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Summary

We explore the feasibility of deriving atmospheric infrared
cooling rates by direct inversion of radiances observed by
satellites from space. In order to convert radiances to fluxes
and achieve vertical profiling at the same time, we show that
it is necessary to combine radiances from narrow channels
with radiances averaged over spectral bands. We demonstrate
that the vertical integral of the cooling rate in the spectral
band, convolved with a kernel function associated with the
narrow channel, can be related to a weighted sum of the
channel and band radiances. The band radiance must be
evaluated at a specific zenith angle, which is a result of use
of the mean value theorem. With known kernel functions,
the combined radiances may be inverted to obtain the cooling
rate profile. These results are derived from use of a random
model for the transmittance in its strong- and weak-line limits.
The results are similar in the two limits leading us to conclude
that there are expressions that are approximately valid over
the entire range of transmittance. We show by numerical
methods that this conclusion is correct and apply the retrieval
technique successfully to get the cooling rate profile in the
rotational band of water vapor.

1. Introduction

While significant advances have been made in the
determination of temperature and moisture fields
from satellites, a direct approach to derive at-
mospheric infrared cooling rates from space has
not been attempted. Two issues are involved. The
first issue is whether the cooling rate profile, which
is a result of infrared flux divergences within the
_ atmosphere, can be related to emergent radiances

at the top of the atmosphere. The second issue is
whether it is possible to find appropriate weighting
functions for the performance of retrievals. In this
paper, we wish to explore the fundamental prin-
ciples for deriving infrared cooling rates by direct
inversion of satellite radiances.

A direct measurement of infrared cooling rates
could have important advantages. Radiation al-
gorithms for cooling rate calculations can use very
large amounts of computer time and the differ-
ences between different algorithms, even with the
same input data, are notorious. A direct relation-
ship between the input data from satellites and
the diabatic heating terms required for numerical
weather prediction could reduce these uncertain-
ties and save time and effort at the same time. In
addition, information on the infrared cooling rate
profile can be used to obtain vertical velocities. A
simple direct method could be of value to re-
searchers who might wish to have this informa-
tion.

The history of infrared soundings from satel-
lites is one of slow evolution of retrieval tech-
niques. To be successful, the ideas presented here
will require refinement and many additional as-
pects of the technique will have to be looked into
eventually. The prime objective of this paper, then,
is to present the general principles involved in
retrieval of the infrared cooling rate profile. In
Section 2 we shall demonstrate the retrieval tech-




132 K.-N. Liou and Y. Xue

nique using a random model of transmittance with
pressure scaling and in the strong- and weak-line
limits. This enables us to relate a convolution of
the cooling rate in the spectral retrieval band, us-
ing an appropriate kernel function for a narrow
channel, to a linear combination of band and
channel radiances. There are slight differences be-
tween the results for the strong- and weak-line
limits but they are close enough to be combined
empirically in an expression that is valid over the
entire range of transmittances. This is done in
Section 3, where we also demonstrate the retrieval
technique for two broadbands in the water vapor
rotational region.

2. Principles of Remote Sensing of Infrared Cooling
Rates

There is no obvious relationship between atmo-
spheric cooling rates and emergent radiances at
the top of the atmosphere. To the extent that both
are associated with temperature and specific gas-
eous profiles, it seems reasonable to assume that
there may be a direct link between the two. Our
approach is to introduce a kernel function and to
investigate the result of a convolution with the
infrared cooling rate profile. The cooling rate, 6,
expressed in the height coordinate, is related to
the net flux divergence by

9 _ . _I_SIL(.Z_) , (1 )
p.C, dz

where z is the height, C, the specific heat at con-
stant pressure, p, the density of air, and F the net
flux, which is the difference between upward and
downward fluxes. In the analyses presented below,
the path length coordinate will be used. Radiation
quantities without a suffix (0, F, etc.) refer to the
spectral retrieval band. In contrast, a suffix i is
used to indicate radiation quantities for the kernel
channel (spectral sub-band).
We introduce a kernel function in the form

Ki(z) = Cyp.(2) Ti[n (2)], @
where T denotes the transmittance for an absorber
path length, #(z) above the ievel z. We shall in-
clude pressure effects by means of pressure scaling
so that # is the only independent variable. We then
examine the convolution

dF(z)

fi= fé(z>1<,-<z)dz= - JT,[ 92 3
0

0

The idea here is to develop an integral equation
containing the infrared cooling rate profile, which
is weighted by a kernel function. This kernel func-
tion has similarities to those used for temperature
soundings. The next step is to correlate the last
expression in Eq. 3 to emergent radiances at the
top of the atmosphere. By changing variables in
Eq. 3, we write

dF (17)

fi= jT() @)

where 7, is the pressure corrected path length in
the entire atmosphere.

To carry out the integration, expressions for
the upward and downward fluxes are required.
They are

1

Fl(n) = ZTEB(m)j (1 — /el pd
0

+ 21cjfB(;7’)

0m
dT[H —
St wa, (52)
1
Fo) = 2n”B(n')-——~—d SOy
00
(5b)

where y is the cosine of the zenith angle and B
the Planck function. The net flux divergence is

dF _ dF' dF!

dyg  dn  dy

1
b
= 2nB(i) Lﬁ Ty, — m)/pjudp
0

+2n judu{ IB(n’)
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d T —
+ B(p) [(721 . m/H

7=

. jﬂ in {f a2 (4710 )

a 0
b

d17 /e 7]’ U
n'=n

We now use the random model (Goody, 1952)
modified by Méller and Raschke (1964) to include
pressure scaling in the form

7 ( bfj?)“”z] ' @

In Eq. 7, #=u(P/P,)" where n is the scaling pa-
rameter, u is the path length, P is the pressure, P,
is a reference pressure, a and b are certain coeffi-
cients given by Moller and Raschke (1964), and
[; is the generalized absorption coefficient of El-
sasser and Culbertson (1960). For water vapor,
Moller and Raschke (1964) used n = 0.72. Equa-
tion 7 is usually considered to be a good approx-
imation for narrow spectral bands for water vapor.
We shall use this equation for both the spectral
retrieval band and narrow channels. We do this
to demonstrate a relationship that we confirm by
numerical methods, without approximations. Use
of the random model for either bands or channels
is, at this point, only a matter of convenience.

Under the limits of weak- and strong-line ap-
proximations, the random model transmittance
reduces to an exponential function of a single
variable,

_ jexp(—alin/w)
T;(njw) = {exp(— cli n*/u*)

T, (nfi) = exp[

weak line
strong line

®)

where ¢ = a/w/E, [*¥= \/Z n* = w/ﬁ, and p* = 1//_4 In
the weak-line limit, Eq. 6 becomes

731
d
=m0 | B4

n
1

d
- fexp[— attr = i Lan

0

1
+2n<az)2f3(n')fexp[— al(n —n')/u]%ffdn'

0 0

+ 2Tt(al)B(f71)jeXp[— al(m —n)/ud
0

—4n(al) B(n). &)

We also substitute the weak-line limit for the chan-
nel transmittance in Eq. 4 to get

fw,,-=fexp< atp 32 (’” dn,

0

/3

(10)

where the subscript w denotes the weak-line con-
dition. In this equation, the net flux divergence in
n-coordinates is transformed to the /; space. Since
[; is related to the channel radiance, a connection
between the net flux divergence and radiance is
then established *. In the Appendix, we show that
f.i 1s given by

S i =1()  2m ;[T + In (1 — 1/x)]
+ Ii’ani{Xi[ln(l + 1/x)
—In(1—-1/x)] -2},

where the beam-flux approximate parameter

(11)

a =1+ xIn(l = 1)/ In(l — 1y, (12)
and
xi=1l;. (13)

Equation 11 expresses f,, ; as a linear combination
of upwelling radiance in the kernel channel /; and
emergent radiance in the spectral retrieval band
I. The latter quantity is evaluated at a mean zenith
angle of cos™' ji; based on the mean value theo-
rem. It is noted from Eq. 12 that 7, is a function
of the kernel channel. The procedure for getting
i 1s similar to but not exactly the same as the
relation between slab and column transmittances
proposed by Elsasser (1942) and used by many
subsequent workers. The logarithmic function in
Egs. 11 and 12, requires that the parameter y; must

* If we let s7,—c0, Eq. 10 becomes a Laplace transform
equation. It is noted that King (1963) originally introduced
the Laplace transform technique for remote sounding ap-
plications.
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be greater than unity, i.e., /> /. This implies a
specific requirement for the selection of channels.
It is necessary to choose kernel channels with rel-
atively weaker absorption coefficients than those
for spectral retrieval bands. The selection of / and
[, will be discussed in Section 3.

In the strong-line limit, we find from Eqgs. 8
and 4

0

Joi= Jexp(— chin®)

0

QF@)
U (14)

where the s-suffix indicates strong lines. By an
analysis similar to that illustrated in the Appendix,
we can show

. 11
foi=1(@)-4ny? [g +ou’
#2701

-+L~4nm{mﬂno-+1uﬂﬁ

SLURITE EEVEES SIS
where

|3+ 20— 1 |
fla = (16)

|3+ 2%+ i = 19|

Finally, to ensure the validity of the solutions de-
rived in Egs. 11 and 15, computations were carried
out for a number of spectral band and channel
combinations. Deviations from Egs. 10 and 14 are
less than 0.01%.

In view of the similarities between Eqgs. 11 and

15, we postulate that under all conditions
[e0)

fi= j 0(z) Ki(2)dz

0
=i @) + L0 17

where f, />, and j are functions similar to those
givenin Eqs. 11 and 15. Since we could not obtain
an analytical solution using the exact random
model transmittance, we determine f;, f5, and [
by numerical methods. This will be discussed in
the next section.

We have demonstrated that the information
content of the infrared cooling rate profile is re-
lated to the upwelling channel and emergent spec-

tral radiances by a Fredholm equation of the first
kind. Thus, the idea developed here for remote
sounding of cooling rate profiles is a combined
utilization of the wavenumber and angular scans.
Two fundamental issues are apparent. The first is
whether kernel channels can be selected to give
satisfactory weights to the cooling rate profile. The
next issue is, given I and I, whether it is possible
to perform retrievals, since the Fredholm equation
of the first kind is mathematically ill-conditioned.
The latter issue is universal for sounding of at-
mospheric parameters. The former issue requires
a knowledge of the channel transmittances.

3. Physical Analysis and Preliminary Results
3.1 Channel Selection

In this subsection we discuss the selection of chan-
nels for the inversion of infrared cooling rates.
Figure 1 shows the generalized absorption coef-
ficient as a function of wavenumber for a
600 cm ~! interval in the rotational band of water
vapor (Moller and Raschke, 1964). Cooling in the
troposphere is primarily generated by this band
(see, e.g., Liou and Ou, 1981). We use the 40 cm !
channels in Fig. 1 as prospective kernel channels.
We may divide the H,O rotational spectrum into
as many retrieval bands as we wish. In practice it

10%

band |

| | I | L
00 700 600 500 400 300 200

-1
10 8
AN

Fig. 1. Generalized absorption coefficient for water vapor as
a function of a 40 cm ~ ! interval (after Méller and Raschke,
1964). The channels selected for the inversion of the cooling
rate profile are indicated in the diagram by arrows
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is desirable to reduce the number of retrieval bands
to a minimum. We found by trial and error that
two could be used: 200-520cm ™! (band 1) and
520-800cm ™' (band 2). To obtain /; and /, for
these two spectral regions, we average 40cm ™!
intervals weighted by the Planck functions at a
temperature of 300° K. This choice of /; , is jus-
tified by the results of cooling rate inversions il-
lustrated in subsection 3.3.

The selection of channels is constrained by the
requirement /; , > /[, There are only six wavenum-
bers indicated by arrows in Fig. | that satisfy this
restriction and that give weighting functions with
sufficient vertical coverage. We have chosen chan-
nels centered on 340, 420, 500, and 660cm ~! for
band 1 and 580 and 780cm ! for band 2. Note
that there is no reason why the channel should be
contained within the retrieval band, provided that
all other requirements are satisfied. The normal-
ized weighting functions for the standard atmo-
spheric temperature and water-vapor profiles
(McClatchey et al., 1972) are depicted in Fig. 2.
Although wavenumbers such as 380cm ™' could
also be used in band 1, they add little information
to channels 340 and 420 cm .

The kernel function introduced in Eq. 3 is the
product of the air density and channel transmit-
tance. Since the channel transmittance depends on
the water vapor path length, it is appropriate to
consider how much this affects the shape of the
kernel function. We have employed two additional
temperature and water vapor profiles typical of
those for midlatitude and subarctic summer con-
ditions (McClatchey et .al., 1972) in the compu-
tation of the weighting function. We find that the

shapes and peaks of the weighting functions for
420, 580, 660, and 780cm ! do not vary signifi-
cantly. These channels have peaks below about
7km, as shown in Fig. 2. For 340 and 500cm ™',
the peak of the weighting function for a moist
midlatitude atmosphere is lowered by about
0.5km. The reason that the weighting function is
fairly stable is, in part, because it involves the air
density profile, which is independent of the ab-
sorbers.

3.2 Selection of an Adjustment Parameter

Referring to Eq. 17, we need to find analytic forms
for f; and f,. A series of computational experi-
ments were carried out with a number of atmo-
spheric water-vapor and temperature profiles. For
the first term we found

SiG) = a; 2mx (1 + 2 In(1 = )], (18)
where for band 1

0972+ 0143 )7, 1<y <10
%= {(0.416 +0.002497), 7> 10 (19)
and for band 2
a; = (1.316 = 0.145 ) ! (20)

However, the second term is unchanged from that
in Eq. 11,
L0 =2n {06 (1 + 1/x)

~In(1 = 1/z)] — 2}. 1)
With these expressions and the expression for i
in Eq. 12, we find that |f; — [fi (&) + /> I]]| is less
than 0.1% for all channels. The value of i varies
slightly from 0.5 to 0.6 for the channels selected.

Band 2

580cm™!
780 em™!

Band |
E 0r 10
w 340 cm™!
= 426 cm™!
= 5T 500 cn”! or
-r
660cm™!
0 L 0
0 0.5 | 0 0.5

NORMALIZED WEIGHTING FUNCTION

Fig. 2. Normalized weighting functions as a function of altitude for band 1 (200~520cm~") and band 2 (520-800cm™!) in

the rotational band of water vapor
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3.3 Retrieval Experiments

Cooling rate profiles typically have broad maxima
in the middle troposphere. To investigate whether
practical retrievals are possible, an exact function
is defined in the form

o0

g = J‘Q(Z)Ki(z)dz'

0

(22)

We may also define an error ¢;= f; — g, We seek
a solution for @ subject to this error, using the
constrained linear inversion method proposed by
Phillips (1962) and Twomey (1963). The solution,

(a) 10 -

——— Assumed

—-== Retrieved

STANDARD ATM. STANDARD ATM.

with errors

0

(¢) (d)

SUBARCTIC
SUMMER

/ without errors
I

without errors 5|

7=0.0006

IR COOLING RATE (°C/ doy)

Fig. 3. Retrieved infrared cooling rate profiles for the rota-
tional band of water vapor for the standard atmosphere with
(a) and without (b) errors, and for the subarctic summer (c)
and midlatitude summer (d) atmospheres without errors.
is the smoothing parameter

K.-N. Liou and Y. Xue

in matrix form, is given by

0= (K*K+yH)~'K*F, (23)
where K* is the transpose of K, the kernel function
matrix, y is a Lagrangian multiplier, and # is a
quadrature constraint for smoothing. The first dif-
ferences were used to obtain A in the retrieval
exercises.

Figure 3 (a) and (b) are retrieval results, with
and without errors for the standard atmospheric
temperature and water vapor profiles. The solid
curves are the assumed profiles for the rotational
band of water vapor. The dashed lines are sums
of cooling rates for bands 1 and 2. Without errors,
i.e., using g; and a smoothing parameter of 0.0005
in the inversion exercises, the retrieved cooling rate
profile below about 9km deviates from the as-
sumed profile by less than 0.2°C/day. Random
errors of 2 to 10% were introduced for ¢; in the
retrieval shown in Fig. 3 (b). These errors do not
degrade the retrieval. In addition to the standard
cooling rate profile, two profiles for midlatitude
and subarctic summer conditions were employed
in the retrieval exercises. The assumed profile for
the subarctic summer shows a maximum at about
6 km, which also appears in the retrieval. Between
about 8 and 10km, there were larger deviations.
For the midlatitude summer, the cooling rate pro-
file has a well-defined maximum at about 8 km.
Although the retrieved maximum is about 1km
lower, the retrieved profile resembles the assumed
profile quite closely. These experiments appear to
suggest that it should be feasible to invert the
infrared cooling profile due to water vapor from
satellite radiance measurements.

4. Conclusions

We have demonstrated in this paper the theoretical
basis and numerical feasibility of inversions lead-
ing to the retrieval of atmospheric cooling rates.
We showed that the inversion is governed by a
Fredholm equation of the first kind, where the
kernel function is a product of the channel trans-
mittance and air density. The required measure-
ments from satellites are a set of radiances in the
kernel channel and emergent radiances in the spec-
tral retrieval band. The latter quantities must be
evaluated at specific zenith angles.

The inversion of the Fredholm equation de-
veloped in this paper is stable enough to give sat-
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isfactory accuracy for the rotational band of water
vapor in specific cases. However, the retrieval
equation isill-posed and must be investigated care-
fully. We used a linear constraint inversion method
that was developed for other inversions and al-
ternative methods may have advantages.

We attempted similar inversions for the 15 um
CO, band but failed to find appropriate kernel
functions in the stratosphere and lower meso-
sphere where the CO, cooling is significant. The
overlap between CO, and H,0 bands is a matter
that we have not yet considered. This may be a
case in which the k-distribution method (Arking
and Grossman, 1972) is more illuminating than
the use of random model transmittances. The k-
distribution technique can give very accurate re-
sults for nonhomogeneous absorption paths and
can be extended to scattering atmospheres as well.
More consideration must be given to the choice
of kernel channels and to methods of deriving
broad bands for practical retrievals.

The retrieval technique described in this paper
would, if adopted, place requirements on the ob-
serving system. Measurements must be made at
all relevant wavenumbers, which would require a
scanning interferometer. In addition, radiances in
the spectral retrieval band must be measured at
specific zenith angles. This would require an an-
gular scanning device.
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Appendix

Derivation of the Fundamental Equations for Remote Sounding
of Infrared Cooling Rates

We begin with Eq. (10)

m
fexp[-alm/u]gf—;”—)dn

¢

S = (A1)

Upon substituting the expression for the net flux divergence
in Eq. 9 into Eq. A1, we find

i

foi= 2@ [ oxp (= abm
0 . iy
- { B(n’){ f expl— ally = k1 }dn’}dn
"
+2na? [exp(- alm/u){fB(n’)
0 0

1
du
: { JCXP [— tgﬂlg(b)— 7)1 J—} d 17’} dy

0

A&__ﬁf

nmoo1

+ 258 | { | exp (- et~ miian])
)

0
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~exp(— aly/wydy
73}

—dn(al) JB('?)w?ﬁI()d)(_aliﬂ/ﬂ)d’?- (A2)
0

We may interchange the order of integrations with respect
to # and #’ in term (a) to get (see, e.g., Thomas and Finney,
1984, p. 900)

m 7

! B(#) { Of exp (= alin/w)

1
' ¥ d ! ’
[ espt= et =1 anfar. a3)
0
Let y =#" —# and rearrange terms, Eq. A 3 becomes

71 n
fB(ﬂ') exp(— ali'/p) { J exp(al;y/u)
0 0

1

JCXP(— aly/u) dy}dn (A4

[¢]
Integration over y leads to

Hi
j B(y)exp(— alin'/u)
0

1
_ B _ du'jw } ,
{f {e)?m[aa e =l ) @2 a(ljp—1u) a
0

(A5)
With y; = (I/I) p (note that in the main text we set u= 1), we
may perform the analytic integration for term (a2) in Eq.
A5. Solutions exist for y < 1 but we shall only consider the
case y > 1,

m

- JB(ﬂ’)GXp(— al,-n'/u)dﬂ"(g—i)ln(l = 1/x) - (A6)
! .

For term (a 1) we use the mean value theorem to get

Ll

fB(n')exp(— aln’/ﬂ)dn’(j—fl) In(l = 1/z). (A7)
0

The mean value i in Eq. A 7 depends on the Planck function
profile. Since temperatures in the troposphere and strato-
sphere of the earth’s atmosphere are in the range 200-300 °K,
we shall assume an isothermal atmosphere. Thus, for #, — o,
the double integrals in term (a 1) become

1
0

0

_ jexp(—am/mdn' L1~ 1/z)
(4]

’”"m(l -1/ . (A8)

On the other hand, if we perform the integration with respect

" to #’ first, we obtain

1

1 du
azzf@_ﬂ—l/[) 12[1+X1111(1 1/l (A9)

Since we require that the total area under two integrations
be equal, we have, from Eqs. A8 and A9,

xd)n (1 = 1/x) .

Using this expression, Bq. A7 was computed for a number
of atmospheric profiles and absorption parameters. The re-
sults differ from quantities with variable Planck functions
only in the fifth decimal place. This shows that 7 is not a
strong function of the temperature profile, at least in the
earth’s atmosphere.

The emergent channel radiance at the top of the atmo-
sphere in the weak-line limit may be expressed by

p=[l+ (- (A 10)

n

JB(n)eXp(—alﬂ/u)dn
0

Ly = (A11)

al;
i
A similar expression can be written for the spectral radiance.
It is noted that the surface contribution may be included in
the analysis, but for sounding applications, it suffices to use
the atmospheric term. Combining Eqs. A 6 and A 7 and not-
ing that over small spectral regions Bx B,, term (a) in Eq.
A 2 becomes

2 y;In(l — (A12)

Vi) () — L)) -

For term (b) in Eq. A2, we follow the same procedures.
We first interchange the order of integrations to get

1 m

B(n'){ f {exp(— alinli)

)
-JIGXP[—al(n— ' 'dﬂ‘,"}dndn'}.
0

Then we let y=#—7#" and carry out the integration with
respect to y, to obtain

e e

(A 13)

S

1
B(n)exp(— alin'[u) U{tlemj (g)li)p[— a(lin
0

_ dujy ,
R ey GO0

(A14)
After integration over 7', term (b 2) in Eq. A 14 will be related
to exponential functions involving #,. If we let 5, — co, this
term approaches zero. This can be done by assuming an
isothermal atmosphere. Hence, from Eg. A 11, term (b) in
Eq. A2 becomes

2 In(l + ) L) . (A15)
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For term (c) in Eq. A 2, integration over # can be performed
analytically. The results are exponential functions involving
7. Again, if we let #, > o0, this term approaches zero. For
finite #,, computations show that the contributions of term
(b2) in Eq. A 14 and Eq. A2 are less than 0.01%. For term
(d) in Eq. A2, we use Eq. A 11 and find

—4nx L.

Combining Eqs. A 12, A 15, and A 16, we obtain

(A 16)

o i =1 2n [l + x;In (1 = 1)) + I, (1)
: 275)(:‘{)(:‘[111(1 + 1) —In(l = 1/x)] — 2} .
(A17)

An analytic solution can be obtained for f; ; in the strong-
line limit with the same procedures. In the main text we
followed the conventional remote sounding approach by set-
ting 4 =1 so that y, = I/l However, it is feasible to measure
I, and I at the same zenith angle, cos™! &, for each kernel
channel without affecting our conclusions.



