ {pir, pin ),
3(q) == q1 + a3+ 9o(p \ {pir, i }),

where ¢ = (q1,G2,43,Diss - - Din ), 1 € [q1] is arbitrary, g2 € [qo], such that ¢y =
ao+api, —q1, Go = |alpi, —q1, g3 € [g3], such that ¢z = Bo+ Bpi, — 41, 43 = |BlPi, — 1,
the following relations hold:

F(p) = faD).  g(lp]) = g(la)-

Proof. The proof is trivial and follows from the relation a = a+ ae, where a € [a],
e € [—1,1], and the relation (3.8). 0
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THEOREM 5.6. For two parameter vectors u € [u] € IR™', v € [v] € IR™2, such

that A([u]) = A([v]) = [4], b([u]) = b([v]) = [b] and A(u), b(u) are obtained from

A(v), b(v) by successive application of Lemma 5.5. Similarly, A(v), b(v) are obtained
from [A], [b]; then

Buni(A(w), b(w), [u]) © Zuni(A(v),b(v), [v]) € -+ C Zuni([A], [B])-

Proof. The application of Lemma 5.5 to two elements a;j, (-), a;j, (-) from the ith
row of the matrix A (or to a;j, (-) and b;(-)) implies the introduction of a parame-
ter (say, u,) having row-dependencies. Then the inclusion relation follows from the
inequality

|@ij 5y + Qigopia] < iy ui | + Qoo |
applied to the right side of the ith absolute-value end-point inequality characterizing
the solution set.

The application of Lemma 5.5 to two elements of different rows of the matrix A
(and the vector b) implies the introduction of column-dependencies. Then the elimi-
nation of the parameter having more nonzero components in the coefficient vector will
generate additional characterizing cross inequalities which may additionally restrict
the solution set. 0

Since by Theorem 4.2 all £-parameters are eliminated first and the elimination of
all A-parameters does not introduce any cross inequalities, we can also apply Theo-
rem 5.6 to parametric AF solution sets as specified by the next corollary.

COROLLARY 5.7. Theorem 5.6 is applicable to parametric AE solution sets which
have the same structure of the dependencies between the A-parameters and the same
domain [p.a].

Proof. Let us have two parametric systems (resp., AF solution sets) such that
the requirements of the corollary hold, that is, Agl.)# = ASQ.)#, SL) = be 2) forpe A If
for a p4 = 0, by Theorem 5.6 we have

E(A(l)(ﬁflap&)ﬂb( (pAap51) [pgl]) ( ()(ﬁAapgz)ab( (pAvpfz) [pfz])

then we will have the same inclusion for every p4 € [p.4] and thus for the corresponding
parametric AE solution sets. d

5.1. Parametric tolerable solution sets. For p = (p1,...,pm,) and ¢ =
(q1,---5Gm,), the general parametric tolerable solution set is defined by

ot (A(p), b(q), [p], [q]) = {z € R" | Vp € [p],3q € [q], A(p)x = b(q)} -

Denote by 3:01(Ari(p), [p], [b]) the tolerable solution set of a system involving
a row-independent parametric matrix and a right-hand-side vector with indepen-
dent interval components. Since A([p]) is the interval hull of A,;(p) and in view
of Definition 2.3, by Theorem 4.2 the two tolerable solution sets X0 (A([p]), [0]) and
Yot (Ari(p), [p], [b]) have the same explicit representation

Srat(A(p), ) = Suar(Ari@) o) 1) = {@ € R | |dz—b| <b— Alel}.

PROPOSITION 5.8. Let ¢ = (q1,---,Gmy)- If q1,-- -, qm, are 1st class parameters,
then

Etol(A(p)vb(q)ﬂ [p]v [Q]) = {SE € R" | ‘ACE - b‘ < Z@t'boul - Zﬁu'Auuxl} )
p=1 n=1

where 2221 Gulbey| = rad(b([q])).



1182 EVGENIJA D. POPOVA

If the parametric tolerable solution set involves 2nd class E-parameters, then its
description contains cross inequalities with respect to these parameters. However,
since all 2nd class E-parameters (if any) are involved in the right-hand side of the
system, the cross inequalities with respect to these parameters will be linear, which
proves the following theorem.

THEOREM 5.9. The parametric tolerable solution sets have linear shape.

Next we prove some inclusion relations between different tolerable solution sets.

THEOREM 5.10. Let A,i(u), Arq(v) € R™™ ™, and [A] € IR™™™ be such that for
given parameter vectors u € [u] € IR™ , v € [v] € IR™?, A,;([u]) C [A4], and Arq(v)
is obtained from A,;(u) or from Ar;i([u]) by successive application of Lemma 5.5. If
the parameters q € [q] € IR™® are of 1st class, then

(5.3)  Zear([A], b([g])) € Stor(Ari([u]), b([g]))
= B0 (Ari(w), b([g]), [ul) € Bior(Ara(v), b((g]), [v])-

If A(v) is obtained from A(u) by successive application of Lemma 5.5, then for an
arbitrary q € [q] € IR™® which may involve 2nd class E-parameters

(5'4) Etol(A(u)v b(q), [u]7 [Q]) < Ztol(A(v)ﬂ b(Q)v [’U]v [Q])

Proof. The equality relation in (5.3) follows from the equivalent explicit descrip-
tion of the two solution sets.

The proof of Yo (Ari(u),b([q]), [u]) C Zter(Ara(v),b([q]), [v]) is similar to the
proof of Theorem 5.6 for row-dependencies. However, since the radiuses of the uni-
versally quantified parameters appear in the right-hand side of the solution set char-
acterizing inequalities with negative sign, the inclusion relation is reversed.

The inclusion relation (5.4) follows similarly if we consider also the characterizing
cross inequalities for the 2nd class E-parameters.

We prove 3;0([A], b([q])) € Stor(Ari([u]), b([q]))- If [ai;] 2 aij([u]), there exist at

least one interval [t] # [0,0] such that [a;;] = a;;([u]) + [t] and @;; = a;;([u]) +¢. Then
the inclusion follows from —a;; < —a;;([u]). a

Ezample 5.2. Consider the nonparametric interval linear system [A]z = [b], where

_ [07 1] [%a%] _ [—1,2]
= (5 ) w=(55):
The nonparametric interval matrix [A] presents an interval hull of the following para-
metric matrices (and of infinitely many other parametric matrices):

_ (a1 ai12 . ai1 a + % o a a+ %
Al - <CL21 1+ CL11> ’ A2 o <—2CL 1—|—a11) ’ A3 o (—2& 1—|—a ’

where a11,a € [0,1], a2 € [%,%], az € [—2,0]. Since both A; and Ay are row-
independent matrices with the same interval hull, the parametric tolerable solution
sets Y01 (A1, [b]) and X401 (Ag, [b]) have the same explicit description which is equiv-
alent to the description of the corresponding nonparametric tolerable solution set
Yi01([A], [b]). The parametric matrix Ag is row-dependent and has the same interval
hull as the matrices A;, Ay. Therefore, by Theorem 5.10, relation (5.3),

Etol([A]v [b]) = Etol(Alﬂ [b]) = Etol(A% [b]) - Etol(Ai% [b])
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(a) (b)

X:
X 0-5 1 camih
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Fia. 5.2. Inclusion relations between the parametric tolerable solution sets from Exzample 5.2:
(a) the inclusions (5.5), (b) the inclusions (5.6).

[0,1] [—4,2]

If we consider a system with matrix [B] = ([72 o [12]

) which encloses the matrix
[A], we obtain the inclusions

(5.5)  Erau([Bl; [b]) € Brar([A], [b]) = Zeor(A1, [b]) = tor (A2, [b]) € Bror(As, [b]).

The last inclusion chain is presented in Figure 5.2(a), where X, ([B], [b]) is the inner-
most white polyhedron, 3, ([A], [0]) is the polyhedron in light gray, and 3 (As, [b])
is the parallelogram with black corners.

Now, consider parametric systems involving the same matrices [4], A1, Aa, A3
and a right-hand-side vector depending on a 2nd class parameter, that is, b(q) =
(q1,q91 — q2) ', where q1, g2 € [—1,2] and b([g]) = [b]. For the tolerable solution sets of
these systems we have the following inclusion relations:

(5.4) Corb.7
(5.6) Lot (Vib(q)) S Zror(43,0(q)) S Tror(As, b)),

(5.3)
C Xio1(As, [b]),

n

Corb

S (Vob(@) SV b))

where V' € {[4], A1, As}.

In Figure 5.2(b) X0 (As, [b]) is the black parallelogram, 3, (As, b(q)) is the par-
allelogram in gray, and X, (V, b(q)) is the innermost white polyhedron.

The next theorem gives a better description of the shape of the parametric toler-
able solution set than Theorem 5.9.

THEOREM 5.11. The parametric tolerable solution set is a convex polyhedron.

Proof. First we consider the special case where all E-parameters ¢ = (g1, ..., ¢m,)
are of 1st class. Then, defining [b] := b([q]), by Theorem 5.10 we have

Stol(A(p), b(q), [p]; [a]) = Ztar (A(p), b([d]), [p])
={z e R" | (Vp € [p])(A(p)x € [0])}

- {x eR™ | (Vp € [p)) (A..ox + ZI(A"NCC)pu € [b]> } :

p=1

Define £ := {X = (A,...,A\m,) | Ay € {—,+},np = 1,...,m1}. The relation (4.3)
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implies A ,.. b1 < f(p*) < by for a linear function f(p) and p € [p] € IR*. Thus,
(5.7) Ziar(A(p), b([q)), [P])

= {g; € R"| /\ b™ < Ageor + Z(A..#x)pﬁ“ < b+} ,

Ael pn=1

which proves the theorem since a convex polyhedron is expressed as the solution set
for a system of linear inequalities.

If the parametric tolerable solution set involves 2nd class E-parameters, their
elimination will generate cross inequalities with respect to these parameters. However,
since all 2nd class E-parameters are involved in the right-hand side of the system, all
cross inequalities with respect to these parameters will be linear involving additional
(new) affine-linear dependencies between the parameters p. Then, the proof will
continue the same way as for 1st class E-parameters above but with an enlarged
matrix A’ having n -+ k rows and a vector V'] € IR"™*, where k is the number of cross
inequalities. a

The assertion of Theorem 5.11 and the left two relations in (5.3) are considered
in [12], [13] for the special case of the row-independent parametric matrix and the
right-hand side with independent components. Theorem 5.11 and relation (5.4) of
Theorem 5.10 address the most general case of parametric tolerable solution sets.
Note that (5.7) gives another description of the parametric tolerable solution set
by n2™+! inequalities. This description is equivalent to the description given in
Proposition 5.8 that contains only n absolute-value inequalities.

5.2. 2D parametric AE solution sets. In [9] we studied the elimination of
2nd class existentially quantified parameters from two characterizing inequalities. The
next theorem, giving an explicit description of the parametric AF solution sets to any
two-dimensional (2D) linear system, follows from [9, Theorem 4.1] and Theorem 4.2.

THEOREM 5.12. A parametric AE solution set (4.1) to a 2D linear system (1.1a)—
(1.1c) is described by the inequalities

(5.8) [AP)z = b(B) < Oul Avep = bop iy,
p=1
(5.9) Ao, + Z Apiu| < Z Ol ApilDras 1€ M,
n=1,pAi n=1,pAi

where 6, = {1 if p € &, -1 if p € A}, M is the index set of the 2nd class existentially
quantified parameters, Aq g(z) = fo,1(x)fs,2(x)— fa,2(x) f51(2), and fr1(x), fr2(x)
are the components of the coefficient vector fx(x) := Aeer® — bex of the parameter py
for X € {a, 5}.
For a system of two equations the above theorem implies
(i) any parametric AE solution set is described by 2 + m; absolute-value in-
equalities, where my is the number of 2nd class E-parameters;
(ii) the maximal degree of the polynomial equations describing the boundary of
a 2D parametric AF solution set is not greater than 2.
Remark 5.1. The elimination of a 2nd class £-parameter from more than two
inequality couples is done by combining every two inequality couples containing this
parameter. Although Theorem 5.12 (resp., [9, Theorem 4.1]) describes the solution
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F1a. 5.3. The controllable nonparametric solution set (a) and the parametric controllable solu-
tion set (b) for the system from Ezample 5.3.

set of a 2D system, the proof of [9, Theorem 4.1] is general and constructive with
respect to superfluous inequalities. Therefore [9, Theorem 4.1] (resp., Theorem 5.12)
is applicable to any two characterizing inequality couples.

Ezample 5.3. Consider the parametric linear system A(p)x = b(q), where

A(p) = <§; _p1172> s b(Q) = <§Z> , P1€ [_272]7172 € [_172]vq € [172]'

The parametric controllable solution set

Stont = Zeont (A(), b(q), [P), [q]) := {= € R™ | (vq € [¢]) Bp € [p)(A(p)z = b(q))}

is described by the inequalities

x 3|z
‘3—1— EZ‘S—1+2|Z‘1|+ | 2|,|—3ZL‘1—3ZL‘2|S—|ZL‘1+$2|+2|ZL‘%+$§|,
3 2 2 2 2
‘3—%‘§—1+2|x2|+ 2] 821~ 3wy - L - 2 §—|x1—x2|+3@2$2|.

The left two inequalities above are the so-called end-point inequalities which describe
the nonparametric controllable solution set Xcont (A([p]), b([g])). Since A(p) is the zero
matrix for p = (0,0) T € [p], both controllable solution sets (the parametric one and its
corresponding nonparametric one) are unbounded. X...:(A([p]), b([¢])) is presented in
gray in Figure 5.3(a), and both the parametric (in dark gray) and the nonparametric
controllable solution sets are presented in Figure 5.3(b).

The webComputing service framework [8] is expanded by a program (http://cose.
math.bas.bg/webMathematica/webComputing/ParametricAESSet.jsp) for generating
an explicit description of 2D parametric AF solution sets and for their graphical vi-
sualization.

5.3. Parametric controllable solution sets. For two nonempty disjoined in-
dex sets A and &, the general parametric controllable solution set is defined by

Yeont (A(pe), b(qa), [pel, [ga])
= {z € R" | (Vga € [q4])(3pe € [pe])(Alpe)r = b(ga))}-
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It follows from Theorem 4.2 that the explicit description of a parametric con-
trollable solution set can be easily derived from the explicit description of the united
parametric solution set for a system with the same parametric matrix and a right-
hand-side vector [b] = b([g4]) with independent components. So far we know the
explicit description of the united parametric solution set for systems with a symmet-
ric or skew-symmetric matrix [6], as well as for arbitrary 2D parametric matrices [9]
or systems involving only 1st class E-parameters [10]. The next theorem is obtained
by applying Theorem 4.2 to the explicit description of the united parametric solution
set for a system with a skew-symmetric matrix from [6].

THEOREM 5.13. The controllable solution set to a system with a skew-symmetric

matriz and independent right-hand-side vector, that is,
yekew . — Lo € R™ | Vb € [b], 3A%keY ¢ [A], A%F<Wy = b},

cont

is described by
‘Am—b‘ Sfla:—l;,

Zn: Miexi(u; + v;)

=1

n n
< Z |$1‘ZIJJ‘ (Ul - Uj)| &ij - Z |xz(ul + U1)| b;
1=1

ij=1
VU, v e {0, 1}n \ {0}, U Seg v,
where M = Az — b.

If g, are 1st class parameters for all v € A, then

Scont (A(pe), b([gal); [Pe]) = Scont (Alpe), bqa), [pe] [g.4])-

However, in the general case of 2nd class universally quantified parameters we have
an inclusion.

THEOREM 5.14. If there are two equations «, [ of the parametric system which
inwvolve simultaneously an existentially quantified parameter py and a universally quan-
tified parameter q; such that

(5.10) sign(fkpba,1) = sign(frabp,1) # 0,
where fix(x) = Axer, N € {a, B}, then

Econt(A(pE)a b([qA])v [pg]) C Econt(A(pS)a b(qA)v [pg]v [qA])

Proof. By Theorem 5.12,% the description of S.ont(A(ps),b(qa), [pel, [qa]) in-
volves the inequality (respective to (5.9))

(511) AO,k + Z Amkpp, + Z Amk(ju < Z |Au,k|ﬁu - Z |Au,k|qAVa
pneE, uF#k rveA pneE, uF#k rveA

while in the description of Yont(A(pe), b([ga]), [pe]) the corresponding inequality is

(5.12) |Aox+ Y. Auwput Y, Axib(d)
HEE, puFk Ae{a,8}

< D 1Auklb — frs(@)lba([gal) = | fra (@) b ([aa]),

HEE nFk

3See Remark 5.1.
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Fic. 5.4. The parametric controllable solution sets for the system from Example 5.4: (a)

Zeont (A(p), b([q]), [P]) and (b) Zcont(A(p), b(a), [P, la]) represented by Econt (A(p), b([d]), [P]) in gray,
which is expanded by the dark gray spike in the 1st orthant.

where by ([qa]) = > vealbualgy. The left side of (5.11) is equal to the left side of
(5.12). The relations (5.10) and |u —v| < |u| + |v|, where in the latter we have strong
inequality for sign(u) =sign(v) # 0 and equality otherwise, imply that the right side
of (5.11) is greater than the right side of (5.12), which proves the theorem. O
Ezample 5.4. Consider the parametric linear system A(p)z = b(q), where

2p1 po §+q L1
Ap) = =1(2 1,2 —-1,1 - .
(p) (p2 2p1) ) b(q) ( q > , P1 S [ ) ]7 P2 S [ ) ]a q S |: 107 10

Since the coefficients of ¢ in the two components of b(q) are positive and likewise
the coefficients of p; and pa2, Xcont(A(),b([4]), [P]) € Zeont(A(p), b(q), [p], [¢]) in the
first orthant (x; > 0, 29 > 0), while in the fourth orthant (z; > 0, o < 0)

Seont(A(p),b([q]), [p]) = Zeont(A(p),b(q), [p],[q]). The cross inequalities describing
the two parametric controllable solution sets with eliminated p; are

3|wa| < —|21]/5 — |z2|/5 + | — 227 + 223| < —|221 — 222|/10 + | — 227 + 223,

where the expression in the middle presents the right-hand side of the characterizing
inequality for X.on:(A(p),b([q]),[p]), the expression to the right presents the right-
hand side of the characterizing inequality for Xcont(A(p), b(q), [p], [¢]). Eliminating ps
we obtain

| — 3x1/2—|—3$% —3x§| < —|x1]/10 — |z2| /10 + |a:% —a:§| < —lxy + x2]/10 + |x§ —x§|

Both parametric controllable solution sets are presented in Figure 5.4. For their
interval hull we have

et o0 = ([2 2] [2.2])

et = ([23] [ 22])

It follows from Corollary 4.4 that the parametric controllable solution set has
the same shape as the parametric united solution set for a system with the same
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parametric matrix and a right-hand-side vector [b] = b([¢]). In the special case when
A(p) involves only 1st class parameters, the parametric controllable solution set has
linear shape.

6. Conclusion. The description of parametric AE solution sets by Fourier—
Motzkin type parameter elimination is feasible and much faster and more compact
than by quantifier elimination or other techniques. The description of a parametric
AF solution set is simpler and usually involves fewer characterizing inequalities than
the description of the corresponding united parametric solution set for the same sys-
tem. Knowing the explicit description of a united parametric solution set, we can
easily obtain the explicit description of any parametric AF solution set for the same
system. Unfortunately, so far we know the explicit description of the united paramet-
ric solution set to only a few systems with fixed data dependencies. Therefore more
research is necessary in this direction.

Many AFE solution sets for a given parametric system are empty sets. The in-
equalities describing a parametric AE solution set present necessary and sufficient
conditions for the solution set to be nonempty. If we do not know the so-called cross
inequalities obtained by the elimination of 2nd class existentially quantified param-
eters, then the well-known end-point characterizing inequalities present a necessary
condition for the parametric AE solution set to be nonempty. We proved various
inclusion relations between different parametric AE solution sets corresponding to
a nonparametric system. Knowing the description of a parametric AE solution set,
we know the maximal degree of the polynomial equations describing the solution set
boundary. We proved that all parametric tolerable solution sets are convex poly-
hedrons. We hope that the explicit description of parametric AE solution sets will
facilitate exploring more properties and developing new numerical methods for the
parametric AE solution sets.
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