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Explicit Gross—Zagier and
Waldspurger formulae

Li Cai, Jie Shu and Ye Tian

We give an explicit Gross—Zagier formula which relates the height of an explicitly
constructed Heegner point to the derivative central value of a Rankin L-series.
An explicit form of the Waldspurger formula is also given.
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1. Main results

1A. Introduction. The Gross—Zagier formula and the Waldspurger formula are
probably the two most important analytic tools known at present for studying the
still largely unproven conjecture of Birch and Swinnerton-Dyer. Much work has
already been done on both formulae. In particular, the recent book by Yuan, Zhang
and Zhang [Yuan et al. 2013] establishes what is probably the most general case
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of the Gross—Zagier formula. Nevertheless, when it comes to actual applications
to the arithmetic of elliptic curves or abelian varieties, one very often needs a more
explicit form of the Gross—Zagier formula than that given in [Yuan et al. 2013],
and similarly a more explicit form of the Waldspurger formula than one finds in the
existing literature. This is clearly illustrated, for example, by the papers [Bertolini
and Darmon 1997; Tian 2014; Tian et al. 2013; Coates et al. 2014]. Our aim here is
to establish what we believe are the most general explicit versions of both formulae,
namely Theorems 1.5 and 1.6 for the Gross—Zagier formula, and Theorems 1.8
and 1.9 for the Waldspurger formula. Our methods have been directly inspired by
[Yuan et al. 2013], and also the ideas of [Gross 1988] and [Gross and Prasad 1991].

In the remainder of this introduction, we would like to explain in detail our explicit
formulae in the simplest and most important case of modular forms over Q. Let ¢
be a newform of weight 2, level I'o(N), with Fourier expansion ¢ = Y o | a,q"
normalized so that a; = 1. Let K be an imaginary quadratic field of discriminant D
and x a primitive ring class character over K of conductor c, i.e., a character of
Pic(0.), where O, is the order Z + cOg of K. Assume the Heegner conditions (first
introduced by Birch in a special case):

(1) (¢, N)=1,no prime divisor p of N isinertin K, and p must splitin K if pZIN.

(2) x([p]) #a, for any prime p|(N, D), where p is the unique prime ideal of Og
above p and [p] is its class in Pic(0,).

Let L(s, ¢, x) be the Rankin L-series of ¢ and the theta series ¢, associated to x
(without the local Euler factor at infinity). It follows from the Heegner conditions
that the sign in the functional equation of L(s, ¢, x) is —1. Let (¢, ¢)r ) denote
the Petersson norm of ¢:

@, Do) = ff S dxdy, z=x+iy.
Fo(N)\%

Let Xo(&N) be the modular curve over  whose C-points parametrize isogenies
E| — E; between elliptic curves over C whose kernels are cyclic of order N. By
the Heegner conditions, there exists a proper ideal N of O, such that O,/ N =Z/NZ.
For any proper ideal a of O, let P, € Xo(N) be the point representing the isogeny
C/a— C/aN~!, which is defined over the ring class field H, over K of conductor ¢
and only depends on the class of a in Pic(0,.). Let Jo(N) be the Jacobian of Xq(N).
Writing oo for the cusp at infinity on X¢(N), we have the morphism from Xo(N)
to Jo(N) over Q given by P — [P — o0]. Let P, be the point

Py= > [Py—oo]l®x(lal) € Jo(N)(H)®7C
[a]€Pic(0,)

and write P)? for the ¢-isotypical component of P, .
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The following theorem was proved in the case ¢ = 1 in the celebrated work by
Gross and Zagier [1986], and follows immediately from the general explicit Gross—
Zagier formula in Theorem 1.5 (see Special case 2, and the Example following).

Theorem 1.1. Let ¢, x be as above satisfying the Heegner conditions (1) and (2).
Then 2
L' g, y) = 2-1v.p) 8T @- Drwy 5

where (W(N, D) is the number of prime factors of the greatest common divisor of
N and D, u =[0) : Z*] is half of the number of roots of unity in O, and h is the
Néron-Tate height on Jy(N) over K. In particular, if ¢ is associated to an elliptic
curve E over Q via Eichler—Shimura theory and f : Xo(N) — E is a modular
parametrization mapping the cusp oo to the identity O € E, then the Heegner

divisor PY(f) := Y a1epicco,) J (Pa) ® x ([a]) € E(H,)c satisfies

k(P),

Jonin.py 8@ Dy b (PY(f)

u?\/|Dc?| deg f

where h is the Néron-Tate height on E over K and deg f is the degree of the
morphism f.

L'(1,E, x) =

Comparing the above Gross—Zagier formula with the conjecture of Birch and
Swinnerton-Dyer for L(E /K, s5), we immediately are led to:

Conjecture. Let E be an elliptic curve defined over Q of conductor N and let K be
an imaginary quadratic field of discriminant D such that for any prime £ dividing N,
either £ splits in K, or £ is ramified in K and E has nonsplit semistable reduction at
L. Let f:Xo(N) — E be a modular parametrization mapping oo to O. Let N C Og
be any ideal withOg IN =Z/NZ, let P € Xo(N)(Hg) be the point representing the
isogeny (C/Ox — C/N_l), and write Pg (f) :=Try, x f(P) € E(K). Assume
Px (f) is not torsion. Then

- [E(K):ZPk(f)]
#IL(E/K) =270 |
C-[0g : Z%1- T Tyn v, py me

where my = [E(Qy) : E%(Qy)] and C is the positive integer such that if w is a
Néron differential on E then f*wy=+C -2wi¢(z) dz.

We next state our explicit Waldspurger formula over Q. Let ¢ = Y 2| a,q"
in $2(Io(NV)) be a newform of weight 2 and level I'g(N). Let K be an imaginary
quadratic field and y : Gal(H./K) — C* a character of conductor c. Assume the
conditions:

(i) (c, N) =1 and, if p|(N, D), then p*{ N.
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(i1) Let S be the set of places p|Noo nonsplit in K such that, for a finite prime p,
ord,(N) is odd if p is inert in K, and x([p]) = a, if p is ramified in K.
Then S has even cardinality.

It follows that the sign of the functional equation of the Rankin L-series L(s, ¢, x)
is +1. Let B be the quaternion algebra over () ramified exactly at places in S. Note
that condition (ii) implies that there exists an embedding of K into B, which we fix
once and for all. Let R C B be an order of discriminant N with RN K =0,. Such an
order exists and is umque up to con]ugatlon by K. Here, for an abelian group M,
we define M = M ®7 Z, where Z = ]_[ Z, with p running over all prlmes By the
reduction theory of definite quadra‘uc forrns the coset X := B* \BX / R* is finite,
say of order n. Let g1,..., g, in B* represent the distinct classes [g1], ..., [gn]-
Foreachi=1,...,n,letI'; =(B*NgR R* ’1)/{j:1} Then I'; is a ﬁmte group,
and we denote its order by w;. Let Z[X] denote the free Z-module of formal sums
Z?:l a;lg:] with a; € Z, and define a height pairing on Z[ X] by

<Z ai(gil, Zbi [8i]> = Xn:aibiwi’
i=1

which is positive definite on R[X] := Z[X] ®z R and has a natural Hermitian
extension to C[X] := Z[X] ®z C. Define the degree of a vector ) a;[g;] € Z[X]
tobe Y a; and let Z[X 1° denote the degree-0 submodule of Z[X]. Then Z[X] and
Z[X]° are endowed with actions of Hecke operators Ty, Sp, p 1 N, which are linear
and defined as follows: For any prime p{ N, B ; /R ; = GL2(Q)/ GLy(Z)) can
be identified with the set of Z,-lattices in a 2-dimensional vector space over Q,,.
Then, for any g = (g,) € BX,

Sp(Le]) =18"sp(gp)] and T,([g]) =Y [gPh)]

hp

where g(?) is the p-off part of g, namely g = (g"’) with g{”’ = g, forall v # p
and g(p )= 1;if gp corresponds to lattice A, then s, (g)) is the coset corresponding to
the homothetic lattice pA; and &, runs over p+1 lattices A’ C A with[A: A']=p
There is a unique line V; C C[X 1© where T, acts as a, and S, acts trivially for all
p 1 N. Recall that the fixed embedding of K into B induces a map

Pic(0,) = K*\K*/0X — X = B*\B*/R*, t+—> x,,
using which we define an element in C[X],

Pyi=Y x"'(0x,

and let Pf be its projection to the line V. The following explicit height formula
for Pf , which was proved by Gross [1987] in some cases, is a special case of the



Explicit Gross—Zagier and Waldspurger formulae 2527

explicit Waldspurger formulas in Theorems 1.8 and 1.10 (with Proposition 3.8).

Theorem 1.2. Let (¢, x) be as above satisfying the conditions (i) and (ii). Then we
have

>—H(N.D) 872 (, PIro(n)

u?\/|Dc?|

where (N, D) and u are as in Theorem 1.1. Let f =), f(g)w; [gl ] be any
nonzero vector on the line Vy, and let P)?(f) = ZZEPIC(@C) f@)x (). Then the above
formula can be rewritten as

L(1,¢,x) = Py, PY),

Suv.py ST@ Py 1P (DI

u?\/|Dc?| (f f)

Notation for first two sections. We denote by F' the base number field of degree
d=[F:Q]over Q and O =0 its ring of integers with different 3. Let A= Fp be the
adele ring of F and Ay its finite part. For any Z-module M, we let M=M ®ZZ and
7= I1 » Zp. For example, F=A r. Let|-]a : A¥ — RZ denote the standard adelic
absolute Value, so that d(ab) = |a|a db for any Haar measure db on A. Let |- |,
denote the absolute value on F,* for each place v of F, with |x|ay =[], |xy], for
any x = (x,) € A*. For any nonzero fractional ideal b of F, let ||b|| denote the
norm of b. For any x € A , we also wrlte |lx|| for ||b.]|, where b, is the ideal
corresponding to x, so that ||x I = |x| a > and for any nonzero fractional ideal b we
also write |b|a for |xp|a for any x; € A whose corresponding ideal is b, so that
|bla = ||b||~". For a finite place v, sometlmes we also denote by v its corresponding
prime ideal and write g, = #0/v. For a fractional ideal b of F, we write |b|, = |xp|y
for x;, € F, with x,0, = b0,, denote by ord, (b) the additive valuation of b at v
such that ord,(v) = 1, and write v||b if ord,(b) = 1. We denote by oo the set of
infinite places of F'. Denote by L(s, 1) the complete L-series for the trivial Hecke
character 1z on A*, so that L(s, 1) = 'r(s)" T'c(s)2¢r(s), where r| and r, are
the number of real and complex places of F, {r(s) is the usual Dedekind zeta
function of F, Tr(s) = 7 ~*/?T'(s/2), and I'c(s) = 2(27)*T'(s). For each place v
of F,let L(s, 1,) denote the local Euler factor of L(s, 1) at v. Let D denote the
absolute discriminant of F, and § C O the different of F, so that ||§|| = |DF]|.

In the first two sections, we let K be a quadratic extension over F', D= Dg,r CO
be the relative discriminant of K over F, and Dg be the absolute discriminant of K.
Let K® be the maximal abelian extension over K and o : K ~/K* — Gal(K b /K)
be the Artin reciprocity map in class field theory. For any nonzero ideal b of O,
let O, = O+ bOg be the unique O-order of K satisfying [Ok : O] = #0/b, and we
call b its conductor. For any finite place v of F, 0, = 0 ®¢ 0, only depends on
ord, b. Thus, for a fractional ideal » and a finite place v of F, 0} , makes sense if

L(,¢,x)=
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ord, b > 0. Let Picg/r(0p) = I/(\X/KX ﬁx@\;. Then there is an exact sequence
PlC(@F) — PlC(@b) —> PiCK/F(@b) — 0.

Let «; be the kernel of the first map, which has order 1 or 2 if F is totally real
and K is a totally imaginary quadratic extension over F' (see [Washington 1997,
Theorem 10.3]).

For any algebraic group G over F, let Ga = G(A) be the group of adelic points
on G. For a finite set S of places of F,let Gg = ]_[ves G (F,) (resp. G(AS) =G(A)®)
be the S-part of G4 (resp. the S-off part of G ) viewed as a subgroup of G 4 naturally
so that the S-off components (resp. S-components) are constant 1. More generally,
for a subgroup U of G of the form U = Uz U7 for some set T of places disjoint
with S, where Ur C [ [,y G(F,) and Ul = ]_[v¢T U, with U, a subgroup of G (F}),
we may define U'S), Us, and view them as subgroups of U similarly. For any ideal
b of 0, we also write U®) for U®») and U, for Us,, where S}, is the set of places
dividing b. Let Uy(N) and U;(N) denote subgroups of GL2(6) defined by

Up(N) = {(‘C’ fl) € GL,(0)

ceN@},

Uy (N) = {(i Z) € Uy(N) ’dz 1 mod N@}.

When F is a totally real field and o is an automorphic cuspidal representation of
level N such that o, is a discrete series for all v|oo, for an automorphic form ¢
of level Uj(N) we let (¢, @)y, () denote the Petersson norm defined using the
invariant measure dx dy/y? on the upper half-plane.

1B. The explicit Gross—Zagier formula. Let F be a totally real number field of
degree d, A = A the adele ring of F, and A its finite part. Let B be an incoherent
quaternion algebra over A, totally definite at infinity. For each open compact
subgroup U of B = (B ®a A ), let Xy be the Shimura curve over F associated
to U and &y € Pic(Xy)g the normalized Hodge class on X, that is, the unique
line bundle which has degree one on each geometrically connected component and
is parallel to
wx,/F+ Z (1 —e;l)x.
xeXy(F)

Here wy, r is the canonical bundle of Xy and e, is the ramification index of x in
the complex uniformization of Xy, i.e., for a cusp x, e, = 00, so that 1 — e;l =1,
for a noncusp x, e, is the ramification index of any preimage of x in the map
Xy — Xy for any sufficiently small open compact subgroup U’ of U such that
each geometrically connected component of Xy is a free quotient of # under the
complex uniformization. For any two open compact subgroups U; C U, of B,
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there is a natural surjective morphism Xy, — Xy,. Let X be the projective limit of
the system (X¢ )y, which is endowed with the Hecke action of B* where B, acts
trivially. Note that each X is the quotient of X by the action of U.

Let A be a simple abelian variety over F parametrized by X in the sense that there
is a nonconstant morphism Xy — A over F for some U. Then, by Eichler—Shimura
theory, A is of strict GL(2)-type in the sense that M := End’(A) = End(A) @7 Q
is a field and Lie(A) is a free module of rank one over M ®q F by the induced
action. Let

TA= Homg(X, A) = li_n)lHomgU (Xy, A),
U

where HomgU (Xy, A) denotes the morphisms in Hom(Xy, A) ®z Q using &y
as a base point: if £y is represented by a divisor ) ; a;x; on X v.F» then for
S € Homp(Xy, A) ®7z Q,

femae) aif()=0in A(F)g = A(F)®z0.

1

For each open compact subgroup U of B;, let Jy denote the Jacobian of X . Then

4 =Hom’(J, A) := lim Hom’(Jy, A),
U

where Hom"(Jy, A) = Homp(Jy, A) ®7 Q. The action of B* on X induces a
natural B*-module structure on 774 so that Endgx (7r4) = M and there is a decompo-
sition w4 = @), v, Where 74 ,, are absolutely irreducible representations of B
over M. Using the Jacquet-Langlands correspondence, one can define the complete
L-series of 74,

L(s,ma) =] [ L(s,ma0) € M ®aC,
v

as an entire function of s € C. Let L(s, A, M) denote the L-series of the £-adic
Galois representation with coefficients in M ®g Q, associated to A (without local
Euler factors at infinity); then L, (s, A, M) = L(s — 3, 7,) for all finite places v
of F. Let AV denote the dual abelian variety of A. There is a perfect B*-invariant
pairing

TAXTpay —> M

given by
(fi. f) =Vol(Xv) ' (fruo £y).  fiv €eHom(Jy, A), fou € Hom(Jy, AY),

where f2YU : A — Jy is the dual of f> y composed with the canonical isomorphism
Jyj =~ Jy. Here Vol(Xy) is defined by a fixed invariant measure on the upper
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half-plane. It follows that w4v is dual to 4 as representations of B* over M. For
any fixed open compact subgroup U of B, define the U-pairing on 4 X w4 by

(f1, v =Vol(Xv)(f1, f2), fi€ma, f2E€mav,

which is independent of the choice of measure defining Vol(Xy ). If A is an elliptic
curve and we identify AY with A canonically then, for any morphism f : Xy — A,
we have (f, f)y = deg f, the degree of the finite morphism f.

Let K be a totally imaginary quadratic extension over F' with associated quadratic
character 7 on A*. Let L be a finite extension of M and x : K*\K; — L* an
L-valued Hecke character of finite order. Let L(s, A, x) be the L-series (without
Euler factors at infinity) of the £-adic Galois representations associated to A tensored
with the induced representation of y from Gal(K /K) to Gal(Q /Q). Assume that

wa - Xlax =1,
where w4 1s the central character of 74 on A; and that, for each finite place v of F,

E(”A,m Xv) = XoMw(—=1)e(B,),

where €(B,) =1 if B, is split and is —1 otherwise, and € (14 4, xv) = e(% TA v, Xv)
is the local root number of L(s, w4, x). It follows that the global root number of
the L-series L(s, 4, x) is —1 and there is an embedding of K into B over A. We
fix such an embedding once for all and then view K3 as a subgroup of B*.

Let N be the conductor of 7', D the relative discriminant of K over F, and
¢ C O the ideal that is maximal such that y is trivial on [ ], O [T, (1 +c0Ok,).
Define the set of places v of F dividing N,

%1 :={v|N nonsplit in K | ord,(c) < ord,(N)}.

Let ¢ = nplc-,p¢21 pordpc be the X-off part of ¢, N| the X;-off part of N, and
N, =N/Nj.

Let v be a place of F and @, a uniformizer of F,. Then there exists an O,-order
R, of B, with discriminant NO, such that R, N K, = O, ,,. Such an order R, is
called admissible for (7T,.x,) if it also satisfies the conditions (1) and (2) that follow.
Note that up to K, -conjugate there is a unique such order when v { (¢1, N), and
that B must be split at places v|(c;, N) by Lemma 3.1.

(1) If v|(cy, N), then R, is the intersection of two maximal orders R, R, of B,
such that R, N K, =0, , and
R'AK. — ©c/N,v if ord,(c/N) =0,
v Y Ok v otherwise.

Note that, for v|(c1, N), there is a unique order up to K -conjugate satisfying
condition (1), unless ord,(c;) < ord,(N). In the case O < ord,(c;) < ord,(N),
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v must split in K by the definition of X; and there are exactly two K -conjugacy
classes of orders satisfying condition (1), which are conjugate to each other by a
normalizer of K, in B, . Fix an F,-algebra isomorphism K, = Fv2 and identify B,
with Endfg, (K,). Then the two classes contain, respectively, orders R; , = R/ ﬂRl”v,
i =1,2asin (1) such that R}  =Endo(0.),i=1,2, R = End@v((w,f_‘, 1)Ok,)
and Ry | = Endg, ((1, @) ~)0k,).

(2) If 0 < ordy(cy) < ord,(N), then R, is K ‘-conjugate to some R; , such that
xi has conductor ord, (c), where x;, i =1, 2, is defined by xi(a) = xy(a, 1)
and x2(b) = xu(1, D).

Definition 1.3. An O-order % of B r is called admissible for (7, x) if, for every
finite place v of F', R, :=R®g0, is admissible for (7, Xv) Note that an admissible
order R for (7, x) is of discriminant N O such that RN K = @cl

Let & be an O-order of B ; with discriminant N such that RN K ; =6c1 and that
Ry =R R0, is admissible for (7, x,) at all places v. Note that &, is unique up
to K, -conjugate for any v { (i, N).

Let U =%* and UM := > NB}™). For any finite place v|N;, B, must be
split (by Lemma 3.1(5)). Let Z = A; denote the center of B. The group U™
has a decomposition UN?) = U’ - (ZNUN), where U’ = anNzoo U is so that,
for any finite place v{ Np, U, = U, if vt N and U, = U;(N), otherwise. View @
as a character on Z. We may define a character on U ™2 that is @ on Z N U™
and trivial on U’. This character is also denoted by w.

Definition 1.4. Let V (7, x) denote the space of forms f € w4 ®) L which are
w-eigenforms under UM and x, !-eigenforms under K¢ for all places v € %;.
The space V (i, x) is actually a one-dimensional L-space (see Proposition 3.7).

Consider the Hecke action of K5 C B* on X. Let X K* be the F-subscheme of X
of fixed points of X under K*. The theory of complex multiplication asserts that
every point in X X” (F) is defined over K and that the Galois action is given by the
Hecke action under the reciprocity law. Fix a point P € XX and let f € V (x, x)
be a nonzero vector. Define a Heegner cycle associated to (77, x) by

PY(f)= Y. [f(P)"x(t) € AKK®)g®uL,

IGPiCK/F(@Cl)

where Pick,/r(0¢) = I/(\X/Kxfx’@\j] and t +— oy is the reciprocity law map in
class field theory. The Néron—Tate height pairing over K gives a Q-linear map
()k :AK)g®u AY(K)g — R. Let (, )k m: A(K)o ®u AY(K)g — M ®a R
be the unique M-bilinear pairing such that (, )¢ = tryyer/r(, )k,m. The pairing
(, )x.m induces an L-linear Néron—Tate pairing over K,

(kL (AK)g®u L) ®L (AY(K)g®u L) — L®gR.
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The B*-invariant M-linear pairing (, )y : w4 X m4v — M induces a B*-invariant
L-linear pairing

(v :(@a®u L) x (mav@u L) —> L.

The Hilbert newform ¢ in the Jacquet—Langlands correspondence o of w4 on
GL,(A) is the form satisfying these conditions:

e ¢ is of level U;(N).

» For each v[oo, the action of SO,(R) C GL2(F,) on ¢ is given by o (kg)¢ =
"¢, where kg = ( cosd Sme) € SO, (R).

—sinf cosf
o Let d*a be the Tamagawa measure so that Res;—; fl lal*~'d*a =

Res;—1 L(s, 1f); then

al<l,ae F*\AX*

Lis,m)=2"180,7"- Z(s,¢) with Z(s, ¢) =f ¢(“))laly ' d*a,
FX\AX
where § is the different of F.

Note that ¢(g)d_>(g) is a function on

GL2(F)+\GLa(Foo) 1 X GLa(A )/ Z(A) - (U,00 X Up(N))
2 GLy(F) \%? x GLy(Ay)/ Up(N)A.

We define the Petersson norm (¢, ¢)y,v) by the integration of ¢¢ with measure
dx dy/y? on each upper half-plane. One main result of this paper is the following:

Theorem 1.5 (explicit Gross—Zagier formula). Let F be a totally real field of
degree d. Let A be an abelian variety over F parametrized by a Shimura curve X
over F and ¢ the Hilbert holomorphic newform of parallel weight 2 on GL,(A)
associated to A. Let K be a totally imaginary quadratic extension over F with
relative discriminant D and discriminant Dg. Let x : K3 /K* — L* be a finite
Hecke character of conductor ¢ over some finite extension L of M := End°(A).
Assume that:

(1) wa - xlax =1, where wy is the central character of wy;
(2) for any place v of F, 6(j'l'A,v, Xv) = xunu(=De(B,).
For any nonzero forms fy € V(mwa, x) and f> € V(wav, X_l), we have an equality

in L®gC,

Sy, BT @ Puyn PR P )

u? 1Dk 7] (f1, f2)ax ’

L'®(1,A, x) =
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where
Y= {v|[(N, Dc) | if v||N then ord,(c/N) > 0},

Yp:={v|(N, D) | ordy(c) < ord,(N)},

the ideal c||c is the X1-off part of ¢ as before, uy = #k,, - [@Zfl : 0%] and k., is
the kernel of the morphism from Pic(0) to Pic(O.,), which has order 1 or 2, and
(@, P)uy(n) is the Petersson norm with respect to the measure dx dy/ y? on the
upper half-plane.

Remark. The assumption wa|ax - x = 1 implies L(s, A, x) = L(s, A", xh.
Let ¢ be the Hilbert newform associated to AY. Then (¢, ¢")yyv) = (@, @) Uy(N)-

We may state the above theorem in simpler way under some assumptions. First
assume that w, is unramified and, if v € £, then v { c.

Given this, ¢; = ¢. Fix an infinite place t of F and let B be the nearby quaternion
algebra whose ramification set is obtained from that of B by removing t. Then
there is an F-embedding of K into B which we fix once and for all and view K*
as an F-subtorus of B*. Let R be an admissible O-order of B for (i, x), by which
we mean that R is an admissible O-order of B bp = §Af0r (m, x). Note that R is of
discriminant N and that RNK =0,. Let U = R* C B* and let X be the Shimura
curve of level U, so that it has complex uniformization

Xy, (C) = BX\% x B*/U U{cusps},

where B is the subgroup of elements x € B* with totally positive norms. Let
u = #, - [0 : 0%]. By Proposition 3.8, we have that V (4, x) C (T4 ®u LR

Special case 1. Further assume that (N, Dc) = 1. Then there is a nonconstant
morphism f : Xy — A mapping a Hodge class on Xy to the torsion of A and, for
any two such morphisms f1, f>: Xy — A, ny fi = ny f> for some nonzero integers
ni, ny. Let ko be the unique fixed point of K* and let P = [hg, 1] € Xy. Replace
x by x~!; there is a nonconstant morphism Xy — A" with similar uniqueness.
For any such fi : Xy — A and f>: Xy — A", let (f1, f») = fio f,’. Then we
have an equality in L ®q C,

B, Phuyy (PLUD: Pli(f))k.L
| Dicllle?l] (f1, fu

L'(1,A, x)=

Special case 2. Further assume that wy, is trivial — or, more generally, that w4 (@)
is in Aut(A)? ¢ M*2 for all places v dividing (N, D) but not ¢, where @, is a
uniformizer of F,. For each place v that divides (N, D) but not ¢, K normal-
izes R, (see Lemma 3.4) and a uniformizer wg, of K, induces an automorphism
Twy, : Xu — Xy over F. Note that x,(wg,) € Aut(A) C M™. There exists a
nonconstant morphism f : Xy — A mapping a Hodge class to the torsion point



2534 Li Cai, Jie Shu and Ye Tian

such that T, f = x ! (wk,) f for each place v dividing (N, D) but not c. Such
an f has the same uniqueness property as in special case 1. Then, for any such
fi: Xy —> Aand f,: Xy — AV, we have an equality in L ®q C,

Jizy BT @ By (P U0 Pk
u? - /| Dg |12 (f1. f2u ’

where ¥ is now the set of places v|(cD, N) of F such that, if v||N, then v { D.

L'®1, A, x) =

Example. Let ¢ € S(I'g(N)) be a newform. Let K be an imaginary quadratic
field of discriminant D and x a primitive character of Pic(0.). Assume that (¢, x)
satisfies the Heegner conditions (1)—(2) in Theorem 1.1; then, by Lemma 3.1(1)
and (3), €(¢, x) = —1 and B = M>(Q). The Heegner conditions also imply that
there exist a, b € Z with (N, a, b) = 1 such that a> —4Nb = Dc?. Fix an embedding
of K into B by

) (Dc* +a)/2 —1
(Dc”++vV Dc?))2 —> ( Nb (Dcz—a)/2) )

Then R := {(f z) € My(Z) ‘ N|c} is an order of B such that RN K = O.. Let A be
an abelian variety associated to ¢ via Eichler—Shimura theory and f : Xo(N) — A
any nonconstant morphism mapping cusp co to O € A. Then f € V (w4, x). Let
z € ¥ be the point fixed by K*; then Nbz> —az+1=0,0, =7+ Zz" !, and
n!'=7Z+7ZN-1z71 sothat 0./n=7Z/NZ. The point on Xo(N) corresponding to z
via complex uniformization represents the isogeny C/(Z+Zz) — C/(N~'Z + Zz),
or C/0. — C/n~!. Thus Theorem 1.1 now follows from Theorem 1.5.

For various arithmetic applications, we may need explicit formulas for different
test vectors, which we now give. Let v be a finite place of F, fix (, ), a B} -invariant
pairing on 4 , X wav,, and a Haar measure dt, on F\K . For any f{’v €A ys
fr € avy With (f] |, f3 )y #0, let

Xo(ty) dty.

<TL’A v(tv)f/ 7f/ >U
0/’/=0/’/’dv=/ : Ly =
Pl Lo=Fie hed) = | s

For any two nonzero pure tensor forms f' =@, f,, " =@, f,/ € m, we say that
f’and f” differ at a place v if f, and f,’ are not parallel, and that they coincide
otherwise. This is independent of the decompositions. In particular, if two nonzero
pure tensor forms coincide locally everywhere then they are the same up to a scalar.

Theorem 1.6 (variation of the Gross—Zagier formula). Let (A, x), f1 € V(7a, x)
and f> € V(mav, x ) be as in Theorem 1.5. Let S be a finite set of finite places
of F, f{ € ma, f; € mav be vectors such that f and f; coincide for any v ¢ S,



Explicit Gross—Zagier and Waldspurger formulae 2535

i=1,2,and (f{,, f,)v #0and ,Bo(fl”v, f3.,) # 0 for any v € S. Define

#Pic(0,,) P () d,

PO !/ — A 1 .
X(fl) VOI(KXFX\KXadt) KXI?X\KX

and define P)?_, (f3) similarly. Then, with notations as in Theorem 1.5, we have

L'®1, A, x)
_yrm, BT @ Dy PO B D o e S
u/IDk I3 fls F)an s BOS e £30)

which is independent of the choice of Haar measure dt, for v € S.

Example. Let A be the elliptic curve X((36) with the cusp oo as the identity point
and let K = Q(+/=3). Let p =2 mod 9 be a prime; then the field L' = K(Yp) is
contained in H3,,. Let x :Gal(L'/K) — K * be the character mapping o to (Q/ﬁ)"_l.
Fix the embedding K — M,(Q) mapping w := (—1++/=3)/2 to (6_/}7 _’6/6).
For f/ =id : X¢(36) — A, let P € X((36) be the point corresponding to

—pw/6 € 3. The Heegner divisor P)(f") is

Pf(f/)=$ Z F(PYT x(0).

1€Pic(0g))

One can show that P)(() (f") is nontrivial (see [Satgé 1987; Dasgupta and Voight
2009; Cai et al. 2014]) and then it follows that the prime p is the sum of two rational
cubes. By the variation formula, one can easily obtain the height formula of P)(()( N
let ¢ € S,(I'9(36)) be the newform associated to A, and note that #%p =1, u; =1
and c¢; = p in the variation

872 - (¢, BIry(36)

Vg

In fact, U = R* in Theorem 1.5 is given by

%:K&%?e%@)

L'(1,A, x)=9-

(P, Py (f N k-

a,b,c,de/Z\, p_1b+pc, a+pc—d€6/Z\}

and f € V(ma, x)is a Xv_l—eigenform for v =2, 3. Then

Vol(Xy) 2

(f,f)=m=§.

The ratio B(f,, £,)/B°(f., 1) equals 1 at v =2, and 4 at v = 3.
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1C. The explicit Waldspurger formula. Let F be a general base number field.
Let B be a quaternion algebra over F' and 7 a cuspidal automorphic representation
of By with central character w. Let K be a quadratic field extension of F and 7 the
quadratic Hecke character on F*\A* associated to the quadratic extension. Let x be
a Hecke character on K ;. Write L(s, 7, x) for the Rankin L-series L(s, 7' x 1),
where 7' is the Jacquet-Langlands correspondence of 77 on GLy(A) and 7, is the
automorphic representation of GL;,(A) corresponding to the theta series of x, so
that L(s, w,) = L(s, x). Assume that

- xlax =1

Then, for any place v of F, the local root number e(%, Ty, Xu) of the Rankin
L-series is independent of the choice of additive character. We also assume that,
for all places v of F,

6(%’ Ty, Xv) = XoMv(—1)€(By),

where €(B,) = —1 if B, is division and 41 otherwise. It follows that the global
root number e(%, 7T, X) equals +1 and there exists an F-embedding of K into B.
We fix such an embedding once and for all and view K™ as an F-subtorus of B*.

Let N be the conductor of 7'%, D the relative discriminant of K over F, ¢ C O
the ideal maximal such that y is trivial on [ ], Og, [],.(1 +cOk »). Define the
following set of places v of F dividing N:

%1 ;= {v|N nonsplit in K | ord,(c) < ord,(N)},

Let ¢ = nplc,p¢21 pordpc be the X-off part of ¢, Ny the X;-off part of N, and
N, = N/N; the Xi-part of N.

Let R be an admissible O-order of B for (i, x) in the sense that R, is admissible
for (my, xy) for every finite place v of F. It follows that R is an O-order with
discriminant N such that RN K =0,.

Let U =[], U, C B, be a compact subgroup such that, for any finite place v,
U, = R, and that, for any infinite place v of F, U, is a maximal compact subgroup
of B such that U, N K¢ is the maximal compact subgroup of K. For any finite
place v|Nj, B, must be split. Let Z = A% denote the center of B*. The group
U2 has a decomposition U2 = U’ (ZNU™>)), where U = [ 4n,00 Uy
is such that, for any finite place v{ N», U, = U, if v{ N and U, = U, (N), otherwise.
View w as a character on Z and we may define a character on U (2> that is w on
Z N U and trivial on U’; we also denote this character by w.

Definition 1.7. Let V (7, x) denote the space of forms f = @), f, € 7 such that f
is an w-eigenform under U ™2°); for all places v € £, f is a x, !-eigenform under
K ; and, for any infinite place v, f is a x, !-eigenform under U, N K with weight
minimal. The space V (i, x) is actually one-dimensional (see Proposition 3.7).
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Let r, s, t be integers such that B g R =H" x M>(R)* x M»(C)’, and let Xy
denote the U-level real manifold

Xy = BI\(%5 x 93) x B/ U,

which has finitely many connected components, where #,, #3 are the usual hyper-
bolic spaces of dimension two and three, respectively. Define the volume of Xy,
denoted by Vol(X ), as follows:

o If s +¢ > 0, then Xy is the disjoint union of manifolds of dimension 2s + 3¢,

Xy = BI\(9 x 95) x B* /U = || Ti\(965 x 95,
i
for some discrete subgroup I'; C B N[, 0. 5, not division (Bv) > then define
the volume of X with the measure dx dy/(4wy?) on %, and the measure
dxdy a’v/nzv3 on #(3. Here the notation #(3 is the same as in [Vignéras 1980].

o If s+1 =0, then F is totally real and B is totally definite. For any open compact
subgroup U of B>, the double coset BX\BX/U is finite; let 812 8n € B>
be a complete set of representatives for the coset. Let 7 = F*NU; then, for
any g € B*, B*N gUg ™'/ is a finite set. Define the volume of Xy to be

the mass of U:
n

Vol(Xy) = Mass(U) Z !
Uu)= = — .
—H#B NgUg )/ 1z

For any automorphic forms f; € 7 and f, € 7, (f1, f2)pet is the Petersson pairing
of f1, f», defined by

o= [ file (e d
B*AX\BY

where dg is the Tamagawa measure on F*\B*, so that B*A*\B, has total

volume 2. For any f; € V(x, x) and f, € V(7, x~ 1), one may define the U-level

pairing as

(fi, f2)u = 3{f1. fo)per - VOI(Xp).

For any f € V(m, x), define the c;-level period of f € V (i, x) as follows: let
K3/ F be the closure of K2 /FZ in the compact group K 5 /A* K* and endow
K3/ Fs with the Haar measure dh of total volume one; then, let

PANH= )Y, foxo. ffo= / f@h)x () dh.
1€Pick /r (O,,) Keo/Fos
The function f 0 X (t) on KX KA is constant on K3 5, SO can be viewed as a function
on Picg/r(O¢,) = K /K> F* @X Note that, when F is totally real and all infinite
places v of F are inertin K, f 0L =f.
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Notations. Let b be an integral ideal of F'; we define the relative regulator Rj to
be the quotient of the regulator of O, by the regulator of 0* and wj;, = #@b ror/ #Oror-
Denote by «; the kernel of the natural homomorphism from Pic(0) to Pic(0p).
Define vy, = 27"k/F Rb_1 -#Kp - wp, where rg/p =rank @}; —rank 0*. For example,
if F is a totally real field of degree d and K is a totally imaginary quadratic field
extension over F, then v, =219 . #,, - [@;< : 0], where x5, C k1 and #x; =1 or 2
[Washington 1997, Theorem 10.3].

For an infinite place v of F, let U, denote the maximal compact subgroup
of GLy(Fy), which is O, if v is real and U, if v is complex, and let Uy, C U,
denote its subgroup of diagonal matrices (“ 1) for a € F) with |a|, = 1. For
a generic (g, U,)-module o, and a nontrivial additive character i, of F), let
W(oy, ¥y) be the 1,-Whittaker model of o,. There is an invariant bilinear pairing
on W(oy, ¥y) x W(0,, w_1)7

(G ()

with the measure d*a = L(1, 1,) da/|a|,, where da equals [ F), : R] times the usual
Lebesgue measure on F,. Let Wy € W(oy, ) be the vector invariant under Uy ,,
with minimal weight such that

L(s, w,) = Z(s, Wy), where Z(s, W) ::/ ng[(a 1>]|a|f,—‘/2dxa
F)

with d *a the Tamagawa measure. Similarly, define W/o for o,,. Then Q,,:= (Wo,ﬁfo)v
is an invariant of o, which is independent of the choice of ¥, (see an explicit formula
for €25, before Lemma 3.14 ). We associate to (o, x,) a constant by

271 Q;U] if K, is nonsplit,

T (1-1)
Qo,0x1.0 * $20, if K, is split,

C(oy, xv) = {
where for split K, = F, 2, embedded into M, (F,) diagonally, the character yx; is
given by x1.,(a) := Xv[( 1)] If v is a real place of F and o, is a discrete series
of weight k, then C(o,, x,) = 4~ '7**1T'(k)~! when K, = C, and C(0,, x,) = 1
when K, = R2.

Let o be the Jacquet-Langlands correspondence of 7 to GL,(A); the normalized
new vector ¢0 ), ¢» € o is the one fixed by U; (N) and ¢, is fixed by U; ,, with
weight minimal for all v|oo such that

L(s,0) =181 "*Z(s, "), where Z(s,¢") :=/ ¢° ( )| n *d*a
FX\AX
with the Tamagawa measure on A*, so that

Res,_; / la|* ' d*a =Ress—; L(s, 15).
la|<1l,ae F>*\AX



Explicit Gross—Zagier and Waldspurger formulae 2539

When F is a totally real field and o a cuspidal automorphic representation such
that o, is a discrete series for any infinite place v, the normalized new vector ¢° is
not parallel to the Hilbert newform ¢: they are different at infinity. If o is unitary
and ¢° is the normalized new vector of o, then & = & and @ is the normalized
new vector of &. We will see that (¢, #)y,v) = 27)4 (B0, o) vy

Theorem 1.8 (explicit Waldspurger formula). Let F' be a number field. Let B be a
quaternion algebra over F and w an irreducible cuspidal automorphic represen-
tation of By with central character w. Let K be a quadratic field extension of F
and y a Hecke character of K ;. Assume that:

D) w-xlax=1;

) e(% Ty, Xv) = xuw(—1)e(By) for all places v of F.

Then, for any nonzero forms f, € V(r, x) and f> € V(7, x '), we have
(d)?ad)g)Uo(N) P)?(fl)P)?fl(fZ)

T2 ViDgllel? (s R

where qb? e 't and ¢(2) e T are normalized new vectors, ¥ is the set of places

v|(cD, N)oo of F such that if v||N then ord,(c/N) > 0, and if v|oo then K, = C.

The constant Coo = [ [,
C,= C(rrgL, Xv) s given in (1-1).

L(Z‘) — 2—#ZD+2 .C

(3.7 x)

Cy, ci|c and Zp are the same as in Theorem 1.5, and

For many applications, we need an explicit form of the Waldspurger formula for
different test vectors. The following variation of the formula is useful. For each place
v of F, fix a B -invariant pairing (, ), on 1, X 7,. Here, if v|oco, we mean it is the
restriction of a B,‘-invariant pairing on the corresponding smooth representations.
For any f] € my, f;, € 7y with (f] , f3 ,)v # O, define ,BO(fl”v, f3.,) as in
Theorem 1.6.

Theorem 1.9 (variation of the Waldspurger formula). Let (, x) and f; € V(r, x),
f € V@, x~Y) be as in Theorem 1.8. Let S be a finite set of places of F, f] € ,
f, € T be pure vectors which coincide with fi, f, respectively outside S such that
(flo» Fo oo #0and BO(f] . f3,) # O forall v € S. Here B is similarly defined
as in Theorem 1.6. Define

#PiCK/F(GCl)

0y 71\ . 1
PX (fl) N VOI(KXAX\KX, dt) KXAX\KKJC (Z)X(t) dt’

and define P)?_, (f3) similarly. Then, in the notation of Theorem 1.8, we have

i (B PXUDPAD) B f)

L(Z)(%,f[’ X) oo 2 P / I\ 0 / / ’
v2VIDglletl s e g B Uy f2)




2540 Li Cai, Jie Shu and Ye Tian

Example. Let ¢ =) a,q" € S2(T'o(N)) be a newform of weight 2 and p a good
ordinary prime of ¢, K an imaginary quadratic field of discriminant D and x a char-
acter of Gal(H,./K) of conductor c that is prime to p. Assume that the conditions
()—(i1) in Theorem 1.2 are satisfied. Let B be the quaternion algebra, 7 the cuspidal
automorphic representation on By, and identify 7 with 7. Let f e 7% =V (1, x)
be a nonzero test vector as in Theorem 1.8. Define the p-stabilization of f by

i _ -1 (1

where « is the unit root of X% —a »X+p and B = p/a is another root. By the variation
of the Waldspurger formula and Theorem 1.2, one may easily obtain a formula for

O T . . . . . . . .
P/(f"), which is used to give the interpolation property of anticyclotomic p-adic
L-functions:

8ﬂ2(¢,¢)r0(1\7) |P)(()(f7)|2

L(1,¢, =2*M(N,D). . AT -e,,
. ¢.20 [0 : 712D (fT, [z« °r

where
_BWwW)  L@2.1y)
T gowt.wh | L(I, 7y, ad)
Here W is a new vector of the Whittaker model W (7, ¥,,) with ¥, (x) = e 2t
where ¢ : Q,/Z, — Q/Z is the natural embedding and Whi=w — a_lnp(l p)W
is its stabilization, where K ; = @;2 is embedded into GL,(Q,) as a diagonal
subgroup and x;(a) = x ().

Now we consider the situation that:

(A —aYa(p) T a =g ey

(1) F is atotally real field and K is a totally imaginary quadratic extension over F,
(2) for any place v|oo of F, nf)L is a unitary discrete series of weight 2,
(3) (¢, N)=1.

Let ¢ be the Hilbert newform as in Theorem 1.5 (which is different from the
one we chose in Theorem 1.8). We are going to give an explicit form of the
Waldspurger formula following [Gross 1988], which is quoted in many references.
Let X = BX\I/B\X/I/?\X and let g1,..., 8, € B* be a complete set of representa-
tives of X. Write [g] € X for the class of an element g € B*. For each gi, let
i=B*Ng; R gi_l)/GX, which is finite, and denote by w); its order. Let Z[ X] be
the free Z-module (of rank #X) of formal sums ) ; a;[g;]. There is a height pairing
on Z[X] x Z[ X] defined by

<Z ajlgil, Zbi[gi]> = Zaibiwi-

By Eichler’s norm theorem, the norm map

N:X — C., where X := BX\B*/R*, Cy := Fj:\fx//@\x,
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is surjective. For each ¢ € C4, let X, C X be the preimage of ¢ and Z[X.] be the
submodule of Z[X] supported on X.. Then Z[X] = @cea Z[X,.]. Let Z[X.]°
be the submodule of classes ) a;[g;] € Z[X ] with degree ) ; a; = 0, and let
ZIX]° = B.cc, Z1X.]° and C[X]° = Z[X]° ®z C. Note that V (z, x) C 7" by
Proposition 3.8, and then there is an injection

Vi, x) — CIXT% [ ) fahw; g,

so we can view V (r, x) as a line on C[X1°. It follows that (£, f) = (f, f)7x. The
fixed embedding K — B induces a map

Pic(C,) — X, t+— x;,

using which we define an element in C[X],
Poi= Y x'0x,
tePic(0,)

and let P77 be its projection to the line V(rr, x). Then the explicit formula in
Theorem 1.8 implies:

Theorem 1.10. Let (7, x) be as above with conditions (1)—(3). The height of P;(T
is given by the formula

_—#5p Bz - (@, Py '

uy/|Dk|licl?

L™ (3,7, x) (Pys Py,

where
3 ;= {v|(N, D)oolif v||N then v{ D}, Zp:={v|(N, D)},

u=*#k.-[0X:0"],and ¢ € 7'V is the Hilbert newform as in Theorem 1.5. For any
nonzero vector f € V(x, x), let P)?(f) = Ztepic(@r) f (@) x(t); then we have

_—#Ep @B (¢, vy . |P)(()(f)|2

uy/|Dkllicl? {f; 1)

Remark. When ¢ and N have a common factor, one can still formulate an explicit
formula in the spirit of Gross by defining a system of height pairings (, )y in the
same way as Theorem 1.8.

L™ (5.7, %)

As a byproduct, we obtain the following result about the relation between the
Petersson norm of a newform and a special value of the adjoint L-function:

Proposition 1.11. Let F be a totally real field and o a cuspidal unitary automorphic
representation of GL,(A) of conductor N such that, for any v|oco, o, is a discrete
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series of weight k,. Let ¢ be the Hilbert newform in o as in Theorem 1.5. Then
L®(1, 0, ad)
(@, D)uyn

where S is the set of finite places v of F with ord,(N) > 2 and ord,(N) > ord,(C),
C is the conductor of the central character of o, h is the ideal class number of F,

@ = [ |¢|2(/\y5v2dxvdyv), 2 = o+ W
Xuyav

v|oo

d—1 ky —2-1 -1
=27k NG R

and

Or, equivalently,

L(Soo) 1’ , d 4kv ky+1
L7, 0,ad) =%-||N8_2||_1 'ht;l'l_[”—'
(@, Do) oloo I'(ky)

Proof. This follows from Proposition 2.1, Lemma 2.2, and Proposition 3.11. Here
[Tunnell 1978, Proposition 3.4] is also used. O

Example. Assume that F = Q) and o is the cuspidal automorphic representation
associated to a cuspidal newform ¢ € S;(SL2(Z)). Then we have that

22k—17fk+1

Ll ovad) =2 @, sz L™ ovad) = —on—

(¢, P)sL,@)-

2. Reduction to local theory

We now explain how to obtain the explicit formulas in Theorems 1.5 and 1.8 from
the original Waldspurger formula and the general Gross—Zagier formula proved in
[Yuan et al. 2013]. We first consider the Waldspurger formula. Let B be a quaternion
algebra over a number field F and 7 a cuspidal automorphic representation on B,
with central character . Let K be a quadratic field extension over F and x be a
Hecke character on K Af. Assume that: (1) o - x|ax = 1; and (2) for any place v
of F, €(3, 7y, Xv) = xonu(—1)e(By). Define the Petersson pairing on 7 ® 7 by

s fo)pe = / Fi(8) f2(g) dg

BXAX\BY

with the Tamagawa measure, so that the volume of B*A*\ By is 2. Let P, denote
the period functional on

PX(f):/KXM\KXf(t)X(t)dt for all f € m.

Then Waldspurger’s period formula [Waldspurger 1985; Yuan et al. 2013, The-
orem 1.4] says that, for any pure tensors f| € 7w, f>» € & with (fi, f2)pet # O,
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P, (f)P,-1(f2) L(3.7 x)
<f1’f2>Pet B 2L(1’7Ts ad)L(z’ IF)_I

'H:B(fl,v’ f2.0), (2-1)

where L(1, &, ad) is defined using the Jacquet-Langlands lifting of 7. Here, for
any place v of F, let (, ), : m, x T, — C be a nontrivial invariant pairing; then

L(lv nl))L(lvnvaad) (n(tv)fl,v’ f2,U>U
L(3. 7o, xo) L2, 15) Jrz/rr (fios Foodo

where local Haar measures d't, are chosen so that (X), dt, = dt is the Haar measure
on K5 /A% in the definitions of P, and P, -1, and the volume of K\ Ky /A* with
respect to dt is 2L (1, ). Note that the Haar measure dr is different from the one
used in [Yuan et al. 2013, Theorem 1.4]. To obtain the explicit formula, we first
relate P, (f), L(1, 7, ad), and (f1, f2)pe to the corresponding objects with levels
in Theorem 1.8, and reduce to local computation.

For our purpose, it is more convenient to normalize local additive characters
and local Haar measures as follows. Take the additive character ¥ = ), ¥, on A
given by

ﬁ(fl,v, fa) = x (ty) dty,

e2mia if F, =R,
Yo(a) = { et iRe@ if F, =C,
Vp(trr/a, (@) if F, is a finite extension of Q,, for some prime p,

where ¥, (b) = e 2"“®) and « : Q,/Z, — Q/Z is the natural embedding. It
turns out that ¢ is a character on F\A. For any place v of F, let da, denote
the Haar measure on F, self-dual to v, and let d*a, denote the Haar measure
on F) defined by d*a, = L(1, 1,)da,/|a,|,. Let L be a separable quadratic
extension of F, or a quaternion algebra over F,, and ¢ the reduced norm on L;
then (L, ¢) is a quadratic space over F,. Fix the Haar measure dx on L to be the
one self-dual with respect to i, and ¢, in the sense that $(x) = ®(—x) for any
® € S(L), where a;(y) = fL @ (x)yr, ({x, ¥)) dx is the Fourier transform of ® and
(x,¥) =q(x+y)—q(x) —q(y) is the bilinear form on L associated to g. Fix the
Haar measure d*x on L* to be the one defined by

dx

L(1,1,)? if L=F2,
g ()] v
d*x={L(,1 L)—Iqéx)l if L is a quadratic field extension over F;,
v
L1, 1v)|?—x)|2 if L is a quaternion algebra.
q(x)i3

Endow L*/F, with the quotient Haar measure. Let K be a quadratic field extension
of F and B a quaternion algebra over F. For local Haar measures on K,/F, and
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B /F), their product Haar measures on K 5 /A and By /A satisfy
Vol(K*\Kx /A*)=2L(1,n) and Vol(B*\By/AX)=2.

Thus, these measures can be taken as the ones used in the above statement of
Waldspurger’s formula. From now on, we always use these measures and the
additive character ¢ on A.

2A. Petersson pairing formula. Let o be a cuspidal automorphic representation of
GL(A) and & its contragredient; let N be the unipotent subgroup N = {(' ¥) |x € F}
of GL,. View ¢ as a character on N(F)\N(A) and the Haar measure da on A
as the one on N(A). For any ¢ € o, let Wy, € W (o, ¥) be the Whittaker function
associated to ¢,

Wi (g) i= / 6 (ng)F ) dn.
N(F)\NA)

Recall there is a GL, (Fy)-pairing on Wy, y, X OW.(}'U’WU—] : for any local Whittaker
functions Wy, € W(oy, %), Waw € WGy, ¥y 1),

a a
(Wl,v, WZ,v)v =/ Wl,v ( 1) W2,v ( 1) d*a.
)

Define the Petersson pairing on o x & by

(D1, P2)pet 2=/ $1(g)p2(8)dg, ¢1€0, €0,

Z(A) GL2(F)\ GL2(A)
where Z = F* is the center of GL,.

Proposition 2.1. For any pure tensors ¢y € o, ¢y €, with Wy, =Q), Wi, i =1, 2,

(@1, $2)per = 2L(1, 0, ad) L2, 17) " [ [ ae(Wi 0, Wa). 2-2)

v
where, for any place v of F,

1
L(1,0y,ad)L(1, 1,)L(2, 1,)7!
Proof. We may assume that the cuspidal automorphic representation o is also
unitary and identify & with &. Let G = GL; over F, P the parabolic subgroup of

upper triangular matrices in G, and let U =[[, U, be a maximal compact subgroup
of G(A). For any place v of F, with respect to the Iwasawa decomposition of G (F;),

a(Wl,v, WZ,U) = . (Wl,v, WZ,v)-

g:a(l f) (1 b)keG(Fv), a,be F), x € Fy, keU,.

Choose the measure dk on U, such that dg = |b|dx d*a d*b dk is the fixed local
Haar measure on G(F,). For v nonarchimedean, U, has volume L(2, 1,)~"|8,|'/2
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with respect to dk and has volume L (2, 1,)" 118, | with respect to the fixed measure
on G(F,); for v archimedean, U, has volume L(2, 1,)~" with respect to dk.

By [Jacquet and Chen 2001, Lemma 2.3], for any Bruhat—Schwartz function
o, € S’(FUZ) we have

/ ([0, bIK) b2 d*b dk = B, (0),
F)xU,

where $v is the Fourier transformation of ®, and 61,(0) is independent of the
choice of the additive character . For any ® € & (A?), let

F(s,g, ®)= |detg|S/ o ([0, b]g)|b|2s d*b,
AX
and define the Eisenstein series
E(s.g.®):= »  F(s.y8.®). Re(s)>0.
yeP(F)\G(F)

By the Poisson summation formula,

E(s, g, ®) =|det g|° < > @(asg>>|a|2dea

FA N ee (o)

= |det g|° ( > <I><asg>)|a|”d*a

lalZ1 N g e F2\(0)

+|detgl”! / ( > 6<g—1sfa)>|a|2—2wa
lal=1

E€F2\{0}
+ |det g|*~'®(0) la|*~2d*a — |det g|° @(0) la|* d*a.

lal<1 laj<1

It follows that E(s, g, ®) has meromorphic continuation to the whole s-plane, has
possible poles only at s = 0 and 1, and its residue at s = 1 is equal to

Res,_; E(s, g, ©) = ®(0) lim (s — 1) ja|* "> d*a = 1®(0) Res,1 L(s, 15),
5= lal<1

which is independent of g. By unfolding the Eisenstein series and Fourier expansions
of ¢;,

Z(s, 1. 2, ®) i= f 61(2)$2()E(s. g, ®) dg

[Z\G]

_ / (det g|" Wi, (¢) W, (2) ([0, 11g) dg
NANGA)
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has an Euler product if ® € S(A?) is a pure tensor. For each place v of F and
o, € S(sz), denote

Z(s, Wi, Wa, Py) 2/ |detg[* Wi,0(8) W2,0(8) @, (10, 118) dg,
N(F)\G(F,)

which has meromorphic continuation to the whole s-plane; and moreover, for v { 0o,
the fractional ideal of C[g;, g, *] of all Z(s, Wy ,, W2 ., &) with Wy , e W(oy, ¥y),
W, €W (G, ¥, 1) and ®, € F(F2) is generated by L(s, o, x 5,). It is also known
([Jacquet and Chen 2001, p. 51]) that, for each v,

Z(lv Wl,vv W2,v» q)l))

=/ Wi (“ 1) Wao (a )d* f/ ([0, bIK) b2 d*b dk.
vX F x Uy

with the Haar measures chosen above. Let ® = ), ¢, € & (A?) be a pure tensor
such that ®(0) # 0 and take residue at s = 1 on the two sides of

Z(s, 1, ¢, @) =[ | Z(s, Wiy, Wap, ®)).
v

We have
(Wi .y, Way)
(1. ¢2)per Rese—1 E(s, g, ®) = Res,—i L(s, 0 xo)¢<®1‘[ﬁ
or
L(1,0,ad) l—IL(l ,op,ad)L(1, 1F)
@1, d2)per 2 (Wi, Wau)y
The formula in the proposition follows. U

2B. U-level pairing.
Lemma 2.2. Let B be a quaternion algebra over a number field F and denote by
r, s, t integers such that B @g R =H" x M>(R)* x M»(C)'. For U C B> an open
compact subgroup, the volume of Xy, defined after Definition 1.7, is given by
Vol(Uz)

VolU

where Uz = U N F* and the volumes Vol(Uz) and Vol U are with respect to
Tamagawa measure, so that

Vol(Xy) =2(4n) " “#(A}/F*Uyz) -

Vol(GL»(0,)) = L(2, 1,)~! Vol(0,)*,
Vol(B)) = L(2,1,) ' Vol(0,)*(qgy — D" for B, division.

In particular, if U contains 0% then— where hp is the class number of F —

Vol(Xy) =2(4n2) 4 Dp|7" % - hp - Vol(U) ™.
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Proof (see also [Yuan et al. 2013] for the case s =1 and t =0). Let g be the reduced
norm on B, and B! := {b € B* | ¢(b) = 1}. For each place v of F, we have the
exact sequence

1— B! — B — q(B)) — 1,

and define the Haar measure dh, on Bj so that the Haar measure on g(B,) —
obtained by the restriction of the Haar measure on F,* —equals the quotient of
the Haar measure on B by dh,. The product of these local measures give the
Tamagawa measure on B, so that Vol(B' \BA) = 1. This follows from the fact
that the Tamagawa numbers of B! and B* are 1 and 2, respectively. Assume that
B®gR=H" x M>(R)* x M»(C)". We assume that s +¢ > O first and let £ C 00
be the subset of infinite places of F' where B splits. By the strong approximation
theorem, B = B'BL U!, where U' = U N BAI‘ is an open compact subgroup
of BAf. It follows that

B"\B, =B"\B'BLU' = (I'\By,)BL>U",

where I' = B! N U, and we identify I'\ BL. with the fundamental domain of this
quotient.

For a real place v of F, B,} = SL»(R). By the Iwasawa decomposition, any
element is uniquely of the form

1 x\ (y'/? cosf siné
( 1)( y 12\ Zsino coso) xeR, yeRy, 0€]0,2m).

The measure on BU1 is dx dy d0/2y* with dx dy the usual Lebesgue measure, and 6
has volume 27. For a complex place v of F, Bl = SL,(C). By the Iwasawa
decomposition, any element in SL,(C) is uniquely of form

1 1/2
( i) (v v_l/z)u, z€C, veRy, ueSU,,

The measure on B, is dx dy dv du/v3 with z = x + yi, dx, dy, dv the usual
Lebesgue measure, and du has volume 872 (see [Vignéras 1980]). It follows that

dxdy dxdyd
Vol(r\Bg)zzf(4n2)s+2‘wl;1-Vol(r\(%;x%g), TN v)

4my? 723

where wy = #{Z1} N U. But also, for any infinite place v ¢ X, Vol(Bj) = 472,
Thus,

dxdy dxdydv
4mry? m2v3

w27 (dr .V01<F\(%; x ¥5), >.vo1(U1) =1,
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where d = [F : Q]. Let By C B* be the subgroup of elements whose norms are
positive at all real places. Now consider the natural map

(B NUM\ (3 x 95) —> (BX NU)\(¥5 x %),
whose degree is just
[(BXNU): (B'Nu"yuyl=[det(B; NU) : up] = [uy : ug]-

Here puy = F*NU and uy, = F NdetU, subgroups of O with finite index. It
follows that
Vol(X 1) = Vol (B N U\ (6, x 964)) - #(F\F* / det U)

2le

- HFN\F*/ detU).
AT NI [ty ) TN/ At
Note that
#(F*/F detU) Vol(Uz)
— F*U F detU X ——= : .
#(F*\F*Uy) =1 z: 1=1F +]V01(detU)[MU Hul

Since [F*: F{1=2"%, [uy : u3,1=2""""1wy, and Vol U = Vol(U") Vol(det U),

we have
VOI(U Z)

Vol(Xy) = 2(4n%) " “#(F* /F*Uyz) - Nol(U)

Now assume s = ¢ = 0. The Tamagawa number of B* is 2, Vol(B)*/ F*) = 47?
for any v|oo, and the decomposition
B*A*\B} = FX\BX x B*F*\B*.

It follows that Vol(B FX\B )= 2(4712) - Let Y1, ..., ¥n be a complete set of
representatives in B> of the coset BX \B /U. Consider the natural map

B*\B*y;U —> B*F*\B*F*y,U,
whose degree is #FX/FXUZ. Now

Vol ( viU Uy ) __Vol(U)/ Vol(Uz)
(B*NyUy Ynz) #B*0yUy ")/ nz

Vol(B* F*\B*F*y,U) =

Thus,
247~ = Vol(B*F*\B*)

n

Vol(U) « I
Vol(Uz) & #(B* NyUy, ) /uz

= WF*/F*Uz)™"-



Explicit Gross—Zagier and Waldspurger formulae 2549

2C. cy-level periods. Now take fi € V(x, x), f» € V(T, x 1) to be nonzero test
vectors as defined before. Let o = 7'" and take ¢ € o and ¢, € & to be normalized
new vectors. The cj-level periods P)(()( f1, P)?,l (f>) are related to the periods in
Waldspurger’s formula by the following lemma:

Lemma 2.3. Let b C O be a nonzero ideal of F and denote by Pick ;r(0y,) the group
K*/K*F*0,. Then there is a relative class number formula,

#PiCK/F(@b) . Rb
#ip - Wy

k]

L1, n) - 1Dk pb*8)) 2270 =

where rg,;p = rank O — rank 0%, w, = [0, ., : O], Ry is the quotient of the

regulator of O, by that of 0%, and k, is the kernel of the natural morphism from
Pic(0) to Pic(0p). Define a constant vy, := 27 "K/F Rb_1 -#rpwp. Then

Py (f) =2Le, (1, D8~ ozt PY(S).
Proof. There are exact sequences
1 — kp —> fX/FX@XF — I?X/KX62< — EX/KXFX6; — 1
and
1 — 03%/0¢ — 05 /0 — K*/K*0f — K*/K*0% —> 1.
It follows that

hk

0% 071105 : 017" - #ky,
hF

#Pick,r(0p) = #K* /K ¥ F*0) =
where hx = #K * /K X@}; is the ideal class number of K and similarly for hr. By
the class number formula for F and K,

Rrhr Res,_; L(s, 1) = 2"« *! Rihx

wr/[DF|’ wg/[Dk|’

where rr =rank @;, Dr is the discriminant of F, R is the regulator of 0%, hp the
ideal class number of F, wp = #0;, and similar for rg, Dg, Rk, hr and wg.

Noting that | Dg|/|Dr| = |Dk/r8|5" and [0% : 017" = Ly (1, n)|b|, we have that

Res,_; L(s, 1p) =2"F*!

h Rxwy!
L(1, ) = K ZKUK
hF R

FwF

D8] 712

RKU)K

1
K= Gicy) | Dk b8 712

= #Pick/p(Op)-Lp(1, n)2"/" [0 : O;]
RFwF

The relative class number formula then follows. O
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Let N be the conductor of o = 'L, let U C B* be an open compact subgroup,
and recall

(fi. f2u = 3(f1, f2)pa VLX), (D1, $2)uov) = 5 (1. B2)per VOI(X o))

Applying Proposition 2.1, Lemma 2.2, and Lemma 2.3, Waldspurger’s formula
(2-1) implies the following:

Proposition 2.4. LetU =[], U, C B* be an open compact subgroup with 0% CU.
Let y, = Vol(Uy(N),) ! Vol(U,) for all finite places v and y, = 1 for v|co. Let
o1 e, ¢ € T be any forms with (¢1, ¢2)u,v) # 0 and let (W, W2 ) be
the corresponding local constants defined in Proposition 2.1. Let fi € 7w, f» € T be
any pure tensors with (f1, f2)ret 7 0 and B(f1,v, f2.v) the corresponding constants
defined in (2-1). Then we have

PY(fOP 1 (f2)

(f1, fz)
L(3.7 x)

(¢1, D2)Uy(v)

1/2 —
QLe, (1, D) De}s) v H?

JTeWiw, Wo)B(fi o), (23)

v

where v, is defined as in Lemma 2.3.

It is now clear that the explicit Waldspurger formula will follow from the com-
putation of these local factors. In the next section, we will choose ¢, ¢, to be
normalized new vectors in 7'~ and 7L, respectively, choose nonzero f1 € V(m, x),
f> € V(7, x), and compute the related local factors in (2-3).

We obtain the explicit Gross—Zagier formula from the Yuan—Zhang—Zhang
formula in a similar way. Let F be a totally real field and X a Shimura curve over F
associated to an incoherent quaternion algebra B. Let A be an abelian variety
over F parametrized by X and let 74 = Hom (X, A) be the associated automorphic
representation of B* over the field M := EndO(A) and o its central character.
Let K be a totally imaginary quadratic extension over F and x : Ky — L* a finite-
order Hecke character over a finite extension L of M such that w- x|ax = 1 and,
for all places v of F, e(%, A, X) = oy (—1De(B,). Fix an embedding Ka — B
with K — B*, let P € XX"(K®), and define

P=[ e enx0die AR By L.

where we use the Haar measure so that the total volume of K 5 /K*A* is 2L(1, n),
and 7 is the quadratic Hecke character on A associated to the extension K /F. We
further assume for all nonarchimedean places v that the compact subgroup @;;v /O
has a volume in @, and fix a local invariant pairing (, ), on 74 , X T4v, With
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values in M. Define IB(fl Vs fZ v) € L for (fl,v, f2,v)v #0 by

L, ny)L(, 7y, ad) (n(tv)fl,v’ f2,v)v
L(Z,T[U,XU)L(Z 1F) Ky F) (fl,vv fZ,U)v

B(f1,v, J20) = x(ty)dt, € L,
where we take an embedding of L into C, and the above integral lies in L and does
not depend on the embedding.

Then, for any pure tensors f| € w4, fo € wav with (f1, f2) # 0, Yuan et al.
[2013] obtained the following celebrated formula as an identity in L ®¢ C:

(Py(f), Py-1(f2))k.L L'(3. 74, x)
Vol(Xy)~'(f1. f)u L1, 7a, ad)L(2, 1F

= l_[ﬁ(fl v o). (24)

Note that we use height over K whereas that used in [ Yuan et al. 2013] is over F,
the Haar measure to define P, (f) is different from theirs by 2L(1, ), and the
measure to define Vol(Xy) is different from theirs by 2. Similar to Proposition 2.4,
we have:

Proposition 2.5. Let U =[], U, C B* bea pure product open compact subgroup
such that 0% C U. Let v» = Vol(Up(N)y) Vol(U,)~! for all finite places v and
vy = 1 for v|joco. Let ¢ € TL’IJ4L be any nonzero form and let a(W,, W,) be the
corresponding local constants defined in Proposition 2.1. Let f| € ma, f» € mav be
any pure tensors with (f1, f2) # 0 and B(f1,v, f2.v) the corresponding constants
defined in (2-4). Then we have

<P)(<)(f1), P)?—l(fZ))K,L
(f1, v

L'(3. 7. x)
= v w Vs W. v) Pv s )V 2.5
(@, Pyupv l:[oz Wi, Wa)Bo(f1vs f2.0)00. (2-5)

QLe, (1, D) De}s) v

We will study the local factors appearing in formulas in Propositions 2.4 and 2.5
in the next section.

2D. Proofs of main results. In this subsection, we prove Theorems 1.5, 1.6, 1.8,
1.9 and 1.10, assuming local results proved in Section 3.

Proof of Theorem 1.8. We first give a proof of the explicit Waldspurger formula.
In (2-3), take nonzero f; € V(m, x), f>» € V(7, x~ 1, and d)? (resp. ¢(2)) the
normalized new vector of 7't (resp. T'%). Let Wgo := W; = @, Wi, be the
corresponding Whittaker functions of ¢>O i =1,2. Let R C B be the order, as
defined in Theorem 1.8, and U = R*. Denote

a=a(Wiy, Wa)- 18112 Bi=B(fiv fou) - IDSI;V2.
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Then (2-3) becomes

12, 0<f1>P§,1<fz>
(f1, 2)u

207" 1 -2 -1
= ——>—"""Ls(3. 7, x)Le,(1, ) lei] oy Buyy -
0 0 2 1 A vFv /Y
(¢1,¢2>U0(N) 1:[

Let X be the set in Theorem 1.8, ¥oo = ¥ Noo and ¥y = ¥ \ ¥. Comparing
with the formula (2-3), the proof of the explicit formula in Theorem 1.8 is reduced
to showing that

Ly, (5.7 ) Le, (1) 2lerly! [ ] awBoro = 2%

4|Dc2 8>

vtoo
and
Ly, (5.7 x) [ [ewBovu = C3.
v|oo
which are given by Lemma 3.13 and Lemma 3.14. U

Proof of Theorem 1.10. Given the hypotheses of Theorem 1.10, identify 7 with 7;
by Theorem 1.8,

2H#Ep+2 (47 3yd (¢°, ¢° Yueny 1Py (f)l2

v2V/IDkl et (f1. f2)u

The formula in Theorem 1.10 follows by noting these facts:
() ve, =2,

(i) (¢, #O) oy = )b, P)uy(ny» Where ¢ is the Hilbert newform of 7l
This is obtained by applying the formula in Proposition 2.1 to ¢ and ¢°, and
the comparison of local Whittaker pairings at infinity; see the discussion before
Proposition 3.12.

L)L 7. 1) =

(i) Letgy,...,gn € Bx be a complete set of representatives of X = B> \E / R*
and let w; =#(B*Ng; RX /@X) then, as in the proof of Lemma 2.2, for U = RX,

(f. Flu =2""Vol(Xu)(f. Fiper =D If (g w; "
i=1
=2 fenw el Y fenw )
=(f, f).

where we identify f with its image under the map V (rr, x) — C[X] and (, ) is the
height pairing on C[X]. ]
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Proof of Theorem 1.5. To show the explicit Gross—Zagier formula in Theorem 1.5,
similarly to above, we apply the formula (2-5) in Proposition 2.5 to nonzero forms
fi € V(a, x), f» € V(mav, X_l), qbo the normalized new vector of JTX“, and
U =%R* as in Theorem 1.5. By Lemma 3.13 and Lemma 3.14, we have

r 152 g3yt 9% By PRV P (o)l

L™ 7y
(z )= e (f1. u

Then the explicit Gross—Zagier formula follows again by noting facts (i) and (ii)
above. (]

Proof of Theorems 1.9 and 1.6. We now show that the variations of the explicit
Waldspurger formula in Theorem 1.9 follow from the Waldspurger formula (2-1)
and its explicit form in Theorem 1.8, and similarly for the variation of the explicit
Gross—Zagier formula in Theorem 1.6.

Let fi=Q, f|, €7, f, =&, f,, €T be forms different from the test vectors

=Q, fiveVm x), L=Q, Lo V(T, x 1) at a finite set S of places of F,
respectively, such that (f] , f; )y #0and B(f] ,, f;,) #0 for any v € S. By the
Waldspurger formula (2-1), we have the formulas

PY(f1)- P)i(f2)

=20, 0 [ B o),

(f1, v
PO - PO (f))
X 1 X 12 / /
:$ ’ v’ v/
i Wxﬂ]mn )
where
. ) .
L, x) = (#le(;K/F(@cl)) ' 2 . L(z’ T, X) -
(1, n) Vol(Xy) 2L(1, 7w, ad)L(2, 1F)

It follows that

PYf)-PLi(f) _ P(f])- P} (f3) 1_[ B(fivs fro)
(f1, 2lu (fl,fz s BUT e 1o, o)

The variation formula follows immediately. U

3. Local theory

Notations. In this section, we denote by F a local field of characteristic zero, i.e.,
a finite field extension of @, for some place v of @. Denote by |- | the absolute
value of F' such that d(ax) = |a| dx for a Haar measure dx on F. Take an element
8 € F* such that 50 is the different of F' over @, for v finite and § = 1 for v infinite.
For F nonarchimedean, denote by O the ring of integers in F', & a uniformizer, p its
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maximal ideal, and g the cardinality of its residue field. Let v: FF — ZU{oo} be the
additive valuation on F such that v(z) = 1. For u a (continuous) character on F'*,
denote by n(u) the conductor of u, that is, the minimal nonnegative integer n such
that w is trivial on (1 + @"0) N 0*. We will always use the additive character v
on F and the Haar measure da on F as in Section 2, so that da is self-dual to .
Denote by K a separable quadratic extension of F and, for any ¢t € K, write
t +> t for the nontrivial automorphism of K over F. We use similar notations as
those for F' with a subscript K. If F is nonarchimedean and K is nonsplit, denote
by e the ramification index of K/F. Denote by trx,r and Nk, the trace and
norm maps from K to F, and let D € O be an element such that DO is the relative
discriminant of K over F. For an integer ¢ > 0, denote by O, the order O 4 w0k
in K. Let n : F* — {£1} be the character associated to the extension K over F.
Let B be a quaternion algebra over F. Lete(B) =+1and §(B) =0if B= M,(F) is
split, and € (B) = —1 and 8§ (B) =1 if B is division. Denote by G the algebraic group
B> over F, and we also write G for G(F). We take the Haar measure on F*, K*
and K*/F* as in Section 2. In particular, Vol(0*, d*a) = Vol(0, da) = |§|'/? and

2 if F=R and K =C,
Vol(K*/F*) = {|8]'/? if K is the unramified extension field of F,
2|D8|'/? if K/F is ramified.

For F nonarchimedean and n a nonnegative integer, define the following subgroups

of GL,(0):
n ab
cep } Ul(n):{(c d>€Uo(n)

Up(n) := { (“ b) €GL,(0)
cd
Let v be an irreducible admissible representation of G, which is always assumed
to be generic if G = GL,. Denote by w the central character of 7 and by o = '
the Jacquet—Langlands correspondence of 7w to GL(F). Let x be a character on
K> such that

del+w”©}.

X|F><'(,():1.

For F nonarchimedean, let n be the conductor of o, i.e., the minimal nonnegative
integer such that the invariant subspace o1 is nonzero, and let ¢ be the minimal
nonnegative integer such that x is trivial on (1 + @ “Og) N 0.

Denote by

L(s,m,x):=L(s,0 xmy) and e€(s,m, x):=¢€(s,0 Xy, V)

the Rankin—Selberg L-factor and e-factor of o x 7, where 7, is the representation
on GL,(F) constructed from x via Weil representation. Denote by g the base
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change lifting of o to GL,(K); then we have

L(S,T[, X) = L(Ss K ®X>7 E(S,7T, X) = 77(—1)6(577'[1( XX, WK)

Note that € (7, x) := e(%, T, X) equals +1 and is independent of the choice of .
In the following, we denote by L(s, r, ad) := L(s, o, ad) the adjoint L-factor of o.

3A. Local toric integrals. Let P (w, x) denote the functional space
P, x) :=Homg~(m, x V).

By a theorem of Tunnell [1983] and Saito [1993], the space P(m, x) has dimension
at most one, and equals one if and only if

€(m, x) = xn(=De(B).
Lemma 3.1. Let the pair (7w, x) be as above with €(w, x) = xn(—1)e(B).
(1) If K is split or 7 is a principal series, then B is split.

(2) If K/F =C/R, o is the discrete series of weight k, and x (z) = |z|¢(z/+/Iz]c)™
with s € C and m = k (mod 2), then B is split if and only if m > k.

Furthermore, assume F is nonarchimedean. Then:

(3) If K/F is nonsplit and o is the special representation sp(2) ® u with u a
character of F, then B is division if and only if g x =1 with jug := Lo Nk /.

(4) If K/F is inert and ¢ = 0, then B is split if and only if n is even.
(5) If K is nonsplit with ¢ > n, then B is split.

Proof. See [Tunnell 1983, Propositions 1.6, 1.7] for (1), (3), and [Gross 1988,
Propositions 6.5, 6.3(2)] for (2), (4). We now give a proof of (5). If & is a principal
series then, by (1), B is split. If o is a supercuspidal representation then, by
[Tunnell 1983, Lemma 3.1], B is split if n(x) > ne/2+ (2 —e). It is then easy to
check that, if ¢ > n, this condition always holds. Finally, assume o = sp(2) ® u
with p a character of FF*. By (2), B is division if and only if ugy = 1. If
W is unramified, then n = 1 and x is ramified, which implies that B must be
split. Assume pu is ramified; then n = 2n(u) and, by [Tunnell 1983, Lemma 1.8],
fn(ug) =n(uw)+n(un) —n(n), where f is the residue degree of K/F. If K/F is
unramified and ug x = 1, then ¢ = n(ug) =n(uw) =n/2, a contradiction. If K/F
is ramified and g x = 1, then 2c — 1 <n(ug) < 2n(u) = n, a contradiction again.
Hence, if ¢ > n, B is always split. O

Assume that the pair (7, x) is essentially unitary, in the sense that there exists a
character # = |- |* on F* with s € C such that both 7 @ u and x ® ,u;l are unitary.
In particular, if 7 is a local component of some global cuspidal representation,
then (77, x) is essentially unitary. Under such an assumption, we study the space
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%(m, x) via the toric integral
f () f1, f2)x (¢) dt,
F*\K*

where f) € w, f, € 7, and (-, -) is any invariant pairing on 7 x 7. The following
basic properties for this toric integral are established in [Waldspurger 1985]:

o It is absolutely convergent for any f; € w and f> € 7.

o P(m, x) # 0if and only if P(7, x) @ P(F, x ') # 0, and in this case the

above integral defines a generator of P (7, x) ® P(T, x ).

e For f| € m, f> € 7 such that { fi, f») # 0, define the toric integral
L, nL, m,ad) (@) f1, f2)
L2, 1p)L(5. 7. X) fmm (f1 f2)
Then B(f1, f») =1 in the case that B = M,(F'), K is an unramified extension

of F, both 7 and x are unramified, d is normalized such that Vol(0% /0*) =1,
and f1, f» are spherical.

B(f1, f2) ==

x (1) dr.

For any pair (r, x), B is invariant if we replace (7, x) by (m @ i, x ® ,u}l) for
any character p of F'*. Therefore, we may assume 7 and y are both unitary from
now on and identify (77, x~ 1 with (T, ). Let (,) : 7 x = — C be the Hermitian
pairing defined by (f1, f2) = (f1, f2).

Let B(f) := B(f, f). Then the functional space % (s, x) is nontrivial if and only
if B is nontrivial. Assume % (s, x) is nonzero in the following. A nonzero vector
f of & is called a test vector for P(m, x) if £(f) # 0 for some (thus any) nonzero
£ € P(m, x) or, equivalently, if 8(f) is nonvanishing.

The notion of new vectors in an irreducible smooth admissible representation
of GL(F) (see [Casselman 1973a] for F nonarchimedean and [Popa 2008] for
F archimedean) can be viewed as a special case of test vectors. Let m be an
irreducible admissible representation of GL,(F). Recall the definition of new
vector line in 7, as follows. Denote by T = K* the diagonal torus in GL,(F).
Write T = ZT; with Ty = {(* ) }.

« If F is nonarchimedean, then the new vector line is the invariant subspace 77 V1",

o If F is archimedean, take U to be O,(R) if F =R and U, if F = C. The new
vector line consists of vectors f € m which are invariant under 771 N U with
weight minimal.

It is known that new vectors satisfy the following properties:

(1) For any s € C, denote by wy the character on T such that w;|z = @ and
wsl, =1+ [*~1/2. Then any nonzero f in the new vector line is a test vector
for P (7, w; ).
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2) If W(m, ¢) is the Whittaker model of w with respect to ¥, then there is a
vector Wy in the new vector line, called the normalized new vector of m, such
that the local zeta integral 1815=12Z (s, Wo) equals L(s, ).

3B. Local orders of quaternions. Assume F' is nonarchimedean in this subsection.

First, in the case that the quaternion algebra B is split, given nonnegative integers
m and k we want to classify all the K> conjugacy classes of Eichler orders R in B
with discriminant m such that R N K = Oy. For this, identify B with the F-algebra
Endr(K) which contains K as an F-subalgebra by multiplication. Recall that an
Eichler order in B is the intersection of two maximal orders in B. Then, any Eichler
order must be of the form R(L, L) := R(L1) N R(L,), where L;,i =1, 2, are
two O-lattices in K and R(L;) := Endg(L;). Denote by d(L;, L,) the discriminant
of R(Ly, Ly). For any maximal order R(L), there exists a unique integer j > 0
such that L =t0; for some t € K*. In fact, 0; = {x € K | xL C L}. Thus, any
K *-conjugacy class of Eichler order contains an order of the form R(0;, t0;/) with
0<j'<jandte K* and the conjugacy class is exactly determined by the integers
Jj' < j and the class of r € K* modulo F X@f. The question is reduced to solving
the equation with variables k" and [¢],

d(Or, t0p)=m, O0=<k' <k, [t]e K*/F*0}.

If (K, [¢]) is a solution, then so is (k/ , [t_]) A complete representative system (k’, r)
with t € K* of solutions to the above equation corresponds to a complete system
R(0y, tOy) for K *-conjugacy classes of Eichler orders R with discriminant m and
RNK = 0.

Lemma 3.2. Let m, k be nonnegative integers. Let T € K> be such that Ox = O[t],
if K is split then > —t = 0, and if K is nonsplit then v(t) = (e — 1)/2. Let
d .=k +k' —m. Then a complete representative system of (k', t) is the following:

o For0<m <2k, k' €[|m —k|, k] withd even, sod €2-[0, k'], and
t=14+o?tu, ue©/z"0)".

In the case k' = k —m > 0, the unique class of t is also represented by 1.

. Forsplil‘K’EF2 andk+1<m, k' €[0,min(m—k—1, k)], sod € [k—m,0),
and

t=@™u, 1), ue©/zX0)*.

e Fornonsplit K andk+1<m <2k+e— 1,k =m—k—e+1,ie,d=1—e,
and

t=wx+71, xe0/z¥t20.
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Proof. The discriminant d(L1, L,) of the Eichler order R(L, L) can be computed
as follows. Let ¢;, elf be an O-basis of L;,i =1, 2, and let A = (a;;) € GL,(F) so
that A(e‘) = (e ) Letv: F — Z U {oo} be the additive valuation on F such that
v(w) = 1 Let « = min; ; v(a;;) and B = v(det A). Then d(L, L) = [2a — B].
Now solve the equation

d(Op, t0p)=m, k'€[0,k], teK*/F*0]. (]

Define
{O if K is nonsplit and ¢ < n,
Ccl1 =

c otherwise.

Lemma 3.3. There exists an order R of discriminant n and RN K = O, satisfying
the condition that, if ncy # 0, then R is the intersection of two maximal orders R
and R” of B such that R NK =0.,, R"NK = Omax{0,c,—n}- Such an order is unique
up to K> -conjugacy unless O < ¢y < n. In the case 0 < c| < n, there are exactly two
K *-conjugacy classes which are conjugate to each other by a normalizer of K *.

Proof. If nc; =0, this is proved in [Gross 1988, Propositions 3.2, 3.4]. Now assume
that nc; # 0; then B is split and one can apply Lemma 3.2. (]

Let R be an O-order of B of discriminant n such that RN K = 0,. Such an order
R is called admissible for (i, x) if the following conditions are satisfied:

(1) If ncy # 0 (thus B is split), then R is the intersection of two maximal orders
R’ and R” of B such that RN K = 0,, and R" N K = Omax{0,c,—n}-

(2) If 0 < ¢; < n, fix an F-algebra isomorphism K = F? and identify B with
Endr(K). The two K *-conjugacy classes of O-orders in B satisfying the
above condition (1) contain, respectively, the orders R; = R'NR}, i =1, 2 with
R| =R, =Endg(0.), R =End¢((w"~¢, 1)0k) and R} =Endo((1, "~ ¢)0).
Let X1 (a) x(a, 1) and x2(b) = x(1, b). Then R is K *-conjugate to some
R; such that the conductor of y; is cy.

Lemma 3.4. If K is nonsplit, n > 0 and ¢ = 0, then there is a unique admissible
order R for (, x).

Proof. Let Op be a maximal order containing Ok ; then, by [Gross 1988, (3.3)],
any admissible order for (7, x) is K*-conjugate to R := Og + [0p, where [ is a
nonzero ideal of Ok such that n = §(B) 4+ lengthy(Og /I). If B is nonsplit, then
Op is invariant under B*-conjugations and R is unique. Assume B is split. As
0% C 0y, Op is invariant under F* O -conjugations. In particular, if K is unramified,
then K* = F*0¢ and R is unique. Consider the case that K is ramified. Then
K* = F*0g Uwmg F*0 and it suffices to show that g normalizes R. For this,
embed K into B = My(F) by wg + (_47% ) and take O = M>(0). Then

Nwg 0
R =0k + @} M»(0). Note that Ry(1) = Ok + arg M»(0) with Ry(1) = (C@) the
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Iwahori order in M, (F). Denote by m the maximal integer such that 2m < n. Then
R =0k +w"™ 'owgRy(l) if n is even, and R = Og + @ Ry(1) if n is odd. As
@k normalizes Ry(1), it also normalizes R and R is unique. U

In the following, take an admissible O-order R of B. Let U = R* and define

_ Vol(U)
Y= NolUp(n))

where the Haar measure is taken, so that Vol(GL,(0)) = L(2, 17)"!8|> and
Vol(0}) = L(2, 1r)~' (g — 1)7118|? if B is division.

Lemma 3.5. If either R is not maximal or B is nonsplit, then
y =L, 1)1 —e(®)q ™)

where e(R) is the Eichler symbol of R, defined as follows: Let k(R) = R/rad(R)
with rad(R) the Jacobson radical of R and let k be the residue field of F. Then

1 if k(R) =«2,
e(R)=1{—1 if k(R) is a quadratic field extension of
0 ifk(R)=c«.

Proof. Let Ry be a maximal order of B containing R. Then we have the formula
(for example, see [Yu 2013])

Ry R*] _ [ (Ro)|/ Ik (R™)|
[Ro: R — [(Ro)l/k(R)

If B is split and R is not maximal, then

a IK(Ro)™ iy .
Ry:R]l=q", —2—_=(1-— 1— ,
[Ro:R]=g¢q e Ro)] (I-¢gHA-qg7)

Ik (R)| -1 -1
=(1— 1 —e(R
(R (I—g7) (—e(R)q) ",

while, if B is division, then

k(R L k)
Ry:Rl=q¢""', ———_=1-¢"2, =
[Ro:R1=4q kRl 9T e®)

(I1—¢g H'd—e®q)".
Summing up,
Ry : R*1=(q—1)*Pg"(1—g (1 —e(R)g™H",

where §(B) equals O if B is split and 1 if B is ramified. Thus
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“1_ Vol(Up(n))  Vol(GL2(0)) [Ry : U]

Vol(U) — Vol(R)) [GL2(0): Up(n)]
L@, 1! (q—D°Bg"(1—g (1 —e(R)gH~!
T - DIBLE, DT "(1—g (1 —g T
=L(1, 1p) (1 —e(®R)g™H". O

3C. Test vector spaces.

Definition 3.6. Define V (;r, x) C 7 to be the subspace of vectors f satisfying the
following conditions:

o For nonarchimedean F, K split or ¢ > n, let U C G be the compact subgroup
defined before Lemma 3.5, then f is an w-eigenform under U. Here, write
U=UN2Z)U sothat U' =U if cn =0 and U’ = U; (n) otherwise, and view
w as a character on U N Z that extends to U by making it trivial on U’.

« For nonarchimedean F, K nonsplitand c < n, fisa x !

the action of K *.

-eigenform under

o For archimedean F, let U be a maximal compact subgroup of G such that
U N K> is the maximal compact subgroup of K *; then f is a x ~!-eigenform
under U N K> with weight minimal.

Proposition 3.7. The dimension of V(m, x) is one, and any nonzero vector in
V(m, x) is a test vector for P(m, x).

Proof. If F is nonarchimedean, the claim that dim V (z, x) = 1 follows from
local newform theory [Casselman 1973a]. Assume F is archimedean. If K is
nonsplit, then V (7, x) is the x ~'-eigenline of K*. If K is split, then without loss
of generality embed K™ into G = GL,(F) as the diagonal matrices and decompose
K* = F>*K" so that the image of K in G is (* | ). Then V (rr, x) is the new vector
line for 7 ® x; with x; := x|g1.

We shall prove any nonzero vector in V (7T, x) is a test vector in the next subsec-
tion by computing the toric integral . ([

Proposition 3.8. Assume K /F is a quadratic extension of nonarchimedean fields
withn > 0 and ¢ = 0. Then V(r, x) € 7% and dim7®* = dim7% < 2. The
dimension of =R is one precisely when K /F is inert or K/F is ramified and
€(m, x1) # €(w, x2), where x;, i = 1,2, are unramified characters of K> with
Xilpx -0 =1

The proof of this proposition is in [Gross 1988; Gross and Prasad 1991] except
for the case that 7 is a supercuspidal representation on G = GL;(F'). For this
case, the proof in [Gross 1988, §7] is based on a character formula for odd residue
characteristic. We next prove this case with arbitrary residue characteristic.



Explicit Gross—Zagier and Waldspurger formulae 2561

Let Ry = M,(0) if e =1 and the Iwahori order (S g) if e = 2. Fix an embedding
of K into M,(F) such that Ry N K = Ok. Consider the filtration of open compact
subgroups of G and K*

Hr):=A+@"R)) NGLy(0), €E(r):=HF)NK™*, r=>0.

Denote by m the minimal integer such that 2m 4 1 > n. The proof is based on:

Proposition 3.9. For any integer r > m, 7" = g0,

Proof. Firstly, note that it is enough to prove Proposition 3.9 for the case 7 is
minimal, that is, 7 has minimal conductor among its twists. In fact, assume that
7 is not minimal. Denote by ng the minimal conductor of 7. Take a character u
so that mp := m ® u has conductor ng. Then, by [Tunnell 1978, Proposition 3.4],
no < max(n, 2n(wn)) with equality if 7 is minimal or n # 2n(u). In particular,
n = 2m with n(u) = m. Hence, for any r > m, 77'() = ng{(') and 7¢0) = ﬂ((f(r).
Since r > ng/2, one can apply the proposition to the minimal representation 7.
Assume 7 is minimal in the following. Since H(r) D é(r), gt ¢ 70,
It remains to prove that 7%) and 7¢") have the same dimension. Denote by 7
the representation on D>, where D is the division quaternion algebra over F, so
that the Jacquet-Langlands lifting of mwp to G is w. Then 7p has conductor n,
that is, })J“ZZ’ITIGD = 7p and JTII)JFWLVL;Z@D = 0, where wp is a uniformizer of D.
Moreover, by [Carayol 1984, Proposition 6.5],
2q
g™ +q¢"™ ' if n is odd.

m—1 if n is even,

dimmp = {

For any r > m, €(r) C (1 + wg_l(%) N @IX{. Therefore, by the Tunnell-Saito
theorem, if we denote by ¥(r) the set of all the characters u on K* such that
wlpxw =1 and ule) = 1, then
dim7*O4dimmp =Y dima”+) dimzp = (dim 7" +dim 7)) =#XL(r)

HEX(r) n ned(r)
and, on the other hand, the lemma below implies that

dim 77" 4 dim 7p = #%(r),

and then the equality dim 7 ") = dim 7% holds. O

Lemma 3.10. Let © be minimal. For any integer r > m, we have the dimension
Sformula

q"+q ' —2¢m"1 if nisevenand e =1,
dim 7% — g +q¢ ' —(@" " +q" ifnisoddand e =1,
2¢" — (@™ +q™ Y if n isoddand e =2,

2¢" —2q"m! if n isevenand e =2.
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Proof. For r = m and e = 1, this formula occurs in [Casselman 1973b, Theorem 3].
We now use the method in [Casselman 1973b] to prove the dimension formula for
the case n is even and e = 1, while the other cases are similar. Firstly, recall some
basics about the Kirillov model. Let 1 be an unramified additive character of F.
Associated to ¥, we can realize 7 on the space C°(F*) of Schwartz functions on
the multiplicative group. For any f € C2°(F*) and any character u of 0%, define

i) = f@ ) du,

where we choose the Haar measure on O so that the total measure is 1. Define
further the formal power series

fu,n =" fiwit,

keZ

which is actually a Laurent polynomial in ¢ as f has compact support on F*.
Because f is locally constant, this vanishes identically for all but a finite number
of w. By Fourier duality for F*, knowing f(u,t) for all i is equivalent to
knowing f. For each pu, there is a formal power series C (i, ¢) such that, for all
feCE(F),

(W) f) (1, 1) = C(u, ) f(u oy 1725 ),

01
C(u, 1) = Co(p)t", w:(—l 0)’

where wy = w|gx, zo = @(@) and n,, is an integer, n,, < —2. Moreover, if u =1,
then —n| = n. For any character  of 0%,
_n if n(u) <m,
e 2n(pn) if n(un) > m.
In fact, if we take any character 2 on F* such that |gx = i, denote 7’ =7 ® Q and
C’(-, -) the monomial that occurs in the above functional equation, then for any char-
actervon0*, C'(v,1)=C(vu, Q(w)t). Therefore, —n, =n(nw’) =max(n, 2n(p)).
On the other hand, by [Casselman 1973b, Corollary to Lemma 2], for any r > m,
the subspace 7% is isomorphic to the space of all functions f (i, t) such that

(1) f(u, 1) =0 unless n(p) <r;
(2) for each p, fi(u) =0unless —r <k <n, +r.
Summing up, for a given p with conductor n(u) < r, the dimension of the space
consisting of those f (i, ) with f € 7% is
20 —m) +1 if n(pn) <m,
2 —n(u))+1 if n(u) > m.
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Therefore,

dima" = (g" —¢" HQr-m+D+ Y (¢ 24" +4"HQr -k +1)

m<k<r

:qr_i_qr—l_zqm—l' 0

Proof of Proposition 3.8. Note that R* = O J{(m) unless K is ramified with n even
and, once this equation holds, Proposition 3.8 follows directly from Proposition 3.9.
So consider the case K is ramified with n even. Here, R* = Ox¥'(m) with
I (m) =14+ 2"~ Ry. We want to show 77 ") = 70" with €' (m) =H'(m)NK *,
and Proposition 3.8 then holds. By [Tunnell 1983, Proposition 3.5], 7 is not minimal.
Take a character u such that 7o = 7 ® u has minimal conductor ng. Then n(u) = m.
Apply Proposition 3.9:

nfj{’(m) — ng{/(m) 5 ng{(m—l) — 7_[0%(}71—1)‘

We claim that nf(m_l) = n(;é/(m). If so, nf(m_l) = 7€ and then 77 = 7€ m)
no—1

To prove this, note that €’'(m) C€(m—1) C 1 +w ;' Op. Using the Tunnell-Saito
theorem,

dim Jr((f(m_l)

+dimmo p =#Xm — 1), dimz ™ +dimmo p = 4% (m),

where the set ¥(m — 1) consists of characters € of K> such that Q|px - 0, =1
with Q|¢n—1) = 1, and the set &' (m) is defined similarly. As they are nonempty,

BE(m — 1) = #K* JF*€(m — 1) = #K * | F¥€' (m) = #%' (m).
Thus, n((;g (m=1) _ ng'i ™) and the proof is complete. O

3D. Local computations. Let W (o, ) be the Whittaker model of o with respect
to ¥ and recall that we have an invariant Hermitian form on W (o, 1) defined by

A (a2 )

For any W € o, denote

(W, W)

‘M) = Lo ad L 1)L 1) T

Proposition 3.11. Denote by Wy the normalized new vector of o. If F is non-
archimedean, then

if o is unramified,

2
a(Wo)l8|'/* = L s .
L2,1p)L(1,1r)7"'L(1, 0, ad) otherwise,
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where 8, € {0, 1} and equals O precisely when o is a subrepresentation of the
induced representation Ind(j41, o) with at least one u; unramified. If F = R and
o is the discrete series 9, (k), then a(Wp) = 27k,

The proposition follows from the explicit form of Wy. If F is nonarchimedean,
Wy is the one in the new vector line such that

(" oo

and we have the following list (see [Schmidt 2002, p. 23]):
(1) If o = m (1, no) is a principal series, then

Y @) @) 166y) i n(ur) = n(ua) = 0,

k+l=v(y8)

SR
1 Y1211 (8y) 16(8y) if n(u1) =0, n(ua) > 0,
18171216 (8y) if n(u) > 0, n(uz) > 0.

(2) If 0 =sp(2) ® u is a special representation, then

w Ky )] B {|5I“/2M(5y)l5y|1@(5y) if n () =0,
LU 1] sl 216 8y) if n(u) > 0.

(3) If o is supercuspidal, then

W0[<y 1)] = 1817110+ 8-

If F =R and o is the discrete series %, (k), then

SR

and, in general, for archimedean cases it is expressed by the Bessel function [Popa
2008]. For F = R and o a unitary discrete series of weight k, let W € W(o, ¥) be

the vector satisfying
W[<y >] — Iy [2e2 L (y)

Then W can be realized as a local component of a Hilbert newform and

(Wo, Wo) =2(W, W), Z(s, W) = 3L(s, 0).
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Proposition 3.12. If F is nonarchimedean, let f be a nonzero vector in the one-
dimensional space V (r, x); then B(f)|D8|~/? equals:

1 ifn=c=0,
L, 2o ifn=0andc >0,
L(l,1p) 5 : L
——— L(1, m,ad)"" ifn>0,c=0andK is split,
L2, 1p)
L(1, 1p) 5 o L(1, 7 ad)’ , o
—— L(1,n)"|o |]— if nc > 0, either K is split or ¢ > n,
LQ2.1p) L7 )
L, m, ad
e(l1—g~°) w if n > c and K is nonsplit,
L(3. 7. x)

which is independent of the choice of f € V (m, x).

The proof of Proposition 3.12 is reduced to computing the integral

0 () f, f)
= _ d s
P fFX\KX fs ) x(n)dr

where f is any nonzero vector in V (7, x).

In the case that n > ¢ and K is nonsplit, f isa x~
see that 80 = Vol(F*\ K ).

From now on assume n < c or K is split. Then B = M,(F) by Lemma 3.1(5).
Recall that the space V(mr, x) depends on a choice of an admissible order R
for (m, x). Let f be a test vector in V (;r, x) defined by R. For any r € K*,
f':=m(t) f is a test vector defined by the admissible order R’ =Rt ~!. It is easy to
check that 8(f") = B(f). Thus, for a K *-conjugacy class of admissible orders, we
can pick a particular order to compute 8°. There is a unique K *-conjugacy class of
admissible orders except for the exceptional case 0 < ¢; <n and n(x;) =n(x2) =c.
In this case, there are exactly two K *-conjugacy classes of admissible orders, which
are conjugate to each other by a normalizer of K> in B*.

Any admissible order (in the case n < ¢ or K is split) is an Eichler order of
discriminant n, i.e., conjugate to Ry(n) :=(§ g) Choose an embedding of K into
M, (F) as follows, so that Ry(n) is an admissible order for (i, x):

I_eigenform and it is easy to

(1) If K is split, fix an F-algebra isomorphism K = F2, If ¢ > n or n(x;) = c,
embed K into M,(F) by

_1(a 1 w—¢
le(aab)'—)ycl( b)ycv VL=( 1 )

If n(x1) <c <n,embed K into M,(F) by

_1 (b
LZZ(a,b)*—)Vcl< a) )/C‘
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Note that, for any ¢ € K>, t(t) = jiua(t) j~! with j = y wy,. and w = ((1)(1))

(2) If K is a field, take T € O such that Ox = O[] and, if K /F is ramified, then
T is a uniformizer. Embed K into M>(F’) by

C
a-+btr— yc_l (a +_bbtrr bl;lt) Y., Wwhere y, = (w Nt 1) .

Assume K = F2. If n(x)) <c <n,

0 (7 (e2(2)) Wo, Wo) / (7 (11 (1)) Wo, Wo) _
= dt = dt,
P fFX\Kx (Wo, Wo) xodr Fkx (Wo, Wo) x(e)dr

where X1 = x2, X2 = x1 and n(x1) = n(x2) = c¢. We reduce to the case ¢ > n or
n(x1) = c. For the exceptional case, if we take 7 (j) Wy as a test vector, then

,302/ (7 (11 (1) j) Wo, 7 (j) Wo) X(t)dt:/ (7 (11 (1)) Wo, Wo)
FX\K* (Wo, Wo) k> (Wo, Wo)

with n(x1) = n(x2) = c¢. Thus, even for the exceptional case, we only need to
consider Wy as a test vector. Thus,

B° = (W, Wo)_I//( X)zn(yc)Wo[(ab 1)}n(yc)Wo|:<b 1>]X1(a)dxbdxa

= (Wo, W) | Z(L, w(ve) Wo, 1) |-

x (P dt

Ifc=0, Z(3, Wo, x1) = x1(8) "' L(3, 7 ® x1) and s0 8% = (Wo, Wo) "' L(5, 7, x).
If ¢ > 0, then

Z(L, ()W xl)=/ Wo[(" 1)}w<aw—fm<a>dxcz

k
=ZWO[(”’ 1)] Ve n@da

Assume n(x1) = c; then the integral fkaX Y(aw ~) x1(a) d*a vanishes unless
k = —v(8), while

Y(aw ) xi(a)d*a| = L1, 1p)[8]"/2g~2.

s-lox

Thus,
B0 = (Wo, Wo) ' L(1, 15)2g .

Assume ¢ > n and n(x;) < c. Let j be a normalizer of K* with jr = 7j for
any r € K*. As ¢ > n, there exists some 7y € K> such that toUo(n)tO_1 = jUo(n)j~!
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and 7 (t9) Wy, m (j) Wy are in the same line. Thus,

0 (T[(t)WOa WO) — -1 2 ¢
= e —— dt = (Wy, W, L(1,1
B /FW W XOdt=Wo, Wo T L1 10’

asn(x1) =n(x2) =c.
Remark. Assume n(x;) < c¢ < n and R is the intersection of two maximal orders
R’ and R” with RN K =0, and R" N K = O0g. If R is not admissible, then the
toric integral for w-eigenforms f under R* must vanish if ¢ > 1. In the case c =1,
so that n(x;) =0,
/ (7 (41 (1)) Wo, Wo)
rakx  (Wo, Wo)

x (1) dt = (Wo, Wo)"'L(1, 17)2q 2.

It remains to consider the case K is a field and ¢ > n. Let W(g) denote the matrix

coefficient:
_ (w(g)Wo, Wo)

V(g) = , g €GLy(F).
(Wo, Wo)
Then S
Vol(K*/F*)
0
S W () x (7).
K07 > YOx®
teK* JFX0;

In the case ¢ = 0, 7 is unramified. Furthermore, if K/F is unramified, then
B° = Vol(K*/F*)=8|"/? and, if K/F is ramified, 8° = |D8|'/>(1+ W (1) x (7)),
where W (7) is expressed by the MacDonald polynomial and one has B( f) = | D§|'/>.
It remains to consider the case ¢ > 0. Denote

Si={l+bt|be0/p,vb)=i}, 0<i=<c-—1,
and

S,_{{a—l—ﬂaep/pc} if e=1,
{am +1|aec0/p‘} if e=2.

Then a complete representatives of K*/F >0 can be taken as
mul |sius.
i
Note that W is a function on U;(n)\G/U;(n). The following observation is key to
our computation: the images of S;, 0 <i < c¢ — 1, and S’ under the natural map

pr: K> — Ui(n)\G/U(n)

are constant. Precisely,

pr(S;) = |:(1 ? ) ):|a pr(S) = [(_w_c+€—l “ )]

From this, it follows that
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c—1
DT WO =14+Y W > xO+W Y x®),

ZEKX/FX(@;( i=0 tes; tes’

where W; (resp. W) are the valuations of W (¢) on S; (resp. S’).
Assume the central character @ is unramified; then we may take w = 1. If
e =c =1, we have

Y ox=—x(@®—1 and Y x)=x().

teSo teS’
Otherwise,
0 ifc>1and 0<i <c-—2,
doxn= " - and Y x (1) =0.
—1 ifi=c—1,
tes; teS’
Therefore,

14+ (—x(t) = D¥o+ x (¥ if e=c=1,
Y v = ° .
1—W,._, otherwise.
teK* JF*0)
Note that, if ¢ = 1, then (_,_,” ) equals (' 7 ") in ZU;(n)\G/U;(n) and,
since w = 1, &' = ¥,. We obtain

Y wmx) =1-V._
teK*/F*0F

and reduce to the evaluation of W._y. If n = 0, the matrix coefficient ¥._; is
expressed by the MacDonald polynomial. In particular, if the Satake parameter of
7 is (o, 1), then

(1—a?¢g~H(1—a"2¢71

1= e = 1+47!

If n =1, then # = sp(2) ® u with i an unramified quadratic character on F*. By
definition,

Wi =181"2L(, a‘”_]f W"[(a 1> (1 w1_1>]wo[(a 1)}%

=18*°L(1, x, ad)—lf

oW

Y (aw"al*d*a
)0
= 181*2L(1, 7, ad) (=g HL(1, 7, ad)|5| /* = —¢ 7.

If n > 2, then

‘Ifc_1=|8|“/2/ Y(x)d*x =—q 'L, 1p).
w—l—n(\/t)@x
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With these results, we obtain

L, 1F) .
o Vol(K*/F*) | L7 ad)(1+q D) it n=9,
P =gk peor < |1+q" if n=1,
L(1, 1p) if n>2.

Finally, we deal with the case that w is ramified. As above, it is routine to check
that W; for i < ¢ — 1 and W' are vanishing. Moreover, W._; = 0 if and only if
8 =0 and, for §; =1,

Wi =—¢ 'L, 1),

By the definition of §, if §; = 1 then ¢ > 2 and n(w) < n < c. Thus, for §; =1,

0= > x (@

t€1+w"*1@;</l+w('@l(

= > X (@) > o' (a)

tel+w =10k /(14w 10) (14w 0k) acl+we-10/1+w0
bepr—l/pc

Therefore, if §; = 1, then ZzeSH x(t) =—1and

ﬁO_Vol(KX/FX) “ 1 if 6 =0,
~ #K*X/FX0X L(1,1p) if 8, =1.
The proof of Proposition 3.12 is now complete. U

We finish our discussions of «(Wy), B(f) and y with Lemmas 3.13 and 3.14.

Lemma 3.13. Let F be nonarchimedean and f a nonzero element in V (1, x); then

_ —5(Z _
a(W)B()y DI V> =20 (L 7 )P L, pPeng,

where these & € {0, 1} are given by:
e 8(Xp) =1ifandonly if K is ramified, n > 0 and ¢ < n;
e §(X)=1ifand only ifn > 0, K is either ramified or c > 0 and, if n = 1, then
c>n;
e 8(c1)=1ifand onlyifc; #0.
Proof. We have computed (W) in Proposition 3.11 and B(f) in Proposition 3.12.

When n > 0, by Lemma 3.5, y = L(1, 1r)(1 —e(R)q_l) and it suffices to compute
e(R):

(1) e(R)=1and y =1if K is split, or if K is ramified, n = 1 and B is split, or
if K is nonsplit and ¢ > n;
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(i) e(R) = —land y = L(1, 1p)(1 + ¢~ ") if K is inert and ¢ < n, or if K is
ramified, n = 1, B is division and ¢ = 0;

(iii) e(R)=0and y = L(1, 1p) if K is ramified, n > 2 and ¢ < n. O

For archimedean places, using Barnes’ lemma we have the following list for
(W, Wo) (see [Tadi¢ 2009] for the classification of unitary dual of GL;(F)):

(1) Assume F = R, o is the infinite-dimensional subquotient of the induced
representation Ind(uq, o), where u;(a) = |a| sgn(a)™ with s; € C and
m; €{0,1}. Letk =51 —sp+ 1, u =51+ 5.

(a) If o =9, (k) is the discrete series with k > 2, then (Wy, W) equals
2(47) kT (k).
(b) If 0 = w (1, uo) is a principal series, then (Wy, Wp) equals
T (L (14 2m )T (3 (1+2m2)) B(3 (k+my +my), 32—k +m)+m»)),

where B(x, y) := T'(x)I"(y)['(x + y)~! is the beta function.

m;
(2) Assume F=C, 0 =m (1, n2) is a principal series with w; (z) = |z|* <\/Z_)
and s; € C and m; € Z; then (W, Wy) equals 2l
8(2) =!I (1 4 [m) )T (1 4 |ma)
X B(1 451 —s24 5(mi|+Ima]), 1 —s1 +s2+ 5(Im1] + |mal)).

For a pair (7, x), define

27l (Wo, Wo)™! if K/F =C/R,

C(rm, x) =
0 {(W’,Wé)(WO,WO)—1 if K =F2.

In the split case, W) is the new vector of 7 ® 1, where K is embedded into M, (F)
diagonally and x;(a) = x ((“))-

Lemma 3.14. For F archimedean, let | be a nonzero vectorin V (w, x); then

_ L [L( ) if K/F =C/R,
a(Wo)B(f) = C(m, x) {1 if K = F2.

In particular, if o = 9,,(k) is a discrete series with weight k, then

4k_1nk+1F(k)_1 lf K =C,

Proof. By definition,

L(1, n)

£ 1 Lm0 o, Wo?

a(Wo)B(f) =
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v =01, f)
7(t) f,
B’ =f Sy dt, f €V X).
k< ()
If K/F =C/R, then 8° = Vol(K*/F*) = 2. If K is split, taking f = W/, then
B =L(3, 7, x) (W}, W)~'. If o = B, (k), the value for (Wp, Wp) is given in (1a)
in the above list and we note that, if K = R?, then (Wg, W) = (Wo, Wp) as, for
any x1, 7 ® x1 and 7 have the same weight. U
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