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Abstract—Hybrid multiple input multiple output (MIMO)
systems consist of an analog beamformer with large antenna
arrays followed by a digital MIMO processor. Channel estimation
for hybrid MIMO systems in millimeter wave (mm-wave) com-
munications is challenging because of the large antenna array
and the low signal-to-noise ratio (SNR) before beamforming.
In this paper, we propose an open-loop channel estimator for
mm-wave hybrid MIMO systems exploiting the sparse nature
of mm-wave channels. A sparse signal recovery problem is
formulated for channel estimation and solved by the orthogonal
matching pursuit (OMP) based methods. A modification of the
OMP algorithm, called the multi-grid (MG) OMP, is proposed.
It is shown that the MG-OMP can significantly reduce the
computational load of the OMP method. A process for designing
the training beams is also developed. Specifically, given the analog
training beams the baseband processor for beam training is
designed. Simulation results demonstrate the advantage of the
OMP based methods over the conventional least squares (LS)
method and the efficiency of the MG-OMP over the original
OMP.

I. INTRODUCTION

Recently, hybrid MIMO systems consisting of analog beam-
formers in RF domain and digital MIMO processors in base-
band have been recognized as a useful technique for reducing
the cost for implementing MIMO systems. In these systems
more antennas can be employed without increasing the number
of costly RF chains, consisting of amplifiers, mixers, and
analog-to-digital (AD)/digital-to-analog (DA) converters. Hy-
brid MIMO processors have been proposed for both current
microwave communications [1], [2] and millimeter wave (mm-
wave) communications [3], [4].

Hybrid MIMO systems in mm-wave communications em-
ploy a large number of antennas, which is considerably greater
than the number of RF chains, to improve the signal-to-noise
ratio (SNR) by analog beamforming. In mm-wave systems,
analog beamformers have been designed through a closed-loop
beam training process consisting of beam pattern generation
using a codebook at the transmitter, best beam selection
at the receiver, and feedback of the selected beam indices
[5]-[8]. The beam training is performed iteratively starting
with a wide beam, and it reduces the beamwidth until it
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reaches the desired resolution. This closed-loop process can
efficiently design the analog beamformers without channel
knowledge at the transmitter. However, use of this technique
for hybrid MIMO systems will result in a suboptimal scheme
whose analog beamformer is designed without taking account
of the digital MIMO processor at the baseband. Techniques
for jointly designing the analog and digital parts of hybrid
MIMO processors have been developed by exploiting the
sparse nature of mm-wave channels [3], [4], [9]. Assuming
channel knowledge at the transmitter, these schemes adopt
the orthogonal matching pursuit (OMP) algorithm in the com-
pressed sensing field [10], to perform iteratively the joint beam
selection and baseband design. The OMP-based techniques
can outperform the beam training-based design at the cost of
channel knowledge at the transmitter. These days per antenna
channel estimation is becoming an important issue in mm-
wave systems, as in the case of conventional microwave
systems.

Channel estimation for mm-wave hybrid MIMO systems is
challenging because of the large antenna array and the low
SNR before beamforming. Recently, an adaptive compressed
sensing based algorithm in conjunction with closed-loop beam
training has been proposed to estimate such mm-wave chan-
nels [11]. This technique designs the codebook for beam
training in terms of analog/digital precoders, and it can exhibit
excellent performance characteristics. However, application of
this estimator to outdoor mm-wave channels would be difficult,
because outdoor environmental factors require a much larger
beamforming gain [8], which limits the use of wide beams for
beam training and the feedback channel.

In this paper, we develop an open-loop channel estimator for
mm-wave hybrid MIMO systems exploiting the sparse nature
of mm-wave channels. The proposed scheme uses training
beams with fixed beamwidth and estimates the channel without
any feedback from the receiver. We formulate a sparse signal
recovery problem and solve the problem by the OMP based
algorithms [10], [12], [13]. A modification of the OMP algo-
rithm, called the multi-grid (MG) OMP, is proposed to improve
the efficiency the OMP algorithm. It is shown that the MG-
OMP can significantly reduce the computational complexity
of the OMP. We also develop a process for designing the
baseband processor for beam training given the analog training
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Fig. 1. A mm-wave system employing hybrid MIMO processors.

beams. Computer simulation results demonstrate the follow-
ing: 1) the proposed OMP based estimators can outperform
the conventional least squares (LS) method and can efficiently
achieve high resolution channel estimates without employing
fine beams, ii) the computational saving achieved by the MG-
OMP is significant.

The organization of the paper is as follows. Section II
presents the system model. The compressed sensing based
channel estimation problem is formulated and solved in Sec-
tion III. The training beam patterns for the hybrid MIMO
channel estimation are designed in Section IV. Simulation
results showing the advantage of the proposed schemes over
the conventional LS method are presented in Section V.
Finally, the conclusion is presented in Section VI.

Notations: Bold uppercase A denotes a matrix and bold
lowercase a denotes a vector. Superscripts A*, AT, AH A~1
denote the conjugate, the transpose, the conjugate trans-
pose, and the inverse of a matrix A, respectively. E[-] de-
notes the expectation and diag (Aq,...,Ay) represents a
block diagonal matrix whose diagonal entries are given by
{A1,...,An}. |la]|, and ||a||, are the £y and Ly norms,
respectively, and a (n) denotes the n-th entry of a vector a.
|A|l is the Frobenius norm, and A (n) denotes the n-th
column of a matrix A. Iy denotes the N x N identity matrix.
vec (A) is a vector obtained through the vectorization of a
matrix A, and vec™! (a) represents a matrix obtained by the
inverse of vectorization.

II. SYSTEM MODEL

In this section we present the signal model for the open-
loop beam training and the channel model for mm-wave
communications.

A. Signal model for open-loop beam training

We consider the single user hybrid MIMO system shown
in Fig. 1, where the transmitter and the receiver are equipped
with N1 and Ny antennas, respectively, and both of them
have Ngrr RF chains where Nyr < min (Np, Ng). It is
assumed that the RF beamformers are phased array beam-
formers having coefficients with unit magnitude. For channel
estimation, the transmitter has N]Tgeam < Nr training beam
patterns denoted as {f, € CNt*!:p=1,.. . NP} and
the receiver has NRBeam < Ng beam patterns denoted as
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Beam
NBeam and NBeam are multiples of Ny, and denote Nﬁm«*
Beam
and N]{’}RF by NBlock and NBlock | respectively. During the

training period, the transmitter successively sends its train-
ing beams {f,}, and at the receiver each training beam is
received through its NE°*™ beam patterns {w,}. Since the
receiver has Nrr RF chains, it can generate Nyp beams
simultaneously and receives the vector y, € CNrr*1 for
g € {1,..., NF"}. Here ¢ denotes the received block index,
and NP'°°k is the number of blocks. The received vector for
the g-th block and the p-th transmit beam is given by

Yop = VPWIHE, + Win, (1)

the
[W(q_l)NRF+1 - 'WqNRF} €
represents the channel matrix, and n € CV®*1 is the noise
vector with CN (0,021, ) (here, the transmit signal is
assumed to be 1). Collecting y,,, for ¢ € {1,..., NFlok},

Beam .
we get y, € CNe "> given by

where P is transmit ~ power, W, =

(CNRXNR,F, H ¢ CNrXN

yp, = VPWTHI,

T
+diag (W{i, . ,ng]%lock) |:Il¥:p, cey n%glock’p} ,(2)

where W = |Wi,..., Wypioa| € CNRXNE™™ o repre-
sent the received signals for all transmit beams, we collect y,
for p € {1, e ,N{?eam} to get

Y = VPW"HF + N, 3)
where Y = |yi,... 7yNTBeam} € CNR™™"xNE™™ g —
[ Egeon| € OV ang N @ oM
is the noise matrix given by diag (WfI, e ,WgBluck)

T T r T T ST
|:n1,1a cee nNFEglock’1:| 1o [nl’N?emm cees nNFl?lock7N¥eam:| :| .

In the hybrid MIMO framework, the transmit and receive

training matrices are decomposed as F = FgrpFpp and

Beam
W = WgirWagg, where Frp € CNtxNr and Wgp €
Beam . .
CNrXNg represent the RF beamforming matrices, and
Beam Beam Beam Beam
Fpp € CVNt 7" XN and W € CVr™ XN represent
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the baseband processing matrices. These matrices are designed
under the following assumptions: i) Frr and Wry are unitary
matrices, ii) N%eam beams generated by the columns of Frp
cover all angles of departures (AoDs), iii) Ngeam beams
generated by the columns of Wgyr cover all angles of arrivals
(Ao0As), iv) Fpp and Wp are block diagonal matrices given

and

by Fpp = diag (FBB,h ..., FpBji, ..., FBB’Nglock

WBB = diag (WBB,h e 7WBB,i7 ..
diagonal entries, Fpp,; and Wgp;, consist of Nrr X Ngp
complex valued matrices.

B. Channel Model

We use the parametric channel model [3] given by

NoNg &
- ﬁ S asa, (0) 2 (01), “)
=1

where L is the number of scatterers, ay is the complex
gain, and 6] and 6} are the AoA and AoD of the /-th path,
respectively. We assume the uniform linear arrays whose
array response vectors are denoted as a, (6) € CNr*1 for
the receiver and a, (0}) € CN7*! for the transmitter. For
simplicity, each scatterer is assumed to contribute a single
propagation path. The channel gains {al}le are modeled
by i.i.d. random variables with distribution CA (0,02). The
AoAs and AoDs are modeled by the Laplacian distribution
whose mean is uniformly distributed over [—, ), and angular
standard deviation is oag. The channel model in (4) can be
rewritten in matrix form as

H=AgH, AL, Q)

.y WBB,NI]%lOCk WhOSG

where H, = 1/%diag(o¢1,...,al,...,aL), AR
[a, (6%),...,a, (0F),...,a,(0%)] € CNoXL and Ap =
[aT (9%),...,&1* (0{),...,aT (92)] € CNrxL,

IIT. PROPOSED SPARSE CHANNEL ESTIMATION

To formulate the sparse estimation problem, it is necessary
to vectorize the received signal matrix Y in (3). Denoting
vec (Y) by ¥, (3) is rewritten as

=P ((FRFFBB)T ® WgBWgF) -vec (H) + i, (6)
=Q-vec(H) +n, @)

where the first equality comes from the identity,
vec (ABC) = (CT @ A) - vec(B), i = vec(N), and Q =
VP ((FreFon)’ © Wi W) € CHE M xnov,
Given (7), a natural approach to estimating vec (H) is the LS
approach, which results in a closed-form solution given by
(Q7Q)”'QHy when NBeamNBeam > NN, However,
use of this solution for mm-wave communication is difficult
because (Np, Nr) are large integers and evaluating the
inverse of Q7Q € CNtNexNtNr peeds heavy computations.
The compressed sensing based channel estimation reduces
the computational load by exploiting the sparse nature of the
channel.
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To apply compressed sensing techniques to the channel
estimation, we first select the set of discrete angles, called
the grid, defined as ¥g = {p, €[0,71):9=1,...,G}.
Here W¢ includes all candidate angles of departures and
arrivals. {4} are uniformly distributed in the candidate angle
space, and G > L to achieve the desired resolution. Then,
we define the array response matrices Ay € CNT*E and
AR € CVr*% whose columns are the array response vectors
corresponding to the candidate angles in W¢. Specifically,
Ar = [ag(p1), ... ,a(@g),...,a (pg)], and A =
[ (p1), - ar (@g), ... ,ar (pg)]. Using these matrices,
the channel matrix H in (5) can be approximated as H =
ARH,AH where H, € C“*% is an L-sparse matrix having
L non-zero elements corresponding to AoDs and AoAs and
zeros, otherwise. Unlike H, € C*” in (5) which is diagonal,
H, € C%*% is not a diagonal matrix but a sparse matrix.
To simplify notations, we ignore the error caused by the
discretization of angles and rewrite (5) as

H=ArH,AY. (®)
Using (8) in (6), we have

n

+ 1, ©)
where the equalities (a) and (b) hold because vec (ABC) =
(CT®A) - vec(B) and (A ®B)(C®D)=AC @ BD,
and Q = VP((AlFurFpn)” @ WHWHAR) e
CNE™™NE™™xG* Since vec (Ha) € CE %1 is an L-sparse
vector, (9) is seen to be a sparse reconstruction problem with
the sensing matrix Q and can be solved by a sparse signal
recovery technique, such as the OMP algorithm, which has
been used for channel estimation [12], [13]. The optimization
problem for compressed sensing based channel estimation can
be written as

vec (I_{acs): argr%in HS/ — Q- vec (Ide) H2

subject to Hvec (ﬁa) ||O =1L, (10)

where HSS denotes the estimate of the sparse matrix H,
through compressed sensing, and the estimate of the desired
channel, denoted as HC®, is given by
HC = ARHSAL, (11)
The OMP algorithm solving (10) is summarized in Algo-
rithm 1. At the ¢-th iteration this algorithm chooses the column
of Q that is most strongly correlated with the residual r;_;
(step 3), and updates the column index set (step 4). Each
column index obtained in step 3 corresponds to an AoD/AoA
pair of the grid and is called the AoD/AoA pair index. Then,
the channel gains associated with the chosen grid points are
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obtained by evaluating the LS solution of § = Qgq,h in step
5, where Qq, € CNT™"NE™xt i the sub-matrix of Q
that only contains the columns whose indices are included
in Q. In step 6, the contributions of the chosen column
vectors to ¥ are subtracted to update the residual r;_;. This
procedure is repeated until ||r;—; — I't_gHg falls bellow the
predetermined threshold §. In step 9, the algorithm constructs
the vector h, € CE”*1 so that h, (i) = hy_; (i) for i € Q_;
and h, (i) = 0, otherwise. The desired estimate is given by
I:ISS = vec! (ﬁa)

Algorithm 1 OMP based mmWave channel estimator

Require: sensing matrix Q, measurement vector y, and a
threshold ¢

1: Qp=empty set, residual r_; = 0, ry =y, set the iteration
counter t =1

2: while |[ry_1 — 1, 5|2 > 6 do

TQ(@')Hrt,l) > Find AoD/AoA pair

> Update AoD/AoA pair set

3: ) = ar max
J 8, 1,....G?
4: Qt

yeeey

=M-1U{j}

5: h; = arg m&n Hy - Qchuz > Estimate channel
gains

6: =3 — Qq,hy > Update residual

7: t=t+1

8: end while

9: b, (i) = hy_y (i) for i € _; and h, (i) = 0 otherwise

10: return HSS = vec™! (ha>

Since the AoDs and AoAs are generated from the con-
tinuous Laplacian distribution, increasing the number of grid
points G' can improve the estimation performance. However,
using large GG in Algorithm 1 leads to heavy computational
load. To avoid this difficulty, we adopt the adaptive multi-grid
(MG) approach [13], [14], which adaptively refines the grid
to achieve better precision. In the MG based OMP, called the
MG-OMP, the algorithm starts with a coarse grid and makes
the grid fine only around the regions where the AoDs and
AoAs are present. To describe the r-th stage of the MG-OMP
algorithm we rewrite (9) as

¥ =Q, - vec (Ian,T) + 0, (12)

where Q, is the sensing matrix at the r-th stage given
by Q. = VP ((A%TFRFFBB) @ WH,WH Ap 3 €
CNTBea“‘NRBea"‘XGi’ AT . € CNtxGr gnd AR . € CNrxG,
are the array response matrices corresponding to the candidate
angles in the AoD grid \IIAOD and the AoA grid \IIAOA
respectively, of the r-th stage whose number of points is G

The MG-OMP algorithm is the same as Algorithm 1 with
exception of step 3. In the MG-OMP, this step is replaced with
the following:

Initialization: Set the initial sensing matrix Qg = Q, the
initial grid size Gop = G, and r = 1. Find the coarse AoD/AoA
, Qo).

pair index, j = arg max

i=1,...,.G 0
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3-1) Obtain the indices of AoD and AoA corresponding to j

by gr—1 = ’VGT]_l—‘ 1)G7’71)+1’
respectively, where [-] denotes the ceiling operator and
mod (a, b) is the remainder of a when divided by b.

Set (., to achieve the desired resolution at the

r-th stage and get the refined grids \IICA;‘;D =

{Qogr |:<)Ogr—1_17<pgr—1+1} Y9r = 17---7GT}

\IlAOA {cpg € ey, ~1.0g, +1|:9,=1,.. .,GT}.
3-3) Deﬁne the array response matrices,

5Tﬂ" = [at (1) ((PQT) yee e &t (QDGr)]

Ag, = [a,, (01),...,a, (gong a, (@GT)].
3-4) Form the sensing matrix,

Q. =VP ((A%TFRFFBB) ® WH WH AR r)
3-5) Find the fine AoD/AoA pa1r index,

j=arg max ‘Qr( ) e, 1‘

I

and g/._; = mod (j —

3-2)

and

and

3-6) Setr=r+1 and return to step 3-1 until the grids reach
the desired resolution.

IV. TRAINING BEAM PATTERN DESIGN

In this section, we first briefly discuss about the RF beams
and then design the baseband processors following the proce-
dure in [15].

We suggest the use of the DFT beams for RF beamforming
whose transmit and receive weight vectors are given by the
columns of NEeam » yBeam apq pyBeam 5 Beam ppT
matrices, respectively. In this case, it is convenient to assume
that { Ny, Ng, Ngeam NEeam 1 are powers of two and that
the antennas are properly decimated when implementing the
beams with N]TBCam < Nt and NB®*™ < Ng. The trans-
mit and receive beamwidths deﬁned as ]\}gg:, and ngg:,,,,
respectively, should be determined dependmg on the requ1red
beamforming gain (or SNR).

To design the baseband processors for given RF beamform-
ers, we consider the coherence  (Q) defined as

= Q)" Q)
I (Q) = max = = . (13)
1smasmzn [ Q(m)l, - [|Q (m)]l,

In compressed sensing, it is known that a small
1 (Q) improves the estimation performance. Thus
it is desirable to design the sensing matrix Q
so that p (Q) is minimized. Now due to the
identity, p(A®B) = max{u(A),n(B)}, we have

—_ —_ T _

1 (Q) = max {l‘ (A{FrrFgp) ) K (WnggFAR)}’
indicating that the design problem for Q can be

decomposed into the design of Fgg and Wgp minimizing
u((A?FRpFBB)T) and u(W WRFAR) respectively.
Next we describe the design of Wpp (the process for
designing Fgp is similar to that for Wy and will be
omitted).

Following the approach in [15], we first modify the objective
function 1 (WH;WHLAR) so that the objective becomes
the sum of the squared inner products of all column pairs
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of WHL,WH. AR. For the block diagonal matrix Wpp =
diag WBBJ,...,WBBJ,...,WBRNEW) the new objec-
tive 1s written as

¢ G

>3 W)W )
m n,m#n

Nglock " )
Z H (Wi, Wi Ar) Wi ;Wi Ar — IGHF’ (14)

i

‘ 2

A

where W WH, WH. Ar and Wgp; €
CNexNrr  is  the j-th sub-matrix of Wgp =
|:WRF,17 ey \RZRFJ‘7 . 7WRF7N§10cki| . Thus designing

W is decomposed into designing {Wgp,; : 1,..., NF°*}
by solving
)H

: H H x
WBBJ = arg _min (WBB,iWRF,iAR

BB,

A 2 . co.
x Wil ;Witp Ar — Ig|[.,1 < i < NR'K.(15)

It was shown in [15] that the optimal solution to (15) is given
by

H
Wi, = U(A72)7 1<i < NEs (16)
where U and A are the matrices of the eigenvectors and
eigenvalues, respectively, satisfying Wiy ,ARAf Wiy, =
UAUZ,

V. SIMULATION RESULTS

The performance of the proposed channel estimators is
examined through computer simulation with the following
parameters. The transmitter and the receiver are equipped with
the uniform linear arrays with No = Ny = 32 and Nrp = 4.
They have DFT training beams with NEeam = NBeam — 32,
The results in this simulation are obtained through 500 channel
realizations with 02 = 1 and oas = 20. At each channel
realization, the number of scatterers L is determined by L =
max {P19, 1} where Py is the outcome of Poisson random
variable with mean 10. We consider two OMP algorithms with
G € {60,180}, called OMP1 for G = 60 and OMP2 for
G = 180, and two MG-OMP algorithms having two grids
(two stages) with (Go, G1) = (60,7) and (60, 13), called the
MG-OMP1 and MG-OMP2, respectively. The grid points of
the OMP algorithms are uniformly distributed over [0, ), and
thus the OMP1 and OMP2 have angular resolutions of 3° and
1°, respectively. On the other hand, the second grid points of
the MG-OMPs are distributed over an angle of 7°, and thus
the MG-OMP1 and MG-OMP2 have angular resolutions of 1°
and 0.5°, respectively. From these resolutions, we expect the
following: OMP1 performs the worst, MG-OMP2 performs the
best, and OMP2 and MG-OMP1 exhibit comparable behaviors.
The simulation results comparing the normalized mean square
errors (NMSEs) will confirm these expectations. For compari-
son, we also consider the conventional LS algorithm based on

).
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Fig. 2. The convergence characteristics of the OMP2 and MG-OMPI
algorithms in terms of NRE.
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Fig. 3. NMSEs at different SNR levels (dB).

Before comparing the NMSEs, we examine the convergence
characteristics of the OMP and MG-OMP algorithms by eval-
uating the normalized residual error (NRE) at each iteration
of the OMP, defined as ||rt||§/||y||§ Fig. 2 compares the
NREs of OMP2 and MG-OMP1 when the SNRs defined as
P/o? is 0dB, 4dB, and 8dB. As expected, the two algorithms
exhibit almost identical behaviors and converge after about 20
iterations. In fact, after 20 iterations |[r,_; — r; 5|2, which
is evaluated in step 2 of Algorithm 1, is less than 0.102.
Therefore, we set § = 0.102 in step 2 of Algorithm 1.

Fig 3 compares the NMSE  defined as

101og10(E [||H—HLSH§/||H||§D. The LS method,

whose complexity is O ((NTNR)QNngeamNgeam , exhibits
the worst performance. Among the OMP based algorithms,
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as expected, the OMP1 performs the worst, the MG-OMP2
performs the best, and the OMP2 and the MG-OMP1 exhibit
almost identical performance. The complexities of the OMP
and MG-OMP are given by O (LNEe*™NEe*mG?) and
O (LN%eamNg’eam (G02 + Glz)) , respectively, and the
OMP based methods need less computation than the LS
method. Comparing the complexities of the OMP2 and
MG-OMP1 showing similar performance characteristics,
the latter requires much less computation than the former.
Computational savings achieved by the MG approach can be
significant.

VI. CONCLUSION

An open-loop channel estimator for hybrid MIMO systems
in mm-wave communication was proposed. By exploiting the
sparse nature of mm-wave channels, a sparse signal recovery
problem was formulated for channel estimation and solved by
the OMP based methods. To reduce the computational load
of the OMP algorithm employing a dense grid, the MG-OMP
that adaptively uses dense grids only in the neighborhood of
AoDs/Ao0As is proposed. Given the analog training beams the
baseband processor for training is designed to minimize the
coherence of the sensing matrix of the sparse signal recovery
problem. The simulation results demonstrate that the OMP
based methods can outperform the LS method, while requiring
less computation, and that the computational saving achieved
by the MG-OMP can be significant. Further work in this area
includes the extension of the proposed method to orthogonal
frequency division multiplexing systems.
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