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Abstract
We construct explicit solutions to continuous motion of discrete plane curves described by
a semi-discrete potential modified KdV equation. Explicit formulas in terms the 7 function
are presented. Bicklund transformations of the discrete curves are also discussed. We finally
consider the continuous limit of discrete motion of discrete plane curves described by the
discrete potential modified KdV equation to motion of smooth plane curves characterized by
the potential modified KdV equation.
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1 Introduction

As is well known, many integrable partial differential equations (integrable systems) have close re-
lationship to differential geometry. In fact, surfaces of specific curvature property in 3-dimensional
space forms have sine-Gordon type equation as the integrability condition of surfaces. More gen-
erally, harmonic maps of conformal 2-manifolds into semi-Riemannian symmetric spaces are con-
structed by solutions to 2-dimensional Toda lattice equation (2DTL).

Transformation of solutions to integrable systems have origins in classical differential geome-
try. The Bécklund transformation of the sine-Gordon equation are originally formulated as trans-
formations of pseudo-spherical surfaces in Euclidean 3-space.

On the other hand, substantial progress has been made in the study of discretization of inte-
grable systems preserving “integrable structure”. Motivated by extensive study on discrete inte-
grable systems, discretizations of curves and surfaces have been recently studied actively.



This paper concerns with geometry of discrete curves in terms of semi-discrete integrable sys-
tems. In [3-5], Doliwa and Santini introduced continuous motion of discrete curves in 3-sphere
described by the Ablowitz-Ladik hierarchy [2]. The semi-discrete potential mKdV equation was
deduced as the simplest case. Hoffmann and Kutz [13] introduced the notion of discrete curva-
ture for plane discrete curves. Using the discrete curvature, they deduced the semi-discrete mKdV
equation from continuous motion of plane discrete curves.

In our previous works [14, 17], we have studied discrete motions of plane discrete curves in
purely Euclidean geometric manner. The compatibility condition of a discrete motion is the dis-
crete potential mKdV equation proposed by Hirota [8]. In discrete differential geometric setting,
the primal geometric object is the potential function rather than curvature (see [17]). Note that
potential function coincides with the turning angle function in smooth curve theory. We have
constructed explicit solutions of discrete motions of plane discrete curves in [14].

As a continuation of the previous works, in this paper we study continuous motions of plane
discrete curves in terms of potential function. The purpose of the present paper is to construct
explicit solutions to continuous motions of plane discrete curves by using the so-called 7 func-
tion. Moreover we shall give Bicklund transformations of continuous motions of plane discrete
curves. The discrete curvature functions and the semi-discrete mKdV equation discussed in [13]
are recovered from our results.

We have been working on three categories of curves motions: (1) continuous motions of plane
smooth curves, (2) continuous motions of plane discrete curves and (3) discrete motions of plane
discrete curves. In this paper we investigate the relationship of these three motions, and show that
these motions are connected by appropriate continuous limiting procedure.

This paper is organized as follows. After recalling the requisite facts on the geometry of plane
discrete curves and their continuous motion in Section 2, we prepare a representaion formula for
continuous motion of plane discrete curves in terms of 7 function. This representation enable us to
give explicit parametrization of motions determined by multi-solitons as well as multi-breathers in
the next Section 4.

As we have mentioned before, Biacklund transformation is a fundamental and effective tool
for construction of solutions. In Section 5, we extend Bécklund transformations of plane discrete
curves studied in our previous work [14] to those of continuous motions. In particular, we give a
new formula for Bicklund transformations on the semi-discrete potential mKdV equation.

In the final section, we shall discuss continuous limits of motions of plane discrete curves.
More precisely, first we shall investigate continuous limits of discrete motions of plane discrete
curves to continuous motion of those. Next we study continuous limits of continuous motions
of plane discrete curves to continuous motions of plane smooth curves. It should be emphasized
that these limiting procedure preserve solutions of equations. More precisely, we shall show that
these limiting procedure preserve soliton type solutions. This is confirmed by careful analysis of 7
functions. Appendix will be devoted to detailed computations of bilinear equations for our use.

In a separate publication [6], we study discrete hodograph transformations and apply those
to obtain discretizations of some integrable systems associated with continuous motions of plane
smooth curves.



2 Continuous Motion of Plane Discrete Curves

We start with the following definition.

Definition 2.1 A mapy : Z — R?; [ — 1y, is said to be a discrete curve of constant segment

length € if

Y1 — Vi
€

' = 1. (2.1)

We introduce the angle function s, of a discrete curve y by

Yie1 =YV | cosyy
e [ sin ¢ } 2.2
A discrete curve vy satisfies
Y1 =V _ R(K) Yi— 7’1—1’ 2.3)
€ €
for K; = ¥; — ¢, where R(K;) denotes the rotation matrix given by
| cosK; —sinK;
R(K) = [ sinK; cosK; ] (2.4)
We consider the following motion of discrete curves:
dy 1 ( Kl) Yiel = Vi
— =——R|-—— . 2.5
ds coS % 2 € ( )

Then from the compatibility condition of (2.3) and (2.5), there exists a potential function 6; such
that

01 + 6, Ore1 — 011
= , K= ———, 2.6
Wi 7 ! > (2.6)
and it follows that from the isoperimetric condition (2.1) that ; satisfies
do, 2 Ore1 — 91—1)
— = —tan|—. 2.7
ds € an( 4 @7

Equation (2.7) is called the semi-discrete potential modified KAV (mKdV') equation.

Hoffmann and Kutz [12, 13] introduced (2.5) as the edge tangential flow of discrete plane
curves, which was deduced by discretizing the curvature function of motion of plane smooth
curves. We note that Doliwa and Santini formulated in [3-5] the integrable motion of discrete
curves in 3-sphere described by the Ablowitz-Ladik hierarchy, where the semi-discrete potential
mKdV equation (2.7) arises as the simplest case. Their formulation includes the motion of plane
curves as a limiting case.



3 Representation Formula in terms of 7 Function

In this section, we present a representation formula for curve motions in terms of 7 function. We
also give explicit 7 functions which correspond to soliton and breather solutions.

Let 7, = 7/(s;y) be a complex function dependent on the discrete variable / and two continuous
variables s and y, satisfying the following system of bilinear equations:

L1 *
Dy 17 = 5o (T Tt = T Ti1) (3.1)
€
T = 5 (T_1 Tt + T Ti1) 5 (3.2)
1 k k
EDSDy T T = =TT (3.3)
Dy 7141 - T = —€T, 7). (3.4)

Here, * denotes the complex conjugate, Dy, D, are the Hirota’s bilinear differential operators (D-
operators) defined by

D;D; f 8= (05 - as’)i(ay - ay’)j f(S, y)g(sl’ y/)

We refer to [9] for calculus of D-operators. The functions satisfying the bilinear equations are
called the 7 functions.

(3.5)

s=sy=y'

Theorem 3.1 Let 7; be a solution to eqs.(3.1)—(3.4). Define a real function 0/(s;y) and an R*-
valued function y(s;y) by

Oi(s;y) :=

2 T
log —, (3.6)
V=1 T
1 *
) (log7i1y),
Yi(s;y) == 1 ( Tl) . (3.7)
—log —
2V-1 Ty
Then for any s,y € R and | € Z, the functions 6, = 0,(s;y) and vy, = y/(s;y) satisfy (2.1), (2.3) (2.5)
and (2.7).

Proof. Express y; = (X}, Y;). From (3.4) and its complex conjugate we have

(log E) — e T7+1T}k’ (log T7+1) - e Ti41Ty (3.8)
y y

* * * °
T Ti+17T] Tl Tl+lTl

Adding these two equations we obtain

T T T
1 ), — (log 7)), = —e| L + : 3.9
(log7ie17iy), = (ogmiri), E(Tm?’l T G
which yields
X1 — X 1 (Tz+17'1) 0141 + 6,
— =cosyY,, Y= log| ——| = . (3.10)
€ V-1 T 2
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Subtracting the second equation from the first equation in eq.(3.8) we have
Yin—Y,
€

= siny,.

Therefore we obtain

- cos
Yl =V _ [ . i ] G.11)
€ sin Y,
which gives eq.(2.1). Next, from eq.(3.11) we see that
— 001 — 6,
P Ry - L -y = o =k (3.12)

which is nothing but eq.(2.3). In order to show (2.5), we identify R? as C. Then by using (2.2) and
(2.6), we see that (2.5) is rewritten as

K K — 0141 +260)+0,_
cos > yr=e 3 %:eﬁi" e (3.13)
We have
cos & l \/*91+1-01 1 te \/jf’mz"l—l ] _ l [(THIT?_] )1/2 + (T7+ITI—1 )l/zl
2 2 2 |\ 1}, T Ti1T)_,
B l T Ty + T, B T, (3.14)
2 [Tr1 711 [T Tl '

where we have used (3.2). Noticing that

=X+ V- Y[ (log T )} , (315)

the left hand side of (3.13) can be rewritten by using (3.3) as

K, dy, Ty
cos — = ———x (=) (logT)), =~
2 ds |t (log l)y

# 1 % %
7t DDyt T T T

. =
ITre1 Tl (TT) T Tl 7

VT A1+ 20 0
=e 4

b

which implies (3.13). Finally, the semi-discrete potential mKdV equation (2.7) can be derived by
dividing (3.1) by (3.2). O

4 Explicit Solutions

We now present explicit formulas for the 7 function which correspond to multi-soliton and multi-
breather solutions to the bilinear equations, respectively.

Theorem 4.1 For N € Z, consider the T function

7/(s;y) = exp[— (s + €)) y] det (f;i)l)i’j:l , 4.1)

Pi _1,
5=

1 -
10 = a1 = ep) e 4 B py(L+ epyte T 4.2)

where a;, B; and p; (i =1, ..., N) are parameters.
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(1) Choosing the parameters as
pi, ;€R, Bie V-IR (i=1,...,N), (4.3)
then 7, satisfies the bilinear equations (3.1)—(3.4). This gives the N-soliton solution to (2.7).
(2) Taking N = 2M, and choosing the parameters as

pi» @, Bi€C (i=1,....2M), py=p5_, @r=1,....,M),

* . 4.4)
Qy =Q,_y, Por=-P_ r=1,....M),

then 7, satisfies the bilinear equations (3.1)—(3.4). This gives the M-breather solution to
(2.7).

In order to prove Theorem 4.1, we first consider the following “generic” 7 function and system
of bilinear equations. Then Theorem 4.1 is derived by applying the reduction.

Proposition 4.2 Let O'im = O'ﬁm(u,v;y) is a function depending on three discrete independent
variables k,l,m € Z and three continuous independent variables u,v,y € R defined by

o (v y) = det (£ (1. m)) : (4.5)

ij=1,...N

D1, m) = aiph(1 - ap)™'(1 = bp) "e™n =5 + Bigh(1 — agy) ™ (1 — bg;) "e™a* T a’ (4.6)

where a, b, a;, B, piand q; (i = 1,...,N) are parameters. Then O'IZm satisfies the following bilinear
equations:
-1k _ _ _k k-1
(D, — 1) Tim " Otm = 71 1mY 1-1m 4.7)
=1k _ __k k-1
Dy =1) 0 T = =11 T et (4.8)
e+l k e+l k e+ 1 ko _
bO i1 Tl m = QO O et + (@ = D)1y 10, = 0, (4.9)
lD D, o .ok =a(o* ) —ackt! o] (4.10)
2 u™y ¥ lm Lm — ILm +1.m"~ I-1,m> .
lDD ko -k _b( k)2_b k+1 k—1 (411)
2 vy O-I,m O-I,m - O-l,m 0-l,m+10-l,m—1’ .
k ko_ k1 k-1
(Dy - (l) O-l+1,m ’ O-I,m - _a0-1+1,mo-l,m . (412)

Proof of Theorem 4.1 We show that Theorem 4.1 holds from Proposition 4.2. We impose the

reduction conditions on O'];m as

et = B, (4.13)

ot =Co*,, CEeR (4.14)

lLm>



where B, C are constants. Then putting b = —a, the bilinear equations (4.7)—(4.12) are reduced to

Dy —1) 07 01 ==01110_4, (4.15)
(Dy-1) o) -0/ =—-01_107,4, (4.16)
01011 + 0,011 — 2070, =0, (4.17)
EDL,D), oo = alo)? - ao, oy, (4.18)
EDVDy o - o = —a(o) +ac; o7, (4.19)
(Dy - a) O -0 = —ao;, 07, (4.20)

respectively. Here we have used (4.13) and (4.14) to eliminate the m- and k-dependence, respec-
tively, and denoted o = o. We next consider the specialization of continuous independent
variables ’

u=cs, v=-cs, ceR. 4.21)

Then, subtracting (4.16) from (4.15) we have
Ds o} -0y =c(01.107, — T1107_,) . (4.22)

Similarly, we get from (4.18) and (4.19)

DD, o -0y = 4ac {(0‘1)2 - 0'7_10'}:1} . (4.23)
Putting
1
= = — 4.24
a=€ c=—, (4.24)
and introducing 7; by
7= e g, (4.25)

the bilinear equations (4.22), (4.17), (4.23), (4.20) are reduced to (3.1), (3.2), (3.3), (3.4), re-
spectively. Let us next realize the reduction conditions (4.13) and (4.14) by imposing suitable
restriction on parameters of solution. We put

gi=-pi (i=1,...,N), b=-a (4.26)

Then it is easy to verify that the entries of the determinant satisfy

i 1 i
D+ Lm+1) = e D1, m), (4.27)

so that the condition (4.13) is realized as

N

i
e = | | 7= 7 Tl (4.28)
i=1 i

1



As for the condition (4.14), we have to consider the cases (1) and (2) in Theorem 4.1 separately:
Case (1). We impose the condition (4.3). Then we see that

fO.(m) = pi [ U m), (4.29)

k+1
and so

N
ol =col,, C=|]|per (4.30)
i=1

Case (2). We impose the condition (4.4). Then we see that

fodmy = pa, S m), fETVWm) = p 7 ), (431)
and so

M
o =Col,, C= D] |Ipal e R (4.32)

Finally, putting m = 0 without loss of generality and applying the specialization (4.21) and
(4.24), (4.6) is rewritten as

. sf{_1 __1 1 L)L
k(l)(l’ O) — Q’,pf(l _ fp, -1 26(1—6[1,‘ 1+Ep,) 1, +ﬁz( p) (1 + Epl (l+€11 l—epl-) Piy
pi 1
2,257 5

_pi + _pi
= aipf(1 = ep) e " 4+ Bi(=p)(1 + ep)le T,
which is equivalent to (4.2). Therefore we have derived Theorem 4.1 from Proposition 4.2. O

The bilinear equations in Proposition 4.2 are reduced to the quadratic identities of determinants
(Pliicker relations). In particular, (4.9) and (4.12) have already appeared in [14]. Moreover, by the
symmetry between the set of variables (/, u) and (m,v) in O'fm, it suffices to show only (4.7) and
(4.10). These bilinear equations will be proved in the Appenciix.

Remark 4.3 In the 7 function in Theorem 4.1, the parameter dependence of the time evolution

in entries of the Casorati determinant have singularities different from 0 and co. These types of

singularities can be seen in the solutions of equation of principal chiral fields, i.e., harmonic maps

of conformal 2-manifolds into compact Lie groups [15,23,24] and Maxwell-Bloch equation [16].
e do

Remark 4.4 By introducing u; := 57, the semi-discrete potential mKdV equation (2.7) can be

transformed to the semi-discrete mKdV equation

dl/tl
ds’

= (1 + Mlz) (U1 — up-y), (4.33)
where we put s = 2es’ for convenience. An auxiliary linear problem for (4.33) is given by [3]

1

I+uw

A Ay d - W+ 172,




Apparently, the dispersion relation suggested from the linear problem is different from the one in
Theorem 4.1. However, putting

127 -1

P e

(4.35)

in (4.2), then f,fi) can be rewritten as

241
ey

29

b

i

n 241 n
142-1 | A=)+ ey 12-1 I 1 R

(i) 2-
= ;| — i | —
Jn ’(e/ll.z+1 e +1

in which the dispersion relation with respect to / and s’ is consistent with (4.34). We have chosen
the parametrization as in (4.2) so that the continuous limits explained in Section 6 become simpler.

5 Backlund Transformations

In this section we discuss the Béacklund transformation of the continuous motion of plane discrete
curves. The Bécklund transformation of the plane discrete curves has already been formulated
in [14]:

Proposition 5.1 Let vy, be a discrete curve of segment length €. Let 6, be the potential function
defined by

Yi+1 = Vn cos ¥, 6.1+ 6,
o , == = 5.1
- [ sin i, ] Z 2 (5.1)
For a nonzero constant A, take a solution 6, to the following equation
O —6) ite  (6,-6
tan [ - L = f tan | ——1 , (5.2)
then _
— 1 _(6,-6 -
Vi =vi+~R 1 =011 | Yie1 — Vi (5.3)
A 2 €

is a discrete curve with the potential function 0.

We next extend the Béacklund transformation to that of motion of discrete curves. In order to do
so, we first present the Béacklund transformation to the semi-discrete potential mKdV equation:

Lemma 5.2 Let ) be a solution to the semi-discrete potential mKdV equation (2.7). A function 6
satisfying the following system of equations

1 O -6 (1 6,—6
(E—e)tan A l:(z+e)tanl z+1’ 5.4)

4 4
1 [ 1 0, 6 -0 Ot — 6
(— + 6) L + (— — e) — 1 —tan =" 4 an 22 l, (5.5)
A 0 -6 \A4 611 — 6 4 4
4 cos? — 4cos? ——

gives another solution to eq.(2.7). We call 0, a Biicklund transform of 9,.

9



Proof. First compute addition of (5.5),_; and the derivative of (5.4),_;. Then, by using (5.4),
eliminate A from this equation and (5.5) respectively. Adding those two equations yields

— 0/ cos ———— —sin
! 4

€~ O — 01 . Ot — Oy Singlﬂ + 0, — 26,
2 4 4

(5.6)

_ (E ’ 0141 — 011 . O — 91—1) O+ 6y — 26,
=|= 6, cos T — sin sin ) ,

which implies Lemma 5.2. O

Proposition 5.3 Let vy, be a motion of discrete curve. Take a Bicklund transformgl of 6, defined in
Lemma 5.2. Then

1 (91—91+1) Yisl — Y1

Yi=yvi+=R 3 . (5.7)

A

is a motion of discrete curve with potential function 0,. We call Y1 a Béicklund transform of y,.

Proof. It suffices to show that y; satisfies egs.(2.1), (2.3) and (2.5) with potential function 51 but
eqs.(2.1) and (2.3) follow from Proposition 5.1 immediately. Because the system (5.4)—(5.5) yields

— Tt iam V=16 +6/
(1— V—_lgel’)e‘mw :(1— V—_lgel')e‘mw+—/l L > L

we identify R? with C, so that the motion 7; satisfies

> Bl (€SN~ _ Vi =) O — 01
yl,:eﬁg“ze’(l_ _1591/)7[:7”1 yl(l—\/—_ltan 1+14 11)’
€

which implies (2.5) with 2K, = 0.1 — 0,_1. O

Remark 5.4 In [12, 13], the Bicklund transformation of the motions of discrete plane curves de-
scribed in this paper is characterized by the cross ratio of the four points y;, y;,1, y; and y;,; being
constant. In fact, we can verify by direct computation that for the Bicklund transformation given
in Proposition 5.3, the cross ratio of those four points is —A€>.

6 Continuous Limits

In [14], the discrete motion of discrete plane curves and the continuous motion of smooth plane
curves have been formulated, together with the Backlund transformations and the explicit formulas
in terms of the 7 functions. They are described by the discrete potential modified KdV equation and
the potential modified KdV equation, respectively. In this section, we present the two continuous
limits: one from the discrete motion of discrete plane curves to their continuous motion discussed
in the preceding sections, another one from the continuous motion of discrete plane curves to the
continuous motion of smooth plane curves.

We first summarize the formulations of three kinds of curve motions and explicit solutions. For
convenience, we identify Euclidean plane R? with complex plane C.

10



(1) Discrete motion of discrete plane curves.

Motion of curves:

yn+1 y’l =1, (61)
ay

Vet =Va _ vEiky Yo T Yo (6.2)
a oy .

m+l _ m M. 4n

Yu = Nwy Yot " Ve (6.3)
by, an

Here, n, m € Z denote the discrete independent variables corresponding to space and time, respec-
tively. Moreover, a,, b,, are real arbitrary functions of the indicated variables, which correspond to
the segment length of the curves and time interval, respectively.

Potential function:

mo_ gn 9m+1 on
K" = n+1 n—1 w" = n n+1 ) (64)
n 2 ’ n 2
Compatibility condition:
9m+1 9;1[1 bm +a, 9;1[1+1 o
tan( ””4 ): 5 _Z tan( 1 ””). (6.5)

Explicit formula in terms of 7 function:

1 m__xm
I T 3 (logm7%), 66
h = —— 108 e’ Yn = 1 n . .
V-1 —(log T )
2vV-1 T

Soliton type solutions:
TZ’=eXp[ [Za +Zb ] ] det(f2), - (6.7)

n—1 m—1 n—1 m—1
O = aipt [ [a=awpd™ | [a=bupd e +8:—p [ [ +awpy™ [ [A+bwp) e 7. (6.8)

(2) Continuous motion of discrete plane curves.

Motion of curves:

71+1€— Yi| _ 1, (6.9)
Yi+1 — Vi _ FK, Yi—Yi-1 1 (6.10)
€ €
K
dy, e V17 Yie1 = Vi 6.11
% B cos& € ' ©.11
2

11



Potential function:

041 — 6,
K = % (6.12)
Compatibility condition:
de, 2 001 — 6,
= Zan (), (6.13)
Explicit formula in terms of 7 function:
) . -5 (log /7)),
91 = \/__1 log :7, Y = 1 (log ﬂ) . (6.14)
2V-1 s
Soliton type solutions: _
7 =exp[—(s+el)y] det( f;i)l)i’j:l ’’’’’ . (6.15)
(i) _ k -1 lffzipz S+ k -1~ 1:2"1,2 S~
y = aipi(1—ep) e +Bi(=pi)' (1 +ep;)~e " . (6.16)
(3) Continuous motion of smooth plane curves.
Motion of curves:
Yl=1 (6.17)
0
ay, = \/—_lkfy’, (6.18)
o 3
Ey/ =-vV-1 (K" + %) Y. (6.19)

Here y = y(x,t) € R? ~ C is arc-length parametrized curve, x and ¢ denote arc-length and time,
respectively, and * = d,. Moreover, « = k(x, t) is the curvature.

Potential function:
k=6. (6.20)

Compatibility condition:
1
6, + 5(6&)3 + 6y = 0. (6.21)

Explicit formula in terms of 7 function:

1 .
-3 (log777),

0 = \/i__l log Tl v=| (log 1) . (6.22)
2V-1\ "7y
Soliton type solutions: .
T=e" det f;’_)l)i’j:l _____ o (6.23)
O = aple I 4 Bi(—pple IR, (6.24)

12



Theorem 6.1

(1) Putting
a+b a—b

2 2 (6.25)

a, = a (const.), b,, =b (const.), 6=
s
—=n+m, l=n-m,
0
and taking the limit 6 — 0, the discrete motion of discrete plane curves yields the continuous
motion of discrete plane curves.

(2) Putting

62

x=€l+s, t= —gs, (6.26)
and taking the limit € — 0, the continuous motion of discrete plane curves yields the contin-

uous motion of smooth plane curves.

Theorem 6.1 can be verified by tedious but straightforward calculations. In fact, the statement
(1) can be checked by substituting the parametrization (6.25) into (6.1)—(6.8), expanding in terms
of powers of ¢ and taking the limit 6 — 0. The statement (2) is also checked by a similar manner.
We note that the limiting procedures presented in (6.25) and (6.26) have been obtained in [7]
and [8] on the level of the equations for §. Theorem 6.1 claims that the procedure applies to the
curve motions and solutions. Also, it should be noted that limiting procedure also applies to the
Biécklund transformations.

In order to demonstrate the calculation, we here discuss the limits of the t functions corre-
sponding to the soliton type solutions. Substituting (6.25) into (6.8), we have

NI~

(1 —ap)™(1 —bp)™ = (1 —ap)2GD(A = bp;) 26D = g5 loel1-20p+@=p7] (M) ,

1 +epi—dpi
Noticing that
_ , 2 2y 2] _ ‘_@ 2 120
log[l 26p; + (0 e)pi]—logw, 0+ 0(), wi=1-¢€7p;,
Wi
we get

1
log w; Pig 1 — ; 2
(1= apy™(1 = bp)™ ~ e 55 x (i) ,

Similarly, we have
1
og w; _Pig 1 + i )
(A +ap)™(1+bp)™ ~ e 55 x 6 (i) _

Therefore f,fi) yields

i) log w; Pi s 1 - Epi
k

1

_ P ogo; - _nig (1 +€p;) 2 1,

~a;pfe” @ T evi T———] e’
I +ep;

1
-2
) e’ + Bi(—pe F S eh
logw; Pig L ] —Pig L,
= 51— Eph)? [aipé‘ (1—ep)™ e " + Bi(—p) (1 + ep) e 3:-’] . (627)
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as 0 ~ 0. The prefactors of the entries in (6.27) can be factored out of the determinant, and it is
easily seen that the overall factor does not affect the solutions, namely, if we remove overall factor
from the 7 functions, it gives the same 6 and v, as seen from (6.6). This implies that the determinant
in (6.7) yields that in (6.15) up to this trivial multiplicative factor. Also, the exponential factor in
(6.6) becomes that in (6.14) under the parametrization (6.25). Therefore, we have shown that (6.7)
is reduced to (6.15) as 6 — 0.

Similarly, substituting (6.26) into (6.16), we have

R/ 6t i 3 ;
(1 -ep; e = exp|— 2 + —|log (1 —€p;) + Ls = exp ﬂt + (p[x - 4p?t) + O(e)|,
€ € 1 - e2p? €

and
-] pzi 7S 3p,'2 3
(1+e€p) e " =exp|—1- (pix —4p; t) + O(e)|,
€
from which we obtain as € ~ 0

(0) i k pPix= apjtt oy k —pix+api—Ly
e Ten [ @ipie” +Bi(=p)e T ] (6.28)

The prefactor in (6.28) does not affect the solutions. Also, the exponential factor in (6.14) becomes
that in (6.22) under the parametrization (6.26). Therefore, we have shown that (6.15) is reduced to
(6.23) as € — 0.

A Derivation of bilinear equations (4.7) and (4.10)

In this appendix we prove Proposition 4.2. As mentioned in Section 3, it suffices to show that the
7 function given in (4.5) and (4.6) actually satisfies the bilinear equations (4.7) and (4.10).

A.1 Equation (4.7)

We define the 7 function aﬁm(u, v;y) by

k . ()
o, (u,vyy) = det (fk+] (, m))i,j:1 ’’’’ N (A.1)
where the entries of determinant satisfy the linear relations
Dtm) = 0 - . SO m) = 0 m ~
: = fih@m), = fihm (A2)

a b
AU my = [P+ 1L,m), O£ m) = fOUm+1),  8,£7(m) = fO,(L,m). (A.3)

Note that fk(i)(l, m) given in (4.6) satisfy the above relations. In order to prove (4.7), it is convenient
to consider pj,, defined by

Pl viy) = det (fOU = j+1om) . (A4)
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: k k k
instead of T Here, Tiom and Py, are related as
k N(N-1)/2 _k
P = NV (A.5)

which can be easily verified by manipulating the columns of determinant with the first equation in
(A.2). We also introduce a notation

[ = jom) ]
21~ j,m)
pﬁm: 0k 15,... N=28 N—1|, j* = ¢ . ) (A.6)

m> “m?

N .
| A= jom) |
It is possible to reduce (4.7) to one of the Pliicker relations which are quadratic quadratic identities
of determinants whose columns are appropriately shifted. To this end, we construct such formulas
that express the determinants in the Pliicker relations in terms of derivative or shift of discrete

variable of p’lf,7l(u, v;y) by using the linear relations of the entries. For details of the technique, we
refer to [9, 18-21].

Lemma A.1 The following formulas hold:

Oupiy=1-11- ,N=2,N-1|, (A7)
el =a""]0,1,--- N-2,N-1""|, (A.8)
ol =a"" 0,1, \N=-2,N=2""|, (A.9)
G- pft=ad"" | -1,1,--- N=2,N-1""|. (A.10)

Note that the superscripts of column vectors are shown only when k is shifted for notational sim-
plicity.

Proof. Equation (A.7) follows from the differential rule of determinants and the fist equation of
(A.2). Next, applying the first equation of the difference rule (A.3) to the first column of p’Z;}, we
have

plzr—nl — | Ok_l,lk_l, . ,N— 1k—1| — | Ok—l _ lk_l,lk_l,' . ,N— 1k—l| — Cl| Ok,lk_l, . ,N— lk—l )
Repeating this procedure for the j-th column (j = 2,3,...,N — 1), we get
pﬁ;ll — aN—l |0k’1k’___ ,N—Zk,N— 1k—1|,

which is (A.8). Applying (A.2) to the N-th column of (A.8), we obtain (A.9).
Finally, differentiating (A.9) by u yields

Oupp, =d | =151 N=25 N= 1" 44V 05,15, N =25 N - 24!

=a" | =151 N =25 N =15 ol
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which is equivalent to (A.10). Thus we have proved Lemma A.1. O
Now consider the Pliicker relation (see, for example, [21])

0=|-101,- ,N=-2/x|1,-- N=2,N-1,N-1""|
+10,1,--- ,N=2,N-1x| -1,1,--- ,N=2,N-1""| (A.11)
-1, N-2,N-1""|x| -1,1,--- ,N=-2,N-1].

(A.11) is rewritten by using Lemma A.1 as

0= plurn X @O+ Pl X @@ = 1) p = @V X Do,
=a V(D= 1) pf) P+ o] (A.12)

which implies (4.7).

A.2 Equation (4.10)

We derive (4.10) from (4.7) and (4.12). We first introduce F fm by the subtraction of the right hand
side of (4.10) from the left hand side

1
koo_ ko ko kN2 k+1 k-1
Epp = 2DuDy T * O = UT1)" + QO T (A.13)
and consider
2 2
ok k-1 k=1 _k
P = Fl,m (O-Z,m) _Fl,m (O-Z,m)
_lDDOJ{_OJ(_(k)Z_l_ k+1 k—1 k—l2
- 2 u™y ¥ lm ILm a O-l,m ao—l+l,m0-l—l,m O-I,m
(VP lDD O B A S (A.14)
O-l,m 2 u™y O-l,m O-I,m a ILm ao—l+l,m I-1m]| .
Equation (A.14) can be rewritten as
_ ko k1Y k k-1 k+1 k-1 k-1 k-1 _ _ _k k-2 _k _k
P —Dy(Dx T lm 0'1,m) Tt tm T AT 1 i mT 1A m 1m Tim ~ 1 mT 121 1 1m (A.15)

where we have used the exchange formula of the D-operator [9]

(DD f - f)&* - f*(DuDy 8- 8) = 2D, (D f -8 - f2, (A.16)

for arbitrary functions f and g. We manipulate the first term of (A.15) as follows. Using (4.7) and
noticing Dy f - f = 0, we have

k -1\ _k k-1 k-1 __k k-1 ko k-1 k k-1 k-1
Dy (Dx O-l,m ' O-l,m ) O-l,mo-l,m = Dy (_O-I,m O-I,m + o-k g ) O-l,mo-l,m = D}' o O-Z Im’ O-]Zmo-l,m .

+1,m” I-1,m +1,m" I-1,m

Then applying another exchange formula
Dyaf-ys=(Dya-y)Bs+(DyB-6)ay. (A.17)
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for arbitrary functions «, 3, v, 9, we get

k k-1 ko k-1 _ J k) gkl A1y k-1 k—1Y -k k
Dy 01y w11 Tim Lam (Dy 0'1+1,m'0'1,m)0'1 1,m9 Lm (Dy Tltm” 0'1m)0'1+1,mo'1,m

(k& K+l k- 1 k=1 k-1 ko k-2 )k
—(0'z+1,m0'1m ao i ol )O-];Imo-lm (O-Imo-llm+a0-lm0-llm)o-l+1m0-];m

el k=1 k-1 ko k=2 _k k
= —aA0 O O lmo-lm +a0,,0 11 m 1e1m P 1m

where we have used (4.12) in the second equality. Substituting the above result into (A.15), we see
that P = 0. Therefore, it follows from (A.14) that

1
5DuD; Tl Tr — a0, +acyi! ol = A, y, D(04,,)’, (A.18)
where A(u,y,[) is an arbitrary function. Since O'ﬁm = 1 (the case of N = 0) satisfies (4.7) and
(4.12), it should satisfy (A.18) as well. Therefore we see that A must be 0, which implies (4.10).
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