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ABSTRACT A thorough analysis of the performance of planar arrays with a regular periodic lattice is

carried out and applied to massive multiple-input-multiple-output (MIMO) systems operating within 5G

NR n257 and n258 frequency band. It is shown that, among different arrangements with uniform spacing,

a triangular lattice guarantees the reduction of the Average Side Lobe Level (ASLL), a better angular scan

resolution of the main beam within a predefined angular sector and a lower mutual coupling level among

elements. Moreover, single beam and multibeam application scenarios are considered for the performance

comparison and both cases assess the remarkable features offered by a triangular arrangement. Particular

attention is paid to illustrate, for different propagation channel scenarios, the effects of the array lattice on

overall system performance including average gain as well as Signal-to-Interference plus Noise Ratio (SINR)

and Sum Spectral Efficiency (SSE). The obtained results prove that a regular and periodic triangular lattice

is appealing for arrays to be adopted in massive MIMO 5G systems.

INDEX TERMS Antenna array, 5G, massive MIMO, multibeam antenna, broadband array.

I. INTRODUCTION

Massive multiple-input-multiple-output (MIMO) can offer a

significant boost to the throughput of 5G wireless commu-

nication systems [1]–[4]. In general, there are three main

factors that affect the throughput of the network: bandwidth,

cell size and Spectral Efficiency (SE) [3]. In the past, dif-

ferent approaches have been adopted to cope with the ever

increasing data traffic, such as recurring to larger bandwidths

or deploying more base stations to reduce the cell area [5].

In contrast, in the upcoming 5G generation, the improvement

of the data throughput is guaranteed primarily by the massive

MIMO technology able to increase the SE by servingmultiple

users simultaneously in the same time-frequency resource

through Spatial Multiplexing (SM) [6]. The implementation

relies on a base station array with a massive number of

antennas that use concurrently multibeam to send to separate

users the different streams of data allocated on the same time-

frequency resource [7]. Among the frequency bands that will

be dedicated to 5G communications, the mm-wave spectrum

has recently attracted a large interest because of the limited
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available spectrum below 6 GHz [8]–[10]. In fact, the large

spectrum available at mm-wave can support wide bandwidth

signals and hence high data throughput in 5G communica-

tion systems [11]. However, despite the advantage of a large

spectrum, mm-wave signals experience some impairments

with respect to those below 6 GHz [12], such as more severe

propagation loss, rapid channel fluctuation with a reduction

of the coherence time, significant power consumption in the

analog-to-digital (A/D) conversion as well as a low power

amplifier efficiency. On the other hand, a small wavelength

allows compact antenna arrays with a large number of ele-

ments thus ensuring a high antenna directivity useful to

balance the higher path loss as well as to support multiple

users [10]. Different antennas array for mm-wave have been

proposed [13] to exploit these features. For example, phased

arrays working at 28 GHz with 32 and 64 elements have

been proposed in [14], [15] respectively. Both solutions are

based on 2 × 2 transmit/receive (TRX) beamformer chips

that allow attaining a single beam steering with a maximum

scan angle of 50◦ in azimuth and 25◦ in elevation. In [16]

a massive MIMO system, composed by 64 elements with a

fully digital beamforming for 5G mm-wave communication

operating at 28 GHz, has been realized and tested. To double
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the channel capacity, dual polarized phased array transceivers

have been also designed [17], [18] to provide two concurrent

independent beams.

A challenging task for large phased array at mm-wave

is represented by the cooling system for dissipating

heat [19], [20]. Passive cooling systems are preferred to active

ones from industry since they do not need electricity. From

the antenna array perspective, the simplest way to help the

cooling system to dissipate the heat is to increase the distance

among antenna elements [20]. However, increasing too much

the inter-element spacing could lead to grating lobes or high

lateral lobes inside the visible region. This effect is very

harmful in terms of Signal-to-Interference Ratio (SIR) in

case ofmulti-user communication at the same time-frequency

resource. Most of the designed array solutions for massive

MIMO rely on square or rectangular array architectures with

a uniform lattice. However, in [21] it was showed that a

potential increase in the channel capacity can be obtained

by exploiting an irregular antenna array layout. Planar array

topologies based on irregular layouts have been designed by

using convex optimization technique with the aim of decreas-

ing the Peak-Side-Lobe-Level (PSLL) [22]–[25]. It has to be

observed that the reduction of the PSLL by aperiodic arrange-

ments is obtained by spreading the energy in a larger solid

angle, thus raising the Average Side Lobe Level (ASLL) [26]

with a consequent maximum array gain reduction. More-

over, these irregular array solutions based on an extensive

optimization procedure present some challenges in terms of

practical design increasing considerably the complexity of the

feeding network [27], [28].

Among the mm-wave frequency bands that will be

committed to 5G wireless communications, the most promis-

ing are the 5G New Radio (NR) n258 band (24.24 GHz –

27.5 GHz) and the 5G NR n257 band (26.5 – 29.5 GHz).

Few antenna array solutions are able to cover both these fre-

quency bands such as the wideband dual-polarized solution

exploiting a tightly-coupled dipole array [29], [30]. However,

as mentioned before, having elements too close each other

can drasticallyworse the thermal aspect and hence complicate

the cooling system of the transceiver, in addition to having

lower angular resolution to resolve the users [3] and high

antenna elements mutual coupling (MC) able to drastically

undermine the massive MIMO performance [21], [31].

It is also interesting to notice that massive MIMO antenna

array are mostly implemented by using square or rectangular

arrangements among the elements [14], [15], [17], [18], [32]

although the triangular latticemay exhibit several advantages.

In fact, it not only allows using fewer antenna elements than

the same array with a square lattice [33], but it enables to

avoid the premature appearance of grating lobes as well as

a larger distance among array antenna elements [34]. In [35]

a 8×8 phased array with the radiating elements placed in a

equilateral triangular lattice has been presented. This array

operates in the 5G NR n257 band and it can steer the beam

up to 60◦ off broadside. However, a comprehensive anal-

ysis addressing the overall performance, including massive

MIMO metrics, for an array with triangular lattice has not

yet been addressed.

The purpose of this paper is to assess the benefit of

adopting a triangular lattice in order to improve massive

MIMO 5G performance in terms of average gain, minimum

distance among elements (dmin), ASLL and SE within both

the 5G NR n257 and n258 band. The obtained results prove

that a triangular arrangement of the array elements provide

significant advantages with respect to other regular lattices.

Moreover, the triangular lattice exhibits a higher degree of

versatility in serving users distributed in differently shaped

sector cells. It worthwhile to note that, although the analysis

has been focusedwithin both 5GNRn257 and n258 band, it is

possible to infer that the performance enhancement offered by

triangular lattice planar arrays could be also exploited in other

frequency bands as well as applications where the massive

MIMO technology is employed.

The comparison between an equilateral triangular lattice

and a square one is presented in Section II by analysing

a planar array of 8×8 elements and considering the gain

and PSLL as a function of the angular beam steering. The

following Section III is devoted to find the most suitable

triangular lattice in terms of array gain and minimum antenna

element spacing and to comparing the results with respect to a

rectangular lattice planar array. Multibeam antennas serving

users in a predefined angular sector through independent

directive beams are addressed in the Section IV. Massive

MIMO system metrics, such as SINR and SE, are evaluated

in Section V for planar arrays comprising 64 elements (8×8)

and compared in case of equilateral and isosceles triangular

lattice as well as square and rectangular ones. Conclusions

are summarized in Section VI.

II. EQUILATERAL TRIANGULAR VS SQUARE

LATTICE PLANAR ARRAY

Let us consider a planar array composed by N×M elements.

The array radiation pattern (RP) is given by [36]:

RP (θ, φ) =
N−1
∑

n=0

M−1
∑

m=0

Inme
jϕnmEnm (θ, φ) ejβF

F = xnm sin (θ) cos(φ) + ynm sin(θ ) sin(φ) (1)

where β = 2π/λ0 is the phase constant, Enm(θ, ϕ) represents

the element radiation pattern, Inm is the excitation amplitude

and φnm the phase associated to the (n,m)-th element whose

position (xnm, ynm) depends on the employed lattice. In case

of triangular lattice (Fig. 1), the radiation pattern (RPtri) can

be seen as a superposition of the fields generated by two

displaced rectangular lattices, RPr and RPg [37].

In particular, by considering an isotropic element factor

(i. e. Enm(θ, ϕ) = 1) the RPtri is given by (2), as shown at

the bottom of the next page, where RPr (θ, ϕ) and RPg(θ, ϕ)

represents the RP of the red and the green planar array,

respectively.

The spacing (1X , 1Y ) represents the height and the base

of the triangle and are related to the angle γ by the following
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FIGURE 1. Planar array with triangular lattice. The two rectangular
lattices are highlighted by the red and green dots and generate the far
field RPr and RPg, respectively.

equations:
{

1X = d0 sin(γ )

1Y = 2d0 cos(γ )
(3)

where d0 is the hypotenuse of the right-angled triangle,

namely the distance between the (n,m)-th element and the

(n + 1,m)-th element (Fig. 1). The phase (φnm) associated to

the (n,m)-th element necessary to steer the beam toward the

desired direction (u0, v0) is equal to:
ϕnm = β (xnmu0 + ynmv0)

u0 = sin(θ0) cos(φ0)

v0 = sin(θ0) sin(φ0) (4)

Although the equilateral triangle lattice (γ = 60◦) is the
most common adopted arrangement, isosceles triangular lat-

tices (γ 6=60◦) can be considered for improving the array

overall performance. In view of exploring different element

dispositions, the array gain and the PSLL of the equilateral

triangular case (γ = 60◦) have been evaluated within the

visible region as a function of the beam steering inside a

defined angular sector. Regarding the sector where the main

beam is steered to serve the users, it is assumed to span 30◦

in elevation and 120◦ in azimuth as shown in Fig. 2, which is

currently considered for typical 5G sector scenario [25], [38].

FIGURE 2. Rectangular sector within which the main beam of the planar
array is steered.

Once selected the array lattice, the distance between elements

is a crucial parameter since it affects the appearance of grating

lobes inside the visible region during the beam steering and

hence the array gain, ASLL and PSLL.

To avoid the appearance of grating lobes inside the visible

region, the minimum distance among elements (dmin) in the

case of a square lattice has to satisfy the following condition:

dmin ≤
λHF

1 + sin
(

θ0,max

) (5)

where λHF represents the wavelength in free space at the high-

est frequency (29.5 GHz) and θ0,max the maximum steering

angle of the array between the elevation and azimuth plane,

which is 60◦ for the sector shown in Fig. 2. Conversely, in the
case of an equilateral triangular (γ = 60◦) arrangement,

the minimum distance dmin turns out to be 2/
√
3 times wider

than the square lattice [34]. Therefore, the minimum element

distance goes from 0.53 λHF in the case of square lattice to

0.618 λHF for the equilateral triangular one.

A triangular lattice therefore guarantees a larger mini-

mum distance (dmin) between elements and thus a lower

level of Mutual Coupling (MC). This can contribute to

improve the stability of the antenna element input impedance

during the beam steering, to better exploit the linear

RPtri (θ, φ) = RPr (θ, φ) + RPg (θ, φ)

RPr (θ, φ) =
∑

n

∑

m

ejϕnmejβA

A = 2n1X sin (θ) cos(φ) + m1Y sin (θ) sin(φ)
{

n = 0, 1, 2, · · ·,N/2 − 1 → N = even

n = 0, 1, 2, · · ·, (N − 1) /2 → N = odd m = 0, 1, 2 · ··,M − 1

RPg (θ, φ) =
∑

n

∑

m

ejϕnmejβB

B = [2n1X + 1X ] sin (θ) cos(φ) +
[

m1Y + 1Y
/

2
]

sin (θ) sin(φ)
{

n = 0, 1, 2, · · ·,N/2 − 1 → N = even

n = 0, 1, 2, · · ·, (N − 1) /2 − 1 → N = odd m = 0, 1, 2 · ··,M − 1
(2)
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FIGURE 3. Array comprising 64 elements: red dots refer to equilateral
triangular layout (γ = 60◦) whereas blue crosses to a square lattice.

regime of the employed Power Amplifiers (PAs) and, more

in general, a lower degradation of the massive MIMO

performance [21], [31].

An 8×8 array is shown in Fig. 3 for both equilateral

triangular (γ = 60◦) and square lattice. The triangular lattice
occupies a greater area than square one due to a larger min-

imum spacing dmin. This causes a better angular resolution

and, in a multiusers scenario, a reduced angular interval

within which users cannot be spatially resolved [3]. The

larger element distance of the triangular lattice can be also

considered in favor of a better heat dissipation that is critical

in large mm-wave phased array [20].

The array gain in dBi and PSLL in dB as a function

of the main beam direction (u0, v0) inside the rectangu-

lar sector are illustrated in Fig. 4 for both the triangular

lattice and the square one for an isotropic element factor

(i.e. Enm(θ, ϕ) = 1). By comparing the results reported on

the color maps, it can be noticed that both the employed

array lattices exhibit similar trend during the beam steering

within the investigated bandwidth even though the trian-

gular lattice (γ = 60◦) allows obtaining higher gain val-

ues than square one. The array gain presents higher values

along broadside direction and decreases during the main

beam steering due to the beam widening as well as to the

approaching of the grating lobes inside the visible region [36].

Moreover, the PSLL maps confirm that the selected antenna

elements distance avoids the appearance of grating lobes

during the beam scan and they approach the visible region

(θ = 90◦) only at the highest frequency (Fig. 4 c, f ). In fact,

at 24.25 GHz and 26.875 GHz (Fig. 4a, d and d,e) a PSLL

of around −13 dB is guaranteed for whole the investi-

gated sector for both the employed lattices. On the con-

trary, at the highest frequency (Fig. 4 c, f ) in case of deep

main beam steering angles the grating lobes beam starts to

move into the visible region with a consequent reduction of

the PSLL.

For a more comprehensive analysis, the impact of the

employed lattice on array gain has been also evaluated from

a statistical point of view.

More in detail, the mean value (ηGain), the minimum

value (minGain) and maximum value (maxGain) of the gain

as a function of the frequency are calculated and reported

in Fig. 5. It is apparent that the equilateral triangular lattice

outperforms the square one. In fact, the equilateral triangu-

lar grid allows a percentage improvement of the mean gain

(ηGain) in dBi between 3.28 – 3.75 % with respect to the

square one within the whole n257 and n258 frequency band

(24.25 – 29.5 GHz). Moreover, it can be drawn that the

triangular lattice (γ = 60◦) provides higher maximum value

(maxGain) and minimum value (minGain) of the gain than

square one.

The array gain values ensured by triangular lattice enable

to obtain higher Signal-to-Noise Ratio (SNR) for each user

served inside the sector as well as a lower ASLL by exploiting

a better focus of the main beam. These factors lead to a

significant improvement of the Signal-to-Noise plus Inter-

ference Ratio (SINR) with a consequent enhancement of the

wireless communication performance as will be addressed in

the following.

III. ISOSCELES TRIANGULAR VS RECTANGULAR LATTICE

PLANAR ARRAY

So far, only equilateral triangular arrangement (γ = 60◦) and
square one have been considered and compared. However,

it is possible to select different values of γ and search for

better array configurations. In general, for a triangular lattice,

the grating lobe absence conditions are given by:
(

λ

21X
− u0,max

)2

+
(

λ

1Y
− v0,max

)2

≥ 1 (6)

2λ

1Y
− v0,max ≥ 1 (7)

λ

1X
− u0,max ≥ 1 (8)

where 1X and 1Y represents the height and the base of

the triangle shown in Fig. 1 whereas u0,max and v0,max

are the maximum steering angles where the main beam is

steered to serve the users along elevation and azimuth plane

respectively, namely u0,max = sin(15◦) and v0,max =sin(60◦)
according to the sector shown in Fig. 2. Therefore, by con-

sidering (6)-(8), the spacings 1X and 1Y such that during

the beam steering inside the rectangular sector do not cause

grating lobes, are equal to:

λ
(√

α∗ + ν0,max

) ≤ 1Y ≤
2λ

(

1 + ν0,max
) = 1Ymax (9)

1X ≤
λ

2
(

u0,max +
√
1 + α

) (10)

where

α =
(

λHF
/

1Y − ν0,max
)2

(11)

α∗ =
[

λHF
/

(21Xmax) − u0,max
]2

(12)

1Xmax = λHF
/(

1 + u0,max
)

(13)
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FIGURE 4. Color maps reporting the array gain in dBi and the PSLL in dB scale as a function of the main beam direction (u0, v0) inside the defined sector
in case of a planar array with 8 × 8 elements. Gain (left) and PSLL (right) in case of triangular lattice (γ = 60◦) at (a) 24.25 GHz, (b) 26.875 GHz and (c)
29.5 GHz; gain (left) and PSLL (right) in case of square lattice at (d) 24.25 GHz, (e) 26.875 GHz and (f) 29.5 GHz.

By considering the previous 1Y spacing range (9) along

with the maximum 1X spacing (10), the γ value regarding

the triangular lattice turns out to be 36.6◦ ≤ γ ≤ 70.7◦. For
the other γ values for triangular lattice, the array elements

spacing (1X , 1Y ) that do not provide grating lobes inside

the visible region are given by:

if γ < 36.6◦







1X =
1Y tan (γ )

2
1Y = 1Ymax

(14)

if γ > 70.7◦







1X = 1Xmax

1Y =
21X

tan (γ )

(15)

It is worthwhile to notice that only isosceles triangle lat-

tices with different γ values are considered since the scalene

one has a lower minimum distance (dmin) between elements.

To understand the effect of γ on the triangular lattice of

the considered 8×8 planar array, the average gain (ηGain) in

dBi has been evaluated by considering the rectangular sector

(Fig. 2) for a γ value included from 20◦ to 80◦. As the color
map of Fig. 6 emphasizes, the γ value has a significant effect

on the average gain.

FIGURE 5. Array gain statistical comparison between triangular (γ = 60◦)
and square lattice planar array of an array of 8 × 8 elements as a function
of the frequency.

More in detail, lower frequencies turn out to be more

sensitive to γ value by showing an average gain variation

up to 17 % whereas, with the increasing of the frequency,

the average gain is more stable. Moreover, γ values greater

than 70◦ and lower than 30◦ provide a steep reduction of the

gain at all the frequencies. In order to identify an optimal γ

value a frequency average of the ηGain has been calculated
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FIGURE 6. Average gain (ηGain) in dBi as a function of the frequency by
considering different values of γ in case of triangular lattice planar array
of 8 × 8 elements.

FIGURE 7. Frequency average of the ηGain as a function of the γ value of
the triangular lattice in case of a planar array of 8 × 8 elements.

within the addressed bandwidth (24.25 – 29.5 GHz) and it is

reported in Fig. 7.

From Fig. 7 it can be drawn that at the beginning the

frequency average of the ηGain increases almost linearly up

to γ = 36.6◦ then it gently decreases with the increasing of

the γ value up to around γ = 55◦ where an exchange of the

trend occurs. Afterwards, the frequency average of the ηGain
reaches the maximum value around γ = 70◦ after which

it quickly decreases. However, since the minimum distance

among elements (dmin) is of paramount importance for the

performance, it is reported in Fig. 8 as a function of the γ

value.

As it is apparent, although γ = 70◦ allows to reach

the highest frequency average of ηGain (Fig. 7) it does not

guarantee the largest minimum value of dmin. In fact, this

is achieved at the first peak of the frequency average of the

ηGain, namely γ = 36.6◦ (dmin = 6.788 mm). Furthermore,

γ = 36.6◦ ensures also the largest 1Y spacing providing the

highest spatial resolution along v plane, namely the azimuth

plane where the greater angular coverage of 120◦ occurs.

Therefore, it is reasonable to infer that, γ = 36.6◦ represents
the best choice regarding the isosceles triangular lattice by

considering the rectangular sector shown in Fig. 2 since it is

able to provide the largest minimum elements spacing, the

highest azimuth resolution as well as the greatest average

FIGURE 8. Minimum elements distance (dmin), elements spacing
(1X, 1Y) and d0 as a function of the γ value for the triangular lattice.

gain among all γ values where 1Y > 1X . Therefore, the

gain reported in Fig. 6 and Fig. 7 as well as the antenna

elements spacing of Fig. 8 emphasize that isosceles triangular

lattice (γ 6= 60◦) outperforms the equilateral triangular one

(γ = 60◦) in case of a rectangular sector.
Under the assumption of a rectangular sector with a cover-

age of 30◦ in elevation and 120◦ in azimuth (Fig. 2) it seems

fair to compare the performance of the optimal isosceles trian-

gular lattice (γ = 36.6◦) with a rectangular lattice instead of

a square one and with the same number of antenna elements

(M = 64) arranged in the same form factor (8 × 8). In case

of the rectangular lattice, the absence of grating lobes inside

the visible region is ensured if the elements spacing along x

and y axis satisfy the following equations:

dx ≤
λHF

1 + u0,max
(16)

dy ≤
λHF

1 + v0,max
(17)

where dx and dy represents the element spacing along x

and y axis, respectively. Therefore, the rectangular lattice is

obtained from the square one but increasing the elements

distance along the x axis (dx) namely the plane where occurs

the lower angular coverage. The overlapped array geometry

by using the isosceles triangular lattice (γ = 36.6◦) with the

spacing (1X ,1Y ) shown in Fig. 8 and the largest rectangular

grid according to (16)-(17) is illustrated in Fig. 9.

From Fig. 9 it can be seen that the isosceles triangular

lattice provides higher spatial resolution along azimuth plane

(y axis) than rectangular one. Therefore, the transformation

from square to rectangular lattice provides a larger area and

hence superior gain value, but the same resolution along

azimuth plane (y axis) due to (17). On the contrary, the isosce-

les triangular lattice with γ < 60◦ allows improving spatial

resolution along azimuth plane as previously shown in Fig. 8.

Moreover, the minimum distance among elements in case of

rectangular lattice remains exactly the same of the square one,

namely dmin = 0.53 λHF = 5.44 mm because of (17) whereas

the isosceles triangular arrangement of the elements allows to

widen the elements spacing. In fact, the minimum elements

distance among elements goes from dmin = 0.618 λHF for
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FIGURE 9. Array geometry composed by M = 64 elements (8 × 8) in case
of isosceles triangular (γ = 36.6◦) and rectangular lattice.

FIGURE 10. Array gain statistical comparison between isosceles
triangular (γ = 36.6◦) and rectangular lattice planar array of 8 ×

8 elements as a function of the frequency.

the equilateral triangular (γ = 60◦) to dmin = 0.667 λHF =
6.788 mm for the isosceles (γ = 36.6◦) one, by providing

around 20 % wider minimum element spacing than rectangu-

lar or square lattice. A statistical gain comparison between the

isosceles triangular (γ = 36.6◦) and rectangular array lattice

is shown in Fig. 10.

Unlike the comparison between equilateral triangular and

the square lattice gain (Fig. 5), isosceles triangular and rectan-

gular lattice exhibits similar performance. In fact, the optimal

isosceles triangular lattice (γ = 36.6◦) guarantees a slightly
higher maximum gain value at the lower frequencies but in

general it is characterized by an average gain value inside

the rectangular sector comparable to the rectangular lattice.

Moreover, the rectangular lattice outperforms the isosceles

triangular one in terms of minimum gain value inside the

rectangular sector.

Since in massive MIMO systems the user’s interference

plays a key role and represents the performance bottleneck,

it is worth making a performance comparison by considering

the ASLL inside the sector. From Fig. 11 can be drawn

that isosceles triangular lattice enables decreasing the mean

value of the ASLL (ηASLL) for all the frequencies inside the

sector with respect to rectangular lattice although the two

lattices provide similar average gain (Fig. 10). This feature

is attractive in massive MIMO 5G systems since it allows

reducing both the intra-cell interference as well as the inter-

cell interference. In fact, the side lobes related to the main

FIGURE 11. ASLL statistical comparison between isosceles triangular
(γ = 36.6◦) and rectangular lattice planar array of 8 × 8 elements as a
function of the frequency.

beam pointing at one user causes interference towards all

other users in the same time-frequency resource.

IV. MULTIBEAM ANTENNA

So far, the comparison among triangular, square and rect-

angular lattice has been carried out in terms of gain and

ASLL within a defined sector. However, in the upcom-

ing 5G wireless technology, the improvement of the data

throughput will be provided by multibeam antenna [39]

which can create several concurrent and independent direc-

tive beams. Various beamforming methods are available to

achieve multibeam [7], [10], [16], [40], [41]. Among all,

the fully-digital beamforming solution represents the best

performance although requiring a different radio frequency

chain for each antenna element [42].

The normalized multibeam radiation patterns of the isosce-

les triangular lattice (γ = 36.6◦) and the rectangular one

are illustrated in Fig. 12 for two configurations of five users

located inside the highlighted sector evaluated at the low-

est operation frequency (24.25 GHz) since it provides the

largest angular interval within which users may be spatially

not resolved in case of multi user’s scenario. In the former

configuration (conf#1) the users are located at: [u1 = 0◦,
v1 = − sin(55◦)], [u2 = 0◦,v2 = − sin(40◦)], [u3 = 0◦,
v3 = 0◦], [u4 = 0◦,v4 = sin(30◦)], [u5 = 0◦,v5 =
sin(60◦)] whereas in the latter (conf#2) the users are situated

at: [u1 = sin(15◦),v1 = − sin(60◦)], [u2 = − sin(5◦)◦,
v2 = − sin(40◦)], [u3 = 0◦,v3 = − sin(10◦)], [u4 =
sin(15◦),v4 = sin(35◦)], and [u5 = sin(10◦),v5 = sin(55◦)].
Moreover, the multibeam radiation pattern was achieved

through the Maximum Ratio (MR) linear precoding and

combining algorithm being the most powerful and computa-

tionally efficient beamforming method [5], [25]. It is worth

noting that the phase difference among the array antenna

elements retrieved through the MR algorithm necessary to

create the concurrent beams can be implemented with all the

beamforming methods (analog, digital or hybrid) with the

respective performance limits.

As it is evident from the color maps of Fig. 12, isosceles

triangular lattice (Fig. 12a, c) makes the antenna beams more

focused towards the users than rectangular one (Fig. 12b,d) by

exploiting the improved angular resolution. In fact, in case of
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FIGURE 12. Normalized multibeam radiation pattern in dB at 24.25 GHz
of a planar array with 8 × 8 elements in case of five users; (a) triangular
lattice (γ = 36.6◦) and (b) rectangular lattice in case of conf#1 of the
users; (c) triangular lattice (γ = 36.6◦) and (d) rectangular lattice in case
of conf#2 of the users. Green/black diamond marker represents users’
locations.

rectangular lattice, all the five users are not always served by a

well-defined independent beam thus producing a degradation

of the SIR and hence of the overall wireless 5G performance.

TABLE 1. SIR comparison in dB at 24.25 GHz between isosceles triangular
lattice (γ = 36.6◦) and rectangular one.

The improved performance of the optimal isosceles trian-

gular lattice has been further confirmed by the SIR reported

in Table 1 for both the user’s configurations (conf#1 and

conf#2). By looking at the data of Table 1, it is evident the

better robustness to interference guaranteed by employing the

triangular lattice array layout with respect to the rectangular

one in case of MR beamforming algorithm.

Specifically, an improvement of the average SIR (ηSIR) of

5.44 dB for conf#1 and 3.33 dB for conf#2 with respect to

rectangular lattice is obtained in case of five simultaneous

users inside the defined sector and an isosceles triangular grid

(γ = 36.6◦) of the array antenna element. The ηSIR difference

between triangular layout and rectangular one appears to be

more evident in case of closer users, such as conf#1, and

gradually decrease as the user’s distance increase.

By considering the ηSIR of Table 1 and in case of

interference-limited condition, namely at high SNR condi-

tion, the average SE for each user in case of isosceles tri-

angular lattice is 5.19 b/s/Hz and 6.21 b/Hz/s for conf#1 and

conf#2 situation respectively. On the contrary, by employing a

rectangular lattice the average SE for each user is 3.47 b/s/Hz

and 5.13 b/s/Hz [3].

V. SPECTRAL EFFICIENCY (SE)

Let us consider an isolated sector with a base sta-

tion (BS) comprising Mbs = 64 (8×8) antenna elements

that is serving K concurrent users equipped with a single

isotropic antenna and. The received Signal-to-Interference-

plus-Noise Ratio (SINR) for the nth user (ρn) can be written

as [25], [43], [44]:

ρn =
Pn |hn · wn|2

K
∑

j=1,j 6=n
Pj

∣

∣hj · wn
∣

∣

2 + σ0

=

=
Ŵn |hn · wn|2

K
∑

j=1,j 6=n
Ŵj

∣

∣hj · wn
∣

∣

2 + 1

(18)

where the numerator is the collected power by the nth user,

the denominator corresponds to the received interference

plus noise power (σ0). Pn represents the transmitted power

allocated for the nth user whereas Ŵn is defined as the ratio

between the transmitted power and the noise power (Ŵn =
Pn/σ0). More in detail, hnǫ 1×Mbs (n = 1,2,. . . , K ) is a
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FIGURE 13. MC model in dB as a function of the elements spacing
exploited for the calculation of the channel matrix H.

complex vector that corresponds to channel vector between

the nth user and each antenna element of the BS whereas

wnǫMbs×1 consists of the precoding vector that depends

on the selected beamforming method. Under the hypothe-

sis of uniform transmitted power for each user (Ŵn = Ŵ0,

n = 1,2,. . . , K ) the received SINR for the nth user (ρn) can

be written as:

ρn =
Ŵ0Gn (θn, φn)

Ŵ0

K
∑

j=1,j 6=n
Gj (θn, φn)

∣

∣hj · wn
∣

∣

2 + 1

(19)

where Gn(θn, ϕn) represents the BS array gain toward the nth

user located at (θn, ϕn). Once the SINR is known, the maxi-

mum achievable bit rate over 1 Hz of bandwidth for the nth

user, namely the SE per user, is:

SEn = log2 (1 + ρn) . (20)

To take into account the mutual coupling among array ele-

ments that undermines theMIMO performance [45], the mas-

sive MIMO channel matrix H is modeled as [46]:

H = G
(

IMbs×Mbs − SSH
)1/2

(21)

where G ǫK × Mbs represents the complex channel gain

among the users and the BS antenna elements in absence of

antenna MC, IMbs×Mbs is a Mbs × Mbs identity matrix and

SǫMbs × Mbs correspond to the S-parameters matrix of the

BS array. So far, isotropic element factor was considered for

selecting the most suitable planar array lattice, therefore a

perfect input matching (Sii = 0, i = 1,2,. . . , Mbs) has been

considered for S matrix. However, different array lattices pro-

vide dissimilar antenna elements spacing. Therefore the MC

level between two elements as a function of the distance has

been considered for the SE evaluation (Fig. 13) as illustrated

in [47] to include this effect in the following analysis.

It is worth noting that, in general, the MC level depends

also on the antenna elements typology employed to build

the array. Therefore, the employed MC level (Fig. 13) was

used just to extrapolate a general overview of the MC level

independently from the kind of the antenna element.

By comparing theMCmodel of Fig. 13 and the abovemen-

tioned minimum distances among elements, it can be seen

that the maximum MC level in case of square or rectangular

lattice at the lowest frequency, namely 24.25 GHz, it turns out

to be around −14.5 dB whereas the triangular arrangement

of the antenna elements allow obtaining a maximum MC

level of around −17.5 dB for the equilateral triangular lattice

(γ = 60◦) and −20 dB for the most suitable isosceles trian-

gular one (γ = 36.6◦).

A. LINE OF SIGHT (LOS)

Due to the severe path loss of the mm-wave channel com-

munication as well as the employed highly directive antenna

array beams, the line of sight (LOS) path represents the

predominant mode of propagation between BS and users

inside the sector with, in some cases, few non LOS (NLOS)

multipath rays characterized by weaker channel gain [48].

This condition turns out to be further emphasized if users are

equipped by multiple antenna elements.

To evaluate the performance of a massive MIMO systems,

the sum rate SE (SSE) by serving K user simultaneously

within the sector in LOS conduction has been calculated.

More in detail, the MR beamforming technique and perfect

CSI has been exploited for the SE evaluation. The SSE is

calculated by using the following equation:

SSE =
K

∑

k=1

E
(

log2 (1 + ρk)
)

(22)

where E(·) represents the average operator. For the SSE

assessment 10000 sets of K concurrent users uniformly dis-

tributed inside the rectangular sector were considered.

The SSE comparison in case of a Ŵ0 = 20 dB is plotted

in Fig. 14 as a function of the number of users (K ) within the

addressed frequency band. Specifically, Fig. 14a shows the

comparison between equilateral triangular and square lattice

whereas the SSE comparison in case of isosceles triangular

grid and rectangular one is shown in Fig. 14b.

In general, by increasing the number of concurrent users,

or equivalently the number of independent data streams,

the SSE first increases rapidly, then tends to reach a maxi-

mum value. The first part, where the SSE growth is almost

linear, is called multiplexing regime since the multiplexing

gain outweighs the interference. Then, the SSE improvement

slows down up to reaches the maximum in the saturation

regime. Subsequently, for every additional user, the SSE tends

to decrease.

As it can be inferred from Fig. 14, for few users, namely

at the beginning of the multiplexing regime, all the lattices

provide similar SSE. However, with the increasing of the

users, the SSE of triangular lattice outperforms the others.

To better emphasize the SSE comparison, the percentage SSE

improvement is calculated and reported in Fig. 14c, d where

it is well visible the superior performance of the triangular

lattice planar array within the addressed frequency band with

respect to square or rectangular grids. More in detail, equilat-

eral triangular lattice enables to achieve up to around 20 %

more of the SSE than square lattice whereas, the isosceles
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FIGURE 14. SSE comparison in case of a planar array composed
by 8 × 8 elements and Ŵ0 = 20 dB between (a) equilateral triangular
(γ = 60◦) and square lattice and (b) isosceles triangular (γ = 36.6◦) and
rectangular lattice. Percentage SSE improvement comparison between
(c) equilateral triangular (γ = 60◦) and square lattice and (d) isosceles
triangular (γ = 36.6◦) and rectangular lattice.

triangular one guarantees up to a percentage improvement

around 10 %– 14 % than rectangular grid in case of twenty

users. Fig. 14c underlines higher SSE improvement than

Fig. 14d since, unlike isosceles triangular lattice and rectan-

gular one that are characterized by similar gain values inside

the rectangular sector (Fig. 10), equilateral triangular lattice

provides also a superior gain values with respect to square

layout (Fig. 5) in addition to the better interference robustness

guaranteed by the superior spatial resolution.

It is noteworthy to observe that the best SSE improve-

ment occurs at the lowest frequency, namely where there

is the highest antenna elements mutual coupling. This hap-

pens because the larger minimum distance among elements

provided by the triangular lattice allows to undergo a lower

SINR degradation due to the presence of the MC and hence

it gives a considerable contribution to the SSE improvement.

However, with the increasing of the frequency the MC tends

to decrease, and therefore the greater distance guaranteed by

triangular grid provides a lower improvement in percentage

than at the lowest frequency. This trend is confirmed through

Fig. 15 where both the SSE and the percentage SSE improve-

ment between the triangular lattice planar array (γ = 36.6◦)
and the rectangular one in case of MC and without MC (w/o

MC) among array antenna elements has been shown. More in

detail, from Fig. 15a, b it is well visible that the MC under-

mines the performance since it reduces the SSE with respect

to ideal case without MC for both the investigated planar

array lattices. The percentage SSE improvement in Fig. 15c

highlights as the MC contributes to a further increase of

the percentage SSE improvement of triangular lattice (γ =
36.6◦) especially at the lowest frequency (24.25 GHz) where

FIGURE 15. SSE comparison for a planar array composed by 8 × 8
elements and Ŵ0 = 20 dB in case of (a) isosceles triangular (γ = 36.6◦)
lattice and (b) rectangular one between ideal array without MC (w/o MC)
and array with MC among antenna elements. (c) Percentage SSE
improvement comparison.

the array antenna elements are characterized by the highest

MC level due to the shortest elements distance with respect

to the wavelength. However, with the frequency increase the

MC level fades little by little to become almost irrelevant at

the highest investigated frequency (29.5 GHz) and therefore

the percentage SSE improvement with and without MC tends

to resemble more and more.

Fig. 16 shows the SINR as a function of the user (K )

in case of triangular lattice. Specifically, in case of equi-

lateral triangular lattice (γ = 60◦) against square grid,

the percentage SINR improvement presents a peak of around

60 % in case of four users and then it goes down with

the increasing of the users. Instead, isosceles triangular lat-

tice (γ = 36.6◦) against rectangular grid is characterized

by a smoother trend as a function of the users by offer-

ing a maximum SINR improvement of 27.55 % in case of

eight simultaneous served users. In case of a single user

(K = 1) the equilateral triangular lattice provides around 16

% more of SINR improvement due to the larger average gain

value inside the rectangular sector (Fig. 5). Conversely, since

the isosceles triangular and rectangular lattices are charac-

terized by comparable gain value inside the sector (Fig. 10),

in case of single users they offer similar SINR.

B. RICIAN CHANNEL

In this scenario the contribution of few multipath rays that

can exist between the users and the BS planar array has been
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FIGURE 16. Percentage SINR improvement achieved by using triangular
lattice as a function of the number of served users.

considered through the Rician channel model [6], [49] for

the evaluation of the achievable SSE. The channel matrix

G between the users and the BS planar array in absence of

antenna MC is modelled as:

G =
√

r

1 + r
GLOS +

√

1

1 + r
GNLOS (23)

where the entries of GNLOS matrix, that represent the NLOS

components, are independent and identically distributed com-

plex Gaussian values with zero mean and unit variance,GLOS
is a deterministic matrix that accounts the LOS components

and the scalar r > 0 represents the Rician factor denoting the

power ratio between LOS and NLOS.

The SSE and percentage SSE improvement as a function

of the number of served users (K ) for both the isosceles

triangular (γ = 36.6◦) and rectangular lattice in case of

r =0 dB and r =5 dB are shown in Fig. 17 and Fig. 18,

respectively. A Rician factor of 5 dB was selected since the

NLOS component provides on average a power from 5 dB

to 10 dB lower than LOS at mm-wave [48]. As expected,

the presence of NLOS components undermines the SSE in

case of MR beamforming [3]. Indeed, the achieved SSE are

lower than those shown in Fig. 14 in case of LOS chan-

nel propagation. Moreover, NLOS scenario tends to reduce

the advantages of adopting triangular lattice with respect to

rectangular one, although it remains superior. This effect is

evident by analyzing the percentage SSE improvement with

respect to rectangular lattice (Fig. 18) where the improve-

ment tends to reduce in case of r = 0 dB (Fig. 18a) than

r = 5 dB (Fig. 18b).

To have a comprehensive view about NLOS scenario

effect, the SSE as a function of r andŴ0 is shown in Fig. 19 for

both the isosceles triangular lattice (γ = 36.6◦) and rectan-

gular one in case of eight users.

The color maps of Fig. 19 emphasize that the multipaths

effect is more evident at high SNR where the SSE tend to

gently decrease with the increasing of the NLOS power with

respect to LOS. However, at noise-limited condition (lowŴ0),

the Rician factor turns out to be less evident.

Fig. 20a illustrates for different frequencies the SSE in case

of eight simultaneous users (K = 8) in an interference-limited

FIGURE 17. SSE comparison between isosceles triangular (γ = 36.6◦)
lattice and rectangular one for a planar array composed by 8 ×

8 elements and Ŵ0 = 20 dB in case of a (a) r = 0 dB and (b) r = 5 dB.

FIGURE 18. Percentage SSE improvement between isosceles triangular
(γ = 36.6◦) lattice and rectangular one for a planar array composed by 8
× 8 elements and Ŵ0 = 20 dB in case of a (a) r = 0 dB and (b) r = 5 dB.

FIGURE 19. Color maps highlighting the SSE as a function of Ŵ0 and the
Rician factor (r) for a planar array composed by 8 × 8 elements at center
frequency (26.875 GHz) in case of eight users; (a) isosceles triangular
(γ = 36.6◦) lattice and (b) rectangular one.

condition (high SNR) as a function of the Rician factor (r)

in dB. More in detail, it is reported in case of isosceles tri-

angular lattice (γ = 36.6◦) and rectangular where the NLOS
effect is more evident. From Fig. 20b it can be inferred that
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FIGURE 20. SSE and (b) SSE improvement as a function of the Rician
factor (r) in dB between isosceles triangular (γ = 36.6◦) lattice and
rectangular one for a planar array composed by 8 × 8 elements and Ŵ0 =

20 dB in case of eight users.

at high SNR (Ŵ0 = 20 dB) the percentage SSE improvement

of the isosceles triangular lattice, with respect to rectangular

one for eight simultaneous users, linearly decreases with the

increasing of the NLOS power down to a value included from

2.6 % to 6.3 % in case of r = 0 dB. On the contrary, with the

increasing of the Rician factor the SSE improvement linearly

tend to the LOS value shown in Fig. 14 in case of eight users,

namely included from 6.9 % to 11.45 %.

VI. CONCLUSION

A thorough study on the employment of regular periodic

lattices for planar array has been addressed in this paper with

a particular focus on their applications for massive MIMO

5G systems within both the 5G NR n257 and n258 band. The

results of this analysis proved beneficial effects of adopting

a triangular lattice since it guarantees a drop of the ASLL,

a superior angular resolution as a function of beam steering

inside a defined rectangular sector as well as a lower level

of MC due to a larger minimum distance (dmin) between ele-

ments among different planar arrays with a regular periodic

lattice.

These features allow reducing both the intra-cell interfer-

ence as well as the inter-cell interference. The effect of the

triangular lattice shape controlled by the γ value has been

also investigated in terms of gain and elements spacing.

The better robustness to interference in case of isosceles

triangular lattice array layout with respect to the rectangular

one has been shown even in case of multibeam antenna

through the SIR in case of five users.

Afterwards, the advantage of using triangular lattice dis-

placement of the array elements instead of square or rectangu-

lar one has been highlighted in term of SSE and SINR in case

of planar array with 8×8 elements for different propagation

channel scenarios.

The presented analysis proves that triangular lattice outper-

forms the other lattices with a uniform spacing by providing

a more versatile lattice solution as a function of different pre-

defined sector cell to serve the users. Therefore, the superior

wireless performance makes triangular lattice appealing for

the energy efficient massive MIMO 5G paradigm. Finally,

it is reasonable to assert that these remarkable improvements

can be expected even for arrays with a larger number of

elements.
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