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TECHNICAL NOTE

Exponential and input—output stability are equivalent for
linear time-varying systems
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Abstract. We present a new proof showing that for finite dimensional
linear time-varying (FDLTV) systems stabilizable by output feedback,
exponential and input—output stability are equivalent. This proof does
not involve the notion of a dual system as has been done elsewhere and
makes use instead of the existence of coprime factorizations. This result
is analogous to that in the linear time-invariant case, but because of the
time-varying nature of the matrices involved, is not as obvious.
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1. Introduction

A system can be described in at least two different, but related, ways. It can be
described in terms of a set of first-order differential equations, commonly known as
a state-space model, or it can be described as an operator mapping an input space
into an output space. In this note we investigate how the notion of stability with
respect to one description is related to that with respect to the other. As is well
known, when dealing with state-space models we define stability in terms of the
exponential decay of initial states uniformly with respect to time. On the other hand,
the operator theoretic description of stability is in terms of the boundedness of the
operator norm. We show here that when the system has a stabilizable and detectable
realization, these two concepts are identical. This result applies to a broad class of
time-varying systems and complements an analogous result in the time-invariant case.
This paper grew out of a technical note that was written a few years ago (Ravi &
Khargonekar 1989). After we had written the note we found that the same result had
already been shown for discrete-time systems in Anderson (1982). Apart from the
fact that our proof is for continuous-time systems, we believe that our approach to
the problem is substantially different in comparison to that of Anderson (1982).
Indeed, we do not rely on the dual system to prove our result and only use the fact
that for systems with stabilizable and detectable realizations we can readily construct
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coprime factorizations. More importantly, the definitions of stabilizability and
detectability in the present paper and in Anderson (1982) are different.

In §1 we introduce the reader to some standard notation and a few preliminary
lemmas. Section 2 contains the statement and proof of our main theorem.

2. Preliminaries

Let # be the set of real numbers and £, the subset of nonnegative real numbers.
Let #" denote the n-dimensional Euclidean space, and let the space of k x m real
valued matrices be denoted by #**™. The norm in #**™ is the induced operator
norm defined as: || M ||: = sup, . o(| Mx || )/(|x|). Let # (2, ) be the space of measurable
functions mapping %, to #. Let £,(#.), 1 <p <o be the subspace of .#(Z,)
consisting of all functions having a finite % ,-norm which is defined as follows:
Ix),:=(eIx@)?dt*’?. If p=oo then the norm is defined to be ||x|,:=
esssup,., ([ x(®)|). Let P,:Mt(R,)— M (X, ) be the truncation operator defined as
usual; (P,x)(t) = x(r) for t<t; 0 otherwise. Then the extended space is defined as
L, R) = {fe (R, )P feZL, (R )Vt>0}. Corresponding definitions can be
made for E’; *™(R ., }and Z;‘,}: "(Z ). For simplicity of presentation, whenever k, m are
obvious from the context we will abbreviate the notation for these spaces to £, and
£, .» Tespectively.

Let Z denote the set of all linear operators mapping &, , to %, , and let GeZ%.
An operator G is said to be causal if P,GP,= P,G, YteZ . Let us denote the set of
linear, causal operators by #,. We say that G is (finite gain) % ,-stable if |G|
SUD,co, pxpocea (I P GX )/l P,x|l,) <. Clearly, in this case G is a bounded
operator from &£, to &,,.

Having introduced the definition of a linear time-varying (LTV) system as an
operator, we proceed now to its description in terms of a state-space model. Consider
the following set of equations that describe a state-space realization

. %(t) = A(t)x(t) + B(t)u(t), x(0) = x,,

(1
y(t) = CO)x(t) + D()u(2),

where u(f)e#™ and y(t)eR? are the input and the output vectors respectively and
x(t)e#" is the state vector. The matrices are all bounded functions of time. With
x(0) = 0 the system X generates an input-output operator GeZ', such that y = Gu.
By using the variation of constants formula we can write down a formula for the
operator G,

() = J lC(t)(I)(t, 1) B(t)u(t)dr + D(t)u(t), Q)
0

where @(t,7) is the state transition matrix of the homogeneous part of (1). In the
standard packed matrix form for representing state-space realizations,

o [2f2]

DEFINITION 1.

The system X is said to be exponentially stable if 3 ¢, ,c, > 0 such that (s.t.) | ®(t,7) || <
cre” G V>t
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DEFINITION 2.

The system X is said to be stabilizable (respectively detectable) if there exists a bounded
function K(t) (respectively L(t)) such that system x(t) = (4 — BK)(t)x(¢) (respectively
X(t)= (A — LO)t)x(t)) is exponentially stable.

It is our intent here to show that the finite gain stability is equivalent to exponential
stability for stabilizable and detectable systems.

We end this section with a few results that will be needed in the proof of our main
result.

Lemma 2.1. (Desoer & Vidyasagar 1975, p. 115) Let GeZ,. Then G is &£ ,-stable
Jor each 1 <p< o iff Gis &, -stable and &, -stable.

Lemma 2.2. Let GeZ', be the input—output operator corresponding to the system T
as in (1). Let A, B, C, D be bounded functions of time. If X is exponentially stable
then G is ¥, -stable and &  -stable.

Proof. Easy to derive from the definition of exponential stability.

Lemma 2.3. (Brockett 1970, p. 193) Let ®(t, 1) be the state transition matrix of the
system £ with Ac ¥ . Then if 3 T>0 s.t.

l0(to + Toto) | < 3VtoeR s,

the system is exponentially stable.

3. Main result

Theorem 3.1. Let GeZ' be the input—output operator corresponding to the system X
x(t) = A(t)x(t) + B{t)u(s),
y(1) = C(0)x(1) + D(O)u(z). @)
Let T be stabilizable and detectable and let 1 <p < c0. Then
(1) G is & ,-stable,
=
(2) X is exponentially stable.

Proof. (2)=(1}. Follows directly from lemma (2.1} and lemma (2.2).
(1)=(2).

From the definition of stabilizability there exists a bounded function K such that
(A — BK) describes an exponentially stable system. Define v: =u+ Kx. Then (4)
becomes

x=A,x+ By,
y=C,x+ Dy,
u=v—Kx, )
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where A,: =(A — BK) and C,:=(C — DK). Let T, denote the operator from v to x.
As A, is internally stable we have, from lemma (2.2), that T, is bounded. If ®,(z, 1)
is the state transition matrix of the system x = 4, x we have

x(t)= ft @, (t, ) B(r)v(1)dT,

[

y)= J’ C,(1)®, (1, 7)B(r)o(r)dt + D(t)v(t),

o

u(t) = o(t) — J! K{t)®@ (¢, 7) B(z)v(r)dz. 6)
This means
y=Nv, u=Mpy, (7

where N and M have a state-space realization Z and X,, given by

[4,|B _| A.|B
Z”'_[CI D]’ Ba [-TF] ®

From the hypothesis, if Mve #, then Nve #,. Now let us define two systems X and
Y in terms of their realizations Xy and Zy as

2__[A—Lc |£] 2__[A—LC|B—LD] o)
Lk tol Lk 11 ]

From the assumption of detectability there is an L such that A — LC is exponentially
stable hence both X and Y are exponentially stable. By using simple algebra we can
show that

XN+YM=L (10)
Multiplying by M ~! on the right,
XNM™ '+ Y=M"!
=M <IX|IG|+ Y]
=, <UX[IGI+ 1Y ]ul, (@Erom (7))
=|xll, <I T HUXMIGI+ 1Y) ull, ®rom (5)).

Set o:= | T IUIX NG+ 1Y)
Consider now the system X, described below

X =Ax+u,
y=x (11)

and let G, denote the corresponding input—output operator. Clearly X is exponentially
stable iff Z, is exponentially stable. We now define a new system that is equivalent
to G, in the input-output sense.

X, =(4— BK)x, +u, (12)
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X, =Ax, + BKxq, (13}
y=Xx;+Xx,.

Consider first the subsystem described by (12). From lemma (2.2) as X = (4 — BK)x is
exponentially stable we have x, e £, whenever ue %, and further, | x, |, < || T, [l el
As K is bounded, x, € #,=> Kx, € #,. Next consider the subsystem described by (13).
This is the same as our original system G with u = Kx, and hence it immediately
follows from the previous arguments that Kx,e#,=>x,e%, and also that
I x2ll, <allK| x|, Coupling this with (11) we have the following chain of
implications: ue £ ,=x,e ¥ ,=>x,6 ¥ ,=>ye ¥, ,=>xe¥, Moreover | x | </ x,, +
Ixa l, < I T, A +allKIDull, =M lull,.

We have shown above that if G is & ,-stable then so is G,. All that remains to be
shown now is that Z| is exponentially stable or that the states of %(t) = A(t)x(¢) decay
exponentially uniformly with respect to starting times and initial conditions. The case
p = o0 can be taken care of right at this juncture. For this particular case the result
follows directly from theorem 1, p. 196, in Brockett (1970). For the remainder we
consider only the cases 1 <p<oco.

Now let ¢, > ¢ > 0 be fixed. Ciearly the following control function will enable the
system (11) to reach x, at time f,.

E_AXLT, OSTSI’O,
u(t: =< to to . (14)
0, > 1.

Because of the bound on the norm of 4, it follows that Ju|, < 8] x, |, for some B,
and all r, > ¢ >0 and x,. Let x(t) denote the corresponding trajectory for X,. Since
G, is & ,-stable, there exists §, such that || x],< B, | xo|. This inequality holds for
all t,>¢>0 and x,. Next since the norm of A4 is bounded, we can choose f large
enough so that [|x||, < B x, | holds for all £, >0 and x,.

Finally, to show exponential stability, we need to show that the states actually
decay exponentially. To this end we will first get a bound on the .£,-norm on the
state transition matrix. We will show that such a bound exists and that it is uniform
with respect to starting times. This will finaily lead us to the exponential bound on
the transition matrix. Let x(t,) = x, be any initial condition for the autonomous
system x = Ax. We have, from above, that

x(t) =®(t, ty)x,,
- f X (O)x ()P de = f X, @1, 1) DL, o) xo [Pt

< BPIX, Xo[PVEER L, VI, 210, (15)

Because in #" all norms are equivalent, we can replace the euclidean norm in (15)
with the p norm. Let y be such that | zi[, <y z[Vze®". Then,

[ ]
(DL, to)xo);PALt < YPPIX,x0|PVEER ., Vi, 210, (16)
. 0
t

i=1
0

where (-), indicates the ith component of a vector. Let

D(t,10) = [®, (. t)].



36 R Ravi and P P Khargonekar

Define M,: = nyf? and choose subsequentily x, =[1 0 ...0], xo=[0 1 ...0], etc.
to get

j‘z Z|q> (t,to)|PAt S M, VtoeR,, Vi, >t,. (17)

i=1j=1
Recall that d(t, t,) is differentiable and that (d/df)®(t, t,) = A()D(t,ty). As Ac ¥, we
have |(d/dt)®, (t to)l <njiAll(max,_,  |1®, it to)). From (17), by interchanging

.....

the integral and the summations, we also have that each @, (-,)eZ,. Therefore it
follows that (d/df)®, ;(,)e Z,. For the case p=1 exponentlal stability now follows
from Brockett (1970 theorem 3, p. 190). We therefore treat the remaining cases i.e.
1 < p < oo next. Using the fact that ®, ,(t,,¢) =0, if i # j, we have the following.

t _ d
f po®?; 1([,t0)<a(bi_j(t,t0)>dt

[

spj L (A to)l

Q

e, i/g t, d
<p | @71, to)l"dt> ( a«bﬁ; 1(t,to)
v, ty

(Holder’s inequality)

=p< tll St to)l? dt) (j I—cbl’ L(t, 14)

’q)gj(tlsIO) =

<D (t to)|d

r i/p
dt
lO

)l/p
(because (1/p)+(1/g)=1)
<pnllA| M2 (18)

If i=j we have ®, (to,t9) =1 and we can get the following bound
|®F (e, o) <pn|A| M5+ 1. (19

At any rate we have established that @, (¢,,t,) is uniformly bounded Vt,eZ.,,
Vi, =t,, hence it follows that |®(,t,)||eZ,, Vt,e#,. Note that from that
@, t) €& ,, VioeR ... Also the bounds on these two norms do not depend on ¢,.
In the sequel, let |®(,")|,:= M;and | ®(,")|,: = M,. These two facts together with
lemma (2.3) will now be used to show that an exponential bound exists for ®(¢,, t,).
The proof is similar to the one in Brockeit (1970).

To begin with, we use the semigroup property of the state transition matrix to see
that

J ||¢(t1,to)||”df=J 1@z, ) D(z, 80) [ Pde

o

< f 0,0 1P 1D, 1) 7de

<M4wwmmwm

<SM3ME =:M¥,
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from which it follows that
(t, — 1) Py, 10) | < Ms.

Now define T:=(2M;)" to get
1
@+ Toto)ll < 5

The conclusion that G is exponentially stable now follows straight from lemma (2.3). @
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