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EXPLICIT ESTIMATES ON DISTANCE ESTIMATOR METHOD

FOR JULIA SETS OF POLYNOMIALS

Masayo Fujimura, Yasuhiro Gotoh and Satoshi Yoshida

Abstract

The distance estimator method is well-known as an iterative method which

estimates the Euclidean distance between a given point and Julia set. Although it

brings a remarkable e¤ect in drawing Julia set, it seems to be not known about how

accurate this method is. In the present paper, we give explicit estimates on this method.

1. Introduction and results

Let P be a polynomial with degree db 2, and J the Julia set of P. Let
A ¼ AðyÞH ĈC ¼ CU fyg be the basin of the super attracting fixed point at y
of P, and K ¼ ĈCnA the filled-in Julia set. The domain A is the component of
the Fatou set F of P containing y.

Throughout the present paper, we assume that
(I) the domain A is simply connected,
(II) P is monic, and K contains the origin.

The condition (I) holds if and only if the forward orbit fPnðzÞg of z is bounded
for each critical point z (0y) of P ([1], [3], [6]). Typical example is given by
PðzÞ ¼ zd þ c, where fPnð0Þg is bounded. The condition (II) is not essential.
Indeed, if P satisfies (I), then the conjugate polynomial Q ¼ T � P � T�1 satisfies
(II) for some linear transformation TðzÞ ¼ azþ b.

To draw the filled-in Julia set K (or J ¼ qK), we need approximation
algorithms for K . The level set method (LSM) is the simplest one. Let R > 4
and N A N. For a given point z A C, set zn ¼ PnðzÞ (n ¼ 0; 1; 2; . . . ) and nðz;RÞ
¼ minfn j jznjbRg. A point z belongs to K if and only if nðz;RÞ ¼ y. Let

KLSMðN;RÞ ¼ fz A C j nðz;RÞ > Ng
¼ K U fz A A0 j nðz;RÞ > Ng;
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where A0 ¼ Anfyg. Then KLSM # K as point sets as N ! y, although unfortu-
nately KLSM is not a good approximation of K for the purpose of drawing K in
general (Figure 1). Much better approximation can be obtained by estimating
the Euclidean distance between z and K .

The Böttcher map

jðzÞ ¼ lim
n!y

jnðzÞ ðjnðzÞ ¼ ðPnðzÞÞ1=d
n

Þ

is a conformal map of A onto ĈCnD satisfying

jðPðzÞÞ ¼ ðjðzÞÞd ;

where D ¼ fjzj < 1g ([1]). Then, appealing to the Köbe one-quarter theorem (see
Proposition 1 below), we obtain

1

4
� jdzj
dðz; JÞ a

jdwj
dðw; qDÞ a 4 � jdzj

dðz; JÞ ; z A A0; w ¼ jðzÞ;

where d denotes the Euclidean distance, which means

dðz; JÞA jjðzÞj � 1

jj 0ðzÞj A
jjnðzÞj � 1

jj 0
nðzÞj

; z A A0:

Moreover, if z A A0 is near J, then

jjnðzÞj � 1A logjjnðzÞj ¼
1

d n
logjPnðzÞj;

jj 0
nðzÞj ¼

1

d n
jðPnÞ0ðzÞj jPnðzÞj1=d

n�1 ¼ jjnðzÞj jðPnÞ0ðzÞj
d njPnðzÞj A

jðPnÞ0ðzÞj
d njPnðzÞj :

It follows that if z A A0 is near J and n is su‰ciently large, then

dðz; JÞAdnðz; JÞ;ð1Þ
where

dnðz; JÞ ¼
jznj logjznj

jz 0nj
ðzn ¼ PnðzÞ; z 0n ¼ ðPnÞ0ðzÞÞ:

Since zn and z 0n satisfy

z0 ¼ z; z 00 ¼ 1; znþ1 ¼ PðznÞ; z 0nþ1 ¼ z 0nP
0ðznÞ;

the result (1) provides an algorithm to draw the e like neighborhood of K , which
is known as the distance estimator method (DEM) ([7], [9]). Much clear pictures
can be obtained by virtue of DEM (Figure 2).

However, since the argument above utilizes the sequence jn, it seems di‰cult
to obtain explicit bounds for dðz; JÞ=dnðz; JÞ. The main aim of the present paper
is to give its explicit bounds by appealing to another argument, which utilizes
mainly the invariance of the hyperbolic metric under covering maps.
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Theorem 1. Let z A A0, R > 4, and jznjbR. Then

1

2
1� jzj

12

� �
1� 4

R

� �
a

dðz; JÞ
dnðz; JÞ

a 2 1þ 4

R

� �
:

The left-hand side estimate is not good, unless z is near the origin, even if z is
near J. We can improve this point as follows.

Theorem 2. Let z A A0, Rb 9, and jznjbR. Then

1

2
1� 9

R

� �
1� dnðz; JÞ

24

� �
dnðz; JÞa dðz; JÞa 2 1þ 4

R

� �
dnðz; JÞ:

Note that our bounds depend neither on the number n of iteration nor on
the degree d of the polynomial P.

Let

KDEMðR; eÞ ¼ K U fz A A0 j dnðz;RÞðz; JÞ < eg:
Our KDEM is di¤erent from the usual, computable version

~KKDEMðN;R; eÞ ¼ KLSMðN;RÞUKDEMðR; eÞ
¼ KLSMðN;RÞU fz A A0 j nðz;RÞaN; dnðz;RÞðz; JÞ < eg:

However, if N is su‰ciently large, then KLSMðN;RÞHKDEMðR; eÞ, and so these
two types of DEM approximation coincide with each other.

Figures 1 and 2 correspond to KLSMðN;RÞ and ~KKDEMðN;R; eÞ respectively,
where

PðzÞ ¼ z2 þ c; c ¼ �0:770826391þ 0:115528513i;

N ¼ 200, R ¼ 10, and e ¼ 0:0058. Calculation was performed to 1000� 1000
lattice points. In this case the set K is connected, but it is too thin to be
captured by LSM.

Let Ke ¼ fz j dðz;KÞ < eg.

Figure 1. LSM. Figure 2. DEM.
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Corollary 1. Let 0 < e < 1 and Rb 9. Then

Ke1 HKDEMðR; eÞHKe2 ;

where

e1 ¼
1

2
1� 9

R

� �
1� e

24

� �
e; e2 ¼ 2 1þ 4

R

� �
e:

Note e2=e, e=e1 ! 2 as R ! y and e ! 0. For instance, if ea 1=100 and
Rb 1000, then

K0:495e HKDEMðR; eÞHK2:008e:

We establish Theorems 1 and 2 by showing the fact that DEM is just the
algorithm computing the hyperbolic metric of the domain A0. Let DH ĈC be a
domain with holomorphic universal covering p : D ! D. The hyperbolic metric
rDðzÞjdzj of D is defined by the equation

rDðzÞ ¼
2

jp 0ðzÞjð1� jzj2Þ
;

where z ¼ pðzÞ. We obtain a sharp estimate for rA0
ðzÞdnðz; JÞ.

Theorem 3. Let z A A0, R > 4, and jznjbR. Then

p1ðRÞa rA0
ðzÞdnðz; JÞa p2ðRÞ:

As to the functions p1, p2, see §3. In particular

rA0
ðzÞ ¼ lim

n!y

1

dnðz; JÞ
; z A A0:

Also we give a remark on the conjecture of Milnor ([7]) concerning the
Euclidean distance between a given point and the Mandelbrot set (Remark 6).

We would like to express our thanks to the referee for helpful advices about
the paper.

2. Sharp estimate for rA0

Our argument depends on the distortion estimates for conformal maps.

Proposition 1 (cf. [4], [10]). Let f be a conformal map of D into C
satisfying f ð0Þ ¼ 0, f 0ð0Þ ¼ 1.

(a) Let z A D. Then

jzj
ð1þ jzjÞ2

a j f ðzÞja jzj
ð1� jzjÞ2

;

1� jzj
1þ jzj a z

f 0ðzÞ
f ðzÞ

����
����a 1þ jzj

1� jzj :

(b) f ðDÞ contains the open disk with center the origin and radius 1=4.
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The first inequality in (a) is known as the Köbe distortion theorem and the result
(b) the Köbe one-quarter thereom.

Let z ¼ fðwÞ be the inverse map of the Böttcher map w ¼ jðzÞ, and
f ðzÞ ¼ 1=fð1=zÞ. Then, from the condition (II), f satisfies the condition of
the proposition above, and so we obtain the following two lemmas.

Lemma 1. Let w A CnD and z ¼ fðwÞ. Then

ðjwj � 1Þ2

jwj a jzja ðjwj þ 1Þ2

jwj ;

jwj � 1

jwj þ 1
a

jwj
jzj jf

0ðwÞja jwj þ 1

jwj � 1
:

Corollary 2. Let z A A0 and w ¼ jðzÞ. Thenffiffiffiffiffi
jzj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jzj � 4

p
2

 !2

a jwja
ffiffiffiffiffi
jzj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jzj þ 4

p
2

 !2
;ð2Þ

jwj � 1

jwj þ 1
a

jzj
jwj jj

0ðzÞja jwj þ 1

jwj � 1
:

However, the left-hand side inequality of (2) holds only for z A A0 satisfying jzjb 4.

Lemma 2. K H fjzja 4g.

Remark 1. All estimates in Lemma 1 and Corollary 2 are sharp. Let
PðzÞ ¼ ðz� 2Þ2. Then J ¼ ½0; 4�, z ¼ fðwÞ ¼ wþ w�1 þ 2, and the equalities are
attained on ð4;þyÞ or on ð�y; 0Þ. This example shows the constant 4 in
Lemma 2 is also sharp.

The hyperbolic metric of the domain CnD is given by

r
CnDðwÞjdwj ¼

jdwj
jwj logjwj :

Since rA0
ðzÞ ¼ r

CnDðwÞjj
0ðzÞj, where w ¼ jðzÞ, Corollary 2 implies

1

jzj �
jwj � 1

ðjwj þ 1Þ logjwj a rA0
ðzÞa 1

jzj �
jwj þ 1

ðjwj � 1Þ logjwj :ð3Þ

Set

q1ðxÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4x

p
� log

ffiffiffi
x

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
xþ 4

p

2

� �� ��1

;

q2ðxÞ ¼ q1ðx� 4Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4x

p
� log

ffiffiffi
x

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
x� 4

p

2

 !( )�1

:
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Theorem 4.
(a) Let z A A0. Then

rA0
ðzÞb q1ðjzjÞ:

(b) Let jzj > 4. Then

rA0
ðzÞa q2ðjzjÞ:

Remark 2. These estimates are sharp. Let PðzÞ ¼ ðz� 2Þ2 be the polyno-
mial in Remark 1. The equalities hold in the first inequality for z < 0 and in
the second one for z > 4.

Proof of Theorem 4. First, let z A A0. Set t ¼ 1
4 ð

ffiffiffiffiffi
jzj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jzj þ 4

p
Þ2. Then

1 < jwja t by Corollary 2. Let g1ðxÞ ¼
x� 1

ðxþ 1Þ log x
, x > 1. Since g1 is non-

increasing, it follows from (3) that

rA0
ðzÞb g1ðjwjÞ

jzj b
g1ðtÞ
jzj ¼ q1ðjzjÞ:

Next, let jzj> 4. In this case set s ¼ 1
4 ð

ffiffiffiffiffi
jzj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jzj � 4

p
Þ2. Then jwjb s> 1

by Corollary 2 again. Since g2ðxÞ ¼
xþ 1

ðx� 1Þ log x
, x > 1, is non-increasing, we

obtain

rA0
ðzÞa g2ðjwjÞ

jzj a
g2ðsÞ
jzj ¼ q2ðjzjÞ: r

Remark 3. Our argument actually solves the following extremal problem
for the hyperbolic metric. Let K be the family of all full compact sets K HC
satisfying 0 A K and capðKÞ ¼ 1, where capðKÞ denotes the logarithmic capacity
of K . Then

inf rCnKðzÞ ¼ rCn½�4;0�ðjzjÞ ð¼ q1ðjzjÞÞ; z0 0;

where the infimum is taken over all K A K satisfying z B K , and

sup rCnKðzÞ ¼ rCn½0;4�ðjzjÞ ð¼ q2ðjzjÞÞ; jzj > 4;

where the supremum is taken over all K A K.

3. Proof of Theorem 3

Let hðwÞ ¼ wd . Then we obtain the following commutative diagram which
consists of covering maps.

A0 			!Pn

A0

j

???y
???yj

CnD 			!hn

CnD
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Since the hyperbolic metric is invariant under covering maps, we obtain

rA0
ðzÞjdzj rA0

ðZÞjdZj










r
CnDðwÞjdwj r

CnDðWÞjdW j

z 			!Pn

Z

j

???y
???yj

w 			!hn

W

0
BB@

1
CCA:

Let z A A0 and Z ¼ zn ¼ PnðzÞ. Assume jZj > 1. Then

jdzj
dnðz; JÞ

¼ r
CnDðZÞjdZj:ð4Þ

For z A A0 V ðCnDÞ, set

HðzÞ ¼
rA0

ðzÞ
r
CnDðzÞ

;

equivalently

HðzÞ ¼ jzj logjzjrA0
ðzÞ ¼ jzj logjzj

jwj logjwj jj
0ðzÞj; w ¼ jðzÞ:ð5Þ

The functions p1, p2 which appeared in Theorem 3 are given by

p1ðxÞ ¼ ðx log xÞq1ðxÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ 4

x

r
� log

ffiffiffi
x

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
xþ 4

p

2

� �( )�1

log x;

p2ðxÞ ¼ ðx log xÞq2ðxÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
1� 4

x

r
� log

ffiffiffi
x

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
x� 4

p

2

 !( )�1

log x:

Theorem 4 gives a sharp estimate

p1ðjzjÞaHðzÞa p2ðjzjÞ; jzj > 4:ð6Þ

Since p1ðxÞb ð1þ 4=xÞ�1, p2ðxÞa ð1� 4=xÞ�1, x > 4, we obtain

1þ 4

jzj

� ��1

aHðzÞa 1� 4

jzj

� ��1

; jzj > 4:ð7Þ

Now Theorem 3 is a consequence of the following lemma.

Lemma 3. Let z A A0 and zn A CnD. Then

HðznÞ ¼ rA0
ðzÞdnðz; JÞ:

Proof. Let Z ¼ zn ¼ PnðzÞ. Because of (4), we have

HðznÞ ¼
rA0

ðZÞjdZj
r
CnDðZÞjdZj ¼

rA0
ðzÞjdzj

r
CnDðZÞjdZj ¼ rA0

ðzÞdnðz; JÞ: r
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Remark 4. Theorem 3 provides a sharp estimate. Let PðzÞ ¼ z2 þ 4z,
z > 0, and R ¼ zn > 4. Then J ¼ ½�4; 0� and the equality holds in the left-
hand side inequality. Also, let PðzÞ ¼ ðz� 2Þ2, the polynomial in Remark 1,
z > 4, and R ¼ zn. Then the equality holds in the other inequality.

Corollary 3. Let z A A0, R > 4, and jznjbR. Then

1þ 4

R

� ��1

a rA0
ðzÞdnðz; JÞa 1� 4

R

� ��1

:

4. Proof of Theorems 1 and 2

Let Bz be the open disc with center z A A0 and radius dðz; JÞ, and Ww ¼
CnðDU lwÞ, where jwj > 1 and lw ¼ ftw=jwj j ta�1g.

Lemma 4. Let z A A0 and w ¼ jðzÞ. Then

rWw
ðwÞjj 0ðzÞja rBz

ðzÞa 4rWw
ðwÞjj 0ðzÞj:

Proof. Let c : D ! j�1ðWwÞ be a conformal map satisfying cð0Þ ¼ z.
Applying the Köbe one-quarter theorem, we have

jc 0ð0Þj
4

a dðz; qj�1ðWwÞÞa dðz; JÞ:

Since rj�1ðWwÞðzÞ ¼ 2=jc 0ð0Þj, we obtain

rWw
ðwÞjj 0ðzÞj ¼ rj�1ðWwÞðzÞb

1

2dðz; JÞ ¼
1

4
rBz

ðzÞ:

Next, let jðBzÞ� be the circular symmetrization of the domain jðBzÞ with
respect to the half line f�tw j tb 0g.

Then jðBzÞ� HWw and rjðBzÞ� ðwÞa rjðBzÞðwÞ (cf. [5] Theorem 4.9), hence

rBz
ðzÞjj 0ðzÞj�1 ¼ rjðBzÞðwÞb rjðBzÞ� ðwÞb rWw

ðwÞ: r
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Lemma 5.

rWw
ðwÞ ¼ jwj þ 1

2jwjðjwj � 1Þ :

Proof. We may assume w > 1. Then the conformal map c : Ww ! D is
given by

c ¼ h5 � h4 � h3 � h2 � h1;
where

h1ðzÞ ¼
1

z
; h2ðzÞ ¼

ffiffiffi
z

p
; h3ðzÞ ¼

i � z

i þ z
; h4ðzÞ ¼ z2; h5ðzÞ ¼

z� i

zþ i
;

and jarg
ffiffiffi
z

p
j < p

2
. Hence, a simple calculation shows

rWw
ðwÞ ¼ 2jc 0ðwÞj

1� jcðwÞj2
¼ jwj þ 1

2jwjðjwj � 1Þ : r

Then Lemmas 4 and 5 mean

Corollary 4. Let z A A0 and w ¼ jðzÞ. Then

jwjðjwj � 1Þ
ðjwj þ 1Þjj 0ðzÞj a dðz; JÞa 4 � jwjðjwj � 1Þ

ðjwj þ 1Þjj 0ðzÞj :

Let G be the Green function of A with pole at y. Then G ¼ logjjj, hence

Corollary 5. Let z A A0. Then

tanh
GðzÞ
2

j‘GðzÞj a dðz; JÞa 4 �
tanh

GðzÞ
2

j‘GðzÞj :

If P is a quadratic polynomial, then an improved version can be obtained (§6).

Remark 5. Let PðzÞ ¼ z2 � 2. Then z ¼ fðwÞ ¼ wþ w�1 and J ¼ ½�2; 2�.
Hence, if z > 2, then w > 1 and

rWw
ðwÞjj 0ðzÞj ¼ rCnð�y;2�ðzÞ ¼

1

2ðz� 2Þ ; rBz
ðzÞ ¼ 2

z� 2
:

Hence the right-hand side inequality of Lemma 4 (and so the left-hand side
inequalities of Corollaries 4 and 5) is sharp.
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Remark 6. Let PcðzÞ ¼ z2 þ c. The Mandelbrot set M is the set of
parameter c A C such that the sequence fPn

c ð0Þg is bounded. Then

j0ðcÞ ¼ lim
n!y

ðPn
c ðcÞÞ

1=2n

is a conformal map of ĈCnM onto ĈCnD ([1]). Hence we can show the cor-
responding result for the Mandelbrot set in the same way;

tanh
G0ðzÞ
2

j‘G0ðzÞj
a dðz;MÞa 4 �

tanh
G0ðzÞ
2

j‘G0ðzÞj
; z A CnM;ð8Þ

where G0ðzÞ ¼ logjj0ðzÞj is the Green function of ĈCnM with pole at y. Our
estimate (8) improves the known result ([7], [9])

sinh G0ðzÞ
2eG0ðzÞj‘G0ðzÞj

a dðz;MÞa 2 sinh G0ðzÞ
j‘G0ðzÞj

:

Milnor [7] conjectured that the function pðzÞ ¼ 2 sinh G0ðzÞ
j‘G0ðzÞj

on the right-hand

side gives the right order for dðz;MÞ in the sense that pðzÞ=4a dðz;MÞa pðzÞ
holds near M. Later, he stated in [6] (p. 273) that from the Köbe one-quarter
theorem this inequality holds globally on CnM. However, this claim does not
hold, since dðz;MÞj‘G0ðzÞj ! 1 as z ! y. We can not apply the Köbe one-
quarter theorem to ĈCnM which is not a plane domain.

Our result shows that qðzÞ ¼ 4 tanhðG0ðzÞ=2Þ
j‘G0ðzÞj

is just the function which

provides the right order even in global sense.
Let

gðxÞ ¼ x� 1

ðxþ 1Þ log x
; x > 1:

Lemma 6. Let z A A0 and w ¼ jðzÞ. Assume jznj > 4. Then

gðjwjÞ
HðznÞ

a
dðz; JÞ
dnðz; JÞ

a 4 � gðjwjÞ
HðznÞ

:ð9Þ

Proof. Since rA0
ðzÞjdzj ¼ r

CnDðwÞjdwj, the assertion is a consequence of
Lemma 3 and Corollary 4. r

The factor gðjwjÞ corresponds to the initial error and HðznÞ the terminal error.
It is to be noted that there is no factor corresponding to the process of the
iteration, which is a consequence of the invariance of the hyperbolic metric.
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Proof of Theorem 1. Let z A A0, w ¼ jðzÞ, and jznj > 4. Set t ¼
1
4 ð

ffiffiffiffiffi
jzj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jzj þ 4

p
Þ2. Then jwja t by Corollary 2. Since g is non-increasing

function satisfying gð1þ 0Þ ¼ 1=2, we have

rðjzjÞ ¼ gðtÞa gðjwjÞa 1

2
;ð10Þ

where

rðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
x

xþ 4

r
2 log

ffiffiffi
x

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
xþ 4

p

2

� �� ��1

; x > 0:

Thus, from (7) and Lemma 6, we obtain

rðjzjÞ 1� 4

jznj

� �
a

dðz; JÞ
dnðz; JÞ

a 2 1þ 4

jznj

� �
:ð11Þ

Hence, Theorem 1 follows from the estimate

rðxÞb 1

2
1� x

12

� �
; x > 0: r

Remark 7. The left-hand side inequalities of (9) and (10) are sharp. The
equalities hold for PðzÞ ¼ ðz� 2Þ2 and z > 4. Hence the left-hand side inequal-
ity of (11) is also sharp in the sense that we can not replace the function rðjzjÞ
with larger one.

Proof of Theorem 2. Let z A A0, Rb 9, and jznjbR. Set ~PPðzÞ ¼
Pðzþ aÞ � a, where a is the point on J satisfying dðz; JÞ ¼ jz� aj. Then the
Julia set ~JJ of ~PP is given by ~JJ ¼ J � a. Let ~zz ¼ z� a. Then ~zzn ¼ zn � a,
~zz 0n ¼ z 0n. Applying Theorem 1 to ~PP and ~zz, we obtain

1

2
1� j~zzj

12

� �
1� 4

j~zznj

� �
a

dð~zz; ~JJÞ
dnð~zz; ~JJÞ

;

which implies

1

2
1� dðz; JÞ

12

� �
1� 4

jzn � aj

� �
jzn � aj logjzn � aj

jznj logjznj
a

dðz; JÞ
dnðz; JÞ

:

Let uðxÞ ¼ ðx� 8Þ logðx� 4Þ � ðx� 9Þ log x, xb 9. Then u 0 is increasing on

½9; 28þ 8
ffiffiffiffiffi
10

p
�, decreasing on ½28þ 8

ffiffiffiffiffi
10

p
;yÞ, u 0ðxÞ ! þ0 (x ! y), uð27Þ > 0:2,

and �0:1a u 0ð27Þ < 0 < u 0ð28Þ < 0:1. Hence

uðxÞb uðx0Þb uð27Þ � 0:1 > 0;
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where x0 (27 < x0 < 28) is the unique solution of u 0ðxÞ ¼ 0. Since jzn � ajb
jznj � 4, we have

1� 4

jzn � aj

� �
jzn � aj logjzn � aj

jznj logjznj
b

jznj � 8

jznj
� logðjznj � 4Þ

logjznj

b
R� 8

R
� logðR� 4Þ

log R

b 1� 9

R
:

Hence

1

2
1� dðz; JÞ

12

� �
1� 9

R

� �
a

dðz; JÞ
dnðz; JÞ

:

Therefore

dðz; JÞb 1

2
1� 9

R

� �
1� 9

R

� �
dnðz; JÞ

24
þ 1

� ��1

dnðz; JÞ

b
1

2
1� 9

R

� �
1� dnðz; JÞ

24

� �
dnðz; JÞ: r

Proof of Corollary 1. The right-hand side inclusion follows from Theorem
2. Next, let 0 < e < 1 and z A Ke1 . Then, from Theorem 2 again, we have
uðdnðz; JÞÞ < uðeÞ, where uðxÞ ¼ ð1� x=24Þx. Moreover, jzja e1 þ 4a5. Thus,
from Theorem 1, dnðz; JÞ < 12 holds. Since u is non-decreasing on ½0; 12�,
we obtain dnðz; JÞ < e. r

5. Sharpness of Theorems 1 and 2

Let PðzÞ ¼ z2 þ 4z. Then J ¼ ½�4; 0�, z ¼ fðwÞ ¼ wþ w�1 � 2, and

zn ¼ w2 n þ w�2 n � 2; z 0n ¼
2nðw2n � w�2 nÞ

w� w�1
:

Let z > 0. Then w ¼
�
1
2 ð

ffiffiffi
z

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
zþ 4

p
Þ
�2

> 1, dðz; JÞ ¼ z, and

dnðz; JÞ ¼
1

2n
� w

2 � 1

w
� ðw

2 n � 1Þ logðw2 n þ w�2n � 2Þ
w2 n þ 1

ð12Þ

! ðw2 � 1Þ log w

w
ðn ! yÞ

¼ 2z 1þ z

12

� �
þOðz3Þ ðz ! þ0Þ:
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Hence

dðz; JÞ
dnðz; JÞ

! zw

ðw2 � 1Þ log w
ðn ! yÞ

¼ 1

2
1� z

12

� �
þOðz2Þ ðz ! þ0Þ:

Hence the left-hand side inequality in Theorem 1 is sharp in the sense that we can
not replace the constant 1=12 with smaller one. Similarly, from (12), we can
show that the left-hand side inequality in Theorem 2 is sharp in the sense that
we can not replace the constant 1=24 with smaller one. In particular, if R is
su‰ciently large and z is su‰ciently near J, then

1

2
ð1� eÞa dðz; JÞ

dnðz; JÞ
a 2ð1þ eÞ;ð13Þ

by Theorem 2. The constant factor 1
2 in (13) is sharp.

Next, we consider about the sharpness of the right-hand side inequality in
Theorem 1. Assume that we can take sequences of polynomial Pk and point
zðkÞ A A

ðkÞ
0 , dðzðkÞ; JkÞ ! 0, so that there exists linear transformation TkðzÞ ¼

akzþ bk satisfying TkðzðkÞÞ ¼ 0 and TkðAðkÞ
0 Þ ! D in the sense of kernel con-

vergence with respect to the origin, where A
ðkÞ
0 and Jk denote A0 and J

respectively with respect to Pk ([4], [10]). Then r
A

ðkÞ
0

ðzðkÞÞdðzðkÞ; JkÞ ! 2, which

implies the constant factor 1 on the left-hand side inequality in Lemma 4 is
sharp. Hence, the constant factor 2 in Theorem 1 (and so in Theorem 2) is
also sharp.

We expect that such a situation may happen.

Conjecture 1. The constant factor 2 in the right-hand side inequality of
Theorem 1 (and so of Theorem 2) is also sharp.

Example 1. Let

PðzÞ ¼ z2 þ c; c ¼ 0:250057091821313095� 0:000000680499928995i;

R ¼ 10000000, and z ¼ 0:1272þ 0:2672i (Figure 3). Then dðz; JÞA0:00402,
dnðz; JÞA0:00228, and so

dðz; JÞ
dnðz; JÞ

A1:76:

A0 is a disk-like domain with center z in the sense of kernel convergence.
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6. Julia sets with rotational symmetricity

In the present section, we assume that J is invariant under rotation of order
k, kb 1, with respect to the origin. Such a polynomial P is characterized as a
polynomial of the form

PðzÞ ¼ zmQðzkÞ;
where m is non-negative integer and Q is a polynomial ([1], [2]). Then its square
root transformation of order k

P̂PðzÞ ¼ ðPð
ffiffiffi
zk

p
ÞÞk ¼ zmðQðzÞÞk

is also a polynomial, and the Böttcher map ĵj of P̂P is also given by the square
root transformation of the Böttcher map j of P;

ĵjðzÞ ¼ ðjð
ffiffiffi
zk

p
ÞÞk:

The Julia set ĴJ of P̂P is given by

ĴJ ¼ J k ¼ fzk j z A Jg:
Hence, applying Lemma 2 to P̂P, we have

Lemma 7. K H fjzja
ffiffiffi
4k

p
g.

Remark 8. Let PðzÞ ¼ z2 � 2. Then J ¼ ½�2; 2� is invariant under rotation
of order 2. In this case P̂PðzÞ ¼ ðz� 2Þ2, which is just the polynomial in Remark

Figure 3.
dðz; JÞ
dnðz; JÞ

A1:76. z is the center point.
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1, and ĴJ ¼ ½0; 4� ¼ J 2. This example shows that if k ¼ 2, the lemma above is
sharp. We do not know about the sharpness for general k.

Let ÂA0 be the basin of the super attracting fixed point at y of P̂P, and

ĤHðẑzÞ ¼
rÂA0

ðẑzÞ
r
CnDðẑzÞ

; ẑz A ÂA0 V ðCnDÞ:

Then, ÂA0 ¼ ðA0Þk, and z 7! ẑz ¼ zk induces covering maps of CnD onto CnD and
of A0 onto ÂA0. Hence

ĤHðẑzÞ ¼
rÂA0

ðẑzÞjdẑzj
r
CnDðẑzÞjdẑzj

¼
rA0

ðzÞjdzj
r
CnDðzÞjdzj

¼ HðzÞ; ẑz ¼ zk:

Thus, applying (6) and (7) to ĤH, we have

p1ðjzjkÞaHðzÞa p2ðjzjkÞ; jzjb
ffiffiffi
4

k
p

1þ 4

jzjk

 !�1

aHðzÞa 1� 4

jzjk

 !�1

; jzjb
ffiffiffi
4

k
p

:ð14Þ

Thus, we can generalize Theorem 3 as follows.

Theorem 5. Let z A A0, Rb
ffiffiffi
4k

p
, and jznjbR. Then

p1ðjzjkÞa rA0
ðzÞdnðz; JÞa p2ðjzjkÞ:

Also Theorem 1 can be generalized as follows.

Theorem 6. Let z A A0, Rb
ffiffiffi
4k

p
, and jznjbR. Then

1

2
1� jzjk

12k2

 !
1� 4

Rk

� �
a

dðz; JÞ
dnðz; JÞ

a 2 1þ 4

Rk

� �
:

Proof. Let f̂fðwÞ ¼ ðfð
ffiffiffiffi
wk

p
ÞÞk, where f is the inverse function of j.

Applying Lemma 1 to f̂f, we have

ðjwjk � 1Þ2

jwjk
a jzjk; z A A0:

Since

gðtÞb 1

2
� ðt� 1Þ2

24t
b

1

2
� ðtk � 1Þ2

24k2tk
; t > 1;

we obtain

gðjwjÞb 1

2
� ðjwjk � 1Þ2

24k2jwjk
b

1

2
� jzjk

24k2
:

Thus Lemma 6 and (14) establish the desired result. r
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Finally, we give a remark on Corollaries 4 and 5. Let PðzÞ ¼ z2 þ c. Then
J has rotational symmetricity of order 2 with respect to the origin. Hence we
may replace the inclusion jðBzÞ� HWw in the proof of Lemma 4 with jðBzÞ� H
Dw, where Dw ¼ fz A CnD jReðz=wÞ > 0g, and so we have rDw

ðwÞjj 0ðzÞja rBz
ðzÞ.

Since

rDw
ðwÞ ¼ jwj2 þ 1

jwjðjwj2 � 1Þ
;

we can improve the right-hand side inequalities of Corollaries 4 and 5 as follows.

Proposition 2. Let z A A0 and w ¼ jðzÞ. Then

dðz; JÞa 2jwjðjwj2 � 1Þ
ðjwj2 þ 1Þjj 0ðzÞj

¼ 2 tanh GðzÞ
j‘GðzÞj :
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