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We consider interacting particle systems and their mean-field limits, which are frequently
used to model collective aggregation and are known to demonstrate a rich variety of pattern
formations. The interaction is based on a pairwise potential combining short-range repulsion
and long-range attraction. We study particular solutions, which are referred to as flocks in
the second-order models, for the specific choice of the Quasi-Morse interaction potential.
Our main result is a rigorous analysis of continuous, compactly supported flock profiles for
the biologically relevant parameter regime. Existence and uniqueness are proven for three
space dimensions, while existence is shown for the two-dimensional case. Furthermore, we
numerically investigate additional Morse-like interactions to complete the understanding of
this class of potentials.
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1 Introduction

Self-organization, complex pattern formation, and rich dynamic structures are common
features of collective motion of individuals. Fish shoals, bird flocks, insects swarms,
myxobacteria formations, and many others are just particular instances of these fascinating
phenomena [8, 14]. A large number of models have been introduced based on social
interaction mechanisms between individuals, namely: long-range attraction, short-range
repulsion, and alignment; see [18,21,26], for example.

Here we concentrate on the by-now classical models in which the attraction and
repulsion between individuals are taken into account via a pairwise radial potential
W(x) = U(]x|). The first-order aggregation model of swarming ( [6,19,20,28]) then reads

dxl- _ 1
T —NZVW(X, — X)) (1.1)

JFi

For the second-order model of swarming, an asymptotic cruise speed is fixed by the balance
of self-propulsion and friction terms, see [15,24]. The governing system of equations for
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the particle dynamics (x;,v;) € R" x R",i=1,2,...,N is

dxi _

e " (1.2)
dl)i 1 .
ok U Bluil*vi — N > VW (xi—x)).

JFi

The self-propulsion term aw; — f|v;|?v; with the Rayleigh-type dissipation can also be
generalized to the form f(|v;|)v; for some function f : [0,00) — IR, such that f(0) > 0
and f(v) becomes negative when v is large enough. In both models, the potential W is
assumed to be repulsive at short range (U(r) decreases for small r > 0) and attractive
at long range (U(r) increases for r large enough). The most popular one used in the
literature is the Morse-type potential [15,24]:

U(r) = Cpe "7 — C e/’ (1.3)

where Cy4, C., specify the strength of the repulsive and attractive forces, and 74,/ ., specify
their length scales.

Depending on the parameters, system (1.2) exhibits a rich variety of patterns: flocks,
rotating mills, rings, and clumps [15,24]. To further study the emergence and bifurcation
of these patterns, one has to resort to the corresponding continuum equations, derived
from either kinetic theory or mean field approximation in the limit when the number of
particles N goes to infinity. The system of equations for the continuous density p and the
velocity u reads [9,13,24]

o + div(pu) = 0,
ot (1.4)
Oou
F + (u V= (& — plul)u— VW x p,
where W * p is the convolution between W and p. In particular, a coherent moving flock
is a solution such that u(x,t) = ug, p(x,t) = pp(x — upt) for some constant velocity ug
with |u)? = %, and steady density pr satisfying the equation VW * pr = 0 on the support
of pr [1,9,11,12]. If we deal with densities supported on an open set, the existence of
flock solutions for (1.2) is reduced to W * p = D, on supp|[p] for some constant D, where
the subscript F for the steady flock solution pg is dropped in the rest of the paper for
simplicity.

As a matter of fact, flock solutions in this generality coincide with the stationary
solutions for the first-order continuum model derived from (1.1), which reads

Z—F; + div((=VW * p)p) = 0. (1.5)

The existence of some particular explicit stationary solutions where the density is
uniformly concentrated on a ring [3,23], for both discrete model (1.1) and continuum case
(1.5), has led to a thorough study of their stability and properties in the framework of the
first-order models [2,3,7,23,30,31]. The stability of the ring flock solutions for the second-
order model (1.2) has been recently tackled in [1]. However, in many instances, as in the
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archetypical Morse potentials, we do observe nicely compactly supported radial flocks in
simulations. In the rest of this work, we will concentrate in finding non-concentrated flock
profiles for both (1.4) and (1.5).

Definition 1.1 (Flock profile) For a given W, a flock profile is defined as a radially sym-
metric continuous probability density p(r), compactly supported on a ball of radius Rp
satisfying the characteristic equation

W*p=D, on supp[p] = B(0, Rr) for some constant D. (1.6)

Despite their observation in simulations of (1.2) with a variety of attractive-repulsive
potentials, there is nearly no analytical study on the existence and bifurcation of these
flocks in the parameter space. The reason lies in the great difficulties in solving the integral
equation (1.6) for popular potentials such as (1.3). Multiple solutions may exist (see [24])
by a Newton solver, where the non-physical solutions are shown to be unstable. Other
available solutions are in general asymptotic, when the the density is concentrated on a
thin annulus [4]. Another fully explicit case corresponds to the Newtonian repulsion with
quadratic confinement W(x) = % — ';[;, for which the solution is the characteristic
function of a ball with suitable radius. However, for any other member of the family of
potentials

- a>b>2—n,

with the convention that % = log x, they are no longer explicit, see [2,16,17]. Moreover,
flock profiles play an important role on the dynamics of (1.2) since they form a stable
family of attracting solutions as shown in [10] for general potentials under suitable
conditions.

One approach to get explicit solutions of equation (1.6) is to replace W with an ana-
lytically more tractable kernel, for instance, the so-called Quasi-Morse potential proposed
in [12], instead of (1.3). The great simplification with the Quasi-Morse potential comes
from an explicit expression of p, characterized by only three parameters, which is ob-
tained by solving an ordinary differential equation (ODE) derived from (1.6). The three
parameters are found in [12] by a numerical procedure involving the computation of the
convolution on the left-hand side of (1.6). The resulting numerical solutions in two and
three dimensions agree very well with those approximated from particle simulations. In
this paper, we show that this computationally intensive convolution can be evaluated
as a few algebraic terms, hence the existence/non-existence of the flock profile in the
parameter space can be discussed in detail.

We start in Section 2 by summarizing the properties of the Quasi-Morse potentials
and deriving new explicit formulas for the convolution (1.6). Section 3 is devoted to the
analysis of existence and uniqueness of flock profiles in a three-dimensional (3D) case
with respect to the parameter space of the potential. In Section 4, we perform a similar
analysis in two dimensions to identify the existence of flock profiles in parameter space.
Due to the simplification of the Bessel functions in three dimensions, the expressions are
easier to manage, and the result obtained is more complete in three dimensions. Section 5
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deals with further remarks on the Quasi-Morse potentials and asymptotic cases. Finally,
we end this work in Section 6 by investigating similar properties in Morse-like potentials
to numerically ascertain how generic is the case of the Quasi-Morse potential.

2 The Quasi-Morse potential and explicit flock profiles in general dimensions

For completeness, we first review the basic properties and the explicit solutions proposed
in [12]. The new pairwise Quasi-Morse potential W (x) = U(]x|) still assumes the form
U(r) = V(r) — Vy(r), where now V(r) is the fundamental solution of the second-order
differential operator 4 — k*>1d (ie., AV —k*V = &) and V,(r) = CV(r//) is a rescaled
version of V(r) (ie., AV, — ’;,—EV/ = /"25). For simplicity, here the attraction strength C.,
and the length scale 7, are normalized to be unity, and then C = C5» and £ = /4.

The biologically relevant cases correspond to the radial potential U(r) possessing a
unique global minimum at some positive radius. It was proven in [12] that the biologically
relevant parameter region is C/"2 > 1 and / < 1 for dimensions one to three. The explicit
expressions for V(r) in these dimensions are given in [12] as —e " /2k, —K¢(kr)/2n, and
—e " /4nr respectively. To present the discussion in a unified context for dimension n, we
write V(r) in terms of the modified Bessel functions of the second kind [25], i.e.,

n_n

V(r)=—Qmn) ' k2 Ky (kr),
and correspondingly
U(r) = (2n) - 3k3 ! (C/%—lKg,l(kr//) — Ky (kr)). 2.1)

In particular, U reduces to the conventional Morse potential (1.3) in dimension one as
Kf%(x) = \/ge_x (see Appendix A, with other properties of the Bessel function J,(x)
and the modified Bessel functions K,(x) and I,(x) used later).

One of the advantages of the Quasi-Morse potential (2.1) is that the integral equa-
tion (1.6) can be transformed into a second-order ODE for the radial density p(r).
Applying the operators 4 — k?Id and 4 — ’j—z Id to both sides of (1.6) as in [4,12], the

density p now satisfies
k4

A= —em

on supp p,

with the aggregate potential parameter A = k*(1— C¢")/(C¢™ — ¢*). In radial coordinate
r, this equation reads

1 d n—1 dp 2 k4
= Er y +a'p= Yooy C/”D’ a=+/|A| (2.2)

The general solution, assumed to be bounded at the origin, takes the form (see [12] for
n=273)
wr' =2 Js_y(ar) + o, A >0,
o =4  wrttm, A=0, (23)
wr' =2y (ar) + o, A <0,
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on [0, R] and p(r) = 0 on (R, o). For any fixed radius R, parameters y; and u, have to be
adjusted to fit the integral equation (1.6) and ensure positivity of p(r) on r € [0, R]. In fact,
this is exactly how the numerical solutions are obtained in [12], where the observed flock
profiles exist only when 4 > 0. Despite the perfect agreement with particle simulations,
the convolution W * p remains the bottleneck of the computation. In this paper, we show
that the convolution can also be reduced to a few algebraic terms, eventually leading
to the rigorous existence/non-existence proofs of radial solutions in different parameter
regimes.

The simplification of the convolution W * p is suggested by the following observation:
When operators 4 — k*Id and 4 — ’/‘—;Id are applied on both sides of (1.6), we get a
fourth-order ODE (in the radial coordinate r),

1 d,,d kN[ 1 d, . d ket
a4 4 _* ad L _ * o=
(r”‘l drr dr /2> (r”_l drr dr k) W=p /2D

for the radial function W * p, which is equivalent to (2.2). The general solution of the
fourth-order ODE takes the form

(W *p)(r) =D + Ayr' "2 La_y(kr/{) + Jor' ™ Ts_y(kr)
+ A3r' T K y(kr/l) + dar' T2 Ka_y(kr),  0<r<R, (2.4)

for some coefficients Ai,...,44. We will find the desired flock profiles when all A; vanish
and thus (1.6) is fulfilled. We first note that /3 and A4 have to vanish in order to have a
bounded solution at the origin with bounded derivatives. Imposing that 4; and A, vanish
will lead to necessary and sufficient conditions for a flock profile. Following this strategy,
D, 21, and A, will be expressed in terms of the support size R and the coefficients uy, u
by inserting (2.3) on the left-hand side of (2.4).

First, we compute i, 4, for the explicit solution in (2.3). It turns out that the convolution
W * p can be obtained by direct integrations. To start, because of the radial symmetry,
W * p can be written as

R
W)= [ Wex—pp(lyhdy = /0 ( /a B(O])W("_S“)d‘”> p(s)s"\ds.  (2.5)

[yI<R

This convolution, as a function of r = |x|, simplifies in the particular case of the Quasi-
Morse potential W (x) = V(|x|)—CV(|x|/¢). In fact, the integral on the unit sphere 0B(0, 1)
above can be evaluated using the following formula (see [27, p. 90]):

/ (a* + b* — 2abcos 0) —2K, ((a2 + b* —2abcos 0) 1/2) sin® 0d0
0
1

—nl2r (5 n v) (a—zbylv(min(a, b))K, (max(a,b)). (2.6)

Let us detail the computation of this angular integral for the second component V,(r) =
CV(r/¢) of W, as the integral for V(r) is the special case of C =/ = 1. Settingv = n/2—1,
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a=kr/{, and b = ks//, the angular integration involving V, in (2.5) reads

/ V,(x — sw)dw = —C 2 )(2 ) k2 / D(0)""K, (D(0)"/2) sin 040
B(0,1

= —C/" () (; min(r, s))K%_l (;

max(r, s)) , (2.7)
where D(0) = ’%(rz +s2—2rscos ). As a result, the convolution (2.5) becomes an integral
in s only and the convolution of the repulsive potential V, with a density p supported on
the ball B(0, R) is

V, * p(x) = C/"2rl—2 {K;l(kr//) / s21a_y(ks/{)p(s)ds
0

R
+ 1y (kr/2) / ngg_l(ks//)p(s)ds] : (2.8)

r

for 0 < r = |x| < R. This integral, when p takes the special form (2.3), can be further sim-
plified using various integral identities of (modified) Bessel functions. Since these algebraic
manipulations do not bring any further insights, we postponed these to Appendix B. The
final result, whose general forms are already expected from (2.4), is as follows.

Proposition 2.1 Given the Quasi-Morse potential W (x) = U(|x|) in (2.1) and p defined in
(2.3), the convolution W * p has the expression:

Bem—-1n+ & RE1-y : [BL(1)K 5 (kR) 5y (kr)

—C/" ' By ()Ky(kR/ )3y (kr/?)] A >0,
W o) — WL(CL™2 — 1) 4+ R3r1=3 [Bo(1)K 5 (kR) 5y (kr) 29)
—C/" ' Bo(()K 3 (kR /) —y(kr/?)] A=0,
Bem—1y+ £ RE L1y 3 [BL()K 5 (kR)I sy (kr)
—C/"'B_({)Ky(kR/{)3—y(kr/?)] A <0,
where B (£) = Bo(&)u1 + pa, Bo(&) = Bo(&)pt + p2, B_(&) = BL(O)y + o, and
N \ 22 Ku:_»(kR s (kR
Bue =R (1495 ) lf"l(aR) Iéf(;ER /é‘? O R (,ER /g)
26 Kit +1(kR/€)
By(é) = ?R Ky (kRJ2) +1, (2.10)

po-r(1-95) llg—l(aR)an(k/é) 1, (ary S RS

KeRiE) kR R
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Table 1. Formulas for Ay and A, in (2.4) when p is given by (2.3)

/11 22
A>0 —C %f”‘13+(f)K%(kR//) RTZ/"—‘B+(1)K%(1<R)
A=0 —CR3/"'By(/)K 3 (kR/?) R3 /"' By(1)K 1 (kR)
A<0 —CEZ/"'B_(/)Ky(kR/!) B2 1B_(1)K 3 (kR)

From now on, subscripts of B or B, which indicate the sign of A4, will be omitted
when the discussion is relevant to all three cases (similarly for other variables such as the
coefficient matrix M mentioned below).

Equipped with these expressions of the convolution, we further study the existence/non-
existence of the flock profile in parameter space. As mentioned above, the explicit formulas
allow us to write 4; and A,, by plugging (2.9) into (2.4), in terms of uy, u», and R. Since
r'=2Ls_y(kr) and r'="2I:_,(kr/¢) are independent, we deduce the formulas in Table 1.

For the flock profile we are interested in, 4; and 1, must be zero. In view of Table 1,
this is equivalent to the conditions B(/) = 0, B(1) = 0, since K,(x) is non-zero on (0, c0).
Therefore, there exists a flock profile only if the homogeneous equations for u = (uy, u2)”

B(/) 1\ [ 0
-0 ()-8
are satisfied. These two homogeneous equations, together with the total unit mass con-
straint for the non-negative density p, determine the three characterizing parameters
(1, 1o, RF) of flock profile.

A careful examination of the three equations shows that the radius of the support R
is determined by the scalar equation det M = B(/) — B(1) = 0, since y; and u, must be
nontrivial solutions of (2.11). In fact, all the subsequent results are based on studying the
roots of det M and the properties of B(¢) as functions of R. Below we focus on the physical
2D and 3D cases, on the biologically relevant regime # < 1,C/"% > 1. However, unlike
the unified derivation of the convolution to (2.9), the existence/non-existence question is
much more complicated and has to be treated separately.

The main results of this paper (Theorems 3.1 and 4.1) in the biologically relevant
regimes are summarized in Figure 1. We show the existence and uniqueness of flock
profiles in the 3D case for A > 0 and non-existence otherwise. In the 2D case, we show
the existence of flock profiles for 4 > 0 and non-existence otherwise. However, we cannot
conclude the uniqueness of flock profiles. Because of the connection of the (modified)
Bessel functions in three dimension (and odd dimensions in general) with the well-known
trigonometric functions, we consider this case first.

3 Existence theory of flock profiles in three dimensions

We first turn to the existence theory of flock profiles in three space dimensions, as in
this case the Bessel functions in the potential as well as in all subsequent computations
reduce to trigonometric functions (see Appendix A). The aggregate potential parameter
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Quasi-Morse potential has no minimum.

Region Il, A < 0: . ) ) )
No flock profiles exist. Region Il, A < 0: No flock profiles exist.
08 — 08}
\\\7
Separatrix: \\\\«,\ ~
—osf cP=1,A=0, Region I, A>0: 1 — o6l Sopaaii \\\1
as region |I. A unique flock profile exists. CP=1 A=0 —
as region Il

04 04fF

Quasi-Morse potential has no minimum. Region |, A > 0: Flock profiles exist.

0.2f 1 0.2f

L L L
0 05 1 15

L L L L L
25 3 35 4 0 0.5 1 15

L L L
25 3 35 4

L
2
c

onlk

(a) Results of Section 3, n =3 (b) Results of Section 4, n = 2

FIGURE 1. (Colour online) Phase-diagrams of parameters C,/ for the Quasi-Morse potential illus-
trating the combined results of Theorems 3.1 and 4.1. For both dimensions n = 2, 3, the aggregate
parameter A divides the biologically relevant parameter space {(C,/) | C/"~? > 1,/ < 1} into two
subregions I and II by the curve C/" = 1. In region I, A > 0, a flock profile always exists. In
region II and the separatrix, A < 0, no flock profiles exist. When n = 3, existing flock profiles are
additionally known to be unique.

A is computed as

A=k*(1-cr)/(crP =), (3.1)
and the expressions (2.10) used in the explicit convolution (2.9) simplify to
. [2 22\ at k
Bi(&)= o (1 + k2) {smaR + m cos aR} KR+ & (3.2a)
> .. 28 (kR)* +3kRE +3&2
By(¢) = = KR+ ¢ +1, (3.2b)
. 2 PN\ aé k
B (&)= \/; (1 - k2) [sinhaR + <= coshaR| RIE (3.2¢)

as Kj)5(x)/Kip(x) = 14+ 1/x and Ks)»(x)/K3/2(x) = (x? + 3x + 3)/x(x + 1). Based on
numerical findings, it has been conjectured in [12] that flock profiles can be found only for
the Quasi-Morse potentials where 4 > 0. The insight from the above explicit calculations
enables us now to prove existence and uniqueness of flock profiles, and thus to analytically
investigate the phase diagram of parameters C,/ in the biologically relevant scenarios
C/ > 1,/ < 1 (see Figure 1). In fact, the following theorem holds.

Theorem 3.1 Let W be a Quasi-Morse potential in space dimension n = 3 with parameters
within the biologically relevant regime C¢ > 1,/ < 1. Then flock profiles exist if and only if
A > 0. Furthermore, if A > 0, there exists a unique flock profile.

To prove Theorem 3.1, we begin with the discussion on the non-existence of flock
profiles for 4 < 0.
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Proof (Theorem 3.1, non-existence for 4 < 0) When 4 = 0, for all R, we can show
det My = Bo(/) — Bo(1) < 0 by a straightforward explicit computation using (3.2b). We
skip that calculation here as the case A = 0 will also be proven in general dimensions in
Theorem 4.1.

Next, suppose that 4 < 0. From (3.1), this implies C/® > / as C/ > 1,/ < 1 and
furthermore, we have a> = —A4 = k*(1 — C/?)/(/*> — C/?). The determinant of M_
simplifies to

3 g 2 /Cr—1
detM_ =B_(/)—B_(1) = @(1_/2) '

L kR — kR sinhaR—i—g L kR — kR coshaR
C/3kR+¢ kR4+1 k\C/?kR+¢ kR+1

_ 2 k(C/ =) coshaR - (®)
“Vma 1—72 CrAKR+/)KR+1) 7

_a
ok

Clearly, the sign of det M_ is determined by the sign of f_(R). The first two terms in (3.3)
are negative. If C/* > 1, the last two terms are negative as C/> > 1 = C/3 > /. If to the
contrary C/* < 1, the sum of the last two terms in (3.3) satisfies

where

f_(R) (1 —C/*) +kR(1 — C/*) tanhaR + (£ — C/*)aR + (1 — C/*)tanhaR. (3.3)

(¢ —C/)aR + (1 —C/*tanhaR < (1 +/ —C/* —C/*aR = (1 4+ /)(1 — C/*)aR < 0,

as tanhaR < aR. Thus, det M_ < 0 for all R > 0 and there is no real positive root of
det M_. OJ

Proving existence of a unique flock profile when 4 > 0 is more difficult and relies on
various properties of the trigonometric representation of the original half-integer order
Bessel functions. Our goal is to show that det M is oscillatory with decaying amplitude,
implying the existence of infinitely many positive roots R}, j = 1,2,..., for det M} = 0.
However, only the first positive root gives rise to a strictly positive density on the support
[0, R{], and the density for any other roots must be negative somewhere on the support
[0, R}], j = 2. This asserted behaviour of det M for R > 0 is illustrated in Figure 2, with
particular parameters taken from [12].

Proof (Theorem 3.1, existence and uniqueness for A > 0) The proof is separated into
several steps.

1. There are infinitely many positive roots for det My = 0. From (3.2a), the determinant
det M, = B, (/) — BL(1) can be written as

2 i i .
det M = k\/; ((1 T2 JIOKR+0) (1 + /KR + 1)) sinak

2a / |
+ \/: ((1 T a2 /) kR + /) (1+a?/k)(kR + 1)) cosaR. (3.4)
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10°
det M = 0.7266
+
ar ° The roots Rj 0. = 2.0582 |
3.3892
Al 0. = 4.7200
+
=
0
» L
O of
T
0.
2}
. -0.2 .
) 2 4 6 8 0 0 1 2 3 4 5
R r

FIGURE 2. (Colour online) Multiple zeros R* of the equation det M, = 0 (left) and the corresponding
densities (right). Only the first zero R] gives rise to strict positive density p(r) on the support. Here
the parameters, C = 1.255,/ = 0.8,k = 0.2, 4 = 5.585 (or a = 2.362), are the same as in [12].

We observe that the coefficient of sinaR in the above expression is positive, since (1 +
a?/?/k*) > (1 +a*/k*)~" and (kR + /)" > (kR + 1)7!. Evaluating det M, at R; =
(j—1/2)n/a,j=1,2,..., the roots of cosaR, we deduce that

- [2 ! !
det M. ety (—1)’k\/; <(1 + a2 kR KR + /) (14 a/k2)(kR; + 1))

has alternating signs. Therefore, there is at least one root between (R,,RH]), proving the
existence of infinitely many positive roots for det M, = 0.

2. The function det My has no root on (0,R;) and has a unique root R} on (Rj, Rj+1),
j=1,2,.... We write det M. in the following form,

detM,  [2 1 1
cosaR k\/; ((1 + @2 /K)KR+70) 1+ a/k)(kR + 1)) (tanaR +£(®)).

where

a (A’ —Kk)kR+d*/(/ + 1)

8 = P A DR+ R+ @ +7 + 1) (3.52)
_al|dl=k (k* + a®)(k? + a*/?) (3.5b)
k| +1) @+ D(aA+ DR+ K2+ a2+ 4+ 1) | '

It is easy to check that the roots of det M, = 0 are the same as the roots of tanaR+g(R) =
0, and this auxiliary function g is used to show various estimates at various stages of
the proof below. Note now that function tan aR + g(R) is strictly increasing on (Rj, Rj+1),
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; *
tan a*R — p(r) with support R}
---- -g(R) —e— p(r) with support R;

p(r)

BB CONDR B

(a) Intersection of tan aR with —g(R) (b) Densities corresponding to R] and R3

FIGURE 3. (Colour online) Illustrations of the generic properties proved in three dimensions when
A > 0: (a) tanaR and g(R) intersects only once at R} in the interval [~ Ri.1); (b) Density p(r) with
support R}, j > 2 has opposite signs at the origin and at R,, while that w1th R} is monotonically
decreasing from the origin.

since dR tanaR > a and

C(R) > g(0) = —g K FOE+E)
(k2 +a(2+ 0+ 1)

Combining this with the fact that

lim (tanaR + g(R)) = t+oo,
R—)R

we obtain that there is a unique root R; on (R R,H) as illustrated in Figure 3(a). There
is no positive root on (0, R;) because det M, is an increasing function on (0, R;) and

2
et Mo = 22 (114 =1+ T) 20

3. If j = 2, then the density corresponding to the root R cannot be positive at both
origin and R,. Let u = (w1, 12)” be the (nontrivial) solutlon of My|p_g:p =0, then the
J
corresponding density is given by

_ 2 sinar
p(r) = wr™ 20 a(ar) + o =ﬂ1( — _B+(1)R=Rf)'
amt v j

A direct evaluation of p leads to

PO)p(Ra) = <\/2:“ - B+<1))R=R,T> (— i B+(1))R=R,f> i
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Using (3.2a) and the inequality |sinaR + % cosaR| < (1 + %)1/2, we get

i [2 22\ ag k
|BL(&)| = ‘ - <1 + k2> [smaR—F ?cosaR} kR—I—é‘

azéz —1/2 k
k2 kR + ¢

2
< <1+
an

Therefore, since R}‘ > R,

< J2 (e k2t [8a_ [
~Van k2 kRj +1 an Ry — V 93 n

These estimates imply that p(0)p(R,) < 0, while the physical density p must be non-
negative on the support.

4. The density p(r) corresponding to the root R{ is decreasing and strictly positive on its
support [0, R{]. Let us first show that B+({)|R=R; = B+(1)|R=R; < 0. Assume that this is
not the case, then B, (/)[r=r; = B+(1)|r=r; = 0. Since cosaR < 0 for R € (R, k),

B (Dl

. * / * . * *
sinaR; + % cosaR; > sinaR; + gcos aRj = 0.

This, together with (1+a*/%/k*)~! > (1 +d*/k*)~" and (kR} +¢)~' > (kR; +1)~!, implies
that E+(/)|R:R;« > E+(1)|R:R;« > 0, leading to a contradiction. Therefore, combining
B+(1)\R:R; < 0 with the fact that p; = —E+(1)|R:R;u1 and p(0) = \/2;“#1 + up > 0, both
1y and up must be positive.

It is easy to check that r‘l/le/z(ar) = \/%Slnf‘” is a decreasing function till its first
local minimum 7, determined by

2 arcosar — sinar
. V an r

T

d
O = 5771/2‘]1/2(01’)

or equivalently aF; = tana7, > 0 with 7| ~ 4.49/a € (R;, R,). Using the definition (3.5a)
of g,

a (¢ 4+ D)(1 +kF)(/ + kFy)
k a(/ 4+ Dkry + k2 + a2(/2 4+ 0+ 1)

tanary + g(7;) = ar; + g(F1) = > 0.

Since Rj is the unique root of the strictly increasing function tan aR +g(R) on the interval
(Ry, R,), the fact that tan af; + g(71) > 0 implies that 7; > Rj. Therefore, the density p(r)
is a decreasing function on [0, Rj], as illustrated in Figure 3(b). Finally, evaluating p(r) at
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the boundary R = Rj, we get

. [ 2 sinaR* <
P(Rl)—lh( a7‘cRT_B+(1)‘R=R{>
2 a2\ a k 1 a? . .
= —,uml% <1+ kz) {kR;‘ 1 + (kR;‘ 1 —R—T (1 + k2>> tanaRl} cos aR;
2 AN a k 1 a? . .
““Ivan<”k2> [kRHl_(kRHl_RT(Hl@))g(R‘)}cosaRl

a1 14/ +kR;
T MV kR (7 + DKR, + K2+ (2 + 4 + 1)

cosaR] > 0.

This shows that p(R}) > 0, and therefore p(r) is strictly positive on its support, which
completes the proof. O

4 Existence theory of flock profiles in two dimensions

We now turn our attention to two space dimensions, where the involved Bessel functions
do not reduce to standard trigonometric expressions. For n = 2,

A=Kk(1—Cr?/(C — 1) (4.1)

and

-1
) |:J()(aR) — %Jl(aR) (423)

28 KspkR/¢)
By(&) = ?RW +1, (4.2b)

aé Ko(kR/E )}

—1
> [Io(aR) + TII(QR)Kl(kR/é)

Ko(kR/é)}
Ki(kR/S)|”

252
- a-&
The numerical investigations carried out in [12] led to assertion that flock profiles can
only be found when 4 > 0. As in the 3D case, we can now give a rigorous theorem and

proof, thanks to the explicit computations in Section 2.

Theorem 4.1 Let W be a Quasi-Morse potential in space dimension n = 2 with parameters
within the biologically relevant regime C > 1,/ < 1. Then flock profiles exist if and only if
A > 0 or equivalently C/* < 1.

We begin by proving a general monotonicity result on the ratio of two modified Bessel
functions, which will be used repeatedly throughout the section.

Lemma 4.2 For any v > 0, functions K,;1(x)/(xK,(x)), K,(x)/(xK,11(x)), and
K,11(x)/K,(x) are strictly decreasing functions on (0, c0).
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Proof Let w(x) = K,11(x)/(xK,(x)), which is positive and smooth on (0, c0). We take the
derivative of both sides of K, (x) = xw(x)K,(x) and use the recurrence relation

—Ky(x) = (v 4+ DK41(x)/x = w(x)K,(x) + 2w/ (x)K, (x) + wx) (VK (x) = XKy 41(x)),
which is equivalent to the differential equation for w
2(v 4+ Dw(x) + xw'(x) — x*w(x)> +1 = 0. (4.3)
Taking the derivative of (4.3) w.r.t. x,
(2v + 3w (x) + xw”(x) — 2xw(x)? — 2x*w(x)w'(x) = 0. (4.4)

We can first get the “boundary conditions” for w near the origin or infinity by asymptotic
expansions. When Xx is close to the origin, one uses (A 6) to deduce

wx) ~2vx72, w(x)~—dvx3 <0, w'(x)~12vx* >0,

for v >0 and

! w(x) ~ 4 <0, w(x)~— 12

w(x) =

(=Lnx—y)’ x*Inx

for u = 0. When x is large, by the asymptotic expansion (A 7), one gets

1 2 1
W(x)~<1— i
X 2x

) , w(x)~ —iz <0, w'(x)~ % > 0.
X X

Therefore, w(x) > 0,w’(x) < 0,w”(x) > 0 when x is near origin and x — co. Moreover,
w has no local maximum on (0, 00). Otherwise, if there is a local maximum at xp, then
w/(x0) = 0, w”(xo) < 0. On the other hand, by (4.4), w”"(xo) = 2w(xp)> > 0, a contradiction.

Next, we show that w'(x) < 0 on (0,00). If w/(x) > 0 at some point x; > 0, then
by the fact that w'(x) < O when x is large, w must have a local maximum on (xi,o0)
(because w first increases and then decreases). If w'(x) = 0 at x, > 0, then by (4.4),
w”(x2) = 2w(x2)> > 0. Hence, there is a point X, > X», such that w/(%;) > 0, and it is
reduced to the previous case. Therefore, in either situation, there exists a local maximum
on (0,00), contradicting the statement proved in the last paragraph. This concludes the
proof of the strict monotonicity of w on (0, o).

Similarly, the monotonicity of wy(x) = K, (x)/(xK,+1(x)) and w3(x) = Ky+1(x)/K,(x)
can be proved by using the second-order ODEs,

(2v — 2)wh(x) + 22wy (x)Wh(x) + 2xwa(x)> — xw)(x) = 0

and
2x3w3 (X)W (x) + (2v + Dws(x) — 2(v 4 D)xwh(x) — x*wi(x) = 0.

In all the three cases, the key ingredients of the proof are the right “boundary condition”
near the origin and infinity, and w”(x) > 0 at any point x such that w'(x) = 0. O
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Lemma 4.2 is needed in the proof of Theorem 4.1, where contrary to the 3D counterpart,
the ratios of the Bessel functions do not simplify for even dimensions. The structure of
the proof given below would apply in a similar fashion in three dimensions to obtain
Theorem 3.1 if the simplified expressions (3.2a)—(3.2¢c) were omitted. We begin with a
discussion of the case 4 = 0 for any dimension.

Proof (Theorem 4.1) Suppose 4 = 0. Then, in general dimension n,

- L Kioi(kR// Ko (kR
detM0=Bo(/)—Bo(1)=2R2{ 1 Kyn(kR/) 1 Kyl )] 0

kR/{ Ky(kR/{) — kR Ky(kR)

as / < 1 and the strict monotonicity of Kuzi1(x)/(xKz(x)) is provided by Lemma 4.2.
Hence, no real positive roots of det M exist in any dimension. Let us return to the case
n =2 and suppose 4 < 0, then C/> > 1 by (4.1) and det M can be expressed as

-1 -1
detM_=B_(/)—B_(1) = [(1 - ‘if) - (1 - Zi) Io(aR)

a a>>\ " Ko(kR/¢) a>\ ' Ko(kR) 45
i /(1_ kz) Kl(kR//)_(l_kz> R
_(C—1ni-cr) (C—Dar> [ 1 Ko(kR//)  Ko(kR)
= T ca—ry PlRF a0 (C/KI(kR//)_Kl(kR)>Il(aR)’

using (4.2¢). The coefficient of Iy(aR) is obviously negative. By the monotonicity of
Ko(x)/(xK1(x)),

| Ko(kR//) KokR)  Ko(kR/Z) Ko(kR)
C/ K (kRJ7) _ Ki(kR) ~"K,(kR/7) _ Ki(kR)

g (LK kR/D) 1 KokR)Y _
kR K (kR//) kR K,(kR) :

This implies that det M_ < 0. Therefore, there is no flock profile when 4 < 0.
Next, consider the case 4 > 0. The determinant of the coefficient matrix is given as

(C —1)(1—Cr?)

detM+= C(l—/z)

Jo(aR) —

(€ tar [ LKIR)O KA
K1—79) |C/Ki(kRj7) — Ky(kR) | 714

Let 0 = Ry < Ry < --- be the simple zeros of Ji(aR), then by the relation Jj(x) = Ji(x),
Rj are also the critical points of Jy(aR). Since det M | R=R, has alternating signs, det M
has at least one root on (R,,RJH), and therefore infinitely many roots on (0, c0).

Let R* be the first root in the first interval (Ro, R;), then we must have B, (/)|g—r- =
Bi(1)|g=r < 0, as illustrated in Figure 4(a). Otherwise, if B, (/)|r=r = B (1)|g=r- = 0,
using (4.2a) we deduce

Ko(kR"/7)
Ky(kR* /1)

Ko(kR")
Ki(kR*)’

Jo(aR') > %1 aR) N SERINS
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(a) Intersection of B, (¢) and B4 (1) at R} (b) Densities corresponding to R}

FIGURE 4. (Colour online) The roots of determinant M, and the corresponding flock profiles. Only
the first zero R] is physically relevant, as the densities become negative on the support (0, R;) for
the other roots R;. The parameters, C = 10/9, / = 0.75, k = 1/2, and A = 1.5, are the same as
in [12].

On the other hand, since Ji(aR*) is positive together with the monotonicity of
Ko(x)/(xKi(x)),

. al . Ko(kR*/?) ..a .
Jo(aR") — ?Jl(aR )W > Jo(aR") — EJI(QR )Kl(kR*) =0,

Ko(kR")

and consequently
. a2\ ol Ko(kR/2)
Bi()= {1+ —3 Jo(aR") — —J1(aR") —————

k K K (kR /7)
a2\ .. a .. Ko(kR*) -
> (1 + kz) [JO(aR )= SR )Kl(kR*J — B.(1), (4.6)

contradicting the fact that R* satisfies det M |g—r: = B (¢)|rer* — B4 (/)|r=r = 0.

Since u» = —B.(1)|r=r-ft1, 1 and p> have the same sign. If the corresponding density
p(r) = wyJo(ar) + pp at the origin is non-negative, then both u; and u, are positive. We
first factor out Jo(aR*) from equation B, (/)|g=r- — B+(/)|r=r* =0, i.e.,

Jo(aR") = D0AR )

KO(kR*//) _ (k2 + a2/2)

2 2 Ko(kR")
[“" T kR D) KoacR*J |

1
ak(1 —/2)
Substituting this into p(R*) = u1Jo(aR*) + > = p1(Jo(aR*) — BL(£)|r=r*), We conclude

R" Ko(kR")

R al? kR* Ko(kR*/?)
p(R') {/Kl(kR*//)_ K1(kR")

= m :| Jl(aR )Hl > 0.

Finally, since R* is smaller than the first local minimum R; of Jo(ar), p(r) = u1Jo(aR) + uz
is decreasing on [0, R*]. Thus, the strict positivity of p(r) on [0, R*] results from the strict
positivity of p(R"). O
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Remark 4.3 Theorem 4.1 lacks the uniqueness result of Theorem 3.1. However, numerical in-
vestigations point towards a uniqueness result similar to three dimensions. As an example, we
illustrate det M, and the densities associated to its roots for a set of parameters investigated
in [12] in Figure 4. To prove uniqueness in two dimensions, the possibility of non-negative
densities for roots R* > R, and the possibility of multiple solutions det M. = 0 in (Ro, R;)
have to be ruled out.

5 Further properties of flock profiles for the Quasi-Morse potential

Let us remark that there are parameters (C,/) such that the convolution equation (1.6)
has a solution even though they do not belong to the biologically relevant cases. Flock
profiles, as defined in Definition 1.1, can be found by similar proofs as in the previous two
sections in the region {(C,/) |/ > 1,C/""* > 1,C/" < 1}, where U has a positive global
maximum. These flock profiles are in fact those that have corresponding stable steady
solution in the time-reversed first-order swarming system (6.2), and are not observed in
simulations, since they are unstable, for both the first-order and the second-order particle
models.

The proofs in the previous two sections also indicate the dependence of flock profiles
with respect to the size of their support R* parameterized by /, at least in the asymptotic
limit of / approaching its lower and upper limits. For example, in 3D, since R* € (Ry, R;)
and R; ~ O(a™!), we have R ~ O(a™").

In three dimensions, for fixed parameters C and k, if / is close to its upper limit C~
in the parameter space, then a = k+/(1 — C/3)/(C/3 —/?) is close to zero, and for the
auxiliary function g(R) defined in (3.5a), we have

1/3

a (A’ —Kk)kR+d* /(¢ + 1)
g(R)=— ~ —aR.
ka*(/ + DkR+ k2 +a* (/2 +/+ 1)

The desired root R* can be approximated from the simplified equation tanaR — aR = 0,
which is simply R* ~ 7| ~ 4.49/a in the last step of the proof of Theorem 3.1. Therefore,
as / increases to C~!/3, the radius of support of the flock profile also approaches the first
minimum of r~'/2Jy(ar).

On the other hand, if / is close to its lower limit C~!, then a diverges, and

(kR+ 1P+

a
R)~ — .
SR~ IR+ 24751

Since 7 is close to C~! and the desired root R* ~ a~! is close to zero, g(R) can be further
simplified to
a C+1
SR~ T T
a constant proportional to a. From the asymptotic equation tanaR* + aC = 0, aR"
approaches /2 from above, or R* ~ ©t/(2a).
Summarizing, in term of the original parameters k, C, and 7,

g MOV
-

aC,

1—c/) V2 ro0(1-cr) (5.1)
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FIGURE 5. (Colour online) Comparison between the radius of support R* by a root-finding
algorithm of det M. = 0 and the asymptotic expansion given by (5.1) and (5.2).

1/3

when / is close to C~/° and

T

2k\/C?—1

when 7 is close to C~!. The comparison between these asymptotic expansions of R* with
those obtained from solving det M = 0 by a root-finding algorithm is shown in Figure 5.
Substituting the above expressions into M., the expansions for y; and p, can be obtained
accordingly.

In two dimensions, the leading-order asymptotic expansion of R* can be derived
similarly. When /7 is close to zero, a ~ k/(//C — 1) is large and R* ~ a. Assuming
R* = /Ry + O(/?) for some Ry > 0, then

R = (C/— D)2+ 0(Cr—1)) (5.2)

Bulr ~ St [Jo(kRo/\/C —1) - (R NE=T) L } ~o(1)

ﬁ

and
Ko(kRo//
Bl = (4C = 1) [BkRo/NE=T) — ﬁ (ko T KRS
Since Iz?ffiﬁﬁffi — 1 as / — 0, we have B, (1)[g=p = O(¢) and B, (/)|g=r- > B+(1)|p=r-

unless the leading order in B, (/)|r—g- vanishes. Therefore, the coefficient Ry is determined
by

Jo(kRo/N/C —1) = J%Jl(k&/ﬁ)i?zig’

where the positive number kRy/+/C — 1 is smaller than the first positive root of Jy since
this equation has infinitely many roots.
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When 7 is close to C~'/2, a is small and det M, is

a*(1—17?)
k2(1 4+ a2 /k2)(1 + a2/2 /k?)

a(C —1)/*> [ 1 Ko(kR*/¢)  Ko(kR*)
k(1—72) |C/K((kR*//) K (kR*)

Jo(aR*) - JI(aR*).

From the fact that R* diverges,

1 Ko(kR*/¢)  Ko(kR*) 1

— - — —1=C'?2—1=+0.
C/K\(kR j/)  K(kR") €7 ¢ *

Therefore, det M, = 0 only if J;(aR*) vanishes to have both terms above of order a?. In
other words, R* converges to the first positive root of Jy(ar). Consequently, the expansions
of R* in two dimensions can be obtained.

6 Variants of Morse-type potentials

In the previous sections, we have shown that flock profiles precisely exist for the Quasi-
Morse potential when the parameters C and / are in the region {(C,/) | C/" 2 > 1,/ <
1,C/™ < 1}, see Figure 1. The conditions C/"2 > 1 and / < 1 ensure that the potential
U(r) is biologically relevant since it has a positive global minimum, while the condition
C/" < 1 is related to the non-H-stability of the potential. A similar result for the Morse-
potential is presented in [15]. The claim that a positive global minimum of the potential
and non-H-stability imply existence of compactly supported flock solutions also seems to
be true for other similar potentials of the form U(r) = V(r) — CV (r//), but concentration
of density may appear and the dimensionality of the support can vary with U. We show
some numerical evidence in support of the claim for the generalised Morse-like potential
with

P

Vir)y=—e 7, p>0. (6.1)

For this potential, the non-H-stability condition C/" < 1 is the same, but the biologically
relevant region is given by / < 1 and C > /?. The numerical simulations were conducted
by finding stationary profiles of the first-order swarming system of particles given by

dxi

1 .
EZ_N;VW(XI»—XJ-), i=1,...,N. (6.2)

Taking these positions and the common velocity ug with |ug|> = «/f as initial data for
the second-order system (1.2), the resulting stationary solution is stable [10].

In Figure 6(a), we observe generic, non-concentrated, compactly supported flock profiles
for the exponent p = % and / < /* = CY/? = 0.36 that appear to converge to a continuous
distribution as N — co. The same phenomena are observed for exponents p € (0, 1).

However, this type of aggregation cannot be expected for exponents p € (1,2). For
C < 1, the density seems to concentrate towards its boundary when / approaches
/* = CUr, as illustrated in Figure 6(b). For C > 1, we observe mixed dimensionality of
the support in Figure 6(c) for varying exponents p approaching the limit case p = 2.
Flock profiles seem to bifurcate as p — 2 leading to a concentration on a ring plus a
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FIGURE 6. Flock profiles from the particle simulations of the first-order system (6.2) for the
generalised Morse-like potential with V(r) = —e”/7.

continuous distribution inside. To our knowledge, this surprising phenomenon of mixed
dimensionality of the support has only been reported in 3D simulations in [2,30] for
purely attractive-repulsive potentials. In a swarming model of locusts in 2D using the
Morse potential [4,5,29], the concentration of densities on the (1D) ground can also be
reproduced from observations in nature by including additional external gravity force.

This concentration and dimensionality of the support of the steady density is related
to the singularity of U near the origin, as has already been demonstrated in [2]. Here
we have to argue by numerical experiments as existence proofs will be difficult, partially
because of the absence of explicit formulas. Similarly, discussions can be found in [22]
for solutions perturbed from a ring solution, and in [4,5] for extensive 1D examples with
J-concentration on a domain boundary. However, a detailed analytical investigation of
these and other properties, such as the integrability of the density near the boundary,
remains a challenging question for the potentials considered.

7 Conclusions

In this paper, we analyzed the solvability of convolution equations that describe partic-
ular solutions in aggregation or self-propelled interacting particle models equipped with
radially symmetric interaction potentials. Although models such as (1.2) and (6.2) have
been frequently used with various potentials, the analysis of particular solutions, such as
flock profiles and rotating mills, is far from complete. We concentrated our attention on
the study of flock profiles, defined as compactly supported continuous radial densities
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satisfying equation (1.6). Focusing on the case of the Quasi-Morse potentials introduced
in [12], we were able to analytically study the parameter phase portrait of these poten-
tials in two and three dimensions, and proved analytically solvability conditions for the
flock profiles that were previously asserted numerically. These findings are summarized in
Figure 1: The aggregate potential parameter A determines solvability in the biologically
relevant parameter regimes. In three dimensions, we showed the existence and uniqueness
of flock profiles for 4 > 0, whereas no flock profiles exist if 4 < 0. The same non-existence
result holds true in two dimensions, where flock profiles are shown to exist if and only if
A > 0. The proof of our main Theorems 3.1 and 4.1 is based on a technical discussion
of the Bessel functions contained in the definition of the Quasi-Morse potentials and the
explicit formulas of their flock profiles obtained in [12]. First, an explicit expression for
the convolution W * p was derived for the three cases 4 > 0,4 = 0, and A < 0. Then
a detailed analysis of the resulting expressions enabled us to establish our theorems. A
central observation is the fact that the question of existence and uniqueness of flock
profiles reduce to the study of roots of a determinant of the coefficient matrix M. Due to
the simpler functions involved, results obtained in three dimensions are slightly stronger
than those obtained in two dimensions.

In summary, this paper is the first, to our knowledge, to complete a full analytical
study of the existence of flock profiles in a biologically relevant parameter regime, at least
for a particular potential. The analysis of the Quasi-Morse potential and our simulations
seem to indicate the existence of flock solutions as long as the potential has a unique
positive global minimum and is not H-stable. Characterizing when they are flock profiles
is challenging and related to the dimensionality of the support of minimizers of the
interaction energy [2]. Proving or disproving these claims for other potentials in (1.2),
such as the Morse-type potentials (6.1), as well as the question of stability of such states
in the dynamics of the associated partial differential equations (PDEs) however remains
an open and challenging problem.

Appendix A Bessel functions and modified Bessel functions

In this paper, Bessel functions and modified Bessel functions are heavily used to study
the analytically more tractable Quasi-Morse type potential (2.1). The definitions and key
properties of these Bessel functions, found in standard textbooks of special functions [27],
are collected below for readers’ convenience.

The Bessel functions of the first kind J,(x) and the second kind Y,(x) are solutions of
the equation

dy  dy

2 22y,

xﬁ-l-xa-l-(x —v)y—O, (Al)
which are finite and singular at the origin for positive v respectively. The modified Bessel

function of the first kind I,(x) and the second kind K,(x) are solutions of the equation

d’y | dy
2 2., .2
xdx2+xdx_(x +v9)y =0, (A2)

which are exponentially growing and decaying respectively.
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In two and three dimensions considered in this paper, the (modified) Bessel functions
with negative order v can be rewritten in terms of those with positive order. In particular,
in two dimensions we have

Jo1(x) = =Ji(x), T-1(x) = I1(x), K_1(x) = Ki(x), (A3)

and in three dimensions, we have the following explicit representations using the well-
known (hyperbolic) trigonometric functions

[2 /2
Ji(x) = Hsmx, J_ip(x) = Ecosx, (A4a)

Kip() = Ko1o(x) = /3267 (A4b)

Ii)a(x) =14/ nzix sinhx, I_j/(x)=14/ nz—x cosh x. (Adc)

Recursive relations. In the proof of Lemma 4.2, the following recursive relations for the
modified Bessel functions I,(x) and K,(x) are used:

1) = Laa() = SL()., L) = ZL() + L (),

K/(x) = —K,_;(x) — %K‘,,(x>, K/(x) = §Kv(x> — Ky p1(x). (A 5a)

v v

In the equivalent integral form, the following are used to evaluate (2.8) and in the proof
of Proposition 2.1 in Appendix B:

/x"lv,l(x)dx = x"I,(x), /xva,l(x)dx = —x"K,(x). (A 5b)

Asymptotic expansions. In the proof of Lemma 4.2, the following asymptotic expansions
of K,(x) for x > 0 are also needed. When x > 0 is close to the origin,

—InX— =0
K(x)~{ 27 P PES (A6)
r(v)21x, v >0,

with the Euler constant y. When x is large,

2\"? 21 @@E—1)d2—9
)e_x[l+v LV o) B U

Kyx) = (nx 8x 21(8x)

Additional identities and integrals. The most important identity to simplify the final
expressions in (2.8) and in the proof of Proposition 2.1 in Appendix B is

Kt (90 06) K () () = © (A8)
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Finally, we need the following integrals involving products of two Bessel functions [27,
p. 87] to evaluate (2.8),

kx ’? kx kx kx
/XJV(GX)KV (/> dx = _m |:(1le l(ax)K ( / ) + / J (ax)K‘ 1 ():|

(A9a)
kx /2 [ kx kx
/va(ax)Iv </) dx = e _—ava,l(ax)Iv (/) + 7 —Jy(ax)I,—q ( )]
(A9b)
kx /2 [ kx kx kx
/xlv(ax)Kv </> dx = Y sl _axlv,l(ax)KV </> + 7I w(ax)K,_1 </>] ,
(A9c)
kx /2 [ kx kx kx
/xlv(ax)l‘ </) dx = Y _axIv,l(ax)IV (/) — 7I‘(ax)[t ’ (/)} ]
(A9d)

Appendix B Proof of Proposition 2.1

Here we focus on the integrals related to V,, because those related to V' are obtained by
evaluating at C =1 and / = 1.

First, we evaluate integral (2.8) when p(s) are the linearly independent functions in the
general solution (2.3), i.e. constant 1, 2, r'="/2J, »_(ar) and r'="/2I,5_,(ar) respectively.
When p(s) =1,

r R
K%,l(kr//)/ s%zg,l(ks//)ds+1;,1(kr//)/ s*K_i(ks/¢)ds

/ kr ks ! kr ks
=i (7)o ()i (F) o (F)]

/n kr kr kr kr { kr kR
= Kﬂ_ — | I — In_ — | Kn [ — — —R2]»_ — | Ko [ —
= e (7)1 (7) #1500 (7)o (7)) -0 (5) 0 (7)

/2 a_y / A kr kR
R (/) K (/) . (by (A8))

(by (A5Db))

[SIE]

When p(s) = r?, using (A 5b) and integration by parts, we get

/s%+2K%_1(ks//)ds £S£+2K” (k;) Zk/; 52t Ky (k;> ,

» - ks 2/? ks
3+2 _ 5+2 541
/S2 I%_](kS//)dS—ES- I'ET (/) —kTSZ I" </>,

and hence

r R
Ki_y(kr/?) / s2 721y _y(ks/{)ds + Iy (kr /() / s 2Ky _y(ks/¢)ds
0 r

S N G T R T Co)



576 J. A. Carrillo et al.

27

n kr kr kr kr
# e s (7)) ke (7) =0 (7)1 (7)) (P10
{ iy kR 207 a kR kr

/2 nq 2/4 n_1 naq / kR 2/2 kR kr
kfzr--i_ + k—4r2 —R2+ |:kRKg </> + ﬁK%-H (/>:| 1%71 </> .

Here the terms inside the square bracket of (Bla) or

(B1b) are equal to //kr or
2n2¢% ) (kr)?

by the recursive relations (A 5a) and the identity (A 8).
When p(s) = s">71J,/>_1(as), using (A 9a) and (A 9b),

r R
K%,l(kr//)/ SI%,l(ks//)Jg,l(as)ds+I»Z,t,1(kr//)/ sKu_y(ks/¢)Js—1(ar)ds
0 r

rk¢ kr kr kr kr
“arem [ (7) 5 (7) #1627 550 () imten

R/

kR kR kr

— 5 |k (@RK s [ — ) + alTs 5(@R)Kyy ( — )| Tsos
a2/2+k2{ zl(a)22</>+a 22(41)21</>}21</)
/? R/ kR

= m.]gfl(ar) W [k]nl(aR)an < >

/
kR kr
+alJs 2(aR)K:— </)] Iiy (f) .

Finally, when p(s) = s"/*7'I,,_(as), using (A 9c) and (A 9d),

r R
K%,l(kr//)/ slg,l(ks//)lg,l(as)ds—i—Ig,l(kr//)/ sKu_y(ks/) -1 (ar)ds
0 - r

rkl kr kr kr kr
_m |:I’211 </) K§72 (/) +Iﬂ,2 < 7 ) K;7171 </):| 1%71((17‘)
R/ kR kR
+ m l:k[n_l(aR)K </> +af1%_2(aR)K%_1 (/)]
i R/ kR
m 7—1(ar) T—kz {kl_l(aR)Kn_z ( Yy )

kR kr
In_ R Kg_ In_1|— ).

Putting all the integrals together, we conclude the explicit form (2.9) for the convolution
W * p. For example, when 4 > 0, p(r) = ur'™2

ng,l(ar) + o, collecting the terms in the
integral (2.7), we get
c/h—1 11 cen 1
W x) =1t (i~ ) S

kR kR
.ulm {k«]g—l(aR)Kg—z </) +alJs 2(aR)K: (/)]
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/ kR kr 11 R
+,U2EK% (/)}I;] (/> +r 2 {ﬂlM [kjgfl(aR)Kgfz(kR)
1
+ aJ%_z(aR)Kg_l(kR) + ng(kR):| } I%_l(kr).

The first term us(C/" — 1)/k? is the desired constant D, and the factor C/"/(a*/* + k?) —
1/(a®> + k?) in the second term vanishes by the definition of a?>. The rest of the terms
are a linear combination of Iy (kr//) and I:_;(kr), and they can be rearranged into the
form (2.3) with the coefficient of u; normalized to one to simplify the later proofs. The
explicit form for W * p when A = 0 or 4 < 0 has similar structures, and its simplification
leads to the final expression (2.9).
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