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An important problem in the study of spatially extended dynamical systems is to determine
when periodic patterns and homogeneous base states can be separated by stationary fronts.
This allows localised patterns and structures to exist, which can be combined as building
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Abstract

Localised patterns emerging from a subcritical modulation instability are analysed
by carrying the multiple-scales analysis beyond all orders. The model studied is the
Swift-Hohenberg equation of nonlinear optics, which is equivalent to the classical Swift-
Hohenberg equation with a quadratic and a cubic nonlinearity. Applying the asymp-
totic technique away from the Maxwell point first, it is shown how exponentially small
terms determine the phase of the fast spatial oscillation with respect to their slow sech-
type amplitude. In the vicinity of the Maxwell point, the beyond-all-orders calculation
yields the “pinning range” of parameters where stable stationary fronts connect the
homogeneous and periodic states. The full bifurcation diagram for localised patterns
is then computed analytically, including snake and ladder bifurcation curves. This
last step requires the matching of the periodic oscillation in the middle of a localised
pattern both with an up- and a down-front. To this end, a third, super-slow spatial
scale needs to be introduced, in which fronts appear as boundary layers. In addition,
the location of the Maxwell point and the oscillation wave number of localised patterns
are required to fourth-order accuracy in the oscillation amplitude.

Introduction

blocks for more complicated inhomogeneous solutions, such as those depicted in Fig. 1.

A typical bifurcation diagram associated with localised patterns is shown in Fig. 2, where
the L? norm of the oscillations is plotted against a control parameter. The diagram mainly
consists of two interweaved “snaking” curves, one corresponding to localised patterns with
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Figure 1: Example of localised patterns resulting from the existence of stationary fronts be-
tween the homogeneous and periodic solutions of (1). Reproduced from [69] with permission.

odd numbers of peaks, the latter associated to even numbers of peaks. Each cycle in the
snakes signals the appearance of a new pair of peaks in the localised pattern. Hence, these
two curves delimit a finite “pinning range” of parameters where stable localised patterns of
arbitrary extent can exist [39, 40, 56, 16]. Additionally, a set of branches of asymmetric
solutions, the “ladder”, was found to connect the two snakes [73, 17]. Along each rung
of the ladder, the phase of the oscillations varies in such a way that the localised pattern
progressively acquires or loses one peak. These asymmetric solutions are reputedly unstable
and, in systems with reflectional symmetry in the space variable, they are expected to be
stationary only if the underlying system is variational [18]. Moreover, as recently discussed
in [8], the snaking curves can also break up into a set of isolas. Finally, in the presence of
a non-local coupling, the snaking curves can become slanted [34, 33, 29|, thus enlarging the
domain of existence of localised patterns but reducing the multistability between localised
states.

If the system is variational, it tends to minimise a Lyapunov functional as time progresses.
Identifying this functional with an energy, there generally exists a parameter value where
both the homogeneous solution and the periodic pattern have the same energy. Such a point
is called a Maxwell point, by analogy with phase transitions in thermodynamics [61]. Note
that in the limit of small amplitude oscillations, the leading-order description of the system is
a Ginzburg-Landau equation, which is variational, and therefore a Maxwell point can always
be defined. The pinning range is understood to be intimately related to the Maxwell point
and indeed it always includes it.

In two spatial dimensions, the situation naturally becomes more complicated [41, 69, 38],
but the snaking bifurcation structure persists [53, 52]. As described in that paper, when
the localised pattern has an hexagonal structure, the direction along which the pattern
grows strongly influences the shape of the snakes in the bifurcation diagram. Even for two-



dimensional patterns that are localised in only one direction, the discussion of the stability
becomes significantly more involved [37, 18].

While plenty of numerical evidence [9, 65, 66, 56, 71, 6, 7, 10] and experimental con-
firmations [59, 70, 51, 68, 50, 62, 31, 4, 58, 67] of the existence of localised patterns have
been gathered over the years, their theoretical description has remained extremely difficult
(see [63] for a review). Some important results have been obtained in one spatial dimension,
where geometrical arguments in the phase-space establish the existence and robustness of
localised patterns [39, 24, 36]. In this regard, Lin’s method is proving useful to find one’s way
in the multi-dimensional phase spaces where these homoclinic orbits sit [44, 49]. For further
analytical understanding, multiple-scales analysis seems the obvious way forward. Indeed,
near the bifurcation point where the oscillations are born, there is a natural separation of
spatial scales: one is associated to the progressive onset of oscillations, another corresponds
to the oscillation period. A standard multiple-scales analysis, however, leads to the incorrect
conclusion that fronts are only stationary at the Maxwell point. Such an analysis misses the
exponentially small terms that couple the slow and fast scales. As a result, it cannot explain
the fact that the slowly varying front can be pinned to the underlying periodic structure over
a finite parameter range. This question was posed in [61] and has stimulated much research
towards improving the multiple-scales approach. However, it was solved only recently [45]
by a study beyond all orders of the multiple-scales analysis and the purpose of this paper is
to explain in detail how.

Most of previous works on the problem follow more or less explicitly the strategy set out
in [9]. In this paper, it is argued that the solvability condition leading to an equation for
the slowly-varying amplitude of the pattern should contain some fast oscillating terms that
were previously overlooked (see, for instance Eq. (6) of [9]). Upon integration, these fast
oscillations do not quite integrate to zero, but rather yield corrections that are exponentially
small in the ratio of the fast and slow scales. Taking as a small parameter ¢ the maximum
amplitude of the periodic solution at the Maxwell point, the slow spatial scale is X = €’z
[26] and the pinning is thus found to scale as

e/ 62,
where 7 is some exponent. The exponential factor was confirmed in [25] but, as noted in
[63], the value of 7 in the pre-factor remained unclear. Nevertheless, this was significant
progress which has inspired similar results on fronts between one-dimensional patterns and
homogeneous states [2] and, in two-dimensions, between hexagonal patterns and rolls [54]
and hexagonal patterns of different orientations [13, 14]. However encouraging these results
may be, one must bear in mind that the approach in [9] is clearly inconsistent. Indeed,
at the heart of multiple-scales analysis lies the assumption that the front is independent of
the fast scale, which gives rise to solvability conditions such as the Ginzburg-Landau (GL)
equation. Re-introducing fast oscillating driving terms in the GL equation violates that
assumption. Actually, these fast oscillating terms, being non-resonant, produce no secular
divergence in the higher corrections of the solution. Hence including non-resonant terms in
the GL equation, while tempting, is both unjustified and arbitrary. In particular, this leads
to an incorrect exponent 7 in the pinning range. For a discussion on this issue, see [22, 46].
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Figure 2: The bifurcation diagram of (3) with € = 0.55, determined through the asymptotic
analysis of §5. The horizontal lines are the “rungs” of the ladders. FEach point on the
ladder represents two asymmetric localised solutions, which are the image of one other by
the transformation x — —x. The rungs do not start at the folds of the snakes, even though
they approach them exponentially as the size of the localised solution increases.



To conclude this overview, let us mention that snaking bifurcation diagrams of the type
analysed here are being found in an increasing number of models: integro-differentials models
for firing neurons [23], delay-differential models for electronic transmission lines [5], spatially
discrete models for coupled optical cavities [60, 76], and models displaying Saddle-node
Hopf [48] or T-point-Hopf bifurcations [32]. In all these cases, localised structures can be
envisaged as sets of fronts that are pinned to an underlying periodic structure. The latter
can be either in the solution itself (dynamical oscillations) or imprinted in space (spatial
discreteness). This similarity strongly suggests to us that the technique presented here can
be adapted to these situations. Finally a series of open questions on the subject of localized
structures were recently formulated in [43].

One physical setting that is especially suited to the study of dynamical patterns is an
optical cavity containing a nonlinear medium and in which a coherent beam is injected.
When the nonlinear medium is assumed to be a collection of two-level atoms, then the
simplest model for that system is given by the following non-dimensional equation [11, 55]

oE 92 \?
azy‘FCE—E:S—(l—Fw) E. (1)

In this equation, E is the amplitude of the optical electric field inside the cavity, ) is the
injection field, and C is the cooperativity parameter. We will be concerned with steady
perturbations to the homogeneous steady state Ej,, which satisfies J = E,?;g — CEpg + Ehg.
There is a modulation instability, or Turing bifurcation, with unit wave number when SE}QZQ =
C [69].

In the immediate vicinity of this bifurcation, we parametrise the homogeneous solution
by Ej, and set

C=3E;,—€, E(xt)=Ey,+ef(z),

where 0 < € < 1, to give

a2\
(1+@) f+Ef+3eE,fP+f=0. (2)

This is appropriate to describe localised solutions away from the snaking region, and in §2, we
perform the multiple-scales analysis of this equation. This procedure allows us to construct
solutions containing fast oscillations modulated by a pulsed envelope. However the phase of
the oscillations relative to their envelope remains arbitrary until we go beyond all orders of
the multiple scale analysis. We will see that exponentially small terms are turned on across
Stokes lines. These terms, although exponentially small when they appear, are exponentially
growing in space, so that for the solution to be valid at infinity the coefficient of the growing
exponential must be zero. This is the solvability condition which selects the phase of the
fast oscillation. In fact, [72, 73] effectively performed a beyond-all-orders analysis of (2), but
with a slightly different technique than ours, borrowed from [74, 75]. We, on the other hand,
follow the technique in [1]; as well as motivating the rescalings which follow, §2 serves as
an introduction to the beyond-all-orders technique, before we move on to consider the more
complicated analysis in the vicinity of the Maxwell point in §3.



The amplitude of the solutions identified in §2 is monotonic in the bifurcation param-
eter L4, tending to infinity as the Maxwell point is approached. This calls for a different
scaling [15] so that near the Maxwell point we need to set

C=3E;,—¢, E(xt)=Ey+ef(z),

to give!

dx?

In §3 we perform a new beyond-all-orders multiple-scales analysis of (3) with front so-
lutions connecting the uniform state to a uniformly oscillating state. The algebra is con-
siderably more complicated but the methodology is the same. Again we find that there is
a Stokes line across which exponentially-small but exponentially-growing terms are turned
on. However, this time we also have another exponentially-growing term generated by the
deviation of Fj, from the Maxwell point. The solvability condition that the coefficient of
the growing exponential vanish gives a loop of solutions, with two stationary front solutions
existing for an (exponentially-small) range of values of Ej,.

In §4 we construct solutions comprising an up-front and a down-front separated by an
extended period of uniform oscillation. By matching the growing and decaying exponentials
from each front solution we obtain a solvability condition which describes the snaking bifur-
cation diagram near the Maxwell point. The matching procedure will require us to introduce
a new, super slow, scale on which the distance between fronts is O(1). On that scale, fronts
become boundary layers. The three situations above are depicted schematically in Fig. 3.

In §5 we analyse the solutions to this equation, and find that the bifurcation diagram
comprises two interleaving snakes joined by pairs of rungs. The width of the snakes is found
to be proportional to

a2 \?
(1+—) fHef+3eE, 2+ =0. (3)

4 /e
6467r/6

and the constant of proportionality is given explicitly in (163). In the course of constructing
the localized solution, we also obtain the location of the Maxwell point to fourth order
accuracy in e,

4 [367 ,63711./3/38
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as well as the frequency of the oscillations for the front solution

L4 43163
€ ————— e
9V734 4310048

1—¢€

The latter is necessary to establish the far field behaviour of the front solution and arises as a
solvability condition at sixth order in €, after the introduction of the super-slow scale £ = e*x,
see Appendix A. Finally, in §6, we summarise our results and present our conclusions.

'To make contact with earlier work, Eq. (3) can be transformed into 0 = ru+ su® —u® — (1 + d2/dx2)2 u,
via the transformation u = —ef, r = —e* and s = 3E),,
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Figure 3: Leading order solution f; and exponentially small terms Ry away (a) and near
(b,c) the Maxwell point. In (a) Ry must vanish to avoid blow up, which determines the
phase ¢ of the oscillations. In (b), the vanishing of Ry relates ¢ to the deviation ¢F from
the Maxwell point and yields the pinning range. In (c), two front solutions, one at x = 0,
the other at © = ¢ L are combined to construct a localized state. The exponentially small
terms are necessary to ensure matching. The matching conditions determine the bifurcation
diagram.

2 Multiple scale analysis far from the Maxwell point

2.1 Summary of this section

We will see in §3 that in order to describe fully the bifurcation diagram we need to perform
a detailed beyond-all-orders multiple-scales analysis close to the Maxwell point, which will
involve a further rescaling of (2). However, before presenting such an analysis we first
demonstrate the beyond-all-orders technique on the simpler problem away from the Maxwell
point. We emphasise that the analysis in the present section is equivalent to the previous
work by Wadee et al. [73]. However the method used here is different, and the present section
will be useful both to introduce our methodology and illustrate why a rescaling is necessary.

The translational invariance of equation (2) gives one degree of freedom, so that any
solution represents a one-parameter family of solutions. However, when the method of
multiple scales is used, the spatial variable is split into two spatial variables, and there are
therefore two degrees of freedom associated with translational invariance. More specifically,
we will find that

[~ Ag(X)e™ ™ 4 c.c. + O(e),

where Ag is a pulse-like amplitude, X = ex is a slow spatial scale and the extra degree of
freedom comes from the “phase difference” ¢ between the fast and slow scales. Such a phase
difference is not normally considered in multiple-scales problems (for initial value problems
it can be determined by the initial conditions), but for the present problem it is crucial. As
we will see, it is not determined at any order of € but is selected by exponentially-small terms
beyond all orders.

We will identify these terms by optimally truncating the divergent multiple-scales expan-



sion and examining the behaviour of the remainder, i.e. we will set

N—-1
fr~Y € fut Ry(z— o, X).
n=0

The reason the series above diverges and has to be truncated will be understood by examining
the solution near the singularities of Ag(.X) in the complex plane. An inner expansion in this
region will show that € f,, grows as €"I'(n + «) for some « for large n. Optimal truncation,
corresponding to the smallest possible remainder, is therefore expected to take place at some
order N ~ ¢! and Ry will then be exponentially small in e.

Away from the singularities of Ag(X) but across the Stokes line that joins the singular-
ities nearest to the real axis, exponentially-small terms in Ry are turned on. Indeed, by
performing a multiple-scales matched-asymptotic analysis in the vicinity of the Stokes line
we will find that, after the Stokes line is crossed,

Ry (z,X) ~ ap(X)e™ + c.c.

to leading order, where 3
ag(X) = Ae*e ™™ cos(p + ¢)e/?

and A and ¢ are constants explicitly given in (61), see Fig. 3. Since aq diverges exponentially
as X — oo, there is a formal homoclinic solution to 0 only if

7r
<p=—¢+§+mr, n € 7.

This is the solvability condition which selects the phase shift, and it reduces the one-
parameter family of solutions to just two.

The remainder of this section is organised as follows. In §2.2 the multiple scales expansion
of f is developed to determine Aqy. In §2.3 the equations for the late terms in this expansion
are formulated, which are necessary to determine the optimal truncation point and equation
for the remainder. These equations are first solved in the vicinity of the complex singularity
of Ap in §2.4, where the factorial/power divergence of f, is demonstrated. In §2.5 the
equations for the late terms are solved away from the singularity of Ay, making use of a
factorial /power ansatz as n — oo. Having found the form of f, for large n, the multiple
scales expansion is optimally truncated in §2.6. The equation for the remainder Ry is
formulated, and a multiple-scales boundary layer analysis in the vicinity of the Stokes line
is used to demonstrate the rapid switching on of an exponentially small remainder term. In
§2.7 the equation for Ry is solved away from the Stokes line. The results of §2.6 provide a
jump condition as the Stokes line is crossed, which is determined in §2.8. Finally, in §2.9,
the remainder term is evaluated as X — oo, and the solvability condition for the existence
of a formal homoclinic solution is determined.



2.2 Multiple scale analysis: leading orders

We begin by developing the first few orders of the multiple scales expansion of f. We let
X = ex and treat x and X as independent variables to give

o'f o'f otf otf L0
4 2 463
01 T ¥ amox T O Guzaxe TH aani% T XA
o2 2
+2 / + 4e / +2 i +f = —Ef =3B, 2 - Ef0 (4)

or? 0r0X 8X 0X2

We expand f in powers of € as

f=Jfolz,X)+efi(z, X))+ . (5)
Substituting the expansion (5) into (4) we find that at O(e"),
ot D
Lfy= Ji0+2 f0+f0_0
Ox Ox?
so that -
fo=Ao(X)e + Ap(X)e ™™, (6)

where & = z—p, with 0 < ¢ < 27. Here ¢ is an (as yet) arbitrary constant which determines
the relative phase between the fast oscillation and the slow amplitude modulation. This
arbitrary phase difference is always present in multiple-scales calculations, but in initial
value problems it can be determined from the initial conditions. Here we are on an infinite
domain, and, as we will see, the determination of the phase difference occurs beyond-all-
orders of the expansion (5). That there must be some condition determining ¢ is clear, since
equation (2) exhibits translational invariance in x, but equation (4) exhibits translational
invariance in both z and X. This extra degree of freedom corresponds to ¢. Equating
coefficients of € in (4) gives

Efl - _SEhgf(?u

so that 2o A2 i
E e 1T E — 2T
fr=—ho . " 5 — 6Bl Ao (7)
Equating coefficients of €? in (4) gives
82 f
Lh = Adesg =0 = fo— 6Bwgfofi

To avoid secular terms the coefficients of e*™@ on the right-hand side must be zero, giving

the solvability condition

4AG + (38E3, — 3)| Ao Ag — A = 0, (8)
with solution Xj2.i0
4e/ et
AO = 2 X (9)
1+ (76E7, — 6)e

9



where ¢ is an arbitrary real constant. Without loss of generality we may take ¢ = 0, since
¢ can be absorbed into ¢. The leading-order amplitude Aj has singularities at the points

X = +ikm — log(T6E}, — 6),

fork e Z. It By > 4/ % then there are two complex singularities nearest to the real X axis,

and the imaginary part of these singularities is +.

Now, in terms of X, equation (4) is a singular perturbation (e multiplies the highest
derivative in X). Whenever the leading-order amplitude Aq has singularities (possibly com-
plex) this singular perturbation will generate a divergent asymptotic expansion in the form
factorial /power, since to compute the next term one has to differentiate the previous term
[21]. Thus we expect that the expansion (5) will be divergent. Such divergent expansions are
intimately related to the presence of exponentially small terms “beyond-all-orders”. In [21]
a technique was developed for examining the appearance of such terms as they are switched
on across Stokes lines in the complex plane. This technique involves optimally truncating
the series (5) and examining the behaviour of the remainder, which allows the exponentially
small terms to be observed explicitly through a boundary-layer analysis near the Stokes line
[27, 12]. This technique was extended to the case of multiple scales asymptotic expansions
in [1] and we follow their methodology here.

The first step is to determine the behaviour of the late terms in the expansion (5).

2.3 Late term expansion

For n large the equation for the nth term in the expansion of f is

a4fn +282fn a4fn 1 —6 a4][.1172 _4a4fn73 . 84]67174
ox?t ox? 0 30X 0r20X? 0rdX3 0X4
Phat P faz 2

_4aan _2 aXQ Z Z f]fmfn 2—j—m fn 2= 3Ehngjfn 1-3- (10)

7=0 m=0

+fn=-

For each n the solution will be a sum of harmonics of €™ in the form

n+1

> A(X)et, (11)

k=—n—1

In fact, it is easy to infer from the first few orders that odd harmonics only appear at even
order and vice versa. Hence, in (11) A, j is nonzero only when n+k is odd. Let us also note
that at each order the coefficients of the terms with & = £1 are arbitrary, being solutions of
the homogeneous equation. They are determined by the elimination of secular terms in the
equation for f, .o, in the same way that Ay was determined by eliminating the secular terms

10



in the equation for f,. Substituting (11) into (10) and equating coefficients of e*% gives

0A,— 0?A,_ PA,_ A,
_12\2 — 4413 n—1,k 2 n—2,k T n—3,k . n—4,k
(1—Fk*)"A, . = 4ik —ox + 6k “ax2 4ik e I

n—2n—2—j
e —ZZZ S A AmaAn s i iy

g j=0 m=0

n—1

— Aok = 3Bng 3 Y AjpAu1 iy (12)

p j=0

To determine the optimal truncation point and the equation for the remainder we need to
solve for A, as n — oo. We begin in §2.4 by examining the behaviour of A, close to the
singularity at X = X = im — log(76E};, — 6). Then, in §2.5, we solve for A, ; away from
X = X.

2.4 Inner expansion near X = X,

We will show in this section that as X — Xy and n — oo,

Al (n +4)(—i)" (1
(X — Xp)nt!

fn(-Ta X) _1)n 4 621‘% - (_1)716721&) 7
for some constant .

Near X = X the leading-order solution Ay, has a simple pole. Since each new term in
the expansion involves differentiating the previous term we expect the singularity in A, to
be of the form (X — X,)~""!. We therefore write

Bn,k
An,k ~ m as X — X(). (13)
Then the leading order solution (6), (7), (9) gives Byg = B11 = By -1 = 0 and
—44 8E, 48F
Boy=Bo1 = ————=, Bia=DBi 2=y =

) ) Bl,O = .
/76E}219—6 114E}2Lg_9 38E}2Lg—3

Substituting (13) into (12) gives

(k* =1)’B,), = —4nik’B, 1, +6n(n — D)k*B,_a4 + 4n(n — 1)(n — 2)ikB, 34
—n(n—1)(n—2)(n —3)By_si + 4nikB,_1 4 — 2n(n — 1) By_o
n—2n—2—j

_ Z Z Z Z Bj,me,an—2—j—mJ€—P—q

jOmOp

- 3Ehg Z Z Bj,anflfj,kfp (14)

j=0 p

11



When k # +1 this equation gives B, ;. The pair of equations with £ = 1 form a coupled
set of equations for B,_5 11, and are analogous to the secularity conditions which determine
the coefficients of e**® in the multiple scales expansion at each order.

From the right hand side of (14), B, is a combination of nB,_1x, n(n — 1) B,_ay, etc.
This motivates the ansatz

Bhi ~ T'(n+ag)byi, as n — oo,

where the offsets a;, are to be determined. We will find that B, with £ = 0,£2 will
dominate, followed by k£ = £1, 3, then +4 etc. Thus, for the b, to be of the same order
for each k as n — oo, we set ayp = 49 = , @41 = a3 = a — 1, etc. This gives the system
of equations

64by 5 ~ 967 (1+ -V by1.54+52(1+ ) bp_o_3—12i (1 + -+ ) by_s 3
_ (1 + .. .)bn74773 - 6EthO771 (1 + - ")bnfl,an

- e
Oby,, o ~ 24i (1+( ) (1-9) +--~)bn1,2

n n?
2(1 — 1—a)4-3
429 <1+ (1=a) a)(Q O‘)+-~-)bn2,2
n n
3(1— 3(1—a)(3—-2
—87L(1+ (1-a) 3 a)ﬁ a>+--~)bn3,2
n n
4(1 — 21— a)(8—5
(it s Y,
n n
3
T2 (Bgﬁlbnfzo + 230,130,71[%72,72)
6Eh,
Y (Bo,~1bn-1,-1 + Bo1bn—1,-3 + Biobn2 2 + B1 _ab,_20) + -+

2(2 — 2 —
0"’4(1"‘%4‘"')bn—2,—1_4<1+3(T&)+"')ibn—3,—1

42 — o
— (1 + % + - ) bp—4,—1 — 6Ehy (Boibp—1,—2 + Bo,—1bn—1,) ,

4(1 — 2(1 — 8—5

bn,ON—(1+ (L—a) A oz)(2 O‘)+-~-)bn4,o
n n

2(1 — 1-— 4—3

_2(1+ (na)+( oz)é2 a>—|—--~)bn2,0
3
s (337151%2,72 + 2By 1By, —1bn—20 + Bg,_1bnf2,2)
6B

2 (Bobn—1,-1+ Bo,1bp—11 + Biobn20 + Bigbn o 2+ B _aby_22) + -,

12



2(2 — 3(2 —
0’\‘4(1‘}‘(706)4‘"')[%—2,14‘4@'(14‘(704)‘}"")bn—3,1

n

42 — «
- (1 + (7) + - ) bn—a1 — 6Ehg (Bo,—1bp—1,2 + Bo1bn-10) ,

n
1-— 1—a)?
Ob, 5 ~ —24i <1 plza) dmaf, ) bu-1,2
n n
2(1 — 1-— 4 —
+29 (1+ 1-a), dZa)l! 30‘)+-~-)bn2,2
n n
3(1 — 3(1 — 3—2
+82’(1+ (1-o) 30 =o) O‘)Jr---)bn_g,2
n n
4(1 — 2(1 — 8—5H
— <1+ ( Oé)+ ( Q)(Q &)+"')bn—4,2
n n
3
3 (3(2)7157172,0 + 230,130,7157172,2)
6B

2 (Boabn-1,1+ Bo-1bn—13 + Biobn22 + Biaby20) + -+
64b,3 ~ —96i (1 +---)by_13+52(1+ -+ )byo3+12i (1 +---)by_33

_(1+"')bn—4,3_6EthO,1(1+"')bn—1,2+"'7

To exploit the limit n — oo we let b, 5 ~ b,(gzg + % bfj;C + ---. At leading order, we have
6400 5~ 96D, s+ 5260, — 1200y 4 — b, 4 — 6EpgBo 10, _,,
9b£3)—2 ~ 24ib£zo—)1,—2 + 22()51022,—2 - 8ib£lo_)37_2 - b51024,—2=

0 ~ 467(107)2,71 - 4ib1(107)3,71 - b1(107)4,71 - 6Ehg (BO,lbflozl,fZ + BO,—lbfzozl,o) )
bg% ~ _bgzo—)él,o - 2b51022,07
0 ~ 4651022,1 + 47;6523,1 - 57(1024,1 - 6Ehg (BO,flbfzolu + 307161(107)1,0) )
9b7(3)2 ~ _24ib7(1031,2 + 22(92032,2 + 8i651023,2 - b51024,27
6400~ —96ib" 5+ 5260, 5 + 120" — b, s — 6By Boabl) o,

Seeking a solution in the form bg?c = /@”b,(co) gives

0 ~ (—64k* + 96ir® + 5257 — 12ik — 1)b'%) — 67 £y, By _10"), (15)
0 ~ (—9k*+ 24ir® + 222 — 8ir — 1)), (16)
0 ~ (482 — dix — 1)) — 6B,k (Bo,lb(f’; + Bo,flbéo’) : (17)
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0 ~ (—r*—2s2— 1)), (18)
0 ~ (467 + 4dir — DY — 6B, (BO,,lbg‘”JrBo,lbgO’), (19)
0 ~ (—9x* — 24iK> + 2257 + ik — 1)bY", (20)
~ =64k — 96iK3 + 52K% + 12k — 1)BY) — 6Bk By1bY. (21)

)

This is an eigenvalue problem for x. Note that each of the equations for bgo), b ©) and b 02
decouples. The roots of (16) are k = i and k = i/3, those of (18) are k = +i, and those
of (20) are k = —i, kK = —i/3. Since the late terms behave as k", the eigenmodes involving
Kk = +1/3 are exponentially subdominant to those involving x = +i, and we do not need to
consider them further. Let us examine the eigenmodes with x = 4 in more detail.

Case k = —i In this case, proceeding to next order in (18) and (20), the full set of leading-
order equations is

0 ~ —225b) — 6En,Bo,_1ib"), (22)
0 ~ —6409), (23)
0 ~ —909) — 6By (Bo,lb(_‘); + BO,,lbf)O)> , (24)
0 ~ —4(1—a)2—a)® +3 (Bglb( )+ 2By, By 1b + B2_ 1b§°>)

— 6B, (BO (6% + By it — B ob® — By 5b) — BL_ngO)) , (25)
0 ~ b9 — 6B, (BO,_leO) + Bo,lbgm) , (26)
0 ~ —4(1—a)2— ) +3 (B30 + 2B, By, 1t} )

— 6y (Boaib” + Bo 1t — Brobi — Biatl)) (27)
0 ~ —9 —6E,,BoibY. (28)

We see immediately that b(i); = bg = 0. Eliminating b(ﬂ and bgo) and using the expressions
for By 11, B1o and Bj 19, leaves the following system for béo) and bgo):

(2+3a— a2 + 20 = o, (29)
20 + (24 30 — )Y = 0. (30)
The condition for a non-zero solution is
(2+3a—0a*)? =4 (31)
giving the roots
-1, 0, 3, 4.

The solutions with « = 0 and a« = 3 satlsfy b(o b(o , while those with @« = —1 and o =4

satisfy b(() = bé ). The large n behaviour is dominated by the largest value of a.
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Case k =i In this case bgo) = b = 0. Solving (15), (17), and (19), and eliminating bﬂ
and b(i)% in (16) and (18), we now find:

24 30— a2 + 261 = o, 32
( 0 2
2 + (2430 —a®% - 0. (33)

Again, the condition for a non-zero solution is
(2+3a—a?)? =4 (34)
with roots
a=-1,0,3, 4.

The solutions with o = 0 and o = 3 satisty béo) = —b(f)%, while those with « = —1 and o« = 4
: 0) _ 10

satisty by~ = b5.
Combining the two eigenvectors associated to a = 4 we see that

n+1 n+1 B keikj
_ kT n,
fulw, X) = ) Aupe™ Y X — X1
k=—n—1 k=—n—1
I'(n+4)

= gy (COMMU+ ) 4 (1 4 e77) + O(n™)

_ D'(n+4)(=)" (A (=) + A2 4 721 4 O(n 1)),

(X _ Xo)n+1
where for k = —¢ we have set b(()o) = bgo) = A, and for k =7 we have set b(()o) = b(_O% = p. From

the form of the equation (14) we find that f,, has no term constant in & when n is even, so

that we must have y = —\, giving finally

Al (n +4)(—i)"
(X _ XO)nJrl

fulz, X) (1= (=1)"+e* — (=1)"e 7). (35)

Note that By and B, are real and the equations for B, o and B, » are also real. Hence,
considering (35) with n odd, we see that A is purely imaginary.

2.5 Outer expansion away from X = X

We now turn to the behaviour of f,, as n — oo for values of X not close to the singularity
X = Xy. We will show that

I'(n+4)(—i)"
(X — Xg)nte
I'(n+ 4)i"
(X — Xo)ntt

fu(z, X) (FO(O) (X) + FQ(O) (X)e%j)

(Gg‘” (X) + G@;(X)e%) tee,

15



where F
given by (42).

Motivated by the inner expansion in the vicinity of the singularity we write

fn(x’X) ~ Z

k

with

Far(X) ~ BO(X) + (=1)"GY(

and g =aqs =, g1 = a3 =a —1, ---

I'(n+ o) (—0)"

(X — Xp)ntow f”’k(X)eiki

0 0
FY =acP =o.

Next, at order I'(n + o — 1) we find

FO=FY =
3iFY =
i =
3"

G:(so) _ Ggl)

—3iG©)
—iGY =
~3GY =

0,

2£¢gAbﬁg”,

6EngAoFy” + 6 Epg Aoy,
2B, Ao FL,

0,

2B, A GY),

6Eng AgG) + 65, 4G,
2, AgGY)

X) 4+ (FO0) + (16 () + -

as before. Then at order I'(n + a)) w

) and F( are given by (40) and G(O and G) 5 are given by (41), with Ky and K,

Finally, at order I'(n + a — 2) we obtain a set of differential equations for the remaining

leading-order terms

4R — B 4 (38E2, - 3)
ARy — RO + (38K}, — 3)
4G — G+ (38E2, — 3) A2
4GY)  — GO+ (38E2, — 3) A2

Recall that Ay is real and satisfies

4A

AFRY +2(38E}, — 3)| Ao|*F”
1¥ﬂ0+ﬂ%E%—3M%Pﬂm
GO) +2(38E2, — 3)| Ao GY
G+ 2(38E2, — 3)| Ao[* G

— Ao+ (38E3, — 3) A5 = 0.

Thus we can immediately spot two solutions of (36)-(37) as

FY=FY = 4

_FQ(O) = A07

X

o o o o



(These correspond to differentiating fp with respect to x and X respectively.) Using variation

of parameters on these solutions gives the other two solutions as

Similarly the four independent solutions for G|

Now, as X — X,

FO — _f©

Gy’ =GY

Gy =aY)

Gy =-GY)

Gy = -G

AO ~

AOX ~
X1

AO —dX ~
xo A9
|

AO —dX ~
* Xo A(Z)X

X

—_dX,
xo A

X1
= A / —dX.
o Xo A%X

©) and G(f)% are

- A()Xu

X1
— A / —_dX,
o Xo A%X

= AOa

X

X,
xo A

2v/2i

J38EZ —3(X — Xo)

2v/2i

J38EZ, —3(X — Xo)2
\J38EZ, — 3i(X — Xo)?

6v/2

V/38E2 — 3i(X — X,)?

Y

102

)

Since f,2 = O((X — X)) ') to match with the inner region in the vicinity of the singularity,
these four solutions give a values of 0, —1, 3 and 4 respectively, corresponding to the four
different behaviours we found in the inner region. The large n behaviour will be dominated
by the @ = 4 term. The others will also be present, but are lower order in n. Thus the

dominant behaviour as n — oo is given by

FéO) _ FQ(O) _
Gy =GY =

(40)

(41)



for some constants K, K. Then, as X — X,

Koy /38F2, — 3i(X — X;)?
Féo) - F2(0) o~ _ g

10v2 ’

Ky\/38E2, — 3i(X — X,)?
G ~ %~ - ’ .

102

Matching with (35) gives
10v/2

J38E2 —3

and since A is imaginary, K is real. Thus the leading-order behaviour as n — oo is given by

KO - _Kl - )\ (42)

I'(n+4)(—i)"
(X — Xo)n
['(n+ 4)i"
(X — Xg)nte

fa(z, X) <F0(0)(X) + FQ(O)(X)eng)

(Gg‘” (X) + G@;(X)e%) : (43)

where Féo) and FQ(O) are given by (40) and Géo) and Gg are given by (41), with Ky and
K, given by (42). So far we have been concerned with the contribution to the late terms
from the singularity at X = Xy. We can determine the contribution from the conjugate
singularity at X = X, by symmetry, since the sum of both combinations must be real when
X is real. Thus this second contribution is

F(n + 4)2'71 ( = (0)

fa(z, X) Fy7(X) + F’2(0)(X)6—2ii>

—F((; f 25)_“ i): (@gm (X) + G@;(X)em) . (44)

2.6 Optimal truncation

We have now found the behaviour of the late terms in the expansion (5). From (43) we can
see that, as expected, terms initially get smaller as n increases (by a factor of € each time)
but eventually increase with n due to the presence of the factorial; the expansion diverges
as n — oo for any fixed x, X, e. The next step in the procedure developed in [21] is to
truncate the expansion, at n = N — 1 say, and study the remainder. If we truncate at any
fixed order N then the remainder will be of O(e"). However, if we truncate optimally, that
is, we truncate the expansion at it smallest term, then the remainder will be exponentially
small in e. Truncating after N terms we write

N-1

f=>€fald, X) + Ry (3, X).
n=0
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We will show that Ry exhibits a boundary layer behaviour, undergoing a rapid transition in
the vicinity of the Stokes line (which we will identify shortly). We will show that the jump
in Ry as X crosses the Stokes line is

oi e/ 2 giXo/epmiv (Fo(o)e*"“% + Fg(o)e"“%> +c.c.
The equation for the remainder Ry is

Ry,... +2RN.. + Ry
+4€RN, .y + 6 Ri,oyy + A€ RN, xx + € Ryxxx + 4€RN + 26 Ry o
+ EBfFRN + ) + €Rn + 6Ep e foRy + 6Enye’ fi Ry
~ € (fNazss + 2/ Nae + )
+ €T (=6 N taix — 4N 2oxxx — SN 3xxxx — 2N 1xx)
+ €N (—AfN 1yx — [N-2xxxx)

+ €N+3 (_fN—lxxxx) oy (45)

where we have used the equation for fy to simplify the right-hand side. The omitted terms,
represented by - - -, are all lower order as N — 0o, € — 0. When we approximate the terms
on the right-hand side of (45) as N — oo and € — 0 we will obtain terms from the singularity
at X = X, through (43) and terms from the singularity at X = X, through (44); we denote
the former by rhs™ and the latter by rhs~. Each of these will be composed of two parts—one
for the terms in F' and one for the terms in G; we denote these with the subscripts ' and G
respectively. Now, as ¢ — 0, N — o0,

iF , L(N +a) i(k—1)F
thf ~ (=) > et Oxy, (46)
k=0,2

where

(N +a)

(X — Xo)

N+ a+1)(N+a)
(X — Xp)?

(N+&+2)(N+&+1)(N+a))

(X — Xp)3 ’

Cvy = F <(k:2 —1)2 — (6K — 4k — 1)e(—i)

—(—4k + 1)62(—1)2(

—(i)®

and we have brought out one factor of e, which we will see shortly will combine with
the factorial/power as in [21]. We can see from (43) that the ratio of successive terms is
approximately —ine/(X — Xp). Following Dingle [30], we expect there to be Stokes lines
where successive terms have the same phase, that is, where —i/(X — X)) is real and positive.
By optimally truncating the expansion and observing the behaviour of the remainder as in
[21], we will explicitly see the switching on of exponentially small terms as the Stokes lines
are crossed.
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The optimal truncation point, corresponding to the smallest term, is approximately N =
| X — Xo|/e. Since N depends on |X — Xy| only we write X — Xy = re? giving N =
r/e + v, where v is required to ensure that N is an integer, but is bounded as e — 0. We
first approximate the premultiplier of the sum in (46) at optimal truncation, following [21].

Writing

eii _ eixeficp _ ei(XfX())/eeiX()/eeficp7 (47)
and using Stirling’s formula, we find
6i(X7XO)/e€N+a(_Z-)N+a I'(N +a)
(X — Xo)Nte
o eireie/e€r/e+u+a67i7r/2(r/e+u+a) (’I“/G Lo+ V)r/e+a+ufl/2€fr/efa7u
~ rr/etvtagif(r/etvta)
\/ﬂel/Qe—mﬂ(r/e—f—u—f—a)(l 4 E(Oé 4 V)/T)r/e-l—a-l—zz—1/26—r/e—a—u6irei9/e
~ r1/2610(r/etv+a)
\/ﬂ61/267i7r/2(r/6+1/+a)€a+uefr/efafueirew/e
~ r1/26i0(r/etr+a)
\/ﬂ61/26—i7r/2(r/e+1/+a)6—r/eeirei9/e
~ rl/2610(r/etv+a) ’
This expression is exponentially small except in the vicinity of the Stokes line 6 = —m/2.
Writing 6 = —m/2 + ¢'/20 gives
1/2 ,—im)2(r Jedv+a) ,—r /e r(14ie'/20—€h? /2) /e
X =Xo) e Nta(_jyN+a I(N+ao)  V2me [2e=im/ (‘/ e 7/ el 2/
(X — XO)N+Ot r1/2¢i(—m/2+€'/20)(r/e+v+a)
o 61/2e—r(§2/2
~ . (48)

Hence, combining (46), (47) and (48) we have, in the vicinity of the Stokes line,

ewnr/Qe—aero/ee—up

/o7 120707 /2 ‘ }
Te’'"e Z Ovaez(k;—l):c' (49)

+
rhst ~
F ri/2

k=0,2
It remains to approximate Cy j near the Stokes line. Using (47) we find
i~ F (K2 =102 = (6k% — 4k — 1) — (—dh 4 )20 o=31e%0)
FO (k(k* — 8k + 8) + 2iy/e0(3k> — 6k +2) +---)
where F, k(o) is evaluated on the Stokes line and so is a function of r but not of §. Hence

Crno ~ di/edF” + ...
Crna ~ di/edF” + ...
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With X = X, + re?? we have .
0 ie”® 9

oxX —  r oo
so that in the vicinity of the Stokes line, with § = —7/2 + €'/26, we have

o e

0X — rel2 9§

Thus equation (45) for the remainder due to the singularity at X, (which we write as R})
becomes

RJJ\F&M& + QRJJ\F%E + RJJ\F7

1 —ie'/?0 6
(27;)}%]@_ + —GREM, + 4¢/?

TITTO T2

RV (1 —i€e'/20)

+ 6Ep efoRy + o(eRY)

, . 2 e 02 _ .~ _ ,~
~ @iom/2gatl/2 iXo e o—ip VT C T (13/2 <4i\/E9F()(O)e”x + 47J\/E9F2(0)e”>
r

_ —a+1/2,iXo/e (61/20,1(§)e’ij I 61/2c1(§)eﬁ) ’ (50)

2¢
+ <€ pt
RNa‘cé + 72 RNéé

say. Now, equation (50) must again be solved via a multiple scales expansion, since the
rescaled X coordinate @ is still much longer than the fast scale. The forcing term in (50) is a
resonant term, so that the solution will be an order of magnitude larger: R} = O(e‘aeiXO/ ).
We seek an expansion of the form

R ~ e @™/ (R§ + €/?Rf +eRy +---).

Then, at leading order,
Ry +2R; + Ry =0,

Oiizx
so that - o
R(J]r = S,l(e)efm + Sl(e)em.

Equating coefficients at O(e'X0/¢e=2+1/2) gives
Rizasii + QRIEE + Ri‘r - 0’

with solution
RF —0.

Finally, equating coefficients at O(e'X0/¢e=o+1) gives
4 L o
R;—iiii + 2R;—ii + R;_ - 7“_2 (Szl(e)e_m + Sil(e)ez;r)
+ 6By (A(X)e” + A(X)e ™) (S_1(0)e™ + S1(0)e™)
~ c1(0)e ™ + 1 ().
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The solvability condition that there are no inhomogeneous terms of the form e**® then gives

—%Sﬁl(é) — e () = em”/Qe_w\/Q_ifi/_meéFéo),
_ 02
—%S{(@) = ¢1(0) = e/ 26"*’7\/2_7;‘; /;6 . 4i0Fy", .
Hence

/78
S ~ 1 Weia“/Qe’o‘eiXO/ee’i“"Fo(o) v e’ dv,

_O;g
S o~ i Weia“/Qe’o‘eiXO/ee’wFQ(O) 7 e’ dv,

—o0

where we have imposed the matching condition that S_; and 51 — 0, as § — —oo. Thus,
across the Stokes line as 6 goes from —oo to oo,

Ori @10T/2 =0 piXo e =i <FO(0)€—Z‘55 n F2(0)€ii"> (51)

is switched on by the upper singularity. Since the solution is real on the real axis we know
that ) B B
—9omi efwnr/Qefaeszo/eeup <FéO)em + F2(0)e—wc> (52)

is switched on by the lower singularity due to rhsj.

2.6.1 rhs/ and rhs;

Stokes lines occur when successive terms in the expansion have the same phase [30]. For
rhs}, this occurs when —i/(X — Xj) is real and positive, corresponding to § = —7/2 and a
Stokes line down from the singularity in the upper half-plane parallel to the imaginary axis.

Successive terms in rhs}, have the same phase when i/(X — Xj) is real and positive,
corresponding to § = 7/2. Thus the Stokes line associated with these terms is up parallel to
the imaginary axis, and therefore that generated by the singularity in the upper half-plane
does not intersect the real axis. Thus, on the real line, there are no additional exponentially
small terms switched on by rhs.

Similarly the Stokes line associated with rhsg lies on —i/(X — X;) real and positive,
corresponding to X = X, +re with # = —m/2. Thus this Stokes line goes down parallel to
the imaginary axis from a singularity in the lower half-plane and so it too does not intersect
the real axis.
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2.7 Solution away from the Stokes line

Since the remainder Ry is exponentially small in €, away from the Stokes line the equation
for Ry valid to all orders in € is simply the linearisation of (4), namely

RNgppp + 28N, + Ry
+ 46RN5¢55¢X + 662RN505EXX + 463RN5EXXX + 64RNXXXX + 4€RNIEX + 262RNXX
= — 362(f0 + €f1 + - )2RN — 62RN — 6Ehg€(f0 + €f1 +-- )RN (53)

We expand Ry in € by setting Ry ~ RE\?) (z,X) + GR%) (2,X)+---. Then at O(e") in (53)
Re + 2RN), + BY =0

so that - -
RY = ao(X)e™ + ao(X)e ™, (54)

where ag(X) is unknown at this stage. At O(e) in (53)

R +2RY), + RY = —6F (Ao’ + Age ™) (ag(X)e +ap(X)e ™)
= _6Ehg (A()CL()GQZ& + A()C_L() + Aoao -+ A0a06_2ij) .
Hence - -
RO — —6E)y(Agto + Agag) — 3thOaO€2i{i _ 3hgflodoe_2ii. (55)

Finally, at O(e?) in (53)

- - 6R§\(2052XX o 2R§\(2{X o B(fO)ZRE\(f)) o RS\(;) - 6Ehgf0R§\17) - 6Ehgf1R§\(f))
= W0y + o) = B(Ave" + Aoe ™) (g + g ™)
_ &oeij _ aoe—if
SR W i 2E = 2E, - ,
— 6Ep,(Ape™ + Ape™ ) (—6Epy(Aoag + Agag) — 3h9 Agage®® — 3h9 Apiige2%)
Ep A2e?  E,, A2e—%
3 3

— 6Ehg(— — 6E1hg’140’2)(&06149E + (710672'1)

Eliminating the secular terms on the right-hand side gives the solvability condition
0 = 4a0XX - 3A(2)C_L0 - 6‘140‘2&0 —ag + 38E}219A(2)C_L() + 76E29|A0|2a0
Writing ag = ug + 1vg with ug and vy real, and recalling that A is real, we have

dug ., — ug + 3(38E;, — 3) Afuo, (56)
= 4wy, — v+ (38E;, — 3)Afuo. (57)
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Recalling that Ay satisfies (8) we see that one solution of (57) is simply Ap, and one solution
of (56) is simply Ap,. These correspond to translating the original solution in z and X
respectively. As in §2.5 the other solutions can be found by variation of parameters, giving

! X1
ao(X) = BlAOX + BZAOX / A2 dX +1 (BgAO + B4A0/X A2 dX) (58)
0

where B;, By, B3 and B, are real constants. The important contribution here is that due
to By, since it is the one which is switched on across the Stokes line. That multiplying B;
corresponds to translation in X, while that multiplying Bs corresponds to translation in z.

2.8 Matching with the solution in the vicinity of the Stokes line

Focusing on the solution which is switched on across the Stokes line let us write

ao(X) ~ Bidy, XX X B o, XX A% e (59)
0 o “70x
_ f; FO & %Fgm (60)
Then, by matching (60) with (51) and (52) we find that, for X > Re(X)),
Bf = 2miKelom/2edetXo/eeie
By, = —oriKge o2 iXo/epmip,

2.9 Solutions of the equation

As X — o0

so that
ao(X) ~ (Bf + By)(3 - 38E},)e™/?

log(7T6E2, — 6
= 4mA(3 - 38E},)e e/  cos (g _ Loa(76Es, )+<p+x) et (61)
€

where Ky = Ae™ with A and y real. Although this term is exponentially small when it is
turned on across the Stokes line, it is exponentially growing in X. For the multiple-scales
solution we have constructed to hold the coefficient of eX/? must vanish, giving the solvability

condition | 2
r_loal6E, =6 = (2n+1)=,
2 € 2
for some n € Z. This, finally, is the condition which determines the phase shift ¢ between
the fast and slow scales. Recalling that K is real, x = 0 and we see that there are two
solutions for ¢ in [0, 27), corresponding to the centre of the bump being a local maximum

and a local minimum.
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3 Study near the Maxwell point

3.1 Summary of this section

We are now poised to study the conditions of existence of localised patterns near the Maxwell
point, given in first approximation by Ej, = 1/3/38. As discussed in §1, the vicinity of the
Maxwell point requires a different scaling of the parameters in (1), which now becomes

a2\’
<1+@) fHef+3eE, 2+ =0, (62)

where 0 < € < 1. This time the slow scale is X = ¢2x. We develop a multiple scales solution

N-1

f> @ fule, X) + Ry(z — ¢, X). (63)

n=0

We also expand
EthE0+€E1+€2E2+"'+ 5E,

we will see that OF is exponentially small in e. The program is the same as in the previous
section, but is algebraically more complicated. In §3.2, the leading orders of the analysis will
give us a front solution fy+ e€f; + ... for well defined values of Ey, Ei,.... In §3.3, we set up
the problem for the late terms of (63) and in §3.4, we examine them in the vicinity of the
singular point X = ¢7r. This inner limit allows us to establish the factorial /power divergence
of f, for large n and then to deduce asymptotically f, away from this singularity (§3.5).
The finite sum ZHN;Ol €" f,, can then be evaluated and we find that it leaves a non-vanishing,
exponentially small, right hand side in (62). This yields the equation for Ry (§3.6). The
problem for Ry requires separate consideration near the Stokes line (§3.7) and away from
it (§3.8). At the end of the day, two exponentially-small-but-growing terms are found, one
proportional to JF, the other switched on at the Stoke line, and the two must cancel for
large X. This eventually yields the pinning range for the front solution.

3.2 Leading orders of the multiple scale analysis

As before, substituting (63) into (62) we have, at O(e°),

_ 0 | 0 fo
Lo = Ozt +28x2 T fo=0
so that o -
fo = Ao(X)elx + Ao(X)eilx, (64)
where T =z — ¢, with 0 < ¢ < 27. At O(e)
Lfi = —3Eyf3,
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so that - _ B
f . EO A362Z$ EOA(%e_Q“”
L 3 3

In all generality, we should add A;(X)e®+ A;(X)e ™ to f;. However, a solvability condition
at O(€®) would lead to A; = 0. We thus omit this term here. At O(e?)

Lfy = —f3—6Eofofi —3ELf;
(2E7 — 1) A3e®™ + (38E3 — 3) Ag| Ag|*e™ — 3F, AZe®™ — 3B, | A|* + c.c.

— 65| Ao (65)

In order to remove the secular terms so that f, has a bounded solution we require

Ey = +/3/38. (66)

In this case

AT N w
fa=— 0766 — %Agem + Age™ — 3B |Ag]? + c.c. (67)
At O(e?)
o? ot
Lfy = S 4 / — 3f3f1 — 6Eofofo — 3Eo f{ — 6E1 fofi — 3B f§

T 0X0r  0Xoad
= —3E,|A)* — ?O (163E2 — 57) |Ao|* — 6y AgAs + T6Eo Ey | Ag|* Ape™

390E2 — 643E,
32

— <3E2A3 + 16iEy Ag A}y + |Ao|? A2 + 6E0A0A2) e

g22)

+4E B A3 + 9% (21 — 10E3) Age™™ + c.c.

This time, we have the solvability condition

E, =0, (68)
and the solution at this order is
E B
fy = —3BE,|A* - ?O (163E2 — 57) |Ao|* — 6EyApAs
F, 16 . 390E3 — 643E, 2
- (?Ag + ngvoAg + 0288 |Ao|” A2 + gEOAOAQ) e’
EO i
+ 1390 (21 — 10E3) Age™ + c.c. (69)

Finally, at O(e?) we must again eliminate secular terms on the right-hand side of the equation,
which gives the following solvability condition on Ag:

16iAp|Ap|>  8820[Ag|' 4y

4A//
ot 19 361

+ 2V 114 E,|Ag|?Ag — Ag = 0. (70)
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Writing Ay = Roe'®° we find

R2
/ 0
= —— 71
o =12 ()
and
" — 3 8808 .
Integrating once, using the fact that Ry — 0 as X — —o0, gives
2936
4(Ry)? = Re + V114E, Ry — ﬁng.
Separating the variables and integrating again gives
76~
R2 ° (73)

T 14 38V/114EseX + 2(2057TE2 — 5872)e2X

57
solution. There are singularities at

v _ 19VITAE, 44734
(411542 — 11744)

For Ey > %, /367 R, decays to zero as X — =00, corresponding to an extended “bump”

Each of these singularities generates Stokes lines, and a similar analysis to that seen pre-
viously can be performed, with similar results. The exponentially small terms determine
the phase difference between the fast and slow scales, but no snaking bifurcation diagram is
revealed.

As E5 approaches the critical value % % the bump becomes more and more extended.

At the critical value (after a change of origin) the solutions are

193 1 1/2
Ro = 74
0 2 (1 +e X ) ’ (74)
corresponding to an up-front between the zero solution and a periodic solution, and
193/ 1 \Y?
Ro = — | —— 75
0 2 (1 +eX ) ’ (75)
corresponding to a down-front from the periodic solution to the zero solution, where
1
=, 76
b 734 (76)

These solutions have inverse square root singularities at X = i(2n + 1).
We will see that the snaking bifurcation diagram corresponds to an extended region of
oscillation in the solution. This is formed by an up-front followed by a long (of O(e~?))
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region of uniform oscillations, and then a down front. A beyond-all-orders analysis of the
up-front will identify an exponentially small term turned on across a Stokes line. This term
slowly grows during the extended oscillating region, until it finally becomes large enough to
cause the down-front.

We focus first on the up-front solution. From (71) we find that

¢o = —g In(1+¢e¥). (77)
and thus
193 e/ g 1
2 (14 eX)2ron VTR

We follow the same methodology as in §2. The first step is to identify the form of the
late terms in the multiple-scales expansion.

O:

(78)

3.3 Late term expansion

For n sufficiently large the equation for the nth term in the expansion of f is

a4fn ann a fn 2 a4fn—4 a4fn—6 a4fn—8
2 n = —6 —4 -
oot T e T = TYanax ~ Sazaxt  Yaraxs T axd
a2f1172 a fn 4 S
_4 _ _
010X aXQ fn 4 = Jz; n;) f]fmfn 2—j—m
n—1 n—3
—3E0 Y fifuo1-j =3B fifus—. (79)
§=0 =0
As before, for each n the solution will be a sum of multiples of e in the form
n+1
S Aus(X)e, (80)
k=—n—1

At each order the coefficients of the terms with & = +1 are arbitrary (being solutions of
the homogeneous equation), and are determined by the elimination of secular terms in the
equation for f, .4, in the same way that Ay was determined by eliminating the secular terms
in the equation for f;. Substituting (80) into (79) and equating coefficients of €% gives

0An—2k 5 O*Ap_a CPAer  O'A, sk
_— D i L——/ | LA )
ox T *k—5x ax4

n—2n—2—j
—4¢k8’2}2”“ —~ 8’4” el —ZZZ D A A A jmi—p—q

q j=0 m=0

(1 —k*)? A, = 4ik®

n—1 n—3
— Apak—3E0 Y > AjpAu i iy =3B Y A A s iy (81)

p j=0 p j=0
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As in §2, to determine the optimal truncation point and the equation for the remainder we
need to solve for A, as n — oco. We begin in §3.4 by examining the behaviour of A, ; close
to the singularity at X = im. Then, in §3.5, we solve for A, ; away from X = .

3.4 Inner expansion near X =im
We will show in this section that as X — im and n — oo,

e /AT (n /2 + a) i e Wit
e (14 5 )
e~ /A0 (n/2 + @) i Ve 2%
R r—cr ey )(H(M—X)—Zﬂ)’

for some constants \;, A3, where a = 3 +i3/2 and €™ = (3i — 3)/(3i + 3).
From (78) we see that as X — i,

fn(l', X) ~ /\1

. /19 1
AO (X) ~1 25 1B
(im — X)272
This suggests the ansatz
B, ,
A g~ ’fH 75 as X —im. (82)
(im — X)TJFT

Substituting (82) into (81), gives, in the limit X — 4w, the nonlinear recurrent set of algebraic
equations

(1 — k:2)2 B, ~ —4ik ( k2) (— — 1 Zkﬁ) B ok

— (2 - 6k?) (g—% k0 ) (Z 4 0 ) Bk

n 1 16 n 3 1kp n 1k
—“(5—5*7)(5—5 7)(5‘5* z)B"M

n 1 kS 1k ik kg
_(5—5—1— 5 (5—54- 2)(2—5—1- 2)(5—54‘ Q)Bn&k

n—1
—3E0 Y > BjpBui_jip

p j=0
n—2n—2—j

B Z Z Z Z BjpBrn,g Br—2—j-mk—p—q (83)

qg j=0 m=0

In the limit as n — oo we use the ansatz

Bni ~ T <g + Oék;) bk,
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where the offsets oy are to be determined. We will again find that B,, ; with & = 0, £2 will
dominate, followed by k = £1, +3, then +4 etc. For the b, 1, to be of the same order for each
k as n — 00, we require

1

Qp = Q1 = @, Qi1 =03 =0 — 7, apy =a—1,

where o 1S to be determined. Expanding
b b(o) 1 b(l)
n,k "~ n,k n n,k T

gives, at leading order as n — o0, the linear system of equations

2250\, + 240ib, _, — 940", _,
_162()510—6,—4 + bn—8,—4 ~ (255 - 3) Bg,1b§zol2,—2 - 6EOBO,1b£zO—)1,—3a

646 5 + 960", 5 — 526, 5 — 12 s + b0 4~ —6E By b, _, — 640
by, —24ibl)), 1, — 220, o —8ibl) s+ bY s 5 ~ 0,

—462034,,1 — 4ib? 611 b g1~ —06EoBo) <b7(1)1 b, 0)
bfzoo +2b) 1,0 +b) g0~ 0,
a2+ it + 0~ —6F0Boy (B0 +0%,)
957(3)2 - 24ib7(1022,2 - 22651024,2 + 87;6526,2 + biozs,z ~ 0,
6457 — 9600, 5 — 526, 5 + 12 5 + 05 ~ —6Eo By b, 5 — 6460},

2255 — 24006, , — 946, ,
+16ib7(1036,4 + b51028,4 ~ (2B5 - 3) 33,1551022,2 - 6EOBO,1b51021,37
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©) 0

Note that the equations for b 2) and 653)2 decouple from the rest. Seeking a solution of

n,—27 “n,
the form
o) = k"by” (84)
gives
(=14 4ir> + 36409 = o, (85)
(1+ 4% = o, (86)
(1+4ir? — 3590 = 0. (87)
and

— (—1 4 8ir? + 1548} — 6By 1x7 Eb) + B2,x5 (2E2 - 3)b°) = 0,
— (—1+46ir% + 85470 — 6By 1k EbY) = 0,

(Z + 2/'{2)2 b(_oi — 6BO71KJ7E0 (b(_()% + b(()o)> = 0,

(i = 26%)" 8" — 6B01x"Bo (8" +4") = 0,

— (14 6ix? — 8x%) by — 6By 1k EDY = 0,

— (1 + 8ik? — 155" b — 6Bouw"Eoby” + B2 k° (2E2 = 3) by = 0,

As before the eigenmodes with x? = +i dominate those with xk* = +i/3.

From (85)-(87), we find that x? = ¢ implies béo),bgo) # 0 and b(,O% = 0. Conversely, if
k2 = —i then b)) = 0 and b'%), b\ £ 0.
3.4.1 First eigenvalue: r; = /4

If kK = e/ then

0% =) = =% = ... =0,

while
) = gei“’”/‘*EoBo,lbgO) (88)
b = 6 BBy (0 + 0" (89)
b = gei“’”/‘*EoBo,lbgO), (90)
B = ﬁ(2E§—1)B§’1b§O), (91)

64
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and the components b(()o) and bgo) of the eigenvector are still unknown. Considering the
equations for k = 0,2 at order 1/n, we obtain

—9iB2, (38E2 — 3) (2b§0) + bg‘”) = 0,

—2iB2, (38E2 — 3) (bg°> + 2b§0)) — 0,

and we recover the solvability condition 38E2 = 3 of the weakly nonlinear analysis since,

otherwise, b, 0 b(o = 0. Solving the equations arising at O (1/n) for b,(C yk=-2,...,3,
we find
b(l) o 31 BQ b(o 92
-2 38 0,1¥0 » ( )
9 :5/2
B = 117’43 B0 ((2181331 +304 (8 — 2i(a — 1)) b + 727B2 b — 114¢bg”) , (93)
m _ 6V 0 | 40 (1), )
W = LB (1118331 <bo + b )—577; (bo + b )) (94)
W= 2 p (1R b + (2181B2 | + 304 (38 + 2i(a — 1)) b — 114ib3" ) (95)
3. T qqa3/2701 0,1 0,1 o 2 10y

Then, at O (1/n?), we finally obtain

61392B 2
(76 + % — 304(a — 1)2) by + g B0 (1442085, + 304 (i + 3)) 05

19
+108iB3, (04 +187) = 61— i) V5T By (0] +0(7) +120iB3 8" = o,
2 613928
S8 (1042055, + 3009 - )8+ (S5 470 (1= 4 (- 1- i)Y ) o
+108i B3, = 6 (1= ) V5TBoy (0" + ") + 120iB3 08" = 0.

Substituting the values of b,(j) from (92)-(95), and remembering that By; = i4/195/2, this
yields

7345 Si(a—1 1
( pBle )y 1)2) b+ — (2203 - 20/734) b)) = o,

734 V734 367
(2203 +2iV734 ) b0 1+ (BH g0 —12) 0 = g
367 734 2 '
For a non-zero solution, the determinant
2 7343 73411(a — 1 34495065
(0 1 — iy (a1 = P23 e PBAlila ) — 0,
367 1468 1468+/734 8620096
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which is analogous to (31) from §2. Although this equation looks nastier than (31), the roots
turn out to be simply

a:—1+@ oz:ﬁ azZ—i—?, 04:3—1-?, (96)

remembering that 5 = 1/1/734. Each of these values of o produces an eigenvector associated
to k = V/i. However, due to the factorial factor, the eigenvector with v = 3+ /2 dominates
for large n, so we restrict our attention to this one. In this case

pO — —pO

where
65 6734 o3I+ 8
t = = that W= 97
WY = 55 T 6605 SOt ¢ 3i—j (97)

Second eigenvalue: ky = e %™/* The procedure is the same as before and yields the

same possible values of a. For a = 3 +i3/2, we have again
0% =0 and b =e Vo,
with ¢ given by (97).

Third eigenvalue k3 = e~""/* This time, we obtain bgo) = 0 and the possible values for «
are now —1 —i(3/2, —i3/2, 2 —i(3/2, and 3 —i3/2. The last one is the dominant one, and
leads to

b = b,
with 1) as before.

3im/4

Fourth eigenvalue: x4, = ¢ Finally, we find

b =0 and b =evp).
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3.4.2 Combining the eigenvectors

Let us fix henceforth o = 3 + i3/2. Combining the four eigenvectors, with coefficients A;,
Ao, A3, Aq, we see that

— ik o B, 1, ™
Pl 20 = k_zn_lAnJc@ - k_zn_l (im — X)HTHJr%
—(l;in_/ig’?‘:*)l (Alei””/4 (1 - %) 4 \pe3inm/4 (1 + %))
~ €m(’;if_(7;?)2n;a) (A1 4+ (=1)"A2) (1 + %)
+ e::f(;/f; D (s + (~1)"A) (1 + %)

From the form of equation (81) and inspection of the first few orders of the weakly nonlinear
analysis, we find that

Aopi1,2k+1 = Aopor = 0,

that is, odd harmonics vanish for odd values of n, while even harmonics vanish for even n.

Thus )\1 = —>\2, )\3 = —)\4, and

e /AT (n a =it 2
) ~ WS gy (14 )

(im — X)"% im — X)"
e~ /AT (n/2 + @) i e 2%

asn — oo and X — .

3.5 Outer expansion away from X = i

We now determine the behaviour of f,, away from the singularities at X = Fimr. We will

show in this section that

e /AT (n/2 + a)
(im — X)2+e

e~ M (n/2 + @) . 0 . .
(imr — X))zt (1=(=1)") <Hc(> (X) + HY(X)e ) + c.c.

folz, X) ~

(1= (=) (F() + O (X)e)

where Féo), FQ(O), HEOQ) and H(()O) are given by (110), (111), (114) and (115) respectively.
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Away from X = i¢m, motivated by (82), we use the ansatz

App (X) ~ K" (;(f/;; /ijl (F,S” (X) + %F,ﬁ” (X) + .. ) (99)

as n — o0o. Substituting into (81), we soon find, at O (I'(n/2 + «)), that
(=1 +4ir + 36" FO (X) = (1 4+ 69 B (X) = (1 4+ 4ir® — 364 F2 (X) = 0. (100)

Hence, the possible values for x are again ++/4i. Let us consider first the eigenvalue k =
im/4
e/,

3.5.1 First eigenvalue: r; = ¢"™/4

As before, this choice of x yields
64F"%) (X) =0,

so that F'9) (X)= FE%) (X) = FY (X) =...=0. Meanwhile, equations (88)-(91) become
2 .. _
F(Ol) — g 63m/4E0A0F0(0),
FI(O) = 6 e3i7r/4E0 (AOFO(O) + AOFQ(O)) ,
2 ..
F?)(O) — g 6327T/4E0A0F2(0),
0 31 0
FY = —5; 2E— 1) AR,
At O (1/n), the equations for k = 0,2 yield, respectively,
240 (3353 - 3) (240" + A,F”) = 0,
240 (3353 - 3) (AR +24,F”) = 0,

which again are automatically satisfied by (66). Finally, at O (1/n?), we obtain the following
: : (0) (0).
pair of equations for £y’ and £, :

16 26460 16i | -
0 = 4RO - 2 AL O = FO (14 225 | Agl! — 4VIIAE, | Ao + — Ay A,
19 361 19
17640 _ 160 - -
CFO (ZE0 AP A2 - oV TTAE, A2 + 2 A AL ) (101)
361 19
16i 26460 16 -
0 = 4RO + 2 AP FO — FO (14 222 | Ag|* — 4VITAE, |Aof? — — Ay A,
19 361 19
17640 16
—FY (_EEI_‘A“F‘4g_’2V114EbA3__7E;A0A6)‘ (102)
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As in the analysis away from the Maxwell point, these equations are a linearised version of
the amplitude equation (70). Let us use the amplitude/phase decomposition

FéO) = (R1 —iRop1) e i, F2(O) = (R1 + iRo¢1) e, (103)

where Ry and ¢, are given by (75) and (77). After substituting (103) into (101), (102) the
resulting equation for ¢, can readily be integrated once to give

_ 2RoR4 n 19K

L= 104
% 19 RZ (104)
where K3 is constant, while the equation for R, is
— 44040

We seek four independent solutions of (101)-(102) by finding four independent solutions of
(104)-(105).

We start with the case K3 = 0. In this case (105) is the linearisation of the amplitude
equation (70). With K3 = 0 one solution of (104)-(105) is simply Ry = 0, ¢; = K4, where
K, is constant. This gives

FY = —iK, Ay,  FY =iK,A,,

and corresponds to translational invariance with respect to x.
With K3 = 0 a non-trivial solution to (105) is given by Ry = K;Rj. This gives

FY = KA, FY = KA,

and corresponds to translational invariance with respect to X. Still with K35 = 0, a second
non-trivial solution to (105) can be found using variation of parameters to be

X ds
[ R6(8)2

2 1 i 2X | X x (1 -
= 195 (1+€_X) {6—26 +e” + Ge (§+X—z7r)],

2 (X 2 , X —im
¢1:_1_9/m RO(S)Rl(S)dszl—g(5—€X+4Z7T—4X+61+6X).

The choice for the lower integration bound comes in anticipation with matching with the
inner solution at X = 4m. The resulting solution for Féo), FQ(O) is

Ri(X) = Re(X)

2K,e3/? 1
FO(O) = V2Koe EYETY {6 — 272X 4 X 46 (— +X - iw)
V193 (1 + X)) 2
5
—if {4—4X+4i7r—ex+26_x (§+X—m)n (106)
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2K 3X/2 1
FQ(O) = V2Kae YENSEYE {6 — 27X p e 46 (— + X - iw)
VIO (1 4 eX)¥/2H8/ 2

D
+ i [4—4X+4i7r—ex+26_x (i—l—X—iw)}} (107)
Finally, we take K3 nonzero. Then (105) is an inhomogeneous equation. Since we have

just determined two independent solutions of the homogeneous equation we can again use
the method of variation of parameters. After some manipulation, we obtain

Ro(s)®
R, = KsR)(X d
LT RR [ Ry ®
193 1\ v - _x (3 .
= Kj 5 (1+€X) 4+e” +2e §+X—Z7T :
2 X X ds
o= = /m Ro(s)Ra(s)ds + 19K | 2505,
3.5.2 Summary
To summarise, Féo), FQ(O) can be written as
X Ky + K3R L 2R * Ky + K3R
RY(X) = {Rg = R,j’ 0/ ROR’( = R,23 Odt)d
19K :
—iRy Rfds} e 1 KA — i K4 Ay, (108)
T 0
X
Ky + K3R2 2iR Ky + KsR
FO(X) = [Rg/ 24;%,23 Ods — = 0/ RoRy (/ 2%,23 Odt)d
X 19K .
+ iRy R23ds} €' 4+ KA + i K4 Ag. (109)
T 0

3.5.3 Second eigenvalue: ry = ¢>7/4

We label the amplitudes associated with this eigenvalue G. As ha gjpened near X = im, the

solutions for G((JO) and Gg turn out to be the same as those for Fy’ and F
3.5.4 Third and fourth eigenvalues: k3 = e '™/*, k, = e37/*

We label these H and J respectively. "
0

For these eigenvalues we find that A5 and J(_OQ) satisfy the same equations as Féo) and

Héo) and Jéo) satisfy the same equations as F2(0).
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3.5.5 Matching with the inner region X =

In order to match with the inner solution we need that, as X — i,

F kEO) (X ) const.
(im — X)m/2bee  (ip x5

1.e.

FO(X) ~ .
2(X) (ir — X)3—o#

as X — dm. From (109) we find

FY ~ K1<(. 1V195/8 +...)+K2 (—(3”5)(m—X)f’/Q—iﬂ/%...)
1T

. X)3/2+iﬁ/2 3@

+ K (—\/g (1426 + 52) (im — X)**70P 4 )

193/2
),

const. (0) const. F(O) ¥ const.

We see that matching is possible providing « takes one of the values in (96). The dominant
value of @ = 3 4 i3/2 corresponds to the solution multiplying K,. Focusing just on this

solution, we have, away from X = i, for x = e'™/4,

Xds 2Ry [~ S dt :
FO(x) ~ K} {Rg 420 [ RyR, ( / —) ds} e~i%0

i RE 19 RE
X
ds 2R dt ,
FO(X) ~ K, [R{) e 0/ RoR}, (/ R/Q)ds} e,
for r = /4
X . X s
ds 2R dt i
GV(X) ~ K2 [R’O et 190 RoR, (/ RBQ)ds}e %0
X ds 2R, 5 odt ,
0 0 i
GV(X) ~ K2 [Rg o / RoR), (/ R )ds}ed’o,
for k = e=/4,

Xds 2Ry [* °dt »
i 0 o ) 0

iy

X s
ds 2R /
HY(X) ~ K3 [Rg R—Z— ! 0/ RoR), (/ )ds} ¢
T 0 ; T
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for k = e%m/4,
X . X s
(0) 4 | o1 ds 2iRo , / dt i
J5(X) ~ K5 |R — + — RoR, d 0 116
72( ) ? |i 0 i R62 * 19 i ’ 0( i R62 7] e ( )
X s
ds  2iR dt i
J(X) ~ Kj {Ri) e 0/ RoRy (/ Rlz) ds] e, (117)
i 0 i
Matching in the vicinity of X = im with (98) gives
VAP, 3 385

K gt 3\/38 3380 o0y
2 2 3z+ﬁ B —3i ’

which are self-consistent by (97).
Hence, the singularity at X = im generates the late terms

e /AT (n/2 + a)

e X) e (= () (R0 + BT (0e)
e~ /AT (n/2 + a 0 0 i
IO (- e (00 + HY0) ()

in the rest of the complex plane, where o = 3 +i3/2 and FO(O), FQ(O), HSOQ) and H(()O) are given
by (110), (111), (114) and (115) respectively.

As before, we can determine the contribution from X = —im by symmetry to be
e/ (n/2 + & _ _ i
fule.X) ~ CTORED 4y (RO + B (00
(—imr — X)2
imr/4F 2 B _ B
$ EOTWZED) (4 (0 () + BYx)e) (119)
(—im — X))zt

Note that, as in the inner region, the dominant terms in the series vanish for n even. This
is related to the fact that the derivative terms in equation (79) couple every second term in
the expansion. The result is that when we truncate optimally and study the remainder, we
need only consider the odd terms in the series.

3.6 Crossing the Stokes line
As in §2.6 we truncate the series after N terms and write

N-1

F(@,X) =€ ful# X) + Ry(z, X).

n=0
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The equation for the remainder Ry is then
RNgpps +2RN,, + Ry

+ 462RN55¢5¢X + 664RN505EXX + 466RN5EXXX + 68RNXXXX + 4€2RNIEX + 264RNXX

+ E(3f2Ry+---)+ 'Ry +6€(Ey + €By + ---)(fo+ efi + - )Ry
~ = 3eOB(f§ +2efofr +---)
+ & (fNasas + 2/ e + IN)
+ €2 (6N 9mnx — A N-doxxx — FN-bxxxx — 2FN—2xx)
+ €N+4 (_4fN—25EXXX - fN*4xxxx)
+€N+6 (_foQXXXX)—F"' s (120)

where we have used the equation for fy to simplify the right-hand side, and we are assuming
that N is odd. We must comment in particular on the first term on the right-hand side,
proportional to d . This term arises due to the deviation of E from the Maxwell point, and
is the crucial term which will allow us to join up-fronts and down-fronts. The size of F is
unknown at present, but we will see that it turns out to be exponentially small. The omitted
terms in (120), represented by - - -, are all lower order as N — oo, € — 0. As before, when
we approximate the terms on the right-hand side of (120) as N — oo and € — 0 we will
obtain terms from the singularity at X = 7 through (118) and terms from the singularity
at X = —im through (119); we denote the former by rhst and the latter by rhs™ (with the
corresponding contributions to Ry denoted by Ry and Ry as before). Each of these will be
composed of two parts—one for the eigenvalues k1, ko (which we denote by the subscript F'),
and one for the eigenvalues k3, k4 (which we denote by the subscript H). In addition to these
contributions, this time we will also have a contribution due to the term proportional to d F;
we denote this term on the right-hand side by rhs’® (with the corresponding contribution to
Ry denoted by R3F). We compute first ths*. Now, as € — 0, N — oo,

iNeja_iz LUV/2+a i(k—1)F
rhs) ~ eVelN™/4e (m(—/X)Nﬂla Z el k=DECy (121)
k=0,2
where
: N/2 4+ a)
— @ 2 _1)2 _ (62 — 4 _1(7
Ck X <(k ). —ie“(6k k—1) (ir—X)
N/2+a)(N/24+a+1)
4 —4 1 (
+ e (—4k + 1) (it — X2
+€6i(N/2+04)(N/2+a+1)(N/2—|—04+2)
(im — X)3

We can see from (118) that the ratio of successive terms (remembering that n is odd so
successive terms correspond to n and n+2) is approximately ine?/2(ir — X). Thus the opti-
mal truncation point, corresponding to the smallest term, is approximately N = 2| X — ix|/€2.
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Since N depends on | X — i7| only we write X —im = re giving N = 2r/e? + 2v, where v is
required to ensure that NV is an (odd) integer, but is bounded as e — 0. We first approximate
the premultiplier of the sum in (121) at optimal truncation, following [21]. Writing

ol — piz—ip _ ei(x_m)/ée—w/e?e—w, (122)
we find

ei()(—iﬂ)/e2 6N—|—20z6i(]\f—|—2a)7r/4 F(N/2 + Q)
(i’ﬂ' _ X)N/2+oz
\/% eirew/GQ 62r/62+21/+2aei7r/2(r/62+l/+a) (7’/62 Lo+ V)T/€2+a+1/71/267?"/6270171/

h /vt agi0+m) (r/tvTa)
o eefifr/2(r/62+'/+a)(1 + (a+ V)/T)T/GQJFOIJH/*1/26*1“/6270471/62'7"61‘6/62
- r1/2¢i0(r/+v+a)
o 6672'7‘-/2(7‘/624»”“’»0‘)ea+’/€*7"/€2*01*1/€7;1”6i9/62
~ 12600/t vta)
V2T e~ iT/2r[EHvta) o=/ piret? [
~ 12500/ Fita) :
This expression is exponentially small except in the vicinity of the Stokes line § = —m /2.

Writing 6 = —7/2 4 €0 gives

2
i(X—im) /€2 N+2a ,i(N+2a)m/4 [(N/2 + ) V2 ee 0/

€ (i — X)V/2ta ~ 7172

(123)
We also need to approximate C near the Stokes line. We find

Cp ~ FY <(k2 —1)% — (6k> — 4k — 1)e "0 — (—4k + 1)e =20 — 6*32'69’) +O(e?)
~ F (k(k® — 8k +8) + 2i(3k? — 6k + 2)ef 4 ---) .

Thus B B
Co~ 4iedF" + - Oy~ 4icfF 4o (124)

Combining (123) and (124) we find that in the vicinity of the Stokes line (121) gives
/ —r62 /2
—2a,—iam/2 ,—m/e? ,~ip 2w ee™""/

+
rhst ~ ¢
F r1/2

(e—i%eéFéO’ + eif4¢e§F2(°>) . (125)

3.7 Solution of the remainder equation

With X = im + re® we have 4
0 ie” 9

0X r 00’

41



so that in the vicinity of the Stokes line, with § = —7/2 + €, we have
o B efieé o
0X  re 99
Thus equation (120) for the remainder due to the right-hand side rhs}. (which arises from
the eigenvalues k = +e™/* and the singularity at im, and which we write as R}.) becomes

Rf __+2R} + R}

(1 —ief) . 62 (1—ied) . 2€* .
i Fazzo T—QRFM@ * 46#}%}%9’ r_RFee
+ 3¢ f§ R + 6 Eoe foRpp + 6Eoe” fiRE + 6Ere” fo Ry + o€ RY)

) . 671@2/2
~ 4 /27“52720467104#/267#/6 el

+ 4e

(e*iféF(SO’ + e"f”éFQ(‘”) . (126)

rl/2

As before, equation (126) must be solved via a multiple scales expansion, since the rescaled X
coordinate  is still much longer than the fast scale x. The forcing terms in (126) are resonant
terms, so that the solution will be an order of magnitude larger: R}, = O(e 2~/ 62). We
seek an expansion of the form

Rf~ e 2™ (RE + eRf + RS +---).
Then, at leading order,
Ry +2Rj_+ Ry =0,

so that o o
Ry = S_1(0)e™ ™ + S1(0)e*”

Equating coefficients at O(e™™/< ¢!~2%) gives

4
R, +2R[ +Rf = — (RS, + B, ) — 6Eofoliy

= 68 (Aoe™ + Aoe ™) (S (D) + S1(0)e")

with solution

ApS_ AoS
Rf = —6E, (% “2E A0Sy 4 ApSy + ‘; . M) .

Finally, equating coefficients at O(e™™/<*€272%) gives

4 L o
Ry _+2R} +Rj = ﬁ(sg(e)e—mrs;’(e)ﬁ)

:ECE:E

3 (Age + Ape ) (S_y (B)e ™ + S1(B)e™)

-+ Eg (Aoeii -+ Aoeiﬁ) (41‘10571672% -+ 361405,1 -+ 36/_1051 -+ 4A05162ﬁ)

+ B3 (2A5e*™ + 2A45e 27 + 36| Ao|?) (S—1(0)e ™ + S1(0)e™)

| e .
T div/2m e g (R 4 R )
r
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Above, we have omitted terms resulting from the expansion of Ay(X) in terms of # but
these are non resonant.

The solvability condition that there are no inhomogeneous terms of the form e*™@ then
gives

4 ] A : —iam /2, —i e
—T—Qsﬁl(e) + (3 38E]) (A3S1 + 240> S_1) = 4iV2me o/ 2e7i 7 oF",
4 _ ) ) —r02/2 _
—551(0) + (3 —38E7) (A3S_1 +2|A)*S1) = 4i\/2ﬂ6_2a”/26_1¢%0F§0),

Since 3 — 38E7 = 0 we find

NG
V2

P L,
S_1 ~ 2iyme /2w O e " dv,
—0o0
N
V2

Sy~ 2iy/meion2emiv g0 e dv,

— 00

where we have imposed the matching condition that S_; and 51 — 0, as 6 — —oo. Thus,
across the Stokes line as 6 goes from —oo to oo,

2Z7T 672’0471‘/267%0672016771'/62 (Féo)efii + FQ(O) eii) (127)

is switched on by rhsj.
By symmetry as we cross the Stokes line along the positive imaginary axis from —im

9 iOT/2 it 28 =72 (Féo)em I Féo)@qz) (128)
is switched on by rhs.

3.7.1 rhsE and rhs;; and rhs®®

The Stokes line associated with rhs}} lies on

—1
R 0
e(i?T—X)> ’

corresponding to § = /2 and so does not intersect the real axis. Similarly the Stokes line

associated with rhsy; lies on
7
Re({ —— | >0,
¢ <—i7r - X )

corresponding to X = —im + re? with § = —7/2 and so does not intersect the real axis.

On the other hand, the term rhs®” is not large in the vicinity of the Stokes line, and
so does not generate such a boundary layer solution. It’s importance is felt away from the
Stokes line, as we now establish.
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3.8 Solution away from the Stokes line

Away from the Stokes line we expand

Ry =€¢720E (Ro(z,X) + eRy (2, X) + €Ry (z, X) 4+ -+) .
As usual, at O(€®) we have
84R0 0 Ry
ﬁRO o 4 a 3 + Ro =0
so that o -
Ro SO( )e”” -+ SO(X)e_”C. (129)
At O(e)
LRy = —6Ey foRo,
o that 2E0AgSoe®™  2EyAgSoe™ %
R = 220 %06 - 003“3 — 6EyAgSy — 64,S,. (130)
At O(€?)
LRy, = —3fiRo—6EyfoR1 —6EyRof:
(2E2 — 1)3A435,e™ + c.c.
Thus 3A25 3z
RQ 52 @ _ 0706 -+ c.c. (131)
76
At O(€?)
2 4
LRy = —a0 2y O Rof — 3J2Ry — 6EoRofa — 6B foF

0XOx 0X 0x3
— 6Eyf1Ry — 6By foRy — 3f3
- - 1118F,
- —6E2A()S() - 6EOA052 1 0A0A2SO

—G&Aﬁﬁﬁ%%&+%ﬁﬂ&%+Aw@

80Ey
19

The solution at this order is

A3 Spe™™ + c.c.

1118E,

Rg - —6E2A050—6E0/_1052+ 9 A0A250
2 2 1
Qﬁﬁﬁﬁga%&+§hm&ﬁ+%y)
16 0

855 —— A3Spe™ + c.c.
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Finally, at O(e?) we must again eliminate secular terms on the right-hand side of the equation,
which gives the solvability conditions

164 26460 16i
0 = 455’+_Z|A0\253—50 (1 | Ao|* — 4V114E, | A — QZAOA{))

361
_ (1764 162
_5, (%\AO\ A2 — 2\/114E2A3—1£92A0A6) +2V114 Ag | Aol* (133)
16 L 26460 167, <
0 = 456’——Z]Ao]256—50 (1 ETE Aol = 4V114E, | Ao + 9ZA0A6)
_S, (1;2‘110 Aol A2 — 2/114 E2A2+%A0A') +2v/114 Ag | Ao,

Equation (133) is an inhomogeneous version of the linearised amplitude equation (70), which
was already encountered in equations (101), (102) in §3.5, where the homogeneous solutions
were calculated. To these we must add a particular integral due to the inhomogeneous term,
which we now calculate. Let us use again the decomposition

So = (R1 + iRo¢1) €°,

which leads to the particular solution

X
¢ = —%/ Ro(s)R1(s) ds,

44040R
AR — Ry (1 — 6V114E,RE + 261 ) +2V114R; = 0.

Since we know the two homogeneous versions of the equation we can calculate a particular
integral by variation of parameters. However, since the perturbation arises as a small change

in F, we can spot the solution as being ORo/0FE, evaluated at Fy = 57 , giving
19 57 ([ 1
h=gy’ (e +1+6X)
and
61\/_ X\
Ri+iRod = i33/? (1 " ex) (Be ™™ +eX(i+3)+2i+0). (134)

Thus, combining all the terms we have calculated, away from the Stokes line,

Ry ~ Sp(X)e™ + Sp(X)e ™™,
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with

B+BR 2R By + BsR
[ B 2

, 19K 3 i , OF 0Aq
+ZR0 - Rg ds} e do + BIA6 + ZB4A0 + _QGT
for some constants Bi, ..., By. Now B corresponds to translating the solution fp in X and

is therefore not important. Similarly B, corresponds to translating the solution fy in x. The
important coefficient is By, since this is the solution which is switched on across the Stokes
line, and it is the one which grows as X — oo. Focusing for a moment on this contribution
let us match across the Stokes line to determine B,. Let us write

X
ds 2R dt
B;[Rg/ RZQ— d 0/ RoR} (/ RQ) ds}e

X s
ds  2iR, dt

—im ] —im

So

BT

By g B2
Kl K3

Then, by matching with (127) and (128) as we pass through the Stokes line we find

2R ’,

‘ » o,
By = 2in Kje om/2e e 207/
_ . =1 G i —2G —m/e2
By = —2im Kleom/2eive2aem/€

Thus, for X > 0,
X
ds 2R dt
Sy = BJ{R()/ RE 0/ ROR/</ R,Z)ds]e
_ X ds  2iR, Sodt
o5 |7 [ g / wiry ([ ) oo

OF 0Aq
+ a0
62 8E2
Now, as X — o0,
1943 e X
Ro~A\/— [1— —
0 9 ( 5 + )

and

[2 [2 6F 3613 ,
+ = - - 3/2 X s iPo
<32 193 + B, 197 & 16 16} > et (1—if)e

4N/2 m AP/ Ao /e ) 361\/_ :
= |- cos (x — ¢ — Bloge) — 20V 5972 ) ox (1 _ i) eitn,
V195 €8 €2

(135)
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where
1 _ 5%
K, = Ae'™,

with A and y real.

3.9 The existence of stationary fronts

We see that the far-field behaviour (135) is similar to that found in §2 away from the Maxwell
point (61), but there is an extra exponentially growing term due to the perturbation from
the Maxwell point 0 . Now, in order to have a genuine front solution, we need the coefficient
of X in the far-field behaviour to vanish. For dF in the range

|0E| < 6B, = 64v2mAci/te )
‘ 32361+/57 et

there are two possible values of ¢, and a stationary front is possible. As J0F approaches the
endpoints of this range there is a bifurcation as the two solutions coalesce and disappear.

Thus we have been able to demonstrate the “pinning” of the front, allowing it to remain
stationary over an (exponentially small) range of values of 6F. This pinning is similar to
that found in [42] for front solutions in differential-difference equations. However, in [42] the
fast scale arose from the discrete nature of the underlying problem; here it arises from the
multiscale nature of the solution itself.

With the far-field behaviour of a single front (135) we can do much more than study single
front solutions; we can now generate the full bifurcation diagram by considering solutions
with multiple fronts.

(136)

4 Joining fronts

Knowing the exponentially small correction (135) to the up-front, we are finally in a position
to construct a localised pattern enclosed between two fronts. While exponentially small, the
term Sp in (135) is exponentially growing in the slow scale X and becomes of order one
when X = O(1/€*). A localised pattern solution can thus be constructed as a composite
expansion that combines an up-front at X = 0 and a down-front located at a distance
X = L/e®. Matching the two fronts inside the periodic domain is the last step required to
complete our analysis.
The up-front solution is

fr~fot 4+ fyo1 + Ry,
where

fo= AO(X) cHEte) + AO(X) efi(ercp)7 Ry ~ SO(X) i(z+e) + SO(X) o—il@+e)
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Focusing just on the fundamental harmonic €'@+#) we use (135) and the first two terms
Ag + €2Ay computed in Appendix A, Eq. (168), to obtain, for 1 < X < 1/€?,

, . /19 T+1
fo~ 6—1,8X/2€Z($+50){ 26 {1 — N — zw (1 —|—25415362X) G_X]

AmhePr/iem/¢ oF
- [ W\/ﬁ@ os (x — ¢ — Bloge) + — 361\[63/2] X (1 —iﬂ)} +e.c
(137)

2 172
where A = 3 (%0&5 +4 L 222595).

By symmetry, the far field of the down-front as X — L/e?* — —oo is given by (137) with
X — L/e? — X and z — L/e¢* — z. Note though that the phase shift ¢ can be different for
the two fronts; indeed this is one of the key variables which allows the oscillations from the
two solutions to match. Thus, for 1 < L/e? — X < 1/€%,

f o~ e BI/E-X)/2pi(L]e ~atd) {\/ 125 [1 _epat +2iﬂ (1+25418° (L — X)) eXW]

4wAelm /eI . 5E 361\/_ 2 ,
— [ \/Weﬁ os(x — ¢ — Ploge) + ﬁ3/2 X (1 —iB) b +cc
(138)

We now need to make sure (137) and (138) match for X = O(1/€®) and L/e* — X = O(1/€?).
However, the expansions above are not uniformly valid in these limits, owing to the e2Xe=X

term. Hence, we must construct an outer expansion that is valid inside the extended periodic
domain and match it with (137) and (138).

4.1 Outer expansion inside the periodic domain

In order to generate an approximation which is valid for X = O(1/€?) we need to introduce

a third super-slow scale ¢ = e'x = ¢?X. On this new length scale, the fronts (137) and

(138) appear as boundary layers. Examining (137), we can anticipate that the amplitude

associated with e will be a constant plus an exponentially-small X-dependent solution.
Let us develop the multiple-scales solution

f ~ fO (I’,X,f) +€f1 (ZE,X,é') +
with the usual expansion for Ej,

Eng~ Ey+ EEy+€'Ey + ...+ OE.

In Appendix A, Ej is found to be 63721;T V;i/:gg. The first four orders of the analysis proceed

in exactly the same way as in §3.2, except that, this time,

fo=Ao(X, &)™ + Ay(X, e ™.
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At O(e*), we thus get the solvability condition

16i40, |Ao>  8820]Ag|*Ag

4A0,, + + 2V114E,| Ag|?4p — A = 0, (139)
19 361
and, in view of (137), we assume the solution
19
A(X,6) = /T e, (140

where ¢o(X, &) = —5X/2+P(£). The super-slow function ®(§) is determined in Appendix A

and is given by ® = 3318 ¢ Similarly, we have
1953 80629 172666595 -
Ay(X,€) = — ! ' ido., 141

The equation for f4 is then

48 3504 6i
r — (41E.E A3 . —AQA A A3 AQA 3m A5 5T
giving
48 3504 56i 165
— (4B B A2 — = 424 Ao|* A§ — =5 A Aoy | = Ag
Ja ( 05240 = g2 T 1805‘ 0| 19 “104%0x | Ty +1805 0576+CC

To save space, we omit to write the expression for f5, although it is necessary for the following
steps.

The terms proportional to e** are exponentially-small corrections to the solution above
and therefore satisfy to good approximation the linearised equation

+X

(1 + 82)2 RN + 6€Ehg(f0 + €f1 + .. )RN + 362(f0 + €f1 + .. .)QRN + €4RN = 0. (142)
Expanding
RN ~ RO ([L‘,X, 6) + eRl (an> f) +
we get formally the same problem as in §3.8. We thus have
Ry = So(X,€)e” +cec.,
- 2EA(X, €)So(X, &)
Ry = —64y(X,0)5(x, ) - AL BIEE

3A0(X, 5)250()(, 5)63
76

+ c.c.,

+ c.c.,

R2 = SQ(va)eii_
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The amplitude equation for Sy is

161 26460 167 -
0 = 4S80, + = |Ao]* Sox — So [ 1+ = |Ao|* — 4V114E, |Ag|* — — Ag Ao,
19 361 19
_ (17640 162
— 8o [ ST AP A2 — 2V TTAE A2 — — AyAo, ) .
361 19
Writing Sy = (uo(X, &) + ivg(X, €)) €% and using (140), we obtain
dugyy — 4Bvo, — 29408%uy = 0, (143)
dvg +4Buo, = 0. (144)
Integrating the second equation, we find® vy, = —fBug and the first equation simplifies as

4u0XX - 4U0 =0.
Hence, we have uy = a(§) e + b(£) e, and
So = a(&) (1 —if) e* + (&) (1 +if) e~ . (145)

Pursuing the calculation up to O(€%), a new solvability condition is eventually obtained for
Sy. Setting Sy = (ua(X, &) +iva( X, €)) €% it reads

2938 1333981247995
dugy . — 4Bvyy —29408%uy = — = X
Uasx — 4002y b ( 367 “¢ T 15080947056 a) ¢
2938 1587801142645 _x
——be — , (146)
367 45080947056
8572403643
4 4 = (4 ————— g e*
Varex + 4By ( Paet 15080047056 “)
339292298293
A4Bbe — ————h | e, 147
* ( B0 ~ 15080947056 ) ‘ (147)
Integrating the second of these equation and substituting the result into the first, we get
dugy . — duy = —8e* (ae +25413%a) +8e ™ (be — 254153%b) . (148)
Since e*¥ is solution of the homogeneous equation, us will diverge secularly in X unless
a(é) =age ¢, b(&) = by e?, v = 254133 (149)
The far-field solution inside the localised pattern is therefore
, o 19
f ~ efzﬁX/Zez(ercp)ez@gé [ 76 (1 . EQA) + ag (1 _ Zﬂ) eXf'yg 1 by (1 + Zﬂ) e*X‘F’Yf + cc.,
(150)
2In fact, we should be writing vo, = —Bug + c(£) for some unknown function c(¢). We have also

omitted the term —3e F (fg + 2efof1 + .. ) in the right hand side of (142). These would be necessary for a
comprehensive matching, but do not change the final result and we discard them here for simplicity.
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where we have introduced a new constant phase ¢ for the fast oscillations.
We need to match (137), (138), and (150) by requiring that

I X,07) ~ 1i X I X&)~ i X, LY.
A f (2, X,07) ~ lim f(2,X,6),  lim f(2,X,¢) im f (2, X, L")

X—L/e2——o0

Equating the constant amplitude oscillations in (137) and (150), we find

efiﬁX/Zei(ergo) % (1 _ EQA) _ efiﬁX/Zei(ergb) 196 (1 — € A)

2 2
Hence
P =
Matching the e terms we find
—4 7TA6’6”/46_”/6 oE 361\/_
ag = loge) — — 3/2 151
0 o520 0s (x — ¢ — floge) — = p (151)
-1 /19
— (152)

2

2
Next, considering (138) and (150), matching the constant amplitudes yields

. —L pBL
while the e** terms yield
-1 /19 2
age "t = 5 76 e b/e, (154)
—4mAel/ e/ ) 361\/_ 2
boe't = os (x — loge) — — 82 ) el/e . (155
0 ( e (X =@ = Ploge) = —=—0 (155)

Eliminating ap and by from (151), (152), (154), and (155), these matching conditions become

1 19ﬂ _L/ 2+7L (SE 361\/5 3/2 4 7'(A6:67r/4e_77/€2

V2 e =l —p—pl 156
2 9 € 2 16 5 + 19ﬂ/2 6 CcoSs (X %) ﬁ og e), ( )
V2 ¢ = 2 16 — ¢~ Bloge). (157
2 2 € 2 16 B + 195/2 5 cos (X o — Blog 6) ( )

Equations (153), (156) and (157) are, finally, the three equations which determine the re-
maining unknowns L, ¢ and ¢, in terms of the bifurcation parameter 6F. Note that, by
(156) and (157), we must have

cos (x — ¢ — Bloge) = cos (x — ¢ — Bloge) . (158)
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5 The bifurcation diagram
There are two different types of solution of equation (158). One set of solutions is given by
© = ¢+ 2nm, (159)
for n € Z. A second set of solutions is given by
O =—p+2x —20loge + 2nm, (160)
for n € Z. These two solutions give very different behaviours, as we now demonstrate.

5.1 The snakes
Suppose first that (159) holds. Then (153) gives

o=t — S L4k, (161)

which, on substituting into (156) gives

2
V19 o rjinn _ g, WA R (i L e Bloge— lm) .
36163 32361/57 €
(162)

This is the equation which describes the snaking bifurcation diagram. The separation be-
tween fronts, L/e!, acts as a measure of the norm of the solution, and (162) describes how
this varies with ¢F, the bifurcation parameter. We make a few remarks.

(i) The left-hand side rapidly becomes exponentially small, even by comparison to e~/ 62,
so that the width of the snake rapidly approaches 2 0F,, where

B 64+/2 TP/ 4o/
(32361/57 €4

This width is exponentially small in € and is, of course, the same as the range of values of
OF for which stationary fronts are possible (136).

(ii) Equation (162) describes two interleaving curves, one for £ = 0 and one for k = 1,
corresponding to the centre of the bump being a local minimum and a local maximum.

(iii) Each cycle around the snake corresponds to a full cycle of the cosine, which corre-
sponds to L increasing by approximately 4me*. Since this corresponds to z increasing by 4,
it means that two peaks are added to the solution during each cycle.

There are still two constants in formula (162) which we need to determine, namely A
and y. In principle these can be calculated by iterating the recurrence relations (83) to
suitably large values of n. However, even using acceleration techniques such as Richardson
extrapolation it is computationally difficult to generate enough terms in the expansion.

o,
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Figure 4: Bifurcation diagram for various values of €: (a) e = 0.495, (b) € = 0.55, (¢) € = 0.6,
(d) € = 0.65. Thick line: analytical formula. Thin line: numerical simulation.

In Figure 4 we show a comparison numerical computations of the snakes using Auto [3]
and the asymptotic formula (162), with several values of e. Here A and x chosen to give the
best fit, which was obtained for

64v/2 TAePm/4
(3236157

Even though € is not very small, the agreement is remarkable. Note that for the largest
values of €, the oscillations of the snakes become tilted. This is due to the remainder Ry
in the solution, whose size is proportional to dFE. More details on the composite solution
effectively used to draw the bifurcation diagrams are given in Appendix B.

Fixing A and y at these values, in Figure 5 we show the width of the snaking oscillation,
which is the pinning range (136), as a function of e. The fitting of A forces the curve to pass
through the numerically determined value at e = 0.55; the remainder of the asymptotic curve
is completely determined. Also in Figure 5 we examine the validity of the scaling (136) by
plotting ! exp (7/€*) 0E. as a function of e. If our scaling is correct then the points should
lie on a straight line. We see that the agreement is very good, and is convincing evidence
that the e=* prefactor is correct. We should mention here that Paul Matthews performed an
independent check of this scaling with a different numerical code and confirmed to us this
result.

We remark that for the smallest values of €, the agreement between analytics and numerics
slightly degrades. This is due to the fact that the separation between slow and fast space

~ 2439,  x~ —0.5. (163)
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Figure 5: Left: Amplitude of the snaking oscillations (pinning range) in Fig. 4 as a function
of €. Right: ¢t exp (7/€*) OE, as a function of €. Dots: numerical; line: analytical.

scales become more and more pronounced and difficult to cope with using Auto. In particular,
the scale of the front becomes so slow that localised patterns rapidly become of comparable
size to the finite domain of numerical integration. When the oscillations completely invade
the domain of integration, snaking stops. This, we observe, is accompanied by a slight shift
in the Maxwell point [already noticeable in Fig. 4 (a)]. The amplitude of snaking oscillation,
on the other hand, remains very much the same as if the domain was infinite.

5.2 The ladders
Now suppose that (160) holds. Then (153) gives

6L L
2x —2floge = 22 a + 2km. (164)
This equation determines L, so that in this case the length of the pattern is independent of
OF. Equation (156) gives

8v/19 Do LIl _ s 64v/2 mAe T AT/
361603 (32361/57 €4

With L given by (164) there are solutions to (165) for ¢F in a finite range given by the
maximum and minimum values of the cosine. At the ends of this range there is one possible
solution for ¢ in [0, 27), while inside the range there are two possible values of ¢ for each
value of dE. Thus (165) describes two solution branches each parameterised by ¢, which
form links between the two snaking solution branches found above.

The bifurcation diagram thus calculated is shown in Figure 6, in which the bifurcation
points between the snakes and the ladders are shown as filled circles. Note that these
bifurcation points are not the same as the saddle-node bifurcations at the folds, although the
two bifurcations are exponentially close, since the left-hand side of (165) decays exponentially
to zero as L increases.

cos (x — ¢ — Bloge). (165)
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Figure 6: The full analytical bifurcation diagram for e = 0.65, showing the ladder structure
joining the interweaving snakes. Each line represents two solutions, which bifurcate from
the snakes at the dots. Note that these are not at the folds of the snakes, but do approach
them exponentially as L increases.
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6 Discussion

We have performed a beyond-all-orders multiples-scales analysis of the Swift-Hohenberg
equation (1) in the vicinity of a modulation instability (§2) and in the vicinity of the Maxwell
point (§3).

In §2 we found multiple-scales solutions comprising a fast oscillation modulated by a
slowly varying amplitude which took the form of a localised “bump” [of the usual sech
form; see equation (9)]. The translational invariance of equation (1) leads to each solution
representing a one-parameter family of solutions. However, when the multiple-scales ansatz
is used one spatial variable becomes two spatial variables, and there are therefore two degrees
of freedom associated with translational invariance. This extra degree of freedom arises as a
“phase difference” between the fast and slow scales. This phase difference is not determined
at any order of e: it is selected by exponentially-small terms beyond all orders. Such a
situation is common in singular perturbation problems, and has been studied in a number
of systems in the last few years [19, 20, 21, 42].

Here the leading order amplitude has a pair of singularities in the complex plane, and
these singularities result in a divergent asymptotic expansion for the amplitude with associ-
ated Stokes lines. By truncating the multiple-scales expansion at its smallest term (optimal
truncation) we were able to explicitly see the switching on of exponentially-subdominant
terms as the Stokes line was crossed via an extension of the usual Stokes line smoothing cal-
culation [12, 28]. The width of the Stokes line is small by comparison to the slow scale but
large by comparison to the fast scale, so that the smoothing is accomplished via a multiple
scales expansion, as in [1].

The exponentially-small term switched on across the Stokes line is exponentially growing
in the slow scale. Thus, eventually, it would become order one, so that the single bump
solution will not in general satisfy the condition of decay at infinity. In order for the solution
to be valid at infinity the coefficient of the growing exponential must be zero. This is the
condition which determines the phase shift between the fast and slow scales; it selects two
values for this phase shift from the continuum, corresponding to the two possible symmetries
in the solution (the centre of the amplitude bump can correspond to a peak or a trough in
the fast oscillation). Thus we have demonstrated the two solutions which bifurcate at the
modulation instability. For these two solutions the amplitude is monotonic in the bifurcation
parameter Ej,, tending to infinity as the Maxwell point is approached.

In §3 we examined the Maxwell point in more detail by considering a multiple-scales
analysis of a front solution. The multiple-scales analysis, and the corresponding beyond-all-
orders calculation, is more complicated in this case, with solvability conditions occurring at
fifth order in the expansions rather than at third order. We found that, as in §2, the leading
order amplitude for the front has a singularity in the complex plane of the slow scale, which
generates a divergent asymptotic expansion and a Stokes line across which an exponentially-
subdominant but exponentially-growing term is switched on. Now, however, we have the
possibility of generating another exponentially-growing term by perturbing the bifurcation
parameter Ej, away from the Maxwell point (if such a perturbation is applied at any other
point the resulting solution decays at infinity). As in §2, to obtain a valid approximation
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the coefficient of the exponentially-growing term must be zero. This time this results in an
equation relating the phase shift between the fast and slow scales and the perturbation of
the bifurcation parameter from the Maxwell point, 0F. This equation describes a closed
loop of solutions: there are two solutions for any | 0F| < ¢F. which disappear via a fold at
the endpoints of the interval. Thus we have shown that there is a range of values of 0F for
which a steady front solution is possible. The width of this range is given by (136), and is
exponentially small in e.

Armed with the far-field behaviour of a single front from §3, we considered in §4 solutions
comprising two fronts separated by a period of sustained oscillation. The exponentially-small
but exponentially-growing term in the far-field of the first front eventually grows to be order
one and matches into the second down-switching front. By matching the far-fields of the two
fronts together we were able to generate the bifurcation diagram for the solutions found in
§2 near the Maxwell point. The matching was made slightly more complicated by the fact
that the fronts must be well-separated to give the exponential enough time to grow, which
introduces a third scale requiring a three-scale multiple-scales analysis in the region between
fronts. On this super-slow scale, fronts appear as boundary layers.

The bifurcation diagram is effectively described by equations (153), (156) and (158).
The solutions to these equations are of two types. The first type comprises two interleaving
snaking bifurcation curves which are the extension of the bifurcation curves of §2 into the
region close to the Maxwell point. The width of the snakes rapidly approaches the pinning
region | 0E| < OF. as the length of the sustained oscillation increases.

The second type of solution comprises a “ladder” in the diagram, in which two solutions
form a closed loop which meets each snake at a bifurcation point. These loops are the two-
front analogues of the loop of single-front solutions found in §3. The existence of such steady
asymmetric solutions relies on the fact that the Swift-Hohenberg equation is variational.
These solutions generally become travelling waves in the presence of non-variational terms.
However, this is probably yet a smaller effect than the exponentially-small terms we have
computed. Indeed, had we studied a subcritical bifurcation in another, non-variational
equation, we would still have obtained a variational problem at each finite order of the
multiple scale (Ginzburg-Landau amplitude equation and linearised versions). This is true
for any subcritical bifurcation problem. Non-variational effects on localised patterns must
be quite subtle to study but are certainly worth the while, as equation (1) often appears
decorated with the non-variational terms |0E/Qz|* and E 0*E/0z* as an asymptotic limit of
chemical, optical or biological systems [47]; see also [64].

A by-product of our analysis, which can be useful for future reference, are the fourth-
order formulae Fy + €2Fy + €'E, and 1 — €23/2 + €*®; for the Maxwell point and the wave
number of the localised pattern, respectively. The latter point was investigated numerically
in some detail in [16, 18]. Given that in practice, € is not so small, the fourth order terms
above give a significant improvement in the comparison between numerically and analytically
computed bifurcation curves.

Clearly the present analysis can be extended to multiple bump solutions, both far and
near the Maxwell point. In the latter case, the growing exponentials from each front need
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to be tracked through the solution until the far-field of the last front, at which point the
condition of no further exponential growth needs to be applied [1]. Numerical bifurcation
diagrams of two-bump solutions have been computed in [73].

Dynamical fronts could also be described by letting f depend exponentially-slowly on
time. In this case —0f/0t would appear in the right-hand-side of (120) and would be treated
in the same fashion as —3e0E (f¢ + 2¢fof1 +...), as in [42].

Snaking bifurcation diagrams have been observed in many other problems, notably differ-
ence or differential-difference equations [76]. This is related to the fact that in these problems
too there is a finite pinning range for the bifurcation parameter in which a front solution
will remain stationary. In the (singular) limit of small separation, in which the difference
equations become differential equations, the pinning range is exponentially small in that
separation [42], and a beyond-all-orders analysis will be necessary to elucidate the snaking
behaviour. On the other hand delay-differential equations with Hopf bifurcations also give
rise to snaking bifurcation diagrams [5]. Such systems can display well-separated time-scales
[35, 57], so that a beyond-all-order multiple-timescale analysis can be envisaged there too.

Acknowledgments Gregory Kozyreff is a research associate at the Fonds de la Recherche
Scientifique-FNRS (Belgium). We also thank Paul Matthews for his independent numerical
check of the scaling for JF.,.

A Multiple-scales analysis up to 6" order

In 84, we use the far-field expressions for the up- and down-front in order to find matching
conditions between them. However, matching occurs at X = O(1/€?) and we therefore have
to derive an expression for the front in this limit. One may expect, in particular, a slow drift
in frequency to set in on this super-slow scale. To determine this, we therefore resume the
multiple scale analysis in the beginning of §3. Specifically, we seek for a solution of the form

frfole, X8 +efi(, X, )+ ..,
where ¢ = ¢*z = €2X, and we let
E=E+e€E+¢Ei+...+0E
in (62). The first few orders of the calculation are the same as before, except that, this time,
fo=Ao(X,§) " + Ag(X, &) e

Ay satisfies the same solvability condition as before, but integration of (71) now yields

X 2
Ra(s
so=—[ By s age),
so that ’ ©
19 €X 2+iP (€
AO(X7 6) = ﬁ

2 (14 oX) 2R
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Solving further the O(e*) and O(e®) problem, we eventually get, at O(e®) the following
solvability condition for As:

16i 26460 16i -
0 = 4Ag . + —— |Ao)* Aoy — Ay [ 1+ == |Ag|* — 4V114E, | Ao — == A Ao,
19 361 19
_ /17640 164
Ay [ CEE AP A2 — 2VITAE, A2 — “2 Ay Ay,
361 19
166, 1040v734 ., 31614 . )\ . a4 -
—A* Ay — [ 1 - —X 1A ° A Aoy — — ApA
g Aol Ao < SR TRl R TR
18072 o
+ (2\/ 114E2 — W ‘AO‘Q) ZA(%A()X + 8AOX€
4942 9724+/734 1186412
Ao Ao | == + 2V114E, — = """ A,)? Aol . 166
40| Aol <1083+ 4 R 0|> (166)

Equation (166) is a linearised version of (70) with a forcing term. Setting Ay = (R + iR1¢2) €',
and making use of (72) to eliminate highest derivatives of Ry, we find

1 2 187+/734 24799 19B;
= - RRy— ———RE+ Ry — P + o™ 167
Gox =5 T gRoRe T ige Kot gz Ro et R (167)
where Bj is constant. The equation for Ry is then
44040R 3 dg
ARy —Ro (1= 6V114ERE + ———2) =4—2 + 8B43R,
2x x 2 ( oK + 361 ) oR, + 83K,
where
dg 4828 9280+/734 365208
4—= = — | — +2V14E, | R3+ ———RJ — RI.
IRy (1083 - 4) 0T o590 espn

Using the method of variation of parameters, a particular solution associated to g(Ry) is

X s X
) R
ROX/ Ry (/ Roxa—ﬁodt) dS:ROX/ 97(320)&9
0x

The general solution of (166) is thus

XB B 2 2 X 5 B B 2
A, = {ROX/ 2 BiRo 19 (Ro) o ZRO/ RoRo, (/ s 3R0+9(R0>dt) ds
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Letting X — —o0o, we find that

38 . 437 — 93952 B
Ay~ o] 22 —-X/2 _ido 2 2_-B '
ARV 1216 it

Hence, A, would diverge exponentially unless

437

BZ = Sonra’
93952

Considering next the limit X — oo, we find that

0 - /126 [19@6 1—ip) (63711\/3/38 - E4> x H,( 43163 @5) X] o

16 264974 4310048

Hence, exponential growth and secular divergence in X are avoided if

b 63711./3/38 o, _ 43163
1T 264974 ¢ 4310048

This provides a correction to the Maxwell point and a frequency correction to the oscillations
over very long distances. Assuming these values, the full large-X behaviour of As; becomes

o541 L

AQN—

198 4 (80629 17266659503
2ﬂ(114 e

XeX) el + 0 (e’X) .

Moreover, for large values of X, we have

19 1 19 -X
2 (1rex) V2 2
v _ O iaxppeieg (B0
TR gt )

Hence a two-term expression for the front is

193 80629 . 172666595
A 2A ~ 11 = 204 :
0T > { O\ Tas T 1
1 ) ; .
—~ J;w (1+25415%°X) e_X] e IEIRE O (e72X e X)L (168)

We see that although Ay now remains bounded for large values of X, the term X e~ in A,
means that the expansion is not uniform for X = O(1/¢?). In order to join fronts separated
by distances of O(1/€%) we need to match the front solutions with a three-scale solution in
the oscillating region, as is done in §4.
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B Composite expansions used to plot Figures 4 and 6

In order to draw the bifurcation diagram, we found it sufficient to use the left and right
front solutions to construct a composite solution. In addition, we removed directly all the
“dangerous” exponentially-growing terms, as well as the terms proportional to X 4 im; these
are taken care of by the matching procedure of §4. Indeed, numerical errors can leave residual
factors of, say, 1077 in front of exponentially-growing terms and these eventually blow up,
making L? norm evaluation inaccurate. In practice, we used

f(x>9076) + f(€£4 —,9, 6) - fmid(-ra 6)7

where f is the approximate left-front solution and f,;q represents the common terms between
the left- and right-front solutions inside the periodic domain to avoid double counting. The
approximate left solution is

. Er A2 .-
f~ {Aoe“‘””(I>§£ —€ (—03 0 2i(#+et) _ 3E0\A0|2) + c.c.] + Ry,

where Ay is given by (78), T = z + ¢ and [see (106), (107), and (134)]

63X/2€ii+i<l>§§ oF 36163/2\/3 . o 47TAeﬁ7r/4677r/62
By = e g (2 g ) - T
(1+ eX) € 16 196/2 €5

x cos (x — ¢ — Bloge) H(X) (6—26_2X+ge_x+zﬂ <4+56_X)):| +c.c..

The function H above is the Heaviside function, being one for X > 0 and zero otherwise.
Note that the inclusion of Ry in the approximate solution is necessary to reproduce the
tilted snaking observed when € becomes appreciable. Finally,

4 NePr/4e—m/€

V193/2 ¢8

1 Ea o:~
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