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We classify all biharmonic Legendre curves in a Sasakian space form and
obtain their explicit parametric equations in the (27 + 1)-dimensional unit
sphere endowed with the canonical and deformed Sasakian structures de-
fined by Tanno. We also show that, under the flow-action of the character-
istic vector field, a biharmonic integral submanifold becomes a biharmonic
anti-invariant submanifold. Then, we obtain new examples of biharmonic
submanifolds in the Euclidean sphere S’.

1. Introduction

Biharmonic maps between Riemannian manifolds ¢ : (M, g) — (N, h) are the
critical points of the bienergy functional E,(¢) = % M |7 ()? vg and represent
a natural generalization of the well-known harmonic maps [Eells and Sampson
1964], the critical points of the energy functional E(¢) = % / ” ldo|> v ¢- The Euler—
Lagrange equation for the energy functional is 7 (¢) =0, where 7 (¢) =trace Vd¢ is
the tension field, and the corresponding Euler—Lagrange equation for the bienergy
functional was derived by G. Y. Jiang [1986]:

0($) = —At($) —trace RV (dg, 7($))dg = 0.

Since any harmonic map is biharmonic, we are interested in nonharmonic bihar-
monic maps, which are called proper-biharmonic.

A special case of biharmonic maps is represented by the biharmonic Riemann-
ian immersions, or biharmonic submanifolds, that is, submanifolds for which the
inclusion map is biharmonic. We note that the biharmonic submanifolds in Eu-
clidean spaces are the same as those defined by B.-Y. Chen [1996], that is, they
are characterized by the equation A H = 0, where H is the mean curvature vector
field.
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There are several classification results for proper-biharmonic submanifolds in
space forms [Balmus et al. 2008; Caddeo et al. 2001a; Chen 1996; Dimitri¢ 1992;
Montaldo and Oniciuc 2006], while in spaces of nonconstant sectional curvature
only a few results were obtained [Arslan et al. 2007; Ichiyama et al. 2008; Inoguchi
2004; Sasahara 2005; Zhang 2007].

A different and active direction is the study of proper-biharmonic submanifolds
in pseudo-Riemannian manifolds (for example, see [Arvanitoyeorgos et al. 2007]
and [Chen 2008]).

Among proper-biharmonic submanifolds, particular attention has been paid to
proper-biharmonic curves parametrized by arc length. R. Caddeo, S. Montaldo
and P. Piu [Caddeo et al. 2001b] proved that the proper-biharmonic curves in the
unit Euclidean 2-dimensional sphere S? are circles of radius 1 / ﬁ Caddeo, Mon-
taldo, and the second author [Caddeo et al. 2001a] also showed that the proper-
biharmonic curves in S are the geodesics of the minimal (harmonic) Clifford
torus S(1/+/2) x S(1/+/2) with slope different from +1. The proper-biharmonic
curves of S are helices. Further, the proper-biharmonic curves of S”, n > 3,
are, up to a totally geodesic embedding of S* in S”, those of S [Caddeo et al.
2002]. Classification results for proper-biharmonic curves in 3-dimensional spaces
of nonconstant sectional curvature were obtained in [Caddeo et al. 2006; Cho et al.
2007; Fetcu and Oniciuc 2007; Inoguchi 2004], and it turn out that, in the studied
cases, they are helices.

Biharmonic submanifolds in Euclidean spheres has proved to be an interesting
subject. Since the odd-dimensional unit Euclidean spheres can be thought as a
particular class of Sasakian space forms (which do not have, in general, constant
sectional curvature), it seems that the next step would be the study of biharmonic
submanifolds in Sasakian space forms.

In the present paper we classify all proper-biharmonic Legendre curves in Sasa-
kian space forms of any dimension. Because of the complexity of the biharmonic
equation, we must do case-by-case analysis, and the classification is given by The-
orems 3.3, 3.6, 3.7 and 3.9. As a by-product we prove that in a 5-dimensional
Sasakian space form, all proper-biharmonic curves are helices (Theorem 3.12).
Then we consider the (2n + 1)-dimensional unit sphere S***! endowed with the
canonical and deformed Sasakian structures defined by Tanno as a model for the
Sasakian space forms, and obtain the explicit parametric equations of proper-
biharmonic Legendre curves (Theorems 3.14, 3.17 and 3.18).

In Section 4 we prove that, by composing with the flow of the characteristic
vector field of a Sasakian space form, we can render a proper-biharmonic integral
submanifold onto a proper-biharmonic anti-invariant submanifold (Theorem 4.1).
This result allows us to obtain all proper-biharmonic surfaces which are invariant
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under the flow-action of the characteristic vector field (Theorem 4.3) and to con-
struct new examples of proper-biharmonic submanifolds (Section 5).

For a general account of biharmonic maps see [Montaldo and Oniciuc 2006]
and The bibliography of biharmonic maps [BibBhM 2008].

Conventions. We work in the C* category, which means manifolds, metrics,
connections and maps are smooth. The Lie algebra of the vector fields on M is
denoted by C(TM).

2. Preliminaries

In this section we briefly recall basic things from the theory of Sasakian manifolds
(for example, see [Blair 2002]) which we shall use throughout the paper.

A contact metric structure on an odd-dimensional manifold N>"*! is given by
(p, ¢, 1, g), where ¢ is a tensor field of type (1, 1) on N, & is a vector field, # is
an 1-form and g is a Riemannian metric such that

pP=—1+n®E &) =1,
and

gpX,pY)=g(X,Y)—n(X)n(Y), g(X,pY)=dn(X,Y), VX,Ye€C(IN).

A contact metric manifold (N, ¢, &, 1, g) is called Sasakian if it is normal, meaning
that
Ny, +2dn®<& =0,

where N, is the Nijenhuis tensor field of ¢, given by
Ny(X,Y)=[pX,pY1—0lpX,Y]—9[X,0Y1+¢*[X, Y], VX,Y € C(TN);
or, equivalently, that
(Vxp)(¥) =g(X, Y){ —n(Y)X, VX,Y eC(TN).

We note that from the above formula it follows Vx¢ = —p X.

The contact distribution of a Sasakian manifold (N, ¢, &, 7, g) is defined by
{X € TN : n(X)=0}. We say that a submanifold M of N is an integral submanifold
if #(X) =0 for any vector X tangent to M in particular, an integral curve is called
a Legendre curve. The maximum dimension for an integral submanifold of N2"+!
is n. A submanifold M of N which is tangent to ¢ is said to be anti-invariant if ¢
maps any vector tangent to M and normal to ¢ to a vector normal to M.

Let (N, ¢, ¢, 5, g) be a Sasakian manifold. The sectional curvature of a 2-plane
generated by X and ¢ X, where X is an unit vector orthogonal to &, is called the
@-sectional curvature determined by X. If the p-sectional curvature is a constant c,
then (N, ¢, &, 1, g) is called a Sasakian space form and it is denoted by N (¢).
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The curvature tensor field of a Sasakian space form N(c) is given by

R(X,Y)Z
= 1 (c+)(Z, V)X — g(Z,X)Y}
+3(c=D{n(@2)n(X)Y = n(Z)n(V)X 4 g(Z, X)n(Y)¢ — g(Z, Y)n(X)&
+8(Z,pY)pX —g(Z,pX)pY +28(X,pY)pZ}.

The classification of complete, simply connected Sasakian space forms N (c) was
given in [Tanno 1969]. When ¢ > —3, N(c) is isometric to the unit sphere S>'*!
endowed with the Sasakian structure defined by Tanno. This structure is given as
follows (see [Tanno 1968]).

Let S+ = {z e C"*!:|z| =1} be the unit (2n+ 1)-dimensional sphere endowed
with its standard metric field gg. Consider the following structure tensor fields on
S+l &) = —9z for each z € S*'T!, where ¢ is the usual complex structure on
C"*! defined by

Fz=(=y', .., =y"T X X,

forz=(x!,...,x", y!, ..., y"), and pg =509, where s : T.C"T! — T,5¥"*!
denotes the orthogonal projection. Equipped with these tensors, $**! becomes a
Sasakian space form with the gg-sectional curvature equal to 1.

Now, consider the deformed structure on $?*+!

1
n=ano, f=;fo, ¢ =00, g§=ago+al(a—1)ny® no,

where a is a positive constant. The structure (¢, &, #, g) is still a Sasakian structure
and (S"*!, ¢, &, 5, g) is a Sasakian space form with constant ¢-sectional curvature
c=4/a—-3,c> 3.

We end this subsection recalling that a contact metric manifold (N, ¢, &, #, g)
is regular if for any point p € N there exists a cubic neighborhood such that any
integral curve of ¢ passes through it at most once; and it is strictly regular if all
integral curves of ¢ are homeomorphic to each other.

3. Biharmonic Legendre curves in Sasakian space forms

We shall work with Frenet curves of osculating order r, parametrized by arc-length,
which we recall here (see [Baikoussis and Blair 1995]).

Definition 3.1. Let (N™, g) be a Riemannian manifold and y : I — N a curve
parametrized by arc length, that is, |y’(s)| = 1. Then y is called a Frenet curve of
osculating order r, 1 <r <m, if there are orthonormal vector fields Ey, E3, ..., E,
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along y such that
Ei=y' =T,

VrE| =k E,
VrEy =—Kk1E1+12E3

VrE, = —kr—1Er—1,
where «1, ..., k,—] are positive functions on /.
Remark 3.2. A geodesic is a Frenet curve of osculating order 1, a circle is a Frenet
curve of osculating order 2 with x| = constant, and a helix of order r, r > 3, is a

Frenet curve of osculating order r with x, ..., x,_; constants. A helix of order 3
is called, simply, a helix.

Now let (N?"*1 p, &, 5, g) be a Sasakian space form with constant ¢-sectional
curvature ¢ and y : I — N a Legendre Frenet curve of osculating order r. Since

V%T = (=3Kki1k))E1 + (k] — Kf — K1K22)E2 + kK2 + k1K) E3 + k1KoK Ea,
(c+3)x; 3(c—Dx
R(T, VTT)T:_ 4 EZ_ 4 g(E2> ¢T)¢T>

we obtain the expression of the bitension vector field

(3-1) 7(y)=ViT — R(T,V;T)T

(C+3)K1)

= (—3k1k}))E1 + (K{/—Kf—x1x22+ E> + (2kjKatK1K5) Es

3 (C— 1)K1
+x1K2K3 Eg + Tg(Ez, pT)oT.
We shall solve the biharmonic equation 73(y) = 0. Because of the last term of
72(y) we must do a case by case analysis.

Case I: ¢ = 1. In this case, from (3-1), it follows that y is proper-biharmonic if
and only if

x1 = constant > 0, xp = constant, K12 + K22 =1, xr3=0.
One obtains:

Theorem 3.3. Let N*"+1(1) be a Sasakian space form and y : 1 — N a Legendre
Frenet curve of osculating order r. If n > 2, then y is proper-biharmonic if and
only if it is a circle with k) = 1, or a helix with K12 + IC22 =1

Remark 3.4. If n = 1 and y is a nongeodesic Legendre curve we have VyT =
+x19T and then E; = £¢T and V7 Ey = £VpoT = (¢ F11T) = —ii T £¢.
Therefore x, = 1 and y cannot be biharmonic.
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Casell: ¢ #1, E, L ¢oT. From (3-1) we obtain that y is proper-biharmonic if
and only if

x1 = constant > 0, x, = constant, Klz + K22 = (c+3)/4, kok3 =0.

Before stating the theorem we need the following lemma which imposes a restric-
tion on the dimension of the manifold N>"*!(c).

Lemma 3.5. Let y be a Legendre Frenet curve of osculating order 3 such that
E>y 1 oT. Then {T = E\, E>, E3, 0T, ¢, VroT} is linearly independent, in any
point, and hence n > 3.

Proof. Since y is a Frenet curve of osculating order 3, we have

E\=y'=T,
VrEy =k Ea,
VrE; = —k1E| + Kk E3,
V9rEs=—iE>.

It is easy to see that, in an arbitrary point, the system
S1={T =E\, Ea, E3, 9T, ¢, VroT}
has only nonzero vectors and
TLE,, TLEs, TL1leT, TLE. T LVyeT.

Thus S is linearly independent if and only if Sy = {E>, E3, 9T, &, VreT} is lin-
early independent. Further, since we have the relations

Ey 1 ¢, Ex 1 VyoT, E31¢, E3 1LVreT, oT LE, oT LV7T, E; LE3 LT,

it follows that S, is linearly independent if and only if S3 = {&, VrT} is linearly
independent. But VT = ¢ 4+ k19 E», k1 # 0, and therefore S3 is linearly inde-
pendent. U

Theorem 3.6. Let N>"*'(c) be a Sasakian space form withc # 1 and y : 1 — N
a Legendre Frenet curve of osculating order r such that E; L ¢T.

(1) If c < =3 then y is biharmonic if and only if it is a geodesic.
(2) If c > —3 then vy is proper-biharmonic if and only if either

(@) n > 2 and vy is a circle with rclz = (c+3)/4, in which case the vectors
{E1, Eb, T, E} are linearly independent, or

(b) n >3 and y is a helix with K12 + K22 = (c+3)/4, in which case the vectors
{E\, Eb, E3, 0T, &, VroT} are linearly independent.
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Caselll: ¢ #1, E; | ¢T. In this case, from (3-1), y is proper-biharmonic if and
only if

x1 = constant > 0, kp = constant, K12 + K22 =c, Kk3=0.

We can assume that £y = ¢T. Then Vi T = k1 Ey = k19T, V7 Ey = VyoT =
¢ —xT. That means E3 =¢ and k; = 1. Hence Vo E3 = V& = —pT = —E).
Therefore:

Theorem 3.7. Let N>'T1(¢) be a Sasakian space form withc #1andy : I — N
a Legendre Frenet curve of osculating order r such that E; || o T. Then {T, T, &}
is the Frenet frame field of y and we have:

(1) If c < 1 then y is biharmonic if and only if it is a geodesic.
(2) If ¢ > 1 then y is proper-biharmonic if and only if it is a helix with K12 =c—1
(and kp =1).

Remark 3.8. If n =1, for any Legendre curve E; || ¢ T, and we reobtain Inoguchi’s
result in [2004].

CaselV: c+#1and g(Ez, ¢T)isnotconstant 0, 1 or —1. Assume that y is a proper-
biharmonic Legendre Frenet curve of osculating order r such that g(E3, ¢ T) is not
constant 0, 1 or —1. One can check that, in this case, 4 <r <2n+1,n > 2, and
oT € span{E,, E3, E4}.

Now, we denote f(s) = g(E2, ¢ T) and differentiating it we obtain

f'(s) =8(VrEz, 9T) + g(E2, VroT) = g(VrE2, 9T) + 8(E2, & + k19 E)
=g(VrEs, ¢T) =g(—x1T +K2E3, ¢T)
=x28(E3, ¢T).
Since o T = g(oT, E2)E» + g(¢T, E3)E3 + g(pT, E4)E4, the curve y is proper-
biharmonic if and only if
x1 = constant > 0, Klz+1c22=}‘(c+3)+%(c—1)f2,
Ky =—3(c=1)fg(pT, E3), xoxy=—3(c—1)fg(pT, Es).

Using the expression of f'(s) we see that the third equation of this system is equiv-
alent to

2 2
K5 =—3(c—1) f*+ o,
where wy = constant. Substituting in the second equation, it follows that

c+3 3(c—1)

2
4 o ) f,

2 _
Kl—
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which implies f = constant. Thus x, = constant > 0, g(E3, ¢T) = 0 and then
oT = fEy+ g(oT, E4)E4. 1t follows that there exists a unique constant ag €
0,27)\ {%, T, 37”} such that f =cosag and g(pT, E4) = sinay.

We can state:

Theorem 3.9. Let N>'*'(c) be a Sasakian space form with ¢ # 1, n > 2, and
y : I — N a Legendre Frenet curve of osculating order r such that g(E,, ¢T) is
not constant 0, 1 or —1.

(1) If c < —3 then y is biharmonic if and only if it is a geodesic.
(2) If ¢ > —3 then y is proper-biharmonic if and only if p T =cos agE+sinagEy4,
K1, kp, k3 = constant > 0,
K12 + K22 = %(C+3) + %(c—l) cos’ag and Kok = —%(c—l) sin2ayg,
where a € (0, 27r)\{%, T, 37”} is a constant such that c+3+3(c—1) cos? ag >
0 and 3(c—1) sin2agy < 0.
Remark 3.10. In this case we may obtain biharmonic curves which are not helices.

Proposition 3.11. Assume that ¢ > =3, ¢ # 1, and n = 2. Let y be a proper-
biharmonic Legendre Frenet curve of osculating order r, such that g(E,, ¢T) is
not constant 0, —1 or 1. Then vy is a helix of order 4 or 5.

Proof. We know that r € {4, 5}. If r = 4, then the result is obvious from Theorem
3.9.
Assume now r = 5. Since pT =cosagE +sinagEy, and & L T, ¢ L Ey, we
get & L Ey4, and then, along y, & € span{E3, Es}.
From the Frenet equations of y it follows that
g(VrEs, &) =g(—raEr+x3E4, ) =0,
g(VrEs, &) = g(—k4Eq, &) =0.

Then, since Vg = 0, we obtain (g(E3,¢)) =0 and (g(Es, &) =0, that is, a =
g(E3, &) = constant and b = g(E5, ) = constant.
Now, we have

(VT E4, &) = —k3g(E3, &) +Kag(Es, &) = —k3a +kab
and, since g(V7E4, &) = g(E4, 9 T) = sin ag, we get
(3-2) sin og = —k3a + kab

which implies that b = 0 or x4 = constant.

Case b = 0. Since ¢ € span{E3, Es}, we have E3 = £¢ and therefore

V9rE; = :|:qu = F Cos OCoEz F sin ooEy.
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From the third Frenet equation, x; = % cos ag, k3 = F sin ag, and then, from The-
orem 3.9, kok3 = —% sin2ag = —(3(c—1)/8) sin 2ag. Thus, we have ¢ = % and,
again using Theorem 3.9, k| = 2//3.

We shall prove now x4 = xy, so y is a helix of order 5. From the last Frenet
equation, we obtain

(3-3) 8(VrEs, 9T) = —kag(Es, oT) = —k4 sinay.

Since g(Es, pT) =0 we have g(Vr Es, oT) + g(Es, VroT) = 0. We can check
that g(Es, VroT) = k1g(Es, ¢ Ey), therefore, using (3-3), we get

(3-4) k18(Es, p Er) = k4 sin ag.

Next, from the fourth Frenet equation and (3-4),

2
K .
(3-5) g(VrE4, 9 E2) = k4g(Es, pE2) = K—4 sin a.
1

Since ¢ T = cos agEy + sinagEy4 it results that g(Ey4, ¢ E>) = 0. It follows that

8(VTE4, 9Er) = —g(E4, VT Er)

(3-6) .
= —g(E4, pV1 E2) = k18(E4, 9T) = K1 sin ap.

From (3-5) and (3-6) we obtain x4 = x| = 2/«/§.

Case b # 0. Of course, due to (3-2) k4 = constant and so y is a helix. Moreover,
we can obtain an additional relation between the curvatures.
Indeed, since ¢ € span{E3, Es} it follows a® + b> = 1. On the other hand

g§(VrEy, &) =g(Ez, ¢T) =cosag = g(—x1T +x2E3,&) = koa
and as —x3a + k4b = sin a, replacing in a + b? = 1 we get
(1 sin g + K3 cos ozo)2 + Kf (cos oco)2 = K%Kf. O
From Theorems 3.3, 3.6 and 3.7 and Proposition 3.11 we conclude:

Theorem 3.12. Let y be a proper-biharmonic Legendre curve in N°(c). Then
¢ > —3 and vy is a helix of order r with2 <r <5.

Remark 3.13. In [Fetcu 2008a], a preliminary version of the full classification of
the proper-biharmonic Legendre curves in Sasakian space forms was obtained.

In the following, we shall choose the unit (21 + 1)-dimensional sphere $2**+!
with its canonical and deformed Sasakian structures as a model for the complete,
simply connected Sasakian space form with constant g-sectional curvature ¢ > —3,
and we shall find the explicit equations of biharmonic Legendre curves obtained
in the first three cases, viewed as curves in R?*+2,
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Theorem 3.14. Let y : I — (St 9o, &0, 10, 80), n = 2, be a proper-biharmonic
Legendre curve parametrized by arc length. Then the equation of vy in the Eu-
clidean space E*'2 = (R2”+2 (,)) is either

y(s) = cos(\/_s)el +— sm(\/—s)ez +—
V2 V2 ﬁ
where {e;, $e j}i jy are orthogonal constant unit vectors, or
1 . 1 1 .
s) = — cos(As)e; + —= sin(As)ep + — cos(Bs)e; + — sin(Bs)ey,
y()f()lﬁ()Zﬁ()3ﬁ()4
where
(3-7) A=14+kKk;, B=+1—-k1, k1 €(0,1),

and {e,-}?: | are orthogonal constant unit vectors, satisfying
(e1, $e3) = (e1, Ses) = (e, Fe3) = (€2, Fea) =0, Afey, $e2) + Bfes, $es) =0.

Proof. Let us denote by V and by V the Levi-Civita connections on (S2**!, 20)
and (R***2, (,)), respectively.

First, assume that y is the biharmonic circle, that is, x; = 1. From the Gauss
and Frenet equations we get

VrT =VrT —(T,T)y =x1E; — y,
VrVrT = (—x? — )T = —2T,
which implies
y/// + 2y/ — O.
The general solution of this equation is
y(s) = cos(x/is)cl + sin(«/is)cz +c3,

where the ¢; are constant vectors in F2*12,
Now, as y satisfies

(V: V) = 1’ <y/’ yl> = la (ya V/> = 07 (y/a VN> :09 ()’N, V”) = 27 (% V//> = _17
and since in s = 0 we have y = ¢| +c¢3, 7' = v/2¢2, 7" = —2¢;, we obtain

1 |
ciit2citen=1, =3, cntc3=0,c2=0, ci=3,crutciz=3,

—_

where ¢;; denotes (c;, ¢;). The above relations imply that {c;} are orthogonal vec-
tors in E2"+2 with |c;| = |ca| = |e3| = 1/4/2.

Finally, using that y is a Legendre curve one obtains easily that (c;, $c¢;) =0 for
any i, j = 1,2,3. If we denote ¢; = \/Eci we obtain the first part of the Theorem.
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Suppose now y is the biharmonic helix, that is, zclz + K22 =1,k € (0, 1). From
the Gauss and Frenet equations we get

ViT =ViT —(T,T)y =x1E,— 7,
VrVrT =1VrEy — T = k(=i T + 10 E3) — T = — (2 + )T + k112 E3,
ViV VT = —(Kl2 + 1)§TT + k163 V7 Ex
= -+ 1)VrT — k3 Ey = =2)" — i3y,
Hence
7" +2y" +x3y =0,
whose general solution is
y(s) = cos(As)cy + sin(As)cy + cos(Bs)cz + sin(Bs)ca,

where A, B are given by (3-7) and {c¢;} are constant vectors in E2"+2.
Since y satisfies

(r,7) =1, (r,7)=0, (y,7"y=-1 (y,7")y =0,
v,y =1, (', 9"y =0, (") =—1+x}),
Gy =14 (07" =0, 07" =3k 41,

and since in s = 0 we have y = ¢| +¢3, ¥/ = Acs + Bey, ' = —A%c) — Bcs,
y" = —A3cy — B3¢y, we obtain

(3-8) cii+2ci3+ce3=1,

(3-9) A’cy +2ABcy+ Bieauy =1,
(3-10) Acia+ Acaz + Bejga+ Bezg =0,
(3-11) Adcy + AB%co3 + A*Beig+ Bie3y =0,
(3-12) A*ci1 +2A%B%ci3 + Btess = 1+ xf,
(3-13) A’cii+ (A’ + B*)ei3+ BPe = 1,
(3-14) A%cyy + (AB3 4 A*B)cog + Bheys = 1412,
(3-15) Adcin+A’B s+ A’B3cis+ Boeu =0,
(3-16) Adciy+ Alers+ Biey+ Biesy =0,
(3-17) Alcyy +2A%B3coy + BOcyy = 31 + 1,

where ¢;; = (c;, cj). Since the determinant of the system given by (3-10), (3-11),
(3-15) and (3-16) is —A2B?(A%? — B?)* # 0 it follows that

crp=c3=ciy=c3=0.
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The equations (3-8), (3-12) and (3-13) give

1 1
=3, c3=0, c33=3,

and, from (3-9), (3-14) and (3-17) follows that

1 1
=735, c4=0, cag=75

Therefore, we obtain that {c;} are orthogonal vectors in E>"*+2 with |c1| = |ca2| =
sl = leal = 1/v/2.

Finally, since y is a Legendre curve one obtains the second part of the theorem.

O

Remark 3.15. Vectors {¢;} satisfying the conditions in the theorem can be easily
found.

Remark 3.16. If y is a proper-biharmonic Legendre circle, then E; L oT. If y is
a proper-biharmonic Legendre helix, then go(E2, 9 T) = /1 +x1{e1, $e2) and we
have two cases: either go(E2, T) = 0 and then {e;, $e J}l i=1 is an orthonormal
system in E2"*2, so n > 3, or go(Ea, ¢T) # 0 and in thls case go(Ez, ¢T) €
(=1, )\ {0}.
Next we shall use the deformed Sasakian structure (¢, &, 7, g) on S+,

Theorem 3.17. Let y : [ — (§2"+1,g0,§, n,8,n>2,a>0,a#1(0c=
4/a —3 > =3 and c # 1), be a proper-biharmonic Legendre curve parametrized

by arc length such that Ey 1 ¢T. Then the equation of y in the Euclidean space
E2"+2 is either

1 2 1 . 2 1
y(s) = E cos (\/;s)el + ﬁ sin (\/;s)ez + ﬁ%
for n > 2, where {e;, ‘g’ej}?,j=1 are orthogonal constant unit vectors, or

y(s) = cos(As)e; + —= sin(As)er + —= cos(Bs)es + — sin(Bs)ey,

ﬁ

forn > 3, where

1 1—
(3-18) A= /M’ B — /M, K| € ((), é)’
a a

and {e;, $e 1}1‘3, j=1 are orthogonal constant unit vectors.

5 7 5

Proof. Again let us denote by V, V and by V the Levi-Civita connections on
(S ), (S**1, go) and (R***2, (), respectively. From the definition of the
Levi-Civita connection, as go(X, oY) =dno(X, Y) and g(X, oY) =dn(X,Y), we
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obtain g(VxY, Z) = ago(VxY, Z), for any vector field Z and for any X, Y which
satisfy X L &, Y L & and X L @Y. Further, it is easy to check that we have

(3-19)  VxY =VyxY, VX, YeCTS*™)withX L& Y LE X LY.

First we consider the case when y is the biharmonic circle, that is, zcl (c+3)/4.
Let T =y’ be the unit tangent vector field (with respect to the metric g) along y.
Using (3-19) we obtain VTT =VrT and VTEZ =VrkE,.

From the Gauss and Frenet equations we get

VrT =VeT — (T, T)y =1 E» — aly and VyVyT = (—Kf— l)T 27

Hence
ay/// + zy/ — O,

whose general solution is

y(s) = cos (\/gs)cl + sin (\/gs) ¢y +c3,

where the ¢; are constant vectors in F2*12,
Since y satisfies

1 2 1
(r,7)=1, (y/, y’)=5, (ry,7)=0, (y/,7"y=0, (", y”)=a—2, <y,y”)=—5,

and in s =0 we have y =c| +¢3, ' = (V2/a)ca, " = —(2/a)cy, one obtains

cnt2c3ten=1, =3, cnten=0, cn=0, cy=1,cii+ciz=1,
where ¢;; = (c;, cj). Consequently, we obtain that {c;} are orthogonal vectors in
E2"+2 with |e1] = |ea| = |e3] = 1/V/2.

Finally, using the facts that y is a Legendre curve and g(V,/y’, ¢y’) = 0 one
obtains easily that (c;, $c;) =0forany i, j =1, 2, 3.

Now we assume that y is a biharmonic helix, that is, Kl + K2 (c+3)/4, Kl
(O (c+3)/4). First, using (3-19), we obtain VyT = VT, Vi E, = VyE, and
VrE3z = V7 Es.

From the Gauss and Frenet equations we get

VT = VT —(T,T)y = B2,
ngTT = K]%TEZ—%T =K (—K1T+K2E3)—$T = —(K12+$)T+K1K2E3,
6]‘67“6]“7" = —(K12+%)6TT+K1K2§TE3 = —(Kz-i-l)%TT—KlezEz

= _Zy//_l,w
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Therefore )
Cl})”) + 2y// + Kzzy — 0’
whose general solution is

y(s) = cos(As)cy + sin(As)cr 4 cos(Bs)cz + sin(Bs)cy,

where A, B are given by (3-18) and {c;} are constant vectors in E2+2,
The curve y satisfies

1
(V» V)le (Va V/):O, (ya V”):—E, (yn VW>:07
1 1 +ax?
(yla V/> = E: (V/a V”> = Oa (yla VW> = 2 1 ’
a
1+ ax? 3ax? + 1
(y//’ V//> — le (V//, y///> — 0’ (y///’ VW> — ;—3,

and in s = 0 we have
y=ci+cs, 7 =Acr+ Bes, 7' =—A%; —B%c3, y"=—A%c,— Bcs.

It follows that

(3-20) cii+2c3+c=1,
(3-21) A% +2ABe + Brey = 1,
(3-22) Acip+ Acys + Beig + Bezg =0,
(3-23) Adcin+ AB%cy3 + A’Beiy + B3e3y =0,
(3-24) Aber +2A2 B2 + Bhess = © J;ZKIZ ,
(3-25) Aeri+ (A% + Be + By = =,
(3-26) Al + (AB* + A B)cas + Bleys = - J;imlz,
(3-27) Adcin+ A3B s + A’B3ciy+ Bieu =0,
(3-28) Adcly+ Adcys+ Beiy+ Bie3y =0,
(3-29) AScy +2A3B3coy + By = dari +1

ad

where Cij = <C,‘, Cj).
The solution of the system given by (3-22), (3-23), (3-27) and (3-28) is

crp=cp3=cly=c34=0.
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From equations (3-20), (3-24) and (3-25) we get
cii=3, c;3=0, cz3=71,
and, from (3-21), (3-26), (3-29),

1 1
=3, 4=0, cu=3.

We obtain that {c;} are orthogonal vectors in E2"+2 with |c1| = |c2| = |c3] = |ea] =
1/3/2.

Finally, since y is a Legendre curve and g(V,y’, 9y’) = 0, one obtains the
conclusion. O

In the third case, just like for S (see [Fetcu and Oniciuc 2007]), we obtain:

Theorem 3.18. Lety : [ — (S¥+1, 0,¢,1,8),0 <a <1 (soc>1),bea proper-
biharmonic Legendre curve parametrized by arc length such that E, || ¢ T. Then
the equation of y in the Euclidean space E*"*2 is

y(s) =,/ 1 f B cos(As)e; — ,/ 1 B B sin(As)$e;
+,/ cos(Bs)es +,/ A sin(Bs)$e;3
A+ B A+B
/| B ) [ A .
= - exp(—iAs)e; + A8 exp(iBs)es,

| 4

where e, e3 are constant unit orthogonal vectors in EZ+2 with es orthogonal to
Seq, and
3—2a—-2 —1D(a-2 3—2a+2 —D@a-2
530 A:\/ a—2/a=Na=2) B:\/ a+2/@=D@=2
a a

Remark 3.19. For the fourth case the ODE satisfied by proper-biharmonic Le-
gendre curves in the (2n + 1)-sphere may be also obtained but the computations
are rather complicated.

4. Biharmonic submanifolds in Sasakian space forms

A method to obtain biharmonic submanifolds in a Sasakian space form is provided
by the following Theorem.

Theorem 4.1. Let (Nt ¢, &, 5, ) be a strictly regular Sasakian space form
with constant ¢-sectional curvature ¢ and leti: M — N be an r-dimensional
integral submanifold of N, 1 <r < n. Consider

F:M=IxM-—N, F(t,p)=g¢(p)=e,Q),
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where I = S' or I = R and {¢;},c1 is the flow of the vector field &. Then the
map F : (M, § = dt> +i*g) — N is a Riemannian immersion, and it is proper-
biharmonic if and only if M is a proper-biharmonic submanifold of N.

Proof. From the definition of the flow of £ we have

0

d .
=) = 2| 16001 =dp(0) =@y (1) = E(F (. p)),

ar, p)(

that is, 0/0t is F-correlated to ¢ and

4 p)(2)|= 1@ mi=1=| 2|

The vector X, € T, M can be identified to (0, X ) € T(;,)(1 x M) and we have

dFp)(Xp) = @dF),p(7(0) = {: (7 ()} = (dpr) p (X ).

.
ds ls=0
Since ¢; is an isometry |d F;, ,)(Xp)| = [(d¢;) (X )| = | X p|. Moreover,

(E(@p ), (d#) (X))
(@) p(Ep), @) p(X ) = 8(Ep, Xp) =0
(5 %0)
o’ ")
and therefore F : (I x M, g) — N is a Riemannian immersion.

Let F~!(TN) be the pullback bundle over M and V¥ the pullback connection
determined by the Levi-Civita connection on N. We shall prove that

0
g(dF(t,p)(a)> dF(t,p)(Xp)) =

o o

T(F),p) = (dp)p(z (@) and 22(F),p) = (der) p(72(0)),

so, from the point of view of harmonicity and biharmonicity, M and M have the
same behaviour.

We start with two remarks. First, let 0 € C(F~'(TN)) be a section in F~!(TN)
defined by o, p) = (d¢:) ,(Z,), where Z is a vector field along M, thatis, Z, €
T,N,Vp e M. One can easily check that

4-1) (V¥ ) .p) = (dp) (V¥ Z), ¥X € C(TM).

Then, if ¢ € C(F~'(TN)), it follows that po given by (90 ), p) = @4, 1) (G, p)) i
a section in F~!(TN) and

(4-2) VEapo =pVi,0.



BIHARMONIC SUBMANIFOLDS IN SASAKIAN SPACE FORMS 101

Now, we consider {X1, ..., X,} a local orthonormal frame field on U, where U is
an open subset of M. The tension field of F is given by

G i 0\, N i
(43) 1(F) =V} dF (=) =aF (Vi 5 )+ D {VE dF(X)—=dF (VY X0)}.
a=1

Since
0
V0adF(5) =VEE=0,  (VEdF (X))o = d)p(VY X0,
~ a a ~
Vé%ta = Val/@fa =0, dFi,p)(VY Xa) = (dg) (Vi Xa),

substituting in (4-3) we get

T(F)q,p) = (d¢y) p(z(@)).

To obtain 72(F)(, p) = (d¢;) ,(12(i)), we prove first that Vg/azf (F)=—op(z(F)).
Since [0/0t, X,1=0,a=1,...,r, it follows that

0
VEadF(X,) = vng(—).

ot
But
(VEAF(2)), ) = Va6 = Vi, x,é = ~0(@),(X)
=~ X,
50
(4-4) (Vo dF(Xa)) ) = —(d$)p(0Xa).

We note that
0
RF(E, Xa)dF(Xa) = Vo VE dF (X)) = VE VE,dF(X,)
and, on the other hand, as N is a Sasakian space form,
(RF(i X )dF(X ))
at b a a

Therefore

= Ry € @) (Xa) () (Xa) = .

,p

(4-5) ViaVi,dF(Xa) = Vi V5 dF(X,) =¢.
Using (4-1) and (4-4), V§ VI dF(X,) can be written as

4-6) (Vi ViadF(Xa)), = —(dd)p(Vy,0Xa) = —(d) (& + 9 VY, Xa)-
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Moreover, from (4-4),
@7 (ViadF(VE, X)), ) = (VajadF (Y, X)) ) = —dp)p(0 Vi, Xa).
Substituting (4-6) in (4-5) and using (4-7), we obtain
&=V Vi dF (X)) —VE o dF(VY X))+, d F(VY X)) =V V5 dF(X,)
= V15 VAdF (X4, Xa)—(d$1) p (0 VY. Xa) +(dby) y G+ VE Xa)
= V50 VAF (Xa, Xa)+0(den) (VY Xa— Vi Xa)+<,

o)

(4-8) (Vi VAF (Xa, Xa)) ;) = —0(d$0) p(Vdi(Xa, Xa))-
Since VA F(8/0t, 8/0t) = 0, summing up in (4-8) we obtain

(4-9) Vit (F) = —p(z(F)).

From (4-2) and (4-9) we have

(4-10) V50, VE ot (F) = =500t (F) = =9 V50,7 (F) = >t (F) = —t(F),
and from (4-1)

(@11) (VE, V¥, 7(F),,. ) = (d¢),(V¥, VX, 7 (D),

(4-12) (Vgg ), ) =), (VJVV% X, 7).

From (4-10), (4-11) and (4-12) we obtain

.
(413) —(ATT(F) ) = Vi Viat(F) + VR, V5,1 (F) = Vg | 2(F))
a=1 a”d

= —T(F)([,p) - (d¢t)p(AlT(l))

Using the form of the curvature tensor field RY, after a straightforward computa-
tion, we get

(4-14) trace R (dF, 1(F))dF = —t(F) + (d¢y) p(trace R;V (di, 7 (i))di).
Finally, from (4-13) and (4-14) we conclude
2 (F),p) = (d¢r) p(r2(1)). g

Remark 4.2. The previous result was expected for the following reason. Assume
that (N>"*1, 9, &, 17, g) is a compact strictly regular Sasakian manifold and let G :
M — N be an arbitrary smooth map from a compact Riemannian manifold M. If
F is biharmonic, then the map G is biharmonic, where F : M=S'"xM— N,

F(t, p) = ¢(G(p)).
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Indeed, an arbitrary variation {G}; of G induces a variation {F}; of F. We
can check that 7(, ) (Fy) = (d¢:)G,(p)(7p(Gy)) and, from the biharmonicity of F
and the Fubini Theorem, we get

d 1d 1 d
0=—| J(Ea(F)) =5 F)P og =215 P
dS)s:O{ 2(F5)) 2ds‘s:0/ﬁ|f( )" vg 2 ”dsL:o/M'T(G)l Vg

d
=27 —
s

_E2G).

Since 4 I | O{Ez(G )} =0 for any variation {G,}; of G, it follows that G is bihar-
monic. In particular, if M is a submanifold of N and G is the inclusion map i, then
we have the direct implication of the Theorem.

Theorem 4.3. Let M? be a surface of N*"t1(c) invariant under the flow-action
of the characteristic vector field £. Then M is proper-biharmonic if and only if
locally, it is given by x(t, s) = ¢:(y(s)), where y is a proper-biharmonic Legendre
curve.

Proof. A surface M of N>'*! invariant under the flow-action of the characteristic
vector field &, that is, ¢, (p) € M, for any ¢ and any p € M, can be written, locally,
x(t,s) = ¢:(y(s)), where y is a Legendre curve in N. Then, from Theorem 4.1,
such a surface is proper-biharmonic if and only if y is proper-biharmonic. ]

Corollary 4.4. Let M? be a surface of S endowed with its canonical Sasakian
structure which is invariant under the flow-action of the characteristic vector field
& Then M is proper-biharmonic if and only if locally, it is given by x(t,s) =
&: (y(s)), where y is a proper-biharmonic Legendre curve given by Theorem 3.14.

Next, consider the unit (2n + 1)-dimensional sphere S***! endowed with its
canonical or deformed Sasakian structure. The flow of & is ¢;(z) = exp(—if—l)z,
and from Theorems 3.17, 3.18 and 4.1 we obtain explicit examples of proper-

biharmonic surfaces in (S***!, ¢, &, 1, g), a > 0, of constant mean curvature.
Moreover, we reobtain a result of [Arslan et al. 2007].

Proposition 4.5 [Arslan et al. 2007]. Let F : M3 — (S°, 9o, &, 10, 80) C R® be a
proper-biharmonic anti-invariant immersion. Then

exp(—ir)

V2
Proof. It was proved in [Sasahara 2005] that the proper-biharmonic integral surface
of (S, o, &, M0, o) is given by

F(t,u,0) = ——— (exp(lu) iexp(—iu) sin(v/20), iexp(— 1u)cos(«/_v))

fu,v)= exp(iu), i exp(—iu) sin v/20, i exp(—iu) cos v/2v).

ﬁ(

Now, composing with the flow of & we obtain the result. (I
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5. Biharmonic submanifolds of (S7, g¢)

First we shall recall the definition of a Sasakian 3-structure. If a manifold N admits
three Sasakian structures (¢4, &4, 74, &), a = 1, 2, 3, satisfying

Oec = —Qa®p+ Np ®Qza = 0pPg — Nqg ®§b3
e =—0alp = Opla> MNe=—1a O Pp=1NpOQq,

for an even permutation (a, b, ¢) of (1, 2, 3), then the manifold is said to have a

Sasakian 3-structure [Blair 2002]. The dimension of such a manifold is of the form

4n+3. The maximum dimension of a submanifold of a 3-Sasakian manifold N4"+3

which is an integral submanifold with respect to all three Sasakian structures is 7.
We consider now the Euclidean space E® with three complex structures,

00 0 I
(0 L4 [ 0o 0o-no -
y‘(u o)’j_ 0 Lo o T
~L 0 0 0

where 1, denotes the n x n identity matrix. We define three vector fields on S’ by
&=—9z, &H=-9z, &H=-%z, zeS,
and consider their dual 1-forms 71 = 79, 72, #3. Let ¢, defined by

pr=¢po=509, pr=s509%, p3=s0I.

Then (¢4, &y 1a, 80), @ = 1,2, 3, determine a Sasakian 3-structure on S’ (see
[Baikoussis and Blair 1995]).

In the following, we shall indicate a method to construct proper-biharmonic
submanifolds in (S’, go). We consider y = y(s) a proper-biharmonic curve in
(S, o), parametrized by arc-length, which is a Legendre curve for two of the
three contact structures (it was proved in [Fetcu 2008b] that there is no proper-
biharmonic curve which is Legendre with respect to all three contact structures
on S7). For example, assume that y is a Legendre curve for #; and #,. Composing
with the flow of & (or &) we obtain a biharmonic surface which is Legendre
with respect to 7, (or #1). Then, composing with the flow of & (or &) we get a
biharmonic 3-dimensional submanifold of (S’ go).

Using this method, from Theorems 3.14 and 4.1, we obtain 4 classes of proper-
biharmonic surfaces in (S’, go) and 4 classes of proper-biharmonic 3-dimensional
submanifolds of (S’, go), all of constant mean curvature.

For example, from Theorems 3.14 and 4.1, composing first with the flow of
&1 and then with that of &, we get the explicit parametric equations of proper-
biharmonic 3-dimensional submanifolds of (S’, go).
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Proposition 5.1. Let M be a 3-dimensional submanifold in' S’ such that its posi-

tion vector field in E8 is either

x; =X1(u, t,s)
= %fz ( cos(u) cos(\/is) cos(t)e; + cos(u) sin(\/is) cos(t)er
+ cos(u) cos(t)e3 — cos(u) cos(\/zs) sin(t)$e
—cos(u) sin(«/zs) sin(t)$er — cos(u) sin(t) Fes3

— sin(u) cos(\/is) cos(t)$e; — sin(u) sin(\/zs) cos(t)$er

— sin(u) cos(r)$es — sin(u) cos(v/2s) sin(t)Je;
— sin(u) sin(«/zs) sin(t)Hep — sin(u) sin(t)%eg),

where {e;, $e 1}1'3, =1 and {e;, $e 1}1'3, j=1 are systems of constant orthonormal vectors

inE8 or

x> =X5(u,t,s)
= \/LE ( cos(u) cos(As) cos(t)e; 4 cos(u) sin(As) cos(t)er

+ cos(u) cos(Bs) cos(t)e3 + cos(u) sin(Bs) cos(t)es

— cos(u) cos(As) sin(t)$e; — cos(u) sin(As) sin(r)Fer
— cos(u) cos(Bs) sin(t)$es — cos(u) sin(Bs) sin(t)Pey
— sin(u) cos(As) cos(t) ey — sin(u) sin(As) cos(t) Per
— sin(u) cos(Bs) cos(t) Pes — sin(u) sin(Bs) cos(t) Feq
—sin(u) cos(As) sin(t)H e, — sin(u) sin(As) sin(r)IHe;
— sin(u) cos(Bs) sin(t)Iesz — sin(u) sin(Bs) sin(t)3{e4),

where
A=+/1+k,, B=+1—kx;, Kk =constante (0, 1),

and the e;, i = 1,2, 3, 4 are constant orthonormal vectors in E® such that
(e1, $e3) = (e1, Feq) = (€2, $e3) = (€2, Feq) =0,

(e1, Fe3) = (e1, Feq) = (€2, e3) = (e2, Fe4) =0,
Aley, $e2) + Bles, $eq) = Aley, $e2) + Bles, $es) = 0.

Then M is a proper-biharmonic submanifold of (S, go).
Proof. As the flows of & and & are given by

$l(z) = (cost)z — (sin1) 9z,  ¢>(z) = (cost)z — (sint)$z,

the Proposition follows by a straightforward computation.
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Remark 5.2. Note that there exist vectors {e;} which satisfy the hypotheses of the
above Proposition. For example the first three, respectively four vectors, from the
canonical basis of E? satisfy the required properties.
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