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Abstract

We prove an asymptotic coupling theorem for the 2-dimensional Allen—Cahn equation
perturbed by a small space-time white noise. We show that with overwhelming proba-
bility two profiles that start close to the minimisers of the potential of the deterministic
system contract exponentially fast in a suitable topology. In the 1-dimensional case a
similar result was shown in Martinelli et al. (Commun Math Phys 120(1):25-69, 1988;
J Stat Phys 55(3-4):477-504, 1989). It is well-known that in two or more dimensions
solutions of this equation are distribution-valued, and the equation has to be inter-
preted in a renormalised sense. Formally, this renormalisation corresponds to moving
the minima of the potential infinitely far apart and making them infinitely deep. We
show that despite this renormalisation, solutions behave like perturbations of the deter-
ministic system without renormalisation: they spend large stretches of time close to
the minimisers of the (un-renormalised) potential and the exponential contraction rate
of different profiles is given by the second derivative of the potential in these points.
As an application we prove an Eyring—Kramers law for the transition times between
the stable solutions of the deterministic system for fixed initial conditions.
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1 Introduction

We are interested in the behaviour of solutions to the Allen—Cahn equation, perturbed
by a small noise term. The deterministic equation is given by

0 — AX =X+ X, (1.1)

and it is well-known that (1.1) is a gradient flow with respect to the potential

1 S DT
V(X) :=/<§|VX(2)| —5X@+ 1 X@ > dz. (1.2)

The fluctuation-dissipation theorem suggests an additive Gaussian space-time white
noise £ as a natural random perturbation of (1.1); so we consider

B — A)X = —X> + X + V2¢E, (1.3)

for a small parameter ¢ > 0.

Inthe 1-dimensional case, i.e. the case where the solution X depends ontimeand a 1-
dimensional spatial argument, the behaviour of solutions to (1.3) is well-understood.
Solutions exhibit the phenomenon of metastability, i.e. they typically spend large
stretches of time close to the minimisers of the potential (1.2) with rare and relatively
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quick noise-induced transitions between them. Early contributions go back to the 80s
where Farris and Jona—Lasinio [9] studied the system on the level of large deviations.

We are particularly interested in the “exponential loss of memory property” first
observed by Martinelli, Olivieri and Scoppola in [17,18]. They studied the flow map
induced by (1.3), i.e. the random map x — X(¢; x) which associates to any initial
condition the corresponding solution at time 7, and showed that for large ¢ the map
becomes essentially constant. They also showed that with overwhelming probability,
solutions that start within the basin of attraction of the same minimiser of V contract
exponentially fast, with exponential rate given by the smallest eigenvalue of the lineari-
sation of V in this minimiser. This implies for example that the law of such solutions
at large times is essentially insensitive to the precise location at which they are started.

It is very natural to consider higher dimensional analogues of (1.3), but unfor-
tunately for space dimension d > 2, Eq. (1.3) is ill-posed. In fact, for d > 2 the
space-time white noise becomes so irregular, that solutions have to be interpreted in
the sense of Schwartz distributions, and the interpretation of the nonlinear term is a
priori unclear. These kind of singular stochastic partial differential equations (SPDEs)
have received a lot of attention recently (see e.g. [6,10,12]). The solution proposed in
these works is to renormalise the equation, by removing some infinite terms, formally
leading to the equation

(0 — AN)X = —X3 4+ (1 + 3600) X + V/2¢E. (1.4)

Note that formally, this renormalisation corresponds to moving the minima of the
double-well potential out to £co and making them infinitely deep at the same time.
So at first glance, it seems unclear why these renormalised distribution-valued solu-
tions should exhibit similar behaviour to the 1-dimensional function-valued solutions
of (1.3).

In [14] Hairer and the second named author studied the small ¢ asymptotics for
(1.4) for space dimension d = 2 and 3 on the level of Freidlin—Wentzell type large
deviations. They obtained a large deviation principle with rate function Z given by

T(X) = %/OT/ (atxa, 2 — (AX(t, 2 - (X(t, 2% — X, z))>)2 dzdr.

(1.5)
In fact, a result in a similar spirit had already appeared in the 90s [15]. The striking
fact is that this rate function is exactly the 2-dimensional version of the rate function
obtained in the 1-dimensional case [9]. The infinite renormalisation constant does not
affect the rate functional. This result implies that for small ¢ solutions of the renor-
malised SPDE (1.4) stay close to solutions of the deterministic PDE (1.1) suggesting
that (1.4) may indeed be the natural small noise perturbation of (1.1).
In this article we consider (1.4) over a 2-dimensional torus T?> = R2?/LZ? for
L < 2m. It is known that under this assumption on the torus size L, the deterministic
equation (1.1) has exactly three stationary solutions, namely the constant profiles
—1,0,1 (see [16, Appendix B.1]). Here £1 are stable minimisers of V and O is
unstable. We prove that in the small noise regime with overwhelming probability
solutions that start close to the same stable minimiser =1 contract exponentially fast.
The exponential contraction rate is arbitrarily close to 2, the second derivative of the
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double-well x +— %x‘* — %x2 in 1. This is precisely the 2-dimensional version of

[17, Corollary 3.1].

On a technical level we work with the Da Prato—Debussche decomposition (see
Sect. 2 for more details). An immediate observation is that differences of any two
profiles have much better regularity than the solutions themselves. We split the time
axis into random “good” and “bad” intervals depending on whether a reference profile
is close to 1 or not. The key idea is that on “good” intervals solutions should contract
exponentially, while they should not diverge too fast on “bad” intervals. Furthermore,
“good” intervals should be much longer than “bad” intervals.

The control on the “good” intervals is relatively straightforward: the exponential
contraction follows by linearising the equation and the fact that these intervals are
typically long follows from exponential moment bounds on the explicit stochastic
objects appearing in the Da Prato—Debussche approach. The control on the “bad”
intervals is much more involved: in the 1-dimensional case two profiles cannot diverge
too fast, because the second derivative of the double-well potential is bounded from
below. But in the 2-dimensional case, where solutions are distribution-valued, there
is no obvious counterpart of this property. Instead we use a strong a priori estimate
obtained in our previous work [24] and the local Lipschitz continuity of the non-
linearity. Ultimately this yields an exponential growth bound where the exponential
rate is given by a polynomial in the explicit stochastic objects. We use a large deviation
estimate to prove that these intervals cannot be too long. In the final step we show
that the exponential contraction holds for all # if a certain random walk with positive
drift stays positive for all times. This random walk is then analysed using techniques
developed for the classical Cramér—Lunberg model in risk theory.

The original motivation for our work was to prove an Eyring—Kramers law for the
transition times of X. In [2] Berglund, Di Gesu and the second named author studied
spectral Galerkin approximations X of (1.4) and obtained explicit estimates on the
expected first transition times from a neighbourhood of —1 to a neighbourhood of 1.
These estimates give a precise asymptotic as ¢ — 0 and hold uniformly in the dis-
cretisation parameter N. Their method was based on the potential theoretic approach
developed in the finite-dimensional context by Bovier et al. in [3]. This approach
relies heavily on the reversibility of the dynamics and provides explicit formulas for
the expected transition times in terms of certain integrals of the reversible measure. The
key observation in [2] was that in the context of (1.3) these integrals can be analysed
uniformly in the parameter N using the classical Nelson’s estimate [22] from construc-
tive Quantum Field Theory. However, the result in [2] was not optimal for the following
two reasons: First, it does not allow to pass to the limit as N — oo to retrieve the esti-
mate for the transition times of X. Second, and more important, the bounds could only
be obtained for a certain N-dependent choice of initial distribution on the neighbour-
hood of —1. This problem is inherent to the potential theoretic approach, which only
yields an exact formula for the diffusion started in this so-called normalised equilib-
rium measure. In fact, a large part of the original work [3] was dedicated to removing
this problem using regularity theory for the finite-dimensional transition probabilities.

In this paper we overcome these two barriers. We first justify the passage to the
limit N — oo based on our previous work [24]: we use the strong a priori estimates
on the level of the approximation X y and the support theorem obtained there to prove
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uniform integrability of the transition times of X . The only difficulty here comes
from the action of the Galerkin projection on the non-linearity which does not allow
to test the equation with powers greater than 1. To remove the unnatural assumption
on the initial distribution we make use of our main result, the exponential contraction
estimate. This estimate allows us to couple the solution started with an arbitrary but
fixed initial condition with the solution started in the normalised equilibrium measure.

1.1 Outline

In Sect. 2 we briefly review the solution theory of (1.4). In Sect. 3 we state our
main results, that is, the exponential loss of memory, Theorem 3.1, and the Eyring—
Kramers law, Theorem 3.5. In Sect. 4 we prove Theorem 3.1 based on some auxiliary
propositions. These propositions are proved in Sects. 5 and 6. Finally, in Sect. 7 we
prove the Eyring—Kramers law, Theorem 3.5, generalising [2, Theorem 2.3]. Several
known results that are used throughout this article as well as some additional technical
statements can be found in the Appendix.

1.2 Notation

We fix a torus T? = R?/LZ? of size 0 < L < 2m. All function spaces are defined
over T2. We write C® for the space of smooth functions and L?, p € [1, oo], for the
space of p-integrable periodic functions endowed with the usual norm || - || .» and the
usual interpretation if p = oo.

We denote by Bg, 4 the (inhomogeneous) Besov space of regularity « and exponents
p,q € [1,00] with norm || - ||B;§’q (see Definition A.1). We write C* and || - ¢« to
denote the space By, , and the corresponding norm. Many useful results about Besov
spaces that we repeatedly use throughout the article can be found in Appendix A.

For any Banach space (V, || - ||v) we denote by By (xo; §) the open ball {x € V :
lx — xo|ly < 8} and by By (x¢; 8) its closure.

Throughout this article we write C for a positive constant which might change from
line to line. In proofs we sometimes write < instead of < C. We also write a v b and
a A b to denote the maximum and the minimum of a and b.

In several statements we write &1 to signify that the statement holds true for either
choice of 41 or —1.

2 Preliminaries

Fix a probability space (2, F, P) and let £ be a space-time white noise defined over
2. More precisely, & is a family {&(#)}yez2((0,00)xT2) Of centred Gaussian random
variables such that

EE(@)EW) = (. V) 12(0,00xT)-

A natural filtration {F;};>0 is given by the usual augmentation (as in [23, Chapter 1.4])
of
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262 P. Tsatsoulis, H. Weber

Fi=0({E@) : dlyooyxr2 =0}), t=0.

We interpret solutions of (1.4) following [6] and [20]. We write X (-; x) for the solution

. .. 1
started in x and use the decomposition X (-; x) = v(-; x) + €2 1(-) where T solves the
stochastic heat equation

@ —(A—1)1 =2
M,_o =0. (2.1)

The remainder term v solves
0 —MNv=—0>+v— <3U28%T + 3veV + eIV — 28%T>

v, =x 2.2)

where V, W are the 2nd and 3rd Wick powers of the solution to the stochastic heat
equation 1. The random distributions ¥ and W can be constructed as limits of T/2V — Ry
and 1}3\, —3Ny v, where 1y is a spatial Galerkin approximation of 1, and 9 is a renor-
malisation constant which diverges logarithmically in the regularisation parameter N.
The value of Ny is given by

1

S — 2.3
Qrlk|/L)* + 1 23)

1
N T 2_ E
Ny = tl_l)IgoETN(I,Z) = 12
[k|<N

Note that Tx (¢, z) is stationary in the space variable z, hence the expectation is inde-
pendent of z. We refer the reader to [6, Lemma 3.2], [24, Section 2] for more details
on the construction of the Wick powers. We recall that T, % and W can be realised
as continuous (in time) processes taking values in C™“ for @ > 0 and that P-almost
surely forevery T > 0, and o’ > 0

max { sup [|1(1)llc-«, sup(t A DX IV(D)llc-e, sup(t A DX |V (1) [lc-« | < oc.

t<T t<T t<T

2.4)
The blow-up of ||V(¢)||c-« and ||N(¢)||c-« for f close to O is due to the fact that we
define the stochastic objects V' and ¥ with zero initial condition, but we work with a
time-independent renormalisation constant Ry (see (2.3)). We define the stochastic
heat equation with a Laplacian with mass 1 because this allows us to prove exponential
moment bounds of T, Y and ¥ which hold uniformly in time (see Proposition D.1).
Throughout the paper we use /" to refer to all the stochastic objects T,V and ¥
simultaneously. In this notation (2.4) turns into

sup(t A DD N2 (1) || oo < 0.

t<T

We fix ap € (0, %) (to measure the regularity of the initial condition x in C~%0),
B > 0 (to measure the regularity of v in C#) and y > 0 (to measure the blow-up of
lv(t; x)||cs for t close to 0) such that
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1 ap+p

, 2.5
v <3 3 (2.5)
We also assume that &’ > 0 and o > 0 in (2.4) satisfy

o <y, a<ap, #+2y<1. (2.6)

In [24, Theorems 3.3 and 3.9]) it was shown that for every x € C~% there exist a
unique solution v € C ((0, 00); C#) of (2.2) such that for every T > 0

sup(t A DY |lu(t; x)|les < oo.
t<T

Remark 2.1 In Condition (2.5) B has to be strictly less than % This is necessary if one
wants to treat all of the terms arising in a fixed point problem for (2.2) with the same
norm for v. A simple post-processing of [24, Theorems 3.3 and 3.9] shows that in fact
v is continuous in time taking values in C>~* for any A > a.

Equations (2.1), (2.2) suggest that indeed X can be seen as a perturbation of the
Allen—Cahn equation (1.1), because the terms 1,V and ¥ in (2.2) all appear with a
positive power of €. It is important to note that v is much more regular than X. The

. .1 . .
irregular part of X(-; x) is e271. Therefore differences of solutions are much more
regular than solutions themselves.

We repeatedly work with restarted stochastic terms: we define T, as the solution of

@ — (A=D1, =28, >3,
tl,_, =0,

and let V5 and W be its Wick powers. By [24, Proposition 2.3] for every s > O,
N (s + ) are independent of F; and equal in law to N/ (). Fort > s we can define
a restarted remainder v, (¢; X (s; x)) through the identity X (¢; x) = vy (#; X(s; x)) +
ert s (). Rearranging (2.2) and using the pathwise identities in [24, Corollary 2.4] one
can see that vy solves

(0 — A) vy = —vf + vy — (3US28%TS + 3v,eVy + 8%\% — ZE%TS)
= X(s; x). 2.7

Us |t:s

In [24, Theorem 4.2] this is used to prove the Markov property for X (-; x).

3 Main results

In this article we prove the following main theorem.
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264 P. Tsatsoulis, H. Weber

Theorem 3.1 For every k > 0 there exist 8y, ag, C > 0 and g € (0, 1) such that for
every e < g

inf
llx =D o —ap <80
P X (25 y) — X(&; X))l cp
Iy =l p—a <80 Iy — xllg-e0

> 1 — e 90/¢,

< Ce C for everyt > 1)

Proof See Sect. 4.2. O

This theorem is a variant of [17, Corollary 3.1] in space dimension d = 2, but in
that work the supremum is taken over both x and y inside the probability measure.
We also obtain this version of the theorem as a corollary.

Corollary 3.2 For every k > 0 there exist 8y, ag, C > 0 and gy € (0, 1) such that for
every € < g

X(t;y) — X(1; o
P sup I X5 y) GEIN R < Ce @ foreveryt > 1

x,y€Bo—a (£1580) ly = xllg—e0

> 1 —e /¢,

Proof See Sect. 4.2. O

Remark 3.3 The restriction ¢+ > 1 in Theorem 3.1 appears only because we measure
y — x in a lower regularity norm than X(¢; y) — X (¢; x). To prove the theorem we
first prove Theorem 4.9 were we assume that y — x € C# and in this case we prove a
bound which holds for every ¢ > 0.

Remark 3.4 Theorem 3.1 is an asymptotic coupling of solutions that start close to the
same minimiser. In [17, Proposition 3.4] it was shown that in the 1-dimensional case,
solutions which start with initial conditions x and y close to different minimisers also
contract exponentially fast, but only after time 7, oc el(V (O =V&E+1l/e for any 5 > 0.
This is the “typical” time needed for one of the two profiles to jump close to the other
minimiser. We expect that Theorem 3.1 and the large deviation theory developed in
[14] could be combined to prove a similar result in the case d = 2.

As an application of Theorem 3.1 we prove an Eyring—Kramers law for the transition
times of X. Before we state our main result in this direction let us briefly introduce
some extra notation.

For § € (0,1/2) and @ > 0 we define the symmetric subsets A(«; §) and B(o; §)
of C™% by

Al;8) ={feC®: fe[-1-68,-1468], f—feD,} 3.1
B;d)={feC®: fe[l-61+6] f—feD.} (3.2)
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where D is the closed ball of radius § in C™® and f = L=2(f, 1). For x € A(x; 8)
we define the transition time

TB(a;8)(X (-3 x)) :==1inf {t > 0: X(t; x) € B(a; 8)}.

Last, for k € 7% we let

o (2K 2 _(2mlk\
pi= (T ) -1 and we= (T ) 2= At (3.3)

The sequences {Ax}; <72 and {vi}, <72 are the eigenvalues of the operators —A — 1 and
—A + 2 endowed with periodic boundary conditions.

With this notation at hand the Eyring—Kramers law can be expressed as follows.
Notice that by symmetry the same result holds if we swap the neighbourhoods of —1
and 1 below.

Theorem 3.5 There exist 8o > 0 such that the following holds. For every o € (0, ag)
and § € (0, 8g) there exist cy,c— > 0and o € (0, 1) such that for every ¢ < gy

sup  Etp:s)(X(:; x))

xeA(ap;9d)
2 A —x
s Mexp{vk k}ew(mwl))/s (14 c15)
120l Vk M +2
\ keZ?
inf  Etp(y:5)(X(:; x))
x€A(ap;d)
2 A —x
> = Pl o {—”" k }eW(O)—V(—l))/‘? (I—c_e). (34)
|20l e +2
\| keZ?
Proof See Sect. 7.3. O

4 Proof of the exponential loss of memory

In this section we prove the exponential loss of memory. In Sect. 4.1 we present the
basic ingredients needed in the proof and in Sect. 4.2 we give the proofs of Theorem 3.1
and Corollary 3.2.

4.1 Methodology

We define two sequences {v; (x)};>1 and {p; (x)};>1 of stopping times which partition
our time axis and allow us to keep track of the time spent close to and away from the
minimisers £1 (see Fig. 1 for a sketch). On the “good” intervals [p;_1(x), v;i(x)] we
require both the restarted diagrams \./*,,,_, () to be small and the restarted remainder
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“good” — “bad” — — “good” ——— «— “bad” —
0 ' ' ' 1 ' 1 ' ' ' ' ' 1 ' 1
po(@) vi(z) p@) - pima(@) vi(z) pi()

t

Fig. 1 A partition of the time axis with respect to the times v; (x) and p;(x). The “good” intervals are
“typically” much larger than the “bad” intervals

Vy_;(x) to be close to ££1. The “bad” intervals [v;(x), p;(x)] end when X (-; x) re-
enters a small neighbourhood of the minimisers. The stopping times p; (x) are defined
in terms of the C~% norm for X (-; x), while we define good intervals in terms of the
stronger C# topology for vy, ,(x). To connect the two, we need to allow for a blow-up
close to the starting point of the “good” intervals.

Definition 4.1 For x € C~% we define the sequence of stopping times {p; (x)};>0,
{vi(x)}i>1 recursively by pp(x) = 0 and

wGe) = inf {1 > o1 (0 min | (0= proa ) A DY 10005 X (i3 0)
—Xxllep = 41
or (1 = pi-1 () A DIV 5Ny Ol 2 83

pi(x) = inf{t > vi(x) : er?irll . X (75 %) = x«llg-e0 =< 0}

We now define the time increments

7 (x) = vi(x) — pi—1(x)
oi(x) = pi(x) — v;(x). 4.1

The process X (-; x) is expected to spend long time intervals close to the minimisers
41, which corresponds to large values of 7; (x). Large values of o; (x) are “atypical”.
This behaviour is established Propositions 6.3 and 6.6.

The following proposition shows contraction on the “good” intervals. We distin-
guish between the cases (4.2) and (4.3) for y — x that lie in C# and C~% respectively.
The Da Prato—Debussche decomposition shows that differences of any two profiles lie
in C# for any ¢ > O but at ¢ = 0 they maintain the irregularity of the initial conditions.
Hence we only use (4.3) on the first “good” interval.

Proposition 4.2 For every k > 0 there exist 8, 81,62 > 0 and C > 0 such that if
lx = (EDllc-e0 <Soandy —x € cholly — xlles < 8o then

K
1X(:3) = X@0les < Cexp{= (2= 5 )t} Iy =xles.  42)

for every t < t1(x) defined with respect to §1 and §>. If we only assume that ||y —
X||¢-e0 < 80 then

(A DYIX(3y) = X 0)ler < Coxp = (2= )t} Iy = ¥lewo.  43)
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foreveryt < t1(x).
Proof See Sect. 5.1. O

Our next aim is to control the growth of the differences on the “bad” intervals
in terms of the stochastic objects \’. This is done by partitioning the intervals
[vi (x), pi (x)]intotiles of length one. To achieve independence we restart the stochastic
objects at the starting point of each tile.

Definition4.3 Fork > Oand p > v > Olet#; = v+ k. For k > 1 we define a random
variable Ly (v, p) by

2
n

Li(v, p) :=< sup (r—rk_1><"‘““’||e'ivtk1<r>||c°*)' (4.4)

tE€(tr—1,tAp]

In our analysis we use a second tiling defined by setting sy = # + % i.e. the tiles
[#x, tx+1] and [sg, sx+1] overlap. In order to bound X (#; y) — X (¢; x) on a time inter-
val [tx, sx] we restart the stochastic objects at sy_1 and write X (¢; y) — X (#; x) =
Vg (85 X(Sk—1;¥)) — v, (t; X (sx—1; x)). In Lemma 5.1 we upgrade the strong a
priori bound obtained in [24, Proposition 3.7] to get a control on the C# norm of both
remainders. This bound holds uniformly over all possible values of X (sx—1; y) and
X (sx—1; x) and while the bound allows for a blow-up for times ¢ close to s;_ it holds
uniformly over all times in [#, s ]. Ultimately, the bound only depends on L (v+ % , P)
in a polynomial way as shown in Fig. 2. Then we can use the local Lipschitz property
of the non-linearity in (2.2) to bound the exponential growth rate of X (¢; y) — X (¢; x).
For the first interval [#g, 1] we do not use this trick, because we want to avoid bounds
that depend on the realisation of the white noise outside of [v, p]. On this interval, we
make use of an a priori assumption that we have some control on || X (v; y)|l¢—eo and
1 X (v; x)|lc—e0-

Proposition 4.4 Let R > 0. Then there exists a constant C = C(R) > 0 such that for
every [| X (v; x)llg-ao, | X(v; Y)llc-a0 = R, p>v=0andt € [v, p]

Xt y) — Xt x)lles < Cexp{L(v, p;t =W} X(W;y) = XW; X)les, (4.5)

where

[t—v]
€0

L, pst=v)=— 3 ) (AVLw+Lp)" + Lot —v),  (46)
k=1j=0,1

for Ly as in (4.4), and for some constants po > 1 and co = co(R), Lo = Lo(R) > 0.

Proof See Sect. 5.2. O
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o2 (les

e llvsirs Olles o5 (Hlleo

CLis1 (v+ %«,ﬂ)qn

CLi (v + %p)qo

CLp4r (v, p)*©

v tr Sk tht1 e P

Fig.2 Bounds on the CP norm of the restarted remainder v on the overlapping tiles of the partition of [v, p].
On a time interval [#;, sx] we restart the stochastic objects at time s;_1 and bound vg, _; by a polynomial

function of Ly (v + % p). On a time interval [si, #x41] we restart the stochastic objects at time #; and
bound vy, by a polynomial function of Ly (v, p)

If we assume that y — x € C#, combining the estimates in Propositions 4.2 and 4.4
suggest the bound

X (o (x); ¥) = X (on (x); X)llcs
<exp{ Y[~ (2-3) m + LOi@). pi): 03x0) +210g €| Iy = xlles.
i=<N

4.7)

for any N > 1. If we can show that the exponents satisfy

,-;v - (2- g) T L0 (0), pi(0); 07(x) +210g €| = —2 = K)py (),

then (4.7) yields exponential contraction at time ppy (x) with rate 2 — k. The difference
of the right hand side and the left hand side of the last inequality is given by the random
walk Sy (x) in the next definition.
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35e+23

Weibull shit ——

3e+23 |

2e+23 | PE S W I =
15e+23 |
1e+23 |

Se+22 |

0 i i L
0 10 20 30 40 50
Fig. 3 “Typical” realisations of a random walk Sy = ZiSN(fi — g;) for fi ~ e05/¢ exp(l), g ~

e0-1/ €Weibull(0.5, 1), N = 50 and ¢ = 0.01. The choice of a Weibull distribution here captures the fact
that the random variables L (v; (x), p; (x); 0; (x)) 4+ (2 — k)oj(x) + My in Definition 4.5 have stretched
exponential tails as shown in Proposition 6.7

Definition 4.5 Let ||x — (£1)|c-« < 8o. We define the random walk (Sy (x))y>1 by

Sw) = Y2 [ 5100 = (L0y0). 1 @) 03(0) + 2 = K)o () + M) |

i<N
where My = 21og C for C > 0 as in Propositions 4.2 and 4.4 .

The next proposition shows that the random walk Sy (x) stays positive for every
N > 1 with overwhelming probability (see Fig. 3 for an illustration). The proof is
based on a variant of the classical Cramér-Lundberg model in risk theory (see [8,
Chapter 1.2]). In this classical model a random walk Sy = >, _y(fi — gi) with
i.i.d. exponential random variables f; and i.i.d. non-negative random variables g; is
considered. The probability for Sy to stay positive for every N > 1 can be calculated
explicitly in terms of the expectations of f; and g; using a renewal equation. In our
case we use the Markov property and Propositions 6.3 and Proposition 6.7 to compare
the random walk Sy (x) in Definition 4.5 to this classical case.

Remark 4.6 If the family {L (v; (x), p; (x); 0; (x))+(2—«)0; (x)+Mp}i>1 had exponen-
tial moments, a simple exponential Chebyshev argument would imply the following
proposition without any reference to the Cramér—Lundberg model. However, by (4.4)
and (4.6) one sees that L (v; (x), p;i (x); o; (x)) is apolynomial of potentially high degree
in the explicit stochastic objects (which are themselves polynomials of the Gaussian
noise £). Hence, we cannot expect more than stretched exponential moments, and
indeed, such bounds are established in Proposition 6.7. In the proof of the next propo-
sition we also use an exponential Chebyshev argument, but only to compare 57; (x)
with a suitable exponential random variable which does not depend on x.
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Proposition 4.7 For every k > O there exist ag > 0 and gg € (0, 1) such that for every
£ =&

inf P(Sy(x) > 0 forevery N > 1) > 1 — e~ /¢, (4.8)
=Dl g—ag <80

Proof See Sect. 6.3. O

4.2 Proofs of Theorem 3.1 and Corollary 3.2

We first treat the case where y — x € CP:let x € C™ such that ||x — (£1) lc-0 < b0
and let y be such that y — x € CP# and ||y — Xllcp < So. We also write Y (¢) =
X(t; y) — X(t; x). We consider the event

S(x) = {Sy(x) > 0 forevery N > 1}, (4.9)

for Sy (x) as in Definition 4.5.

We first prove the following proposition which provides explicit estimates on the
differences at the stopping times vy (x) and py(x) for every N > 1 and w € S(x)
by iterating Propositions 4.2 and 4.4. To shorten the notation we drop the explicit
dependence on the starting point x in the stopping times vy and py and the random
walk Sy . We also drop the dependence on the realisation @ but we assume throughout
that w € S(x).

Proposition 4.8 For any k > 0 let C > 0 be as in Proposition 4.2. Then for every
weSkx)and N > 1

1Y 0m)lles = Cexp(—Sy-ihexp{~F v | exp (—2 =)o} ¥ O)llcs  (4.10)
1Y (or)lles < exp =S} exp (—(2 = k)ow} Y (O)lcr- .11

Proof We prove our claim by induction on N > 1, observing that it is obvious for
N =0.

To prove (4.10) for N + 1 we first notice that by the definition of p) we have that
1 X% (on; x) — (£1)|c-e0 < 8o and since w € S(x) (4.11) implies that || Y (on) [lcs <
80. Hence we can use (4.2) to get

K
1Y Onsnlier S exp | =5 v | exp (=2 = )tn 1} 1Y (om) -

Combining with the estimate on ||Y (on)||cs the above implies (4.10) for N + 1.
Toprove (4.11) for N+41 we first notice that by Proposition 6.2 | X (V415 X) [l c-«0 <

2861 + 1. This bound, (4.10) for N 4+ 1 and the triangle inequality imply that

IX(WN+1; )e—e0 < 80 + 261 + 1. Hence we can use Proposition 4.4 for v =

UN+1, 0 = pN+1 and R = §p + 261 + 1 to obtain

1Y (on+Dllcs S exp{Lwn+1, PN+1; on+ D Y (WD) lles-

@ Springer



Exponential loss of memory for the 2-dimensional... 271

If we combine with (4.10) for N + 1 we have that

1Y (on+Dllcs < exp{L(vN+1, oN+1; ON+1) + Mo} exp {—Sn}
K
X exp{_ETN-H}

exp{—Q2 —©)vn+1} Y (O)llcs-
We then rearrange the terms to obtain (4.11), which completes the proof. O

We are ready to prove the following version of Theorem 3.1 for sufficiently smooth
initial conditions.

Theorem 4.9 For every k > 0 there exist 8y, ag, C > 0 and o € (0, 1) such that for
every e < g

inf
lx=(EDl g~ <80

1 Xt y) — X5 0)lcp

y—xeCh ly —xlics
ly—xllop <o

> 1 —e /e,

< Ce ) for everyt > 0

Proof Let w € S(x) as in (4.9). For any ¢ > 0 there exists N = N(w) > 0 such that

t € [pN, VN+1) OT E € [UN41, PN41)-
Ift € [pn, vN+1) then

1X (5 1) = X 0 e
(4.2),(4.11) K
exp (= (2= 5) = ow)} IXCon: 1) = X (o ¥l

= exp {2t = o) | exp (=2 = )¢ = P} IX (i ) = X (i Vs

@.11)
S oexp{—=Q2 -t} lly — xlles.

If t € [vn+1, pn+1) then

1 X y) — Xt X)lcs
4.5)
S exp{Ln+1, p+15 T — VDX (Ong1 Y) — X (a1 X)) lles

=exp{L(vn41, oN415t — UN41) + 2 — 1)t — vy}
x exp{—@2 — )t —vnDHXWng15Y) — Xyt X)) lles

(4.10),0€S(x)
S exp{=Q2 -}y — xllcs-

@ Springer



272 P. Tsatsoulis, H. Weber

By Proposition 4.7 there exist ap > 0 and gg € (0, 1) such that for every ¢ < g9

inf P(S(x)) > 1 —e /%,
le—(E Dl o—aq <0

which completes the proof. O
We are now ready to prove Theorem 3.1 and Corollary 3.2.

Proof of Theorem 3.1 This is a consequence of (4.3), Proposition 6.3 and Theorem 4.9.
Let 61, 62 > O sufficiently small such that §; 4+ 6, < §p and assume that 1 (x) > 1.
By the definition of 71 (x)

1
1X(1; x) = (EDllg-a0 < lv(1;x) = (EDllgs + le2T(Dllc-w0 < 81 + 82 < do.
If we also choose &, < 8o by (4.3) we have that for every ||y — x|lc-« < &,
1X(1;y) — X (L ) les SNy — xlle—eo-

The probability of the event {71(x) > 1} can be estimated from below by Proposi-
tion 6.3 uniformly in ||x — (£1)||c-e9 < &,. Combining with Theorem 4.9 completes
the proof. O

Proof of Corollary 3.2 We only prove the case where initial conditions are close to the
minimiser 1. We fix &, §; > 0 such that 28, < 8o and &, + 8] < &1. By Proposition
6.2 if we chose §; sufficiently small then

o sup,_; 1" DY NS (@)l e-e < 82 = sup,_; 17 ||[u(#; ¥) — Llls < 81 uniformly for
ly = Llc-«0 < 56.
This together with (4.3) implies that for every x, y € Bp-« (1; 86)

IX (15 9) = X0 lles S Ny = xllg-a0 < 8-

Let

1 X(#; y) — X (5 Dlles
lly =1l p—aq <8 Iy — Hlic—ao

weS = < Ce @' foreveryr > 14,

t>1andy € B« (—1;8(). Then

b supsgth(t - S)y”Us(t; X(S; ])) - (il)”Cﬂ = (Si = Supsfz‘ST(t - S)y”
s (15 X (53 y)) = (£Dllgp < 81 for T',s = 1.
o [ X(t; 1) = (EDllg-w0 <8y = I1X(t; y) = (£Dllc-a0 < 0.
This implies that if we consider the process X (¢; y) for¢ > 1, the times v; (X (1; y)) and
pi (X(1; y)) of Definition 4.1 for &g, 1 and 8 can be replaced by the times v; (X (1; 1))

and p; (X (1; 1)) for 5(’), Si and the same §>. Hence the corresponding random walk
Sy (X(1; y)) in Definition 4.5 can be replaced by Sy (X (1; 1)).
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We can now repeat the proof of Theorem 4.9 for the difference X (¢; y)— X (¢; x), t >
1, step by step, replacing the event in (4.9) by

s'n :supt("l)“/ﬂ\”/(t)llca <8, Sn(X(1;1)) = Oforevery N > 1} . (4.12)
<1

This allows us to prove that

IX(t; y) — X(t; )llep < Ce™ F=DYX (15 y) — X (15 0)| s
< Ce Py — xllo-a,
uniformly in y, x € Bp-aq (1; §)).

To estimate the event in (4.12) we use Theorem 3.1 and Propositions 6.1 and 4.7.
This completes the proof. O

5 Pathwise estimates on the difference of two profiles

In this section we prove Propositions 4.2 and Propositions 4.4. Our analysis here is
pathwise and uses no probabilistic tools.

5.1 Proof of Proposition 4.2

Proof of Proposition 4.2 'We only prove (4.3). To prove (4.2) we follow the same strat-

egy as below. However in this case we do not need to encounter the blow-up of

IY (t)]lcs close to 0 and hence we omit the proof since it poses no extra difficulties.
Let Y () = X(¢; y) — X(¢; x) and notice that from (2.2) we get

(0 — A)Y = — (v(~; V)P — (- x)3) FY =30 y) + v(x))e2 1Y — 3eVY.
We use the identity v(-; y) = v(:; x) + Y to rewrite this equation in the form

0 — (A —2))Y = —3 <u(-; x)?— 1) Y + Error(u(-; x); ¥)
“3(Y 4 20(-; x)e2 1Y — 3eVY

where Error(v(-; x); ¥) = —Y3 —3uv(-; x)Y? collects all the terms which are higher
order in Y. Then

t

Y(t) — e—zteAty(O) +/ e—z(t—s)eA(t—S)
0

[ -3 (v(s; )c)2 — l) Y(s) + Error(v(s; x); Y(s))

—3(Y (s) + 2v(s; x))S%T(s)Y(s) - 38V(S)Y(S)] ds. 5.1
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We set

= sup G AD)|=3(v@t;x)>=1)|es.
p c

<71 (x)

Let: =inf{t > 0: ¢ ADY||[Y(@#)|lcsp > ¢} for 1 > ¢ > §p and notice that for
t < 11(x) A tusing (5.1) we get

(A6).(ATL(A8) _ _agtp
Y @®llcs < e HCUADT 2 Y (0)lc-a

t
np / 209 (s A )| Y (5)l| s ds
0
t
+¢C / e 200 (s A )T Y (5) I op ds
0
" o) —otb -
+8C | e (t—9)" 2 (sADTY(S)lles ds
0
L 2-s) —odb —a
+8C3 | e (t—9)"2 (s ADTNY(s)lcs ds,
0
where we also use that for s < ¢
IExror(u(s; x); Y(s)lies S ¢s Y (5) e
Choosing ¢ < k/Cp and 8, < k/C, VvV C3 we have
_ _atp
1Y @)lles < e 2 Ct AT 2 |V (0)]lg—e0

t
a+p
" / e 2079t — )% (s A )XY (5) | s ds.
0

Then, for t < t1(x) A (, by the generalised Gronwall inequality, Lemma B.1, on
f@) =@ ADY|Y(@)|cp there exist ¢ > O such that

1
atf

CAD Y Olles < Cexp{ Y A L M}||Y(O)||C7a0.

1
~1_otB .. .
We now fix 8; > 0 such that ck '~ 2 ~% < £ This implies that for r < 7y(x) At
7 p

AV Y Olles = Cep|= (2= 5) i} 1Y Ol

Finally choosing §¢ sufficiently small we furthermore notice that t1(x) At = 71(x),
which completes the proof of (4.3). O
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5.2 Proof of Proposition 4.4

Before we proceed to the proof of Proposition 4.4 we need the following lemma
which upgrades the a priori estimates in [24, Proposition 3.7]. Here and below we let
S(t) = e,

Lemma5.1 There exist a,y’,C > 0 and pg > 1 such that if sup, <; t(n=Da'
le2\/(t)llg-« < L" then

sup supt” [v(t; x)|les < C(1V L)P.
xeC~ t=1

Proof Throughout this proof we simply write v(¢) to denote v(¢; x). We first need
bounds on |[v(t)||z», for p sufficiently large, and f; IVu(r) ||i2 dr. These bounds can
be obtained by classical energy estimates. A bound on |v(¢)||z» has already been
obtained in [24, Proposition 3.7], which states that for every p > 2 even

sup supt2|[u(t)r < C (1 v supz<"—1>°""n||s'5\"/(t)||§”a> , (5.2)

xeC~0 =1 1=1

for some exponents p, > 1. To bound f; (Vu(r) ||i2 dr we need to slightly modify
the strategy used in the proof of [24, Proposition 3.7]. In particular, combining [24,
Equations (3.13) and (3.22)] and integrating from s to # we obtain the energy inequality,

t t
lvOII7> — llv)7, +f IVo@)ll3, dr < c/ (1 +y ||sfv(r)||(;ia)dr,
s N n§3
which implies that
t ’ t N 5
/S V()17 dr sc/S <1+Z||87W(V)||C"—a)dr+IIU(S)IILz- (5.3)
n<3

We now upgrade these bounds to bounds on |[v(#)||cs. Using the mild form of (2.2)
we haveforl > > s >0

t
lv@®lics S IS —s)vs)lles +/ 1St = r)v(r)lles dr
ﬁr—’::ll K

=1

t
+ [ 1@ =) (00264 10)) w0

=3

t t 3
+ / ISt —r) (v(r)eV(r)) llcs dr —i—/ IS — r)e2V ()| cs dr

=1y =:1I5
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' t
+ / ISt — r)s%T(r)Hc/s dr +/ 1S — r)v(r)|lcs dr. 5.4)

=:Ig =:I7

To estimate [[v(f)|lcsp we use the L? bound (5.2), the energy inequality (5.3) and
the embedding Bé_oo to bound the terms appearing on the right hand side of the last
inequality as shown below.

We treat each term in (5.4) separately. Below p may change from term to term and
a, Alcan be taken arbitrarily small. We write p; and p» for conjugate exponents of p,

ie. 5= % + é. We also denote by (1 v L)?0 a polynomial of degree pg > 1 in the

variable 1 v L where the value of pp may change from line to line.
Term I;:

(A.5),(A.6) p+2 (5.2) p+2
L 35 (=) 2 vl S =5 = 2(1vL)”°.

~

Term I>:
(A.5),(A.6) p+2 p+2
I S /(t—r) —= ||v(r) lLr dr < (IVL)pO/(t T2 r Zdr
ﬁ+%
S (v LyPos™ 2/(t—r) 2
Term I5:
(A.5), (A6) (A.8),A>0 Za-M 2
I S / t—r" "7 Jur)? IIBa+AII82T(r)|Ic «dr

2

(A.9) 72a+l+7 1
S /(t—r) T o) lliLm ”U(”)”B%réonezT(”)”C*“ dr
s ,

(A.5),(5.2) 72a+k+ﬁ 1
[T RO g 10 et
s 8200
(5.2), % =a+A . [t 20{+)»+ 2
< (1VL)p0s_7/ t—r)" ||U(}")||Bl dr
S
1
Cauchy—Schwarz 1 t (204342 7 t 2
< Aviymsh (/ (= ry (ot +p)d,) (/ oI, dr)
s s 2,00
Term Iy:
(A.5),(A.6), (A 8),A>0 2utit 2
Iy S /(t—r) 2 ||v(r)||Btlx)_+og||8V(V)||c—a dr

(AS5) pt _20(+A+ﬁ
S /(t—r) vl HH._,IIsV(r)IIc—adV
K

200
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2 _
=tk 2a+a+2

t
< (1vLyPs™@ / (t—r)y" 7 pllv(r)llzg; dr
s ,00

1
Cauchy-Schwarz , t _ 2 2
S (v Lyrs™ (/ (t—r) (Z(HIHP) dr)
K

: 2
( / ||v(r>||§3%mdr) :

Term I5:

(A.6) t a+B 3 t a+B ,
Is < /(t—r)_%Hs%\V(r)Hcfadrg(le)pO/ (t—r)~ 52 gy
s s
t
/ a+p
< (1v Lyrs— f (t—r)~ 2 dr.
S

Term Ig:

(A6) pt . ‘ .
Is < /(t—r)f%ﬁHs%T(r)Hcfadrg(1vL)p°/ «—r~""ar.
s s

Term I7:

2
5 +5 1

(A5),(A.6) pt p+2 (5.2) ! B+
I g / (t=r)" 2 o) lpdr < vL)”“/ (t—r)y "2 r2dr
N N

p+2

t
< (1v L)Ps2 / (t—r)y 2 dr.
N

Using Proposition A.9, (5.2) and (5.3) we notice that

‘ } ¢ } ‘ }
(/ ||v(r>||;5wdr> 5(/ ||Vv(r>||izdr) +< / ||v<r>||izdr)

< (1vL)Psz,
Combining the above and choosing s = /2 we find ¥’ > 0 such that
7 lolles S 1V L)

which completes the proof. O

Proof of Proposition 4.4 We denote by (1 Vv L) a polynomial of degree pg > 1 in the
variable 1 v L where the value of pp may change from line to line.

For k > Orecall that fy = v + k and s = t + % As before, we write Y (t) =
X(t;y) — X(@; x).
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Lett € (t, s¢], k > 1. We restart the stochastic terms at time s;_; and write Y () =
v, (t; y) — vs,_, (¢; X) where for simplicity y = X(sx—1; ¥) and X = X (sx—1; x).
Together with (2.7), this implies that

0 =AY == (v (9 = vy, (D)
FY = 3(ug (5 5) + v, (5 )y ¥ — 3¢V, Y.

Using the mild form of the above equation, now starting at f;, = sx—1 + %, we get

(A.6),(A.7),(A.8) t - .
1Y ()llcs S 1Y (1) lles +/ Vs (r3 )7 — vy (r3 X) | gp dr
173

! _atp ~\2 ~\2 1
+ | =) 2 g, (5 )7 = vg (73 D) Nleslle2 Ty () llg—e dr
173

t aip t
+/ t=r)" 2 Y (")lleslleVs_, (Nllc-e dr+f 1Y (r)lics dr.
1k T

By Lemma 5.1 there exist y’ > 0 such that

’ 1 Po
sup  sup  (F —sk—1)7 Nlvge_, 3 0)lep S <1 V Ly (V + =, P)) .

xeC™ r€lsk—1,5¢] 2

Combining the above we get

1 Po t atB
1Y Olies S NY @) lles + <1 V Li <v +3 p)) / (t=r)" 2 IY() s dr.
173

By the generalised Gronwall inequality, Lemma B.1, there exists ¢y > 0 such that

1 Po
IY(®)llce < exp {CO <1 V Li (v t3 p)) (r— S)} 1Y (m)lice - (5.5)

Following the same strategy we prove that for ¢t € [sg, tx+1], k > 1,

1Y @)lles S exp {eo (1V Ligr (v, p)P0 (2 — )} 1Y (s0)ll e - (5.6)
Finally, we also need a bound for ¢t € [fy, #1]. To obtain an estimate which does

not depend on any information before time #y we use local solution theory. By [24,
Theorem 3.3] there exists ¢, € (tg, 1) such that

sup  sup (r —10)7 vy (r; X)llep < 1
x|l o—ep <R relto,t«]
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and furthermore we can take

1 Po
b= <C(R VLo, p))) '

By Lemma 5.1 we also have that

sup  sup (r —10)” vy (r: X)lles S (1V Li(v, p)P°.
xeC~% re(fo,n]

Combining these two bounds we get

sup sup (r —10)" [lvgy (r; X)lles S (1 Li(v, p))P, (5.7
XNl g—og <R relio, ]

where the implicit constant depends on R. Note that y < % whereas ¥’ is much larger.
We write Y (1) = vy, (t; y) — vy (¢; x) and use the mild form starting at #y. We then use
(5.7) to bound [|vs (¢; ) llcg on [#o, 1] which implies the estimate

t
I1Y®lles S MY (0)lics + (1V Ly (v, p))”of (t— r)‘%ﬁ(r —10) Y ()llcs dr.
fo

The extra term (r — o) "2 in the last inequality appears because of the blow-up of
vy, (¢; ) and N/ (1) for ¢ close to f9. By the generalised Gronwall inequality, Lemma
B.1, we obtain that

1Y )lies < expico 1V Li (v, p)P° (1 =)} Y ($)llcs- (5-8)

For arbitrary ¢ € [v, p] we glue together (5.5), (5.6) and (5.8) to get

[t—v]
co ’
1Y (®)lles S exp 5 kE_l l EO 1 AV Ly(w+1,p)P 4+ Lot —v) ¢ 1Y W)lcs,
=110

for some Lo > 0 which collects the implicit constants in the inequalities. O

6 Random walk estimates

In this section we prove Proposition 4.7 based mainly on probabilistic arguments.
In Sects. 6.1 and 6.2 we provide estimates on %r,- (x) and L(v;(x), p;i (x); 0;(x)) +
(2 — k)oi(x) + My from Definition 4.5. In Sect. 6.3 we use these estimates to prove
Proposition 4.7.
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6.1 Estimates on the exit times

Proposition 6.1 Let8 > 0and tyee = inf{t > 0: (t A= DY |2 (1) o= > 8™}
Then there exist ag > 0 and ¢y € (0, 1) such that for every ¢ < &g

P (Ttree = e3a0/a> =< e—3a0/s.

Proof First notice that for N > 1

2
L

P(tee < N) < P(tyee € (k, k+ 1))
k
N7

IA
Il
- o

P( sup (tA1)<"‘1>“’||e'5\"/(t>||caz5”)'

=0 \re(kk+1]

By Proposition D.1 and the exponential Chebyshev inequality there exists ap > 0 such
that for every k > 0

P( sup (¢t A DTN (1)l oe > 5"> < e~bale,

te(k,k+1]

Hence
P(tgee < N) < N376a0/€

3ap/e

and choosing N =e¢ completes the proof. O

Proposition 6.2 For 81 > O sufficiently small there exist 8y, 52 > 0 such that if

sup(t A DD 3N/ [|ow < 82, 6.1)

t<T
then for every ||x — (£1)||c-a < 8o

sup(t A DV Jlu(t; x) — (EDlles < 81

t<T
and
sup [| X (#; x) — (£Dllg-e0 =< 241.

t<T

Proof Let u(t) = v(t; x) — (£1). By an exact expansion of —v3 4 v around +1 we
have that

(3 — (A — 2))u = Error(u) — (3v28%r T 30eV 4 ﬁ\tf) +2e71 (6.2)
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where Error(u) = —u’ + 3u? and IExror)lics S ||u||(3:ﬁ + IIMII%[,. LetT >0
and ¢« = inf{t > 0 : (t A )" |lu(?)|lcs = 81} for some &; > O which we fix below.
Using the mild form of (6.2) we get

A6, ADMAS)
(& A D lu(@®) s S e lx — (EDll¢-e0

~

t
+ /0 207 (Ju() s + ()3 ) ds

t at+p
+ /0 S e (IOTEA RO
+ 1@ les eV -«
+ 13V oo + e 6« ) ds.

If we furthermore assume (6.1) for # < T A ¢ we obtain that

& ADY u@)llcs

t t
< Soe X 483 / e 207 (s A1) ds + 82 / e 2= (s A )T ds
0 0

t a+p ’
+ 52/ e 2= — o)~ 3" ((s AD £ ANV AD
0
+s A DT 4 1) ds.
Then Lemma B.2 implies the bound

sup (t A DY lu(®)llcs < 8o+ 85 + 87 + 8.

t<T At

Choosing 89 < f—‘c,81 < % and 6, < f—‘c this implies that sup, .y, (f A

DY |lu(t)lles < 61 which in turn implies that ¢ < T and proves the first bound.
To prove the second bound we notice that for every t < T

X x) = (EDllg-eo < u@lig-0 + 11O lc-e0 = lu@)llc-e0 + 2.

Hence it suffices to prove that sup, .7 [[u(#)[|c-«9 < ;. Using again the mild form of
(6.2) we get

A6 ADMADAY
lu(@)lc-e0 < e 7 lx — (EDllg-«o

t
—2(t—s) 3 2
+ [ e lu() 125 + lu()l2s) ds
[ o )
t
+ /O 20 () 171G lle« + [0 les V)l
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+ eV ©)llc-e + 162 1)l ) ds,

for every + < T'. Plugging in (6.1) and the bound sup, 7 (t A )Y [lu(?)[lcs < &1 the
last inequality implies

t

t
lu@®llcs < Soe™ + 87 / e (s A DT ds + 67 / eI A DT ds
0 0

t
+ 52f g 20=9) <(s ADZ 4+ AD TV sAD
0

T A 4 1) ds.

Using again Lemma B.2 we obtain that sup, . [|u(¢)|lg-e0 < &1, which completes the
proof.

Proposition 6.3 Foreveryk > 0and§; > Osufficiently small there exist ag, 5, 52 > 0
and gy € (0, 1) such that for every ¢ < gy

sup P (fn (x) < 62“0/5) < e da/e,
=Dl =g <80

where t1(x) is given by (4.1).
Proof We first notice that there exists &g > 0 such that for every ¢ < gy
P (%rl (x) < eZ“O/S) <P (n () < e3“0/€) .
The last probability can be estimated by Propositions 6.2 and 6.1 for § = 5. O

6.2 Estimates on the entry times

In this section we use large deviation theory and in particular a lower bound of the
form

lim inf log ¢ inf P(X (-; x) € A(T;
im infloge inf (X (5 x) € A(T; x))

1 T

Z s M) a d— N+ fO = fOIdet, (63
xeﬁf%gm 4/0 1B — M) f(O) + F©F = FOI12 6.3)
=X

=1(f)

where R is a compact subset of C™% and A(T;x) C {f : (0,T) — C~%} is open.
This bound is an immediate consequence of [14] and the remark that the solution map
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C™% x (C“")3 > (x, {5%'\’7'} 3) — X(:x)eC™@

is jointly continuous on compact time intervals. This estimate implies a “nice” lower
bound for the probabilities P(X (-; x) € A(T; x)) if a suitable path f € A(T; x) is
chosen.

In the next proposition we use the lower bound (6.3) for suitable sets & and A(T'; x)
to estimate probabilities of the entry time of X in a neighbourhood of £1. In particular,
we construct a path f(-; x) and obtain bounds on 7 ( f(-; x)) uniformly in x € R. This
construction is similar in spirit to the one used in [9, proof of Theorem 9.1] for the
1-dimensional analogue of (1.4), although here we consider a slightly different event
and the initial conditions are not regular functions since they lie in C~*°. For this
reason we make use of the smoothing properties of the deterministic flow given by
Proposition C.3.

Proposition 6.4 Let 59 > 0 and o(x) = inf {t > 0 @ ming -1,y 1 X(#; x) —
Xy llg—ep < 80}. For every R, b > 0 there exists Ty > 0 such that

sup Po(x)>Ty) <1—e b/,
Il g—ag <R

Proof First notice that

P(o(x) = To) = P(IIX(T: x) — (£Dll¢-e0 < 8o for some T < Tp).

=1 A(To;x)
By the large deviation estimate (6.3) it suffices to bound

Sup inf  I(f(;x)).
X[l g—ag <R S €AT0:x)
fO)=x

We construct a suitable path g € A(Tp; x) and we use the trivial inequality

sup inf  I(f(5x)) < sup I(g(:;x)).
”XHC_D‘O <R fi(v(‘})()To;x) Hx”c—oto <R
=x

We now give the construction of g which involves five different steps. In Steps 1, 3
and 5, g follows the deterministic flow. The contribution of these steps to the energy
functional [ is zero. In Steps 2 and 4, g is constructed by linear interpolation. The
contribution of these steps is estimated by Lemma 6.5. Below we write Xg.(-; x)
to denote the solution of (1.1) with initial condition x. We also pass through the
space Biz to use convergence results for X 4., (-; x) which hold in this topology (see
Propositions C.1 and C.2).
Step 1 (Smoothness of initial condition via the deterministic flow):

Let 71 = 1. For t € [0, 71] we set g(t; x) = X4e¢(2; x). By Proposition C.3 there
exist C = C(r) > 0 and A > 0 such that
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sup 1 Xde: (1; x) |lg2+2 < C.
llxll o—ag <R

Step 2 (Reach points that lead to a stationary solution):
By Step 1 g(t1; x) € B2+ (0; C) uniformly for || x|l -« < R.Lets > 0 to be

fixed below. By compactness there exists {y;}1<;<n such that B2+ (0; C) is covered
by Ui<i<n BB‘ (yi; 8). Here we use that 2+ g compactly embedded in 62 5 (see

Proposition A. 8)

Without loss of generality we assume that {y;}1<i<n is such that y; € C* and
Xaet (t; yi) converges to a stationary solution —1, 0, 1 in B%yz. Otherwise we choose
V' h<i<n € BBz' 2(yl-; 8) suchthat y* € C* and relabel them. This is possible because

of Proposition C.1.

Let 1y = 171 + 7, for T > 0 which we fix below. For ¢ € [11, 2] we set g(¢; x) =
g(11:x) + =L (yi — g(715 X)), where y; is such that g(71; x) € By _(3i: ).
Step 3 (Follow the deterministic flow to reach a stationary solution): ’

Let T;* be such that Xy, (t; y;) € BB%.z (x4; 0) for every t > T, where x, €

{—1,0, 1} is the limit of X .¢(¢; y;) in Bé’z, for {yi}1<i<n as in Step 2. Let 13 =
T2 +maxj<;<py T* V1.Fort € [12, 3] weset g(¢; x) = Xgor (t —12; yi). If Xger (13 —
;i) € 331 (:|:1 8) we stop here. Otherwise Xge/ (13 — T2; ¥i) € 331 0;8) N
Br21.(0; C) (here we use again Proposition C.3 to ensure that X ./ (73 — rz Vi) €
B2+1.(0; C)) and we proceed to Steps 4 and 5.
Step 4 (If an unstable solution is reached move to a point nearby which leads to a
stable solution):

We choose yg € BB; 2(0; 8) such that yg € C* and Xy, (¢; yo) converges to either

lor—1in 65’2. This is possible because of Proposition C.2.

Let t4 = 13 + 7 for T > 0 as in Step 2 which we fix below. For ¢ € [13, 4] we set
g(1;x) = g(w3;%) + 772 (v0 — 8(3; X)).
Step 5 (Follow the deterministic flow again to finally reach a stable solution):

et e such that X 4., (¢; yo) € By or every t > T, where yg is as in
Let g be such that X ger (73 y0) € By (£1:9) T y1 > 17, where y

Step 4. Let ts = 14 + T* v 1.Fort € [1:4, 5] we set g(t; x) = Xger (t — 45 y0).

For the path g(-; x) constructed above we see that after time ¢ > 15, g(f; x) €
BB%Z(:I:I; 8) forevery ||x|| —C~% < R.This implies that ||g(¢; x) — (£1) |-« < C$
since by (A.5), Bi,z C C%, We now choose § > 0 such that C§ < 8y and let
To = 15 + 1. Then g € A(Tp; x).

To bound 7(g(-; x)) we split our time interval based on the construction of g i.e.
I = [tp—1, k] fork =1,...,4and Is = [t5, Tp]. We first notice that fork = 1, 3, 5

1
Z/I 1@ — A)g(t; x) + g(t; x)° — g(t; x)[17,dr = 0
k

since on these intervals we follow the deterministic flow. For the remaining two inter-
vals,i.e.k = 2, 4, we firstnotice that by construction || g (tk—1; x) || c2+», |8 (Tk; x) || c2+2
< C. By (A.3), [ 82 , for every A > 0, hence we also have that
llg(tk—1; X) ||Bz , g (Tx; x) ||Bz < C. We can now choose 7 in Steps 2 and 4 accord-

ing to Lemma 6 5 which 1mphes that
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1
Z/I 13 — A)g(t: x) + g5 x)* — g3 x)|17, dt < C8.
k
Hence

1 [T
sup _/O 10 — A)g(r; 1) + g(t; %) — gz 1), d < Co.

]l g—ag <R 4

For b > 0 we choose § even smaller to ensure that Cé < b. Finally, by (6.3) there
exists g9 € (0, 1) such that for every ¢ < &g

inf  P(o(x) < Tp) > e /¢,

llxllg—ep <R
which completes the proof. O

Lemma 6.5 ([9,Lemma9.2]) Let f(¢) = x—i—%(y—x) such that ||x||B%2, ||y”15‘§2 <R
and ||x — y|l;2 < 8. There exist t > 0 and C = C(R) such that Y '

1 T
< 1@ =D fO+ f@0) = F@)lI.dr < Cs.
4 Jo

Proof We first notice that 9; f () = %(y — x), hence [|0; f(t)||;2 < %8. For the term
A f(t) we have

IAFOlzz < 1Ax] 2 + 1AYl2 S Ixllg, + Ivlg, S R,

where we use that the Besov space B%,z is equivalent with the Sobolev space H'.
This is immediate from Definition A.1 for p = g = 2 if we write || f * ni|| ;2 using
Plancherel’s identity. For the term f ()3 — f(t) we have

(A4

)
1F O = f @l SO + 1Ol S 1Ol + 17 Ollgg,

(A.5),A>0
S O MOF ., +1FOlg,
B5, '
(A2)r<3 5
S WOl +17Ols,-

Hence for C = C(R)
%fo 1@ = A f(B) + £ = fO)]7,dt < %52 +Cr.

Choosing T = § completes the proof. O
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In the next proposition we estimate the tails of the entry time of X in a neighbour-
hood of 1 uniformly in the initial condition x. This is achieved by Proposition 6.4
and the Markov property combined with [24, Corollary 3.10] which implies that after
time ¢t = 1 the process X (-; x) enters a compact subset of the state space with positive
probability uniformly in x.

Proposition 6.6 Let 59 > 0 and o(x) = inf {t > 0 : ming -1, 1 X7 x) —
Xello-eo < 80}. For every b > 0 there exist To > 0 and gy € (0, 1) such that for
every e < g
—b/e\™
sup Plo(x) > mTy) < (1 —e ) ,
xeC~*0

for everym > 1.

Proof By [24, Corollary 3.10] we know that sup, .c-ap SUP;e(0,1] thHX(t; x)lllz,, <
0o, for every p > 2, and the bound is uniform in ¢ € (0, 1] since it only depends
polynomially on /¢. Hence by a simple application of Markov’s inequality there exist
Ry > 0 such that

1
sup  sup P(|X(1;x)[lc-« > Ro) = 3 (6.4)
xeC~0 €€(0,1]

By Proposition 6.4 for every b > 0 there exists 7o > 0 and gy € (0, 1) such that for
every € < gg
sup  P(o(x) =Ty <1—e7?/°. (6.5)

lxll g <Ro

Then for every x € C™* and ¢ < g9

Plo(x)=To+1) <E (1{|\X(1;x)llc—a0SRO}P(U(X(1§ x)) = To))

+ PAIX 15 %) llg-«0 > Ro)
64,65 le"’ Je

— (6.6)

Using the Markov property successively implies for every m > 1 and x € C~%°

Plo(x) =2m(To+ 1)) = sup P(o(y) = (To+ 1) P(o(x) = (m — 1)(Tp + 1)).

)7€C7'10
6.7)
Combining (6.6) and (6.7) we obtain that
1 m
sup P(o(x) >m(Ty+ 1)) < (1 — —e_b/s) )
xeC—@0 2
The last inequality completes the proof if we relabel b and Tj. O

Proposition 6.7 Let 69 > 0, vi(x), p1(x) as in Definition 4.1, o1(x) as in (4.1) and
L(vi(x), p1(x); o1(x)) as in (4.6). For every k, Mo, b > 0 there exist Ty > 0 and
eo € (0, 1) such that for every ¢ < &g
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sup P ([L(Vl (x), p1(x); 01(x)) + (2 — K)o1(x) + Mo]% > mTo)
Ix—(ED Il o—ep <o

S (1 - eib/€>m )

foreverym > 1 and pg > 1 as in (4.6).
Proof We first condition on v (x) to obtain the bound
T
sup P <[L(V1 (), p1(x); 01(x)) + 2 — k)01 (x) + Mol = mTo)
lx=(ED o —ap <80

< sup P([L(O,O(x);cr(x))+(2—K)0(X)+Mo]"|0 zmTo>,

xeC~*0

|
=1]P’<g(0(X))%ZmTo)

where o (x) = inf {t > 0:miny, g(—1,1) | X(#; X) — Xgllc-a0 < 80}. Let Ty > 1to be
fixed below and notice that for any 7} > 0

P (g(a(x))v'o > mTo) <P (g(a(x))P'o > mTy, o(x) < mT1> +P(o(x) = mT)

LnTi]
<P| Y Y Lel.mTi) =m(Ty~C)
k=1"1=0,1

+Plo(x) = mTy),

for some C > 0, where in the second inequality we use convexity of the mapping g —

1
g0 and the fact that Ly (I, o) is increasing in o by Definition 4.3. By Proposition 6.6
we can choose 71 > 0 and ¢g € (0, 1) such that for every ¢ < g9

sup P(o(x) >mT)) < (l — e_b/s>m,

xeC~*0

We also notice that

LmTi]
Pl > > Lil.mT) =m(To—O)
k=1"1=0,1

mT]

To — C

P L
E k(l,l+k)zm< 5 )

0,% k=1

exp {—cm (TO _ C)} (I[-Ze"L]U’U/S)mT1 ,
: 2¢e

]

l

IA

~
Il
L
[N}
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where in the first inequality we use that Ly (I, mT1) < Li(l,I + k), forevery 1 <k <
|mT ], and in the second we use an exponential Chebyshev inequality, independence
and equality in law of the L (I, + k)’s. For any T > 0 we choose ¢ = c(n) > 0
according to Proposition D.1, Tp sufficiently large and ¢ € (0, 1) sufficiently small
such that for every ¢ < g9

Z exp {—cm <T02_ C)} (]EecLl(l,l)/8>mT' <emT/e,
&
1

1=0,1

Combining all the previous inequalities imply that

sup P ([L(w(x), p1(x); 01(x)) + (2 — K)o (x) + Mo]% > mTo)
=Dl g—ag <80

<e T/ 4 (1 _ e—b/g)’"_
This completes the proof if we relabel b since T is arbitrary. O

6.3 Proof of Proposition 4.7

In this section we set

fix) = gnm
gi(x) 1= L (x), pi(x): 07 (1)) + 2 — K)o (x) + Mo.

In this notation the random walk Sy (x) in Definition 4.5 is given by > . _y (fi(x) —
gi(x)).

To prove Proposition 4.7 we first consider a sequence of i.i.d. random variables
{ ﬁ'}iz 1 such that fl ~ exp(l). We furthermore assume that the family { ﬁ'}iz 118
independent from both { f;(x)}i>1 and {g;(x)};>1. For A > 0 which we fix later on,

we set . .
S =2 fi— ) &)

i<N i<N

In the proof of Proposition 4.7 below we compare the~ random walk Sy (x) with S N (X).
The idea is that ), fi(x) behaves like A ) ;_ fi for suitable A > 0.

In the next proposition we estimate the new random walk Sy (x) using stochastic
dominance. In particular we assume that the family of random variables {g; (x)}i>1 is
stochastically dominated by a family of i.i.d. random variables {g;};>1 which does not
depend on x and obtain a lower bound on P(—Sy (x) < u for every N > 1).

From now on we denote by 7 the law of a random variable Z.

Proposition 6.8 Assume that there exists a family of i.i.d. random variables {g;}i>1,
independent from both {g;(x)}i>1 and { f;}i>1, such that
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sup P(gi(x) > g) <P(g;i > g),
e =D g <0

for every g > 0. Let Sy = )‘Zingi — > i<n &i- Then

inf IP’(—S’N(x) < uforevery N > 1) > P(—S’N < u forevery N > 1).
lx—(EDl g —ep <80

Proof Let

Gy(x,u) = IP’(—S’M(x) <uforevery N> M > 1)
Gyu) =P(—Sy <uforevery N> M > 1).

We first prove that for every N > 1 and every x
Gn(x,u) = Gy (u). (6.8)

For N = 1 we have that

- o

Gilx,u) =P(=rfi+g1(x) =u) = / P(gi(x) =u+rf)pz(df)
0 A
o ~
> [TBG s af) a0 = BEAf 4 B 20 = G,
0 A

Let us assume that (6.8) holds for N. Let 9By = {y : |ly — (£D|lc-« = do}.
Conditioning on ( fl, g1(x), X(v2(x); x) ) and using independence of fl from the
joint law of (g1(x), X(v2(x); x)) we notice that

Gyii(x,u)

o0
= / / GN(y u+Af —8) (g (x0). X (x):x)) (dg, dy) i 7 (df)
0 J[0.ut+rfI1xdBo
68) [
> / / GN U+ Af = 8) g1 (x). X)) (dg, dy) p 7 (df)
0 [0,u+A f1xdBo

=[] G ar = @@ (). (6.9)
0 [0,u+Af] :

In the last equality above we use that Gy (# + A f — g) does not depend on y, hence
we can drop the integral with respect to y. Let

H(g) = 1ig<ut+sf}GNU +Af — g).
Then for fixed u, f > 0, H is decreasing with respect to g. By Lemma E.1
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/[0 . GN(M-F)»f_g)//Lgl(x)(dg):/H(g)ugl(x)(dg) Z/H(g)ugl(dg)
A,
Z/ GNu+Af —g) g (dg).
[0,u+Af]

Integrating the last inequality with respect to f with u 7 and combining with (6.9) we
obtain

GN+1(x,u) = / / Gy~ rf =g g (dg) up(df) = Gny1(u),
0 J10,utrf] :

which proves (6.8). If we now take N — oo in (6.8) we get for arbitrary x
G(x,u) > G(u),

which completes the proof. O

In the next proposition we prove existence of a family of random variables {g;};>1
that satisfy the assumption of Proposition 6.8 and estimate their first moment.

Proposition 6.9 There exists a family of i.i.d. random variables {g;}i>1, independent
Sfrom both {gi (x)}i>1 and { fi}i>1, such that

sup P(gi(x) > g) <P(g;i > g),
e =D g <0

and furthermore for every b > 0 there exist eg € (0, 1) and C > 0 such that for every
£E<¢
Eg, < Ce?/.

Proof We first notice that by the Markov property

sup P(gi(x) > g) < sup P(g1(x) > g).
llx = (D)l o —arp <50 llx = (D) o —ag <50

Let F(g) be the right continuous version of the increasing function 1 — sup, -«
P(g1(x) > g). We consider a family of i.i.d. random variables such {g;};>1 indepen-
dent from both {g; (x)};>1 and {ﬁ}izl such that P(g; < g) = F(g). To estimate Eg
let ¢, > 0 to be fixed below. We notice that

)i 1 p()e*] Po 1
Eg; < supge 8" Eexp {cggl”O } < ( ) Eexp {cgglp‘) } . (6.10)
g=0 Ce

For b > 0 we choose Tp > 0 and g9 € (0, 1) as in Proposition 6.7. Then for every
eE<¢

1 o8} 1
Eexp{csglp"} =1+/ ceeCe8P <§f° zg) dg
0
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1 (m+DTy
<1+ ZP(glo ZmTo)/ cee8 dg
m=>0 mTy
1 (m+1)Ty i
=1+ Z sup P (gl(x)Po > mT0> / c.e“8dg
m>0 F=(EDI c-o <do mTo
=<

14 eceTo Z emesTo (1 _ e—b/s)’" ,

m=>0

il
where in the last inequality we use Proposition 6.7 to estimate P <g1 (x)ro > mTo>.
We now choose ¢, > 0 such that ¢, Ty = log (1 4+ e~%/¢). Then

a m m
Eexp {csgfo } <14 (1) 30 (14 e)" (1= e7)
m=>0

142 Z (1 . e—Zb/s)m

m=>0

IA

=14 2e%/e,

Finally, by (6.10) we obtain that

poe™ ' Ty o
= (T )" (1)
81 = (log (1 —i—e—b/g))

which completes the proof if we relabel b. O

Remark 6.10 In the proof of Proposition 6.9 we use stretched exponential moments of
g1, although we only need 1st moments (see Lemma 6.12 below). This simplifies our
calculations.

From now on we let Sy = A Y, _y fi — Y.y & for {g;}i>1 as in Proposition 6.9.

In the next proposition we explicitly compute the probability P(-Sy <
0 forevery N > 1). The proof is essentially the same as the classical Cramér—
Lundberg estimate (see [8, Chapter 1.2]). We present it here for the reader’s
convenience.

Proposition 6.11 For the random walk Sy the following estimate holds,
- 1
P(—Sy <0forevery N >1)=1— XIEgL

Proof Let G(u) = P(—Sy < u for every N > 1). Conditioning on (fl, £1) and using
independence we notice that

N N
G(u):P(—AZﬁ—i—Zgi <u+xrfi—g forevery N =2, —Af] + & §u>
i=2 i=2
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00 putrf
=/O /0 Gu+rf =g ng (dg) uz(df)

S f ~ _
=3 [T T [C 6 - g g, ©.11)
u 0

where in the last equality we use that f1 ~ exp(1) and we also make the change of
variables f = u + A f. This implies that G (u) is differentiable with respect to # and
in particular

- I _ |
9aG(u) = +G () — X,/ G —g) g (dg).
0
Integrating the last equation form O to u we obtain that
1 u 1 u i
Gu)=Gx,0)+ X/ G —u)du — X/ / G — g) g (dg)du. (6.12)
0 0 Jo

Let F(g) := ug ([0, g]). A simple integration by parts implies

/ f GG —g)ug (dg)du
0 JO )
-/ ([G(a—g>];?:0+ / agG(ﬁ—g>F<g>dg) di
= /” G(O)F(ﬁ)dft—l—/u /“ 0,G(u — g)duF(g)dg
0 0 Jg
- [ cor@ai- [ 1-6G- ot Feas

=/0 Gu—gF(g)dg. (6.13)

Combining (6.12) and (6.13) we get

u

G(M)=G(0)+l/uG(u—ﬁ)dﬁ—l/ G(u — i) F (i) dii.
r Jo x Jo

By taking 4 — oo in the last equation and using the dominated convergence theorem
and the law of large numbers we finally obtain

.
1=G(0) + XEgl,

which completes the proof. O

Combining Propositions 6.8, 6.9 and 6.11 we obtain the following lemma.
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Lemma 6.12 For any b > 0 there exist 9 € (0, 1) and C > 0 such that for every
£<¢
- eb/s
inf P(—Sy(x) <OforeveryN >1)>1—-C
=Dl a0 Jor every y

Proof By Propositions 6.8, 6.9 and 6.11 and

inf P(—Sy(x) < 0 for every N > 1)
lx—(EDI g-og <80

. 1
>P(—Sy <Oforevery N >1)=1— XIEgl.

Moreover, by Proposition 6.9 for every b > 0 there exist &g € (0, 1) and C > 0 such
that for every ¢ < g9, Eg; < Ce?/¢ which completes the proof. O

We are now ready to prove Proposition 4.7 which is the main goal of this section.

Proof of Proposition 4.7 We estimate P(Sy (x) < 0 for some N > 1) in the following
way,

P(—Sy(x) = 0 for some N > 1)

<P —Zfi(x)—i-)»ZfizOforsomeNzl

i<N i<N
+ IP’(—S'N(x) > 0 for some N > 1). (6.14)

The second term on the right hand side can be estimated by Lemma 6.12 which
provides a bound of the form

- eb/s
sup P(—Sy(x) > 0forsome N >1) <C

e —(ED) | o —ap <80 A

(6.15)

For the first term we notice that

P _Zfi(x)‘f‘)xZﬁ' > 0 for some N > 1

i<N i<N
<Y P[=-Y fi+r) fi=0

N>1 i<N i<N
<> Plexp —iZﬁ(leZﬁ > 1
- 2\ 2 -
N>1 i<N i<N
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By Markov’s inequality, independence of {f; (x)}i>1 and { fi} i>1 and equality in law
of the f;’s the last inequality implies that

_Zfi(x)—l-)»Zfi > 0 for some N > 1

i=N i<N
<Y Eexp S S S (Eexp i} . (6.16)
B 2M 2
N>1 i<N
—_—
=:Iy(x) <2N since fj~exp(1)

Let &9 € (0, 1) as in Proposition 6.3. For the term Iy (x) we notice that for every
e<¢

N
1
In(x) < < sup Eexp {_ﬁfl (x)}>

lx—(ED I p-ap <0

1
< (l sup |:]E exp {—ﬁfl (x)} l{f1 (x)>e20/)

[x—(EDl - <o

N
+P (/i) < e20/) } )

N
< (eer“O/S/ZA +ef3ao/s) i

where in the first inequality we use the Markov property and in the last we use Propo-

sition 6.3. If we choose % = e~ 2a0=b)/e ynd choose &g € (0, 1) even smaller the last

inequality implies that for every ¢ < g9

N
_eb/e — —_
sup Iy(x) < (e e 4 e 3ao/s> <e SaoN/Zs'
lx=(EDl p—en <o

Combining with (6.16) we find gy € (0, 1) such that for every ¢ < g9

sup P —Zﬁ(x)+k2ﬁ20forsomeN21

Hx_(ilﬂlcﬂm <do i<N i<N
SaoN /264N 249N/ e /e
—5a & —2a & __
<Ze oN/2en <Ze oN/e — s (6.17)
N>1 N>1
Finally (6.14), (6.15) and (6.17) imply that
eb/ez e—2a0/e

sup P(—Sy(x) >0forsome N >1) <C
lx=(EDl g—ag <80

e(Zao—b)/a + 1 — e—2a0/8 >
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which completes the proof since b is arbitrary. O

7 Proof of the Eyring—-Kramers law

In this section we prove the Eyring—Kramers law Theorem 3.5. We first need to intro-
duce some additional tools.
We consider the spatial Galerkin approximation Xy (-; x) of X(-; x) given by

0 — A)Xy = —Tly (Xi, Xy — 385RNXN) + 26k

XN|,_o=2xNn (7.1)
where Iy is the projection on {f € L? : f(z) = Z\klsN f(k)L’zeZ”ik‘z/L}, En =
TyE, xy = [yx and Ny is as in (2.3). Here for k € Z2 we set |k| = |ki| V |k2|. In

this notation we have that Iy f = f % Dy, where Dy is the 2-dimensional square
Dirichlet kernel given by Dy (2) = 3 <y L—2e?mikz/L

To treat (7.1) we write Xy (-; x) = vn (-3 x) 4 €2 Ty (-: x) for

@ — (A — D)ty =28y
th(0) = 0.

Then vy (+; x) solves
6 — A vy = —TIyvd, + vy — My (3u,2ve%rN +3uneVy + s%\VN) ety
UN |,y =*N (7.2)
where Vy = szv — 9y and Vy = T?V — 3NN ty.

Asin (3.1) and (3.2), for § € (0, 1/2) and o > O we define the symmetric subsets
A and B of C™% by

A={feC®: fe[-1-8,-1+68] f— feD.} (7.3)

B:={feC®: fell-61+38], f—feDi} (7.4)
where D) is the closed ball of radius § in C™* and f = L™2(f, 1). To simplify the
notation in this section, we have dropped the dependence of A and B on the parameters
o and §. We will only write A(«; 8) and B(c; §) if we need to specify the values of
these parameters. For x € A we define

3(Xy(;x)) :=inf{t > 0: Xn(t; x) € B}

and
tp(X(;x)) :=inf{r > 0: X(¢; x) € B}.
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Last, recall that for k € Z? (see (3.3)),

27|k \ 2 271k \ 2
A = I —land v = 2 +2 =i+ 3.

The next theorem is essentially [2, Theorem 2.3].

Theorem 7.1 ([2, Theorem 2.3]) Let 0 < L < 2. Foreverya > 0,68 € (0, 1/2) and
¢ € (0, 1) there exists a sequence {{1s, N} N>1 of probability measures concentrated on
0A such that

lim sup / Etp(Xn(:; x)) e, v (dx)

N—o0
2 A —A
< o T Mo {5 e oo (i)
0 keZ? Vk k
liminf/EtB(XN(~;x)) Me n(dx)
N—o0
2 A —A
> A_n Pl ex {—IX‘ ;}G(V(O)V(l))/e (1—c_e) (7.5)
| ol\ ez Uk k+

where the constants cy. and c_ are uniform in ¢.

Proof The proof of (7.5) is given in [2, Sections 4 and 5], but the following should be
modified.

e In [2], the sets A and B are defined as in (7.3) and (7.4) with D, replaced by a
ball in H® for s < 0. The explicit form of D is only used in [2, Lemma 5.9].
There the authors consider the 0-mean Gaussian measure )/OJ- with quadratic form

Zig <||Vf||i2 -\ f - f||%2), and prove that D | has probability bounded from

below by 1 — ce?. Here we assume that D is a ball in C~%. To obtain the same
estimate for this set, we first notice that the random field f associated with the
measure )/OJ- satisfies

’

E(f, L 22k /Ly < ¢loge™! log A
~ 14+ A

for every k € Z2, where the explicit constant depends on L. This decay of the
Fourier modes of f and [21, Proposition 3.6] imply that the measure )/0l is con-
centrated in C~%, for every & > 0, which in turn implies [2, Lemma 5.9] for the
set D considered here.

o In [2], the authors consider (7.1) with %y replaced by

1 1
Cv=13 2 5o
L= =i Ml
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and obtain (7.5) with the pre-factor given by

2 | Akl {vk—xk} .27 Al {3L2CN}
—ex lim — —— exp .

|20l Vk Ak 2

= li
N—oo |A v
vz |20l k

[k|<N

In our case one can check by (2.3) that R is given by

1 1
fy=— Y ——.
2
L2 o=+ 2]

According to [2, Remark 2.5] this choice of renormalisation constant modifies [2,
Theorem 2.3] by multiplying the pre-factor there with

exp {—3L2 Jim 9ty — CN)/ZAO} )

Remark 7.2 The finite dimensional measure j.  in (7.5) is given by

o
uen(df) = ——pse VWD pa g(df),
A

where p4, g is a probability measure concentrated on 0 A, called the equilibrium mea-
sure, and cap 4 (B) is a normalisation constant. Under this measure and the assumption
that the sets A and B are symmetric, the integrals appearing in (7.5) can be rewritten
using potential theory as

1

_ V(I ffe g
2cap 4 (B) Jren+1? ¢ f-

/ Etg(Xy (- x)) oy (dx) =

This formula is derived in [2, Section 3] and it is then analysed to obtain (7.5).

Theorem 3.5 generalises (7.5) for the limiting process X (-; x) for fixed initial condi-
tion x in a suitable neighbourhood of — 1. To prove this theorem, we first fix « € (0, o)
and pass to the limit as N — oo in (7.5) to prove a version of (3.4) where the initial
condition x is averaged with respect to a measure p, concentrated on a closed ball
with respect to the weaker topology C~*° (see Proposition 7.7). This measure is the
weak limit, up to a subsequence, of the measures pt¢ v in Theorem 7.1. We then use the
exponential loss of memory, Theorem 3.1, to pass from averages of initial conditions
with respect to the limiting measure 1, to fixed initial conditions.

The rest of this section is structured as follows. In Sect. 7.1 we prove convergence
of the Galerkin approximations X y (-; x) and obtain estimates uniform in the initial
condition x and the regularisation parameter N. In Sect. 7.2 we prove uniform inte-
grability of the stopping times tp(X (+; x)) and pass to the limit as N — oo in (7.5).
Finally in Sect. 7.3 we prove Theorem 3.5.
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7.1 Convergence of the Galerkin scheme and a priori estimates

In the next proposition we prove convergence of X y (-; x) to X (-; xx) in C([0, T]; C™%)
using convergence of the stochastic objects "'y which is proven in [24, Proposition
2.3]. This is a technical result and the proof is given in the Appendix.

Proposition 7.3 Let X C C~% be bounded and assume that for every x € R, there
exists a sequence {xn}nN>1 such that xy — x uniformly in x. Then for every a €
0,a0) and0 <s < T

lim sup sup || Xn(t;xy) — X1 X)|lce =0

N—00 yenrels,T]
in probability.
Proof See Appendix F. O

The next proposition provides a bound for Xy (-; x) uniformly in the initial condition
x and the regularisation parameter N in the 82 » norm, for 0 < a < ag. This result has
been already established in [24, Corollary 3. 10] for the limiting process X (-; x) in the
C~% norm. There (2.2) is tested with v(-; x)?~!, for p > 2 even, to bound |v(-; x)||.r
by using the “good” sign of the non-linear term —v?. In the case of (7.2) this argument
allows us to bound |lvy (-; x)||Lr for p = 2 only, because of the projection I1y in
front of the non-linearity.

Proposition 7.4 For every o € (0, ag] and p > 1 we have that

sup sup supt2]E||XN(s x)||p o < 00. (7.6)

N>1xeC—@0 t<l1

Proof Proceeding exactly as in the proof of [24, Proposition 3.7] we first show that
there exist « € (0, 1) and p, > 1 such that for every r € (0, 1)

1

2
lon (0117, St v (Zt“” P sup s 0P e 2Ny (s) 1B ) X))

s<t
n=1

for every o’ € (0, 1), uniformly in x € C~%0. We then proceed as in the proof of [24,
Corollary 3.10] and use (7.7) to prove (7 6). The only difference is that here we use
the norm || - ”B a and the embedding L? — B, 5 5 On the level of vy (-; x) together

with the fact that

p
sup E (supt("_l)“/n'\"/'N(Z)HCu) < 00,

N>1 1<l

for every a, o’ > 0 and p > 1, which is immediate from [24, Proposition 2.2,
Proposition 2.3]. O
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7.2 Passing to the limit

In this section we pass to the limit as N — oo in (7.5) using uniform integrability of
the stopping time tp (X (-; x)). To obtain uniform integrability we prove exponential
moment bounds for tg(Xy(+; x)) uniformly in the initial condition x € C~* and
the regularisation parameter N. We first bound P (zp(Xn(:; x)) > 1) using a support
theorem and a strong a priori bound for X (-; x) in C~™*. A support theorem for the
limiting process X (-; x) has been already established in [24, Corollary 6.4]. To use it
for X (-; x) we combine it with the convergence result in Proposition 7.3. To obtain
a strong a priori bound for Xy (+; x) in C~* we first use Proposition 7.4 which implies
the bound in B3, 5 and then use Proposition G.2 to pass from the B, 5 norm to the C™
norm.

Proposition 7.5 For every a € (0, ap),§ € (0,1/2) and ¢ € (0, 1) there exist cy €
(0, 1) and No > 1 such that for every N > Ny

sup P(zp(Xn(:;x)) > 1) < co.
xeC™@0

Proof Let o € (0, «p) and let R be a compact subset of C™% which we fix below.
Using the Markov property

P(rp(Xn(:x) = 1) < supP(rp(Xn (- y) = 1/2) P(Xn(1/2; x) € R)
yER
+P(Xn(1/2;x) ¢ R).
The proof is complete if for every N > Ny

supP(zp(Xn(5y) = 1/2) <1, sup P(Xn(1/2;x) ¢ R) < 1. (7.8)

yer xeC~%
We notice that there exists 8’ > 0 such that for any y € 8

P(zg(Xn (5 y) < 1/2) 2 P(Xn(1/2; y) € B) = P(X(1/2; y) € Be-«(1;8")
—P(I1Xn(1/2; ) = X(1/2; y)lc« = &) . (7.9)
Here we use that if | X(1/2; y) — 1]l¢-«, IXn(1/2;y) — X(1/2; y)|lc-« < &, then
Xn(1/2; y) € B for §' sufficiently small. By the support theorem [24, Corollary 6.4]

there exists ¢; = ¢1(8, €) > 0 such that

inf P (X(1/2:y) € Be-a(1:8) = 1. (7.10)
ye

On the other hand Proposition 7.3 implies convergence in probability of X (1/2; y)
to X(1/2; y) in C~* uniformly in y € K. Hence there exists Ny > 1 such that for
every N > Ny
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sup P ([ XN (1/2; y) — X(1/2; y)llc-e = 8/2) < c1/2. (7.11)
yeR

Plugging (7.10) and (7.11) in (7.9) implies the first bound in (7.8).
We now prove the second bound in (7.8). By the Markov inequality for every R > 0

1
P (IXn(1/4 0l sy = R) < ZEIXn(1/40)l5s.

By (7.6) the expectation on the right hand side of the last inequality is uniformly
bounded over x € C* and N > 1. Thus choosing R > 0 large enough

sup P (11X (1/4; )5 = R) < (7.12)

1
xeC—@0 2
By Proposition G.2 for every K, R > 0 there exist C = C(K, R) such that

sup P(|Xn(1/4;y)lce > C) <P (supt‘"‘““/||eﬁ'\VN(r)||ca > K) .

I\y\lBigsR t=<1
Choosing K sufficiently large, combining the last inequality with [24, Propositions

2.2 and 2.3] and using the Markov inequality imply that

1
sup P(IXn(1/4; )llc—~« = C) < > (7.13)
191550 <R

Using the Markov property and (7.12) and (7.13) we get for arbitrary x € C™%

P(IXn(1/2;x)llc-« = C)

= IP’(IIXN(I/4; Dpye = R) sup P(|Xn(1/4; ) lc-a > C)

N —o
yebys

3
+P (I1Xn(1/4: 0l e = R) < .

We finally notice that for every ¢ < agtheset R = {f € C7% : || fllc—« < C}is
compact in C~*° which implies the second bound in (7.8). O

In the next corollary we use Proposition 7.5 to prove exponential moments for the
stopping time tp(Xn(-; x)).

Corollary 7.6 Forevery § > 0 and e € (0, 1) there exist ng > 0 and No > 1 such that

sup sup Eexp{norp(Xn(;x))} < oo.
N=No xeC~@0
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Proof By the Markov property we have that

P(rp(Xn(:x)) =2k +1) = sup P(rp(Xn(;y) = DP(rp(Xn(5x) = k).

yeC~0
Iterating this inequality and using Proposition 7.5 we obtain that

sup P(rp(Xn(5x) = k+1) <t

xeC~*0

Then

Eexp{notp(Xn(;x)} =1 +/0 noe™ P(zp(Xn (- x)) > 1) dt

o k+1
<1 Y PGz 0 [ e
k
k=0

oo
<1l+e™ Z ek ck
k=0

and the proof is complete if we choose no < logc, I O

In the next proposition we pass to the limit as N — oo in (7.5). Here we use
Corollary 7.6, which implies uniform integrability of tp(Xn(:; x)), and the weak
convergence of the measures e .

Proposition 7.7 For every a € (0,9),8 € (0,1/2) except possibly a countable
subset, and ¢ € (0, 1) there exists a probability measure 1. € M (A(ag; 8)) such
that

/ Etaa) (X (5 1)) e ()

2 || {"k —’\k} VO~V (-1)/e
< — —expy{—— (€ I +cyv/e
%] L P et 2 ( +/¢)

/ETB(a;a)(X(-;x))Me(dx)

2 A —2
> = Pl p {—V" & }e(WO)—V(—D)/s (1—c_e) (7.14)
Rol | yepn Vk A +2

where the constants cy and c_ are uniform in €.

Proof We only prove the upper bound in 7.14. The lower bound follows similarly.
Leta € (0, ag) and § € (0, 1/2). Using the compact embedding C™% < C~% (see
Proposition A.8), for any o < «p, we have that A(a; §) C A(ap; 8). Let {te, n}n>1
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be the family of probability measures in (7.5). Using again the compact embedding
C™% — C~™ for any o < wp, this family is trivially tight since it is concentrated

on dA(w; 8). Hence there exists . € Mj (A(ap; 8)) such that p. n wedk UeUptoa
subsequence.

By Skorokhod’s represantation theorem (see [7, Theorem 2.4]) there exist a prob-
ability space (€2, F,,P,) and random variables {xy}y>1 and x taking values in

A(ap; 8) such that xy law UN, X taw te and xy — x P, -almost surely in C~*°. If we
denote by Epgp,, the expectation of the probability measure P ® P, , we have that

Epgp,, TB(@:6) (XN (; xN)) = /]ETB(a;a)(XN(-:X))MN(dX)

Epep,, Thais (X(x) = / Etpes) (X (5 ) e (). (7.15)

By Proposition 7.3 Xy (-; xn) converges to X (; x) P® P, -almost surely on compact
time intervals of (0, co) up to a subsequence. Let

L= {8 €(0,1/2):P (rg(a;,g)(-) is discontinuous on X (; x)) > 0}
and notice that for x(r) = L_Z(X(t; x), 1)

LC{6€(0,1/2) : Pt |x(t) =1 V| X x) —x(t)|lc—«

has a local minimum at height §) > 0} .

As in [20, Proof of Theorem 6.1] the last set is at most countable, hence
TB(a:8) (XN (5 XN)) = TB:;8)(X(:; x)) P ® P, -almost surely up to a subsequence,
except possibly a countable number of § € (0, 1/2).

By Corollary 7.6 the family {tp;s(Xn(:; X))}n>n, 1s uniformly integrable.
Hence by Vitali’s convergence theorem (see [5, Theorem 4.5.4]) we obtain that

Epgp,, T8(a:6) (XN (5 XN)) = Epgp,, TB(a:8) (X (5 X)).

Combining with (7.5) and (7.15) the proof of the upper bound is complete. O

7.3 Proof of Theorem 3.5

In this section we combine Proposition 7.7 and Theorem 3.1 to prove Theorem 3.5.
The idea we use here was first implemented in the 1-dimensional case in [4]. Gen-
erally speaking, if we restrict ourselves on the event where the first transition from a
neighbourhood of —1 to a neighbourhood of 1 happens after the exponential loss of
memory, Tg(:s)(X(-; x)) behaves like f TB(a:8) (X (-3 X)) e (dx) for x € A(ap; 9).
The probability of this event is quantified by Theorem 3.1 and Proposition 7.8. On
the complement of this event the transition time Tp(q:s)(X (:; x)) is estimated using
Proposition 7.9.
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In the next proposition we prove that the first transition from a neighbourhood of
—1 to a neighbourhood of 1 happens only after some time 7p > 0 with overwhelming
probability. This is a large deviation event which can be estimated using continuity of

X with respect to the initial condition x and the stochastic objects {8%.\"/} . We

n<3
sketch the proof for completeness.

Proposition 7.8 For every a € (0, ap) and 6 € (0, 1/2) there exist ag, éo, To > 0 and
eo € (0, 1) such that for every ¢ < &g

sup P(tpe:s) (X (-5 X)) < Tp) < e /¢,
lx—(=Dll g—ap <o

Proof We first notice that for ||x — (—1)||g-«o < 8o

P(tp:s)(X(5x)) = To) > P (Sup 1X(#; x) = (=Dllc-e0 < 51) ,

t<Tp

for some §; > 0. Using continuity of X with respect to x and the stochastic objects

{s%v} , the last probability can be estimated from below uniformly in |x —
n

<3

(=1)|lg-e0 < 80, for 8y sufficiently small, by
P (sup X5 x) = (=Dllg-e0 < 81>
t<Ty

>P (sup t A )" oo < 52> ,

t<Ty

for some §, > 0. Last by Proposition D.1 we find ag > 0 and gy € (0, 1) such that for
ever e < gg

: (SUP(’ AT N () e < 52) > 1wl

1<Ty

which completes the proof. O

In the next proposition we estimate the second moment of the transition time
TB(a;8) (X (+; x)) using the large deviation estimate (6.3). The proof combines the ideas
in Propositions 6.4 and 6.6. However here we construct a path g which is different from
the one in the proof of Proposition 6.4 to ensure that the process X (-; x) returns to a
neighbourhood of —1. The same proof implies exponential moments of the transition
time Tg(qy:5) (X (-; x)), but we only need to estimate the second moment in the proof
of Theorem 3.5.

Proposition7.9 Let ¢ € (0,ap) and § € (0,1/2). For every n > 0 there exists
eo € (0, 1) such that for every ¢ < &g
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sup Etpa.s)(X(; x))2 < CGZI(V(O)*V(*l))+ﬂ]/€’

xeC—@0
for some C > 0 independent of n and e.

Proof We first prove that for every R, n > 0 there exists Ty > 0 and &g € (0, 1) such
that for every € < g9

sup P(tg(a;0) (X (5 %) = Tp) < 1 — e [(VOZVEEIH0LE,
Il p—ap <

We notice that there exists 8’ > 0 such that

P(tg(:8)(X (5 X)) < To) = P(|X(Ty; x) — L] c-« < & for some T < Tp).
=:A(To;x)

Here we use that if || X (Ty; x) — 1]|¢c—« < &', for &’ sufficiently small then X (Ty; x) €
B(w; 8). By the large deviation estimate (6.3) we need to bound

sup sup  I(f(:ix)).
lxll g—eg <R feA(To;x)
f(0)=x

To do so we proceed as in the proof of Proposition 6.4 by constructing a suitable path
g € A(Ty; x). The construction here is similar but some of the steps differ since we
need to ensure that g returns to a neighbourhood of 1. To avoid repeating ourselves
we give a sketch of the proof highlighting the different steps of the construction.

Steps 1, 2 and 3 are exactly as in the proof of Proposition 6.4. However we need to
distinguish the value of § there from the value of § in the statement of the proposition.
If g(r3;x) € BBI (1; 8) N Be2+1.(0; C) we stop at Step 3. If not then g(73;x) €
831 -16) N BCZ+A 0; C) or 831 (0; 6) N Bpe2+.(0; C). We only explain how to
proceed in the first case since it also covers the other.

Before we describe the remaining steps we recall that by Proposition C.2 there
exist yo,—, yo.+ € BBQZ(O; 8) such that yp —, yo,+ € C*® and Xge:(t; yo,+) — =£1

in B;’z. In particular there exists 7' > 0 such that Xy, (Tj'; yo,+) € BB% 2(:i:l; 3N
Bp24:.(0; C). ’

Step 4 (Jump to Xge; (755 y0,—)):
Letty = 1347, for r > 0 asin Step 2 which we fix below according to Lemma 6.5.
For 1 € [t3, Ta] we set g(1; x) = g(t3; %) + 7= (Xger (T5'; yo,-) — 8(73; X)).

u—13

Step 5 (Follow the deterministic flow backward to reach 0):
Let s = 14 + T;. For t € [14, T5] we set g(#; x) = Xge (T5 — 15 y0,—)-

Step 6 (Jump to yo +):

Let 7 = 15 + 7, for T as in Step 4. For ¢ € [t5, 76] wWe set g(¢; x) = g(75; x) +
(0,4 — g(t53 X))
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Step 7 (Follow the deterministic flow forward to reach 1):

Lett7; =16 + T(;k. For t € [16, T7] we set g(7; x) = Xger (t — T65 Y0,4)-

For the path g constructed above we notice that for every ||x||g-oo < R, ift > 17
then g(¢; x) € BB; s (1; 8). By (A.5), Biz C C™*, forevery a > 0, hence if we choose
6 sufficiently small and set To = t7 + 1 then g € A(Ty; x).

To bound 7(g(-; x)) we proceed exactly as in the proof of Proposition 6.4 using
Lemma 6.5. But when considering the contribution from Step 5 we get

1[5
Z/ 1@ — A)g(t; x) + g(t; x)° — g(t; x)|17, dt
71

TO*
= 2/ <3szez(t: Y0.4)s AXder (15 Y0.4) — Xaer (15 Y0, +)° + Xaer (3 yo,+)> de
0

= =2 (V(Xaer (T5's ¥0)) = V (y0,+))
<2V -V(-1).

In total we obtain the bound

sup  I(g(:1x)) =2(V(0) = V(=1)) + Cs.

llg-ug <R

For n > 0 we choose é even smaller to ensure that Cé < 5. Then by (6.3) we find
go € (0, 1) such that for every ¢ < g9

inf _ P(tp(e) (X (1)) < Tp) 2 e VO7VEHIE,

lxl g—ag <

The next step is to use the this estimate to show that for any n > 0 there exists
go € (0, 1) and possibly a different Ty > O such that for every ¢ < g9

m
sup P(T(a;5)(X (X)) = mTy) = (1 - 67[(‘/(0)7‘/(71)”"]/8) :

xeC~*0

We omit the proof since it is the same as the one of Proposition 6.6.
Finally we notice that

Etpa:5)(X (-5 x))? =/0 2t P(tg(a;8)(X (5 x)) > 1) dt

(m+1)Ty

< 3 Pt (X (1)) = mTp) / 21 dr

m=0 mTy

o
<22 m+ 1) (1 _ e—[(V(O)—V(—l))+n]/8>m
m=0
— 2T0262[(V(0)_V(_1))+'7]/8,
which completes the proof. O
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Proof of Theorem 3.5 Let

2 A Ve — A
Pr(e) = — H Mexp {u}ewm)—w—l))/a
|20 o Yk Ak +2

and § € (0, &p), for 69 € (0, 1/2) which we fix below.
To prove the upper bound in (3.4) let 5 < § and T > 0 which we also fix below.
For x € A(ag; §_) we define the set

I1X (15 7) — X (25 %)l s
Ar(x) = {tBs_ ) (X () > T, sup 4 €
I5—xlg-ao<so 1Y = Xllc—ao

< Ce~ @1 for every 1 > T},
where §p and C are as in Theorem 3.1. For y € A(wo; §) and x € A(xp; §—) we

have that ||y — x[l¢-eo, X — (=1)llc-e0 < 80, if we choose §p sufficiently small.
Furthermore for y € A(xo; §), x € A(ag; 6—) and w € A7 (x)

TB(a:8) (X (3 ¥)) < TB(a:) (X (5 X)),

if we choose T sufficiently large. By Proposition 7.8 and Theorem 3.1 there exist
a; > 0and gy € (0, 1) such that for every ¢ < g9

sup  P(A7(x)°) < sup P(Ar(x)€) < e /¢,
xeA(ap;8-) x—(=1)ll o—ap <80

Then for every y € A(wo; §),x € A(ap; 6—) and n > 0, which we fix below, there
exists &g € (0, 1) such that for every ¢ < ¢gg

Etp:5) (X (-; ¥)
< Etg@:;s_)(X (5 X)) + Etpa:5) (X (5 YD1 x)e

Cauchy—Schwarz 2 % oL
= Erpn (X G 0) + (Etpen (X6 9)?)” PAT ()3
Prop. 7.9 a
L Egsy (X (5 x)) + Ce((VO-V=+n-) e, (7.16)

for some C > 0 independent of €. By Proposition 7.7 there exist §_ € (0,48),c+ > 0
and e € My (A(ap; 8—)) such that for every ¢ € (0, 1)

/]ETB(a;a,)(X('; x)) e (dx) < Pr(e)(1 + cy /).
Integrating (7.16) over x with respect to . implies that
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sup  Etp(a;s)(X(5y))
YEA(ap;8)

-1

a 2 A —a
< r(e) | (1 + v +el-Biec | 22 Mexp{w‘ k}

1ol 2
Aol | /72 Ak +

aj

Let ¢ > 0. Choosing n < S we can find g9 € (0, 1) such that for every ¢ < g9

-1

e(ﬂ—%l)/EC 2_7[ Mexp{—vk — M }) =< C\/g,

2
ol (| (opn Vk Ak +

which in turn implies that

sup  Etp(a:5) (X (5 ) < Pr(e) (1+ (cy + Ve)
yEA(p;8)

and proves the upper bound in (3.4).
To prove the lower bound, we let 6+ € (8, 8p) which we fix below and for y €
A(agp; 8) and x € A(ap; 6+) we define the set

Xt 9) — X (&5 x) e
Br(y,x) =\ thasy(X(: ) = T, sup - ¢
15—l o -ag <60 Iy — xllg-e0

—Q2—K)t

<Ce foreverytzT}.

Fory € A(ap; 8) and x € A(ao; 8+) wehave that ||y —x|[c—«, |y = (=D llc—a0, lIx —
(=Dllg-«0 < &0, if we choose dp sufficiently small. We also notice that for y €
A(ag; 8), x € A(ap; 64) and w € Br(y, x)

TB(;54) (X (5 X)) < TR (X (5 ¥)),

if we choose T sufficiently large. By Proposition 7.8 and Theorem 3.1 there exists
a; > 0 and g9 € (0, 1) such that for every ¢ < g9

sup  P(Br(y,x)) < sup P(Br(y, x)°) < e 9/,
y€A(ao;9) Iy =(=1)ll g—ap <80
xe€A(ap;84) lx=(=D)ll g—aq <0

Then for every y € A(ap; 8), x € A(ap; 6+) and ¢ < g9

EtB(a:8) (X (5 ¥)) = Et(a;s,) (X (5 X)) 1By (y,0)
= EtB(a;5,) (X (; X)) — ETB(a;5,) (X (3 X)) 1By (y.x)c

Cauchy—Schwarz

> Etp(a;s,) (X (- x))
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1
— (Bensn (X6 x0?) B (Br (v, 00%)?

1

> Etp(e;5,) (X (5 x)) — (ETB(a;6+)(X('; x))z) fema/2e

and we proceed as in the case of the upper bound, using Proposition 7.9 for
Etp;s,) (X (; x))2 and Proposition 7.7 to find 64 € (8,80),c— > 0 and pu, €
M (A(ap; 84)) such that for every ¢ € (0, 1)

/ETB(Q;8+)(X('; x)) pe(dx) = Pr(e)(1 —c_e).

O
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A Besov spaces

Definition A.1 Leta € R and p, g € [1, co]. The Besov norm || - ”B;’,,, is defined as

(A1)

1718, = | =0 f % neller), oy

P.q g’
Here the family of functions {n,},>—1 is given by 7, = x, in Fourier space for
{X«}>—1 a suitable dyadic partition of unity as in [1, Proposition 2.10]. The Besov
space space BB} , is defined as the completion of C* with respect to (A.1).

In this appendix we present several useful results from [19,20] about Besov spaces
that we repeatedly use in this article. For a complete survey of the full-space analogues
of these results we refer the reader to [1]. A discussion on the validity of these results
in the periodic case can be found in [20, Section 4.2].

The following estimate is immediate from the definition of the Besov norm (A.1),

IflBy, = Clfllgs . ifB > e (A2)

Proposition A.2 ([20,Remark 9]) Leta € Rand p, q1, g2 € [1, co] suchthat qa > q;.
For every A > 0

P92

1/ 05, < Clf g (A3)
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Proposition A.3 ([20, Remarks 10 and 11]) For every p € [1, 00]
C_lll.fllzggoo <|Ifller = C||f||321~ (A4)

Proposition A.4 ([20, Proposition 2]) Let «, 8 € R and p,q > 1 such that p > q
and B :a+d($ - %) Then

1155 < Cllfllgp (A.5)
Proposition A.5 ([20, Proposition 5]) For every B > «
1 flls < Ce A DT 1130 (A6)
T8y, = By '

Proposition A.6 ([20, Corollary 1]) Let « > 0 and p, q € [1, 0o]. Then

Ifglsg, = Cliflsy, , I8lse (A7)

P1:41 P2z’
1 1 1 1
where p = or T 5 and p = o T o

Proposition A.7 ([20, Corollary 2]) Let « < 0,8 > 0 such that « + 8 > 0 and
p.q € [1,00]. Then
Ifglsg, = Cliflsy, , I8lge (A.8)
’ P2.92

p.q
wherep:l—i—Landp:l—i—l.
pt " op a ' @

Proposition A.8 ([20, Proposition 10]) For every o < o' the embedding C* — B3 1
is compact.

Proposition A.9 ([19, Proposition A.6]) For every p € [1, 00)

IAllsy = CAVFlie + 1 flee).
Proposition A.10 ([19, Corollary A.8]) Let o« > O and p, q € [1, 00]. Then

12085, < ClLF Lo 1 F s (A.9)

p2.a’

S S

where p = o T o
In the next proposition we prove convergence of the Galerkin approximations I1y f
to f in Besov spaces. Here we use that the projection Iy f is defined as the convolution
of f with the 2-dimensional square Dirichlet kernel, which satisfies a logarithmic

growth bound in the L! norm.
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Propositign A1 Let Ty L? — L? be the projection on {f € L* : f(z) =
ZlklgN f(k)L™2e27k2/LY Then for everya € R, p,q € [1,00] and A > 0

C(log N)?
N f = flg, = — 71 fllsgs (A.10)
My fliBg, < ClLfllgats- (A.11)
’ p.q

If we furthermore assume that p = 2 then

C
1N f = fllsg, = 71 llsgr (A.12)
Ty fllsg, = Ifllsg, - (A.13)

Proof We first notice that for c; > ¢; > 0

0, if2* <N
S My f — f) = .
«@nf = 1) {SKf, if2¢ > ¢uN

Let Dy(z) = Z\k\EN L~2e~27k2/L pe the square Dirichlet kernel. Then Iy f =
f * Dy . Using the triangle inequality and Young’s inequality for convolution we have
that

16 My f = ) liLe < AIDN Izt + DS fllLr-

Thus
0, if 2 <N
I8 (Mn f = Hllee < § CAog N)?|I8 flle, if 1N < 2% < eaN,
18 fliLrs if2¢ > N

where in the second case we use that [|[Dy|;1 < (log N )2. This bound immediate
form the fact that the 2-dimensional square Dirichlet kernel is the product of two 1-
dimensional Dirichlet kernels (see [11, Section 3.1.3]). The last implies (A.10) and
(A.11). For p = 2 we notice that

6 TN fll 2 < 118, fll 2,

which implies (A.12) and (A.13). ]

B Generalised Gronwall inequality

LemmaB.1 (Generalised Gronwall inequality) Let f : [0, T] — R be a measurable
function and o1 4 03 < 1 such that

t
f@) <e™a+ b/ eI (1 — §)791 579 £(5) ds.
0
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Then there exists ¢, C > 0 such that
I
f@®) <Cexp {—cot +chbl-o1- t} a.

Proof The lemma is essentially [13, Lemma 5.7] if we set x(r) = e’ f(¢) with their
notation. O

LemmaB.2 Leta+ B < 1 and c > 0. Then

t
supf (t—5)"%s A1) Pe 9 ds < oco.
t>0J0

Proof Assume ¢ > 1. Then
1 t
f (t—$)"%(s Al Pe =9 gy < e—”/ (t—8$)"%(s A Pds < plaPee
0 0
and
t t t
/ (t—s)"%s A1) Pec=9) g5 < / 5% % ds <1 +/ s %S ds
1 0 1
t
<1 +/ e % ds.
1
The above implies that

t
supf (t—5)"%s A1) Pe ) ds < 0o.
0

t>1

The bound for r < 1 follows easily. O

C Deterministic dynamics

Propositions C.1 and C.2 are a consequence of [9, Section 8] and [16, Appendix B.1].
Although the results in [9, Section 8] concern 1 space-dimension they can be easily
generalised in 2 space-dimensions. For consistency we have also replaced the space
H ! appearing in [9, Section 8] by B%’z. The fact that these spaces coincide is immediate
from Definition A.1 for p = g = 2if werewrite || f *nx || ; 2 using Plancherel’s identity.

Proposition C.1 For every x € 85’2 there exists x, € {—1,0,1} such that
B;,
Xder (t; X) = X4

Proposition C.2 For every 6 > 0 there exists x4 € BBéz(O; 8) such that

B,
Xget (t; x4) = £1.
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Proposition C.3 Let R > 0. Then there exists C = C(R) > 0 such that for every
A > 0 sufficiently small

sup | Xage: (1; x) ||c2+2 < C.

Ixll ;—ag <R
Proof By [24, Theorem 3.3, Theorem 3.9] there exists C = C(R) > 0 such that

sup  supt? || Xgee(t; x) s < C.
Xl g—og <R t<1

Let S(¢) = e®'. Using the mild form we write

1
Xaa(15:0) = $(1/2) X 1/20) = [ 5029 (Xaa(5i:0° + Xaa(si)) ds.

Then

[ Xder (15 ) [l g2+

1 241—p
S 1 Xaer (1/2:2) lles +/ (=977 (IXaer 539135 + 1 Xater (559l )
172

and if we choose A < B the above implies that

. 3 . 3
sup [ Xaer(1; )Mz S sup sup 2”7 || Xaee (5 %) | 5
]l -ap <R lxllg-ag <R 1<1

+  sup  supt” | Xgee(t; X) -
Il p—ag <R 1<1

D Stretched exponential moments for the stochastic objects

Proposition D.1 For every n > 1 there exists ¢ = c¢(n) > 0 such that
2

sup Eexp c( sup (t A 1)("_1)“/||'\’7(t)||c—a) < 00.

k>0 telk,k+1]

Proof Following step by step the proof of [24, Theorem 2.1] but using the explicit
bound in Nelson’s estimate [24, Equation (B.3)] (see also [5, Section 1.6]), we have
that for every p > 1

14
’ n P
supE( sup (¢ A DTN D | < (p—1D2IPCL,
k>0 telk,k+1]
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for some C,, > 0. Then for any ¢ > 0

k,k+1]

2
Eexp c< sup (m1><"—““’||v<r>||c—a>
tel

2

VB (supyeg g0 A DOV N e Oll)”
p!

p

k=0
Sy s DP(Ca)
< o

p=0

and by choosing ¢ = ¢(n) > 0 sufficiently small the series converges. O

E An estimate for stochastically dominated random variables

LemmakE.1 Let g1, g1 be positive random variables such that

P(g1 > g) <P(g1 > g).

for every g > 0 and let F be a positive decreasing measurable function on [0, 00).
Then

o o
/ F(9) 1tg, (dg) > / F(9) 1z, (dg),
0 0
where g, and g, is the law of g1 and g1.
Proof We first assume that F is smooth. Then dilgF (g) <0 forevery g > 0. Hence

o0

00 d
/ F(g)ugl(dg)zF(O)Jr/ d—F(g)P(glzg)dng(O)
0 0 8
© d
4 f F@FG = 9 dg
o dg

:/o F(g) pg (dg),

which proves the estimate for F differentiable. To prove the estimate for a general
decreasing function F' we define Fs = F * ng for some positive mollifier n; to pre-
serve monotonicity and use the last estimate together with the dominated convergence
theorem. O
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F Proof of Proposition 7.3

Proof of Proposition 7.3 By [24, Proposition 2.3] foreverya > 0, p > 1and T > 0

t<T

14
Jim E (sup(l A DDy (1) — \"/(t)”ca) =0.

Hence sup, _7 (1 A D=0 Ny (1) — (1) || o-« convergences to 0 in probability.
It is enough to prove that

lim supsup(t A 1)? [loy (75 x5) — v(t; x)||cp = 0.
N—00 yen¢<T

This, convergence in probability of sup, .7 [|Tx (t) — 1(t)||c-« to 0 and the embedding
CP c C~ (see (A.2)) imply the result.

Let S(¢) = e?!. For simplicity we write vy (¢) and v(¢) to denote vy (#; xy) and
v(t; x). Using the mild forms of (7.2) and (2.2) we get

t
low (1) — v@llep < ISE N — D)l ep + /0 IS¢ — )My @y ()?) = v(s) Tl ep ds
N ———

=:1

=1

+3 /t ISt —5) [nN (uN(s)Zs%m(s)) - u(s)%%r(s)] g ds
0

=:I3

t
+ 3[() ISt — )My vy )V () — v(©)eV(S)]llp ds

=:ly

! 3 3
+/0 I1S(t — s) (nst\VN(s) —ez\V(s)) llcs ds

=15

! 1 1
+2/ St — 2Ty (s) —e2! d
156 =9 (2T = e216)) e ds

=:1¢

t
+/0 IS — ) (s) — v(s)llcp ds . (E.1)

=:I7

Let: =inf{t > 0: (¢t A )Y |lun(t) —v(t)|lcpg = 1} and t < T A 1. We treat each of
the terms in (F.1) separately. Below the parameters o and A can be taken arbitrarily
small and all the implicit constants depend on sup, 7 (t A 1)~ D* |\’(1)]|¢-«, and

SUpex SUp; <7 (1 A DY [[o(0)llcs-
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Term I;:
(A.6) wg+B
LS @nl)” w7 sup [lxy — x|l¢—eo
xeN

Term I:

a0t -4 3 3 3 3
L 3 / ((f —85) 2 TIn(wn(s)”) — on(s) lles— + lluw(s)” — v(s) ||cﬁ) ds

(A 10) (o N)2

/(z ( 22 ow () llee + low )® = v(s)> s ) ds

(A7) 77( )
S /0 [(t §)"2 T llv N()||C;3+||UN(S)_U(S)||Cﬁ

x (Ilon @I + low ©)lles I les + 1v)135) ] ds

t 771 los N 2
s/ <(r— 5)” ( f;, s Al)3V+(sA1)2V||vN(s)—v(s)||c,s> ds
0
Term I5:
(A6) 2 2
I3 / t—s) IIHN(UN(S) TN () — () 1)l g-a-r ds

oy ()T ()llg-a + oy () (T () = 1) o

(A 10)
< fe-o

+ Ty () - v(s)z)nc_a) ds

(A.8),(A.7) . log N
< /0 (t —5)~ F [(‘fv—)||vN(s>||Cﬂ||TN(s>||c « TN @12 1Ty ()

((IOg N)?
N*

= 1®)lc-e + (lon®lles + o) les) lvn () — v(s)lles ||7(S)|Ic—a} ds

o 2
/(t—s HM((IOgN) GAD™Y + s ADZ N ) = 1$)lloa

+EAD T oy (s) - U(S)Hcﬁ) ds.

Term I4: Similarly to I3,

! a+B+r ] 2 /
A 5/0 (r—s)g((oiiv) AN 4 (s AT [Va(s) = V(S)lle-o

+ (s AT oy (s) — U(S)”C/S) ds
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Term I5:
(A6) ft
Is < /( _\V(S)”Cfocf)\ ds
0
Al0) pt wipsr [ (log N)2 ,
S / (=5 ((i,—k)(w\l)‘z‘” +||\VN<s)—\V<s)||ca) ds
0
Terms Ig, I7:

(A6) pt atp
Is S /(t—S) 2 ITn(s) = 1)l ds.
0
(A6) pt
I 3 / lluw (s) — v(s)lics ds.
0
Combining the above estimates we obtain that fort < T A

g+
lon (@) —v@lles S €A DT 2 sup [y — xllg—o

xXer
j—atpr_g, [ (log N)* N)? (n—Dya xu
+T 2 N +sup(t A 1) [N/ (1) = N (@)l g
t<T

/ (=) (s A 1) Jlun(s) = v(s)llgs ds.

By the generalised Gronwall inequality, Lemma B.1, on f(¢) = (t A )" Juy(¢) —
v(t)|lcp we find C = C(T') > 0 such that

sup (t A DY [luy (@) — v(®)llcp
t<T At

(log N)?
<C (sup lxy — xllg-e0 + ——
XEN N

t<T

+sup(t A DOy () — W(z)uc—a> :

This and convergence of sup, . 1NN (1) — N (1) || c-« to 0 in probability imply the
result. O

G Local existence in L2-based Besov spaces
In this section we fix 8 € (% %) ,Y € (g %) and p € (1, 2) such that

2 ﬂ+%—1
1—§<,Band1—T—2y>0.
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The next proposition provides local existence of (7.2) in Bzﬂ_z up to some time
T, > 0 which is uniform in the regularisation parameter N.

>

PropositionG.1 Let K, R, T > O such that ||x||Bfa0 < R and sup,_7(t
2,2 -

=D 1Ny ()] poe, < K. Then there exist T, = T(K,R) < T and C =

C(K, R) > 0 such that (7.2) has a unique solution v € C((0, Ty]; Bzﬂ’z) satisfying

sup(t A DY lun (8 x)ll g < C.
t<T, 2,2

Proof Let S(r) = e®!. We define

TW)() = St)x
t
- / S(t — )Ty (v(s)3 +30(s)2e2 Ty (s) + 3u(s)eVn (5) + e%w(s)) ds
0

4 1
+2f St —5) (ger(s)+v(s)) ds.
0

It is enough to prove that there exists Ty > 0 such that .7 is a contraction on

*
t<T,

Br, = {v: sup (f A 1)V||v(t;x)||62,32 < 1}.

We first prove that for T, > 0 sufficiently small .7 maps %, to itself. To do so we
notice that

t
||9(v)(t)||32ﬂ2 S 1S@xlgs +/0 1S — S)U(S)3IIB§2 ds

=1 =:I

t
+/ ||S(t_5)(v(s)2TN(S))||Bﬂ ds
0 2,2

=13

t t
+/ ISt = $)W(VN ()l go ds+/ ISt —$)Vn(s)lgs ds
0 2,2 0 2,2

=:1y =I5

t t
+ [ 150 =9ty ds [ 18 = 9wy, s
0 2,2 0 2,2

=I5 =17

where we use (A.13) together with the relation S(-)ITy = IIxyS(-) to drop ITy. We
treat each term separately.
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Term I;:

(A.6) _cotp _;/3
LS GAD™" ||x||3—a0 SEADTT R
Term I:

(AS) (A.6) +271
I / ISt — 5)v(s)’| ﬁ+z pds S /(t—S)

lv(s)? IIBo ds
(A7) A5 ﬁ+2_1 3
/(r—s) Ty as /(r—s) T ds
822[7
1—$<IB t /3+2*1 /3+l,1
< /(t—s) o) |3 5 ds</(t—s) (s A DT ds.
Term I3

(A5),(A6) _ﬂ+%—1+a 5
L < / (t—5) T v TN ()l g ds
0
(AB),(AT) t prdtee ,
S / (=9 Ol ds

(A5) 5 5
f(t—s)‘inv(s)u oy ds

22

3p<ﬁ
/(I—S) IIU(S)IIB,s ds

/3+F—I+oz )
gK/(t—s)f 7 (s A1)V ds.
0

Term Iy:

(A.3)(A6) +Ll+a
Iy / (=97 VN $)llgg ds

(A8) (A.5) +l-1 +a
f(t—S)_

3p <'B
5

(s A D™ )] g3 2 ds

22

K/ =5y e a1 o)l ds

5+%71+a
<K/(t—s) (sAl)Vo‘ds

Terms Is, Ig, I7:

(A.6) o t o
Is /(r—s)*ﬂ%nwm)nggg dng/ (t—9)" (s A1) ds
0 : 0
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(A'ﬁ) ! B+a ! B+a
Ie < /(t—s)_%HTN(s)HBfads,SK/ (t —s)~2" ds.
0 2.2 0
(A6) pt t
I; < / [v(s)l gp dSS/ (s A1)V ds.
0 2.2 0

Combining all the above we find C = C(K, R) > 0 such that

sup (1 A DY |7 )0l s < CT.

t<Ty

for some = 0(a, ', ap, B, y) € (0,1). Choosing T, > O sufficiently small the
above implies that

sup(t A DT WDl g =< 1.

1<T, 2.2
Hence for this choice of Ty, .7 maps Hr, to itself. In a similar way, but by possibly
choosing a smaller value of T, we prove that .7 is a contraction on #Ar,. For sim-
plicity we omit the proof. That way we obtain a unique solution v € C((0, T]; Bzﬂ’z).
We can furthermore assume that 7% is maximal in the sense that either T, = T or
lim, 7, (5 ) gp = oo. 0

Proposition G.2 Foreveryty € (0, 1), and K, R > 0 there exists C = C(ty, K, R) >
0 such that if||x||B;g < Randsup,_; 1"V [[e2N/ N (1) c-« < K then

sup [ Xn(0; X)|lc—« < C.
s« <R

Proof Using the a priori estimate in Proposition 7.4 we can assume that 7, = 1 in
Proposition G.1. This implies that

sup  supt”flun(t;x) g < C. (G.1)
HXIIBz—ng 1<l 2,2

For simplicity we assume that fo = 1. Let S(t) = e®'. Using the mild form of (7.2)
we obtain that

lov (D g
I

S ISA/2)un(1/2) g« +/1/2 IS(1 — )Ty (un (5))*[lc-o ds
=:1

=1

1
+ / IS0 =Ty (v (5264 () e ds
12

=13
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1
+ fl IS0 =TIy (o V() e d

=y

1 1
+ / 1S(1 — $)TIye2 Wy (s) [ o-o ds + f IS(1 — $)e2 Ty (s) [l o« ds
1/2 1/2

=:15 =:Ig

1
4 / 1S = $)on () e ds .
12

=:I7

We treat each term separately.
Term I;:

(A5) (A6)
I 5 1SA/2uwd/Dligert S llon(/Dligpe S llov (/)

Term I:
(A5)
L 3 / IS(1 = $)My vy ()] —at2 ds
1/ p,00
(A.6) —at+ 24 3
S (1 —s)" ITIn (un ()7l g ds
1/2 P00
(A11),(AT) —a+l+
S (l—S)f ||UN(S)||BO ds
1/2
(A.5) —a+2+x 3
S (1 =) 2 w7, _o ds
1/2 82,03?
1_3%)<'B 1 —a+%+k 3
S [ a-9TF ory o
1/2 2.2
Term I5:
(A5)
IS / 1501 =)y (vw 2 @) | .2 ds
B

p,oo

(A6) 7+)L
f (1=~ Iy (w(s) ETN()) g o ds

(All)(Ag)(A7)
/(1—s> xR e (5)lc-o d
1/2

43 |
f(l—s) NI,y I YOl « ds

a+)L+
2,00
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2
SR _@ 2 1
N (I =9)" 2" llon ()l g le2Tn (s)lc-e ds.
1/2 2,2
Term I4: Similarly to I3,

1 2

_»
Iy S (I=9)""Z lon®ligs eV (s)llc—«ds.
1/2 22
Terms Is, Ig, I7:
A6 pl N ;
Is < (1 —=95)" 2| MIye2 Wy (s)|lc-a-r ds
1/2

(Al 1 L s
S / (1 =9)"2[e2Vn(s)llg-a-r ds.
1/2

(A6 1 L
Is < [ (I =9)"2)le2Tn($)|lg-a—n ds.
1/2

(A5) rl (A6) rl _—atl-B
I 3 / IS =s)on()lg-arrds < f (I =s)"7 llon)llzs_ds.
1/2 2.2 1/2 22

The proof is complete if we combine these estimates with (G.1). O
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