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Abstract. In this paper we consider equations of linear and nonlinear thermoelasticity
with various boundary conditions. We assume radial symmetry of the initial data to prove
exponential decay and to show the global existence of solutions of the nonlinear problem
for small initial data.

1. Introduction. In this article we consider the equations of thermoelasticity. In
the linearized case they take the following form (where u : G C R™ — R™ denotes the
displacement vector and 6 : G — R denotes the temperature):

(1) ug — pAu — (p+ A)Vdivu + V6 = 0,
(2) By — kA + Bdivu; = 0,

together with initial data and various boundary conditions as will be specified later.

An existence theory for this problem is well established and there are also local exis-
tence results for the nonlinear case. For an overview on this, see [4].

The time asymptotic behaviour is, in general, quite complicated. We expect very
different behaviour for the hyperbolic (elasticity) and the parabolic (heat equation) part
of the system. In two and three dimensions, the hyperbolic part tends to dominate the
behaviour of the hole systems as there is in general no decay rate, see e.g. [5]. However,
in special cases one can prove exponential decay for the linear system and apply this
to prove global existence for small initial data in the nonlinear case. This was done
for rotation free solutions in the case of Dirichlet boundary conditions by Jiang, Mufioz
Rivera, and Racke in [3]. Here we extend their ideas to different boundary conditions of
Neumann- and Robin-type. In Sec. 2 we consider the linear case and prove exponential
decay for the solution. In Sec. 3 we study the nonlinear case and prove global existence
for small initial data. The new difficulties we have to solve for the nonlinear problem
arise in particular from the nonlinearity of the Neumann boundary conditions (whereas
the Dirichlet boundary condition studied in [3] is the same as in the linear case). This
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leads to interesting technical problems, especially we need an elliptic regularity property
that is proved in Sec. 4.

This work is based upon a diploma thesis at the University of Konstanz [10]. I am
very grateful to Prof. Reinhard Racke (University of Konstanz) for his support. Also I
am grateful to Dr. Ute Durek for her suggestions and Prof. Song Jiang for his help during
his stay at the University of Konstanz.

2. Linear Thermoelasticity. In this section we study the system of linear thermoe-
lasticity (1)-(2) for a homogenous, isotropic medium (with appropriate initial conditions).
For a physical derivation of these equations, see [1] and the references therein.

Throughout this paper we always consider initial boundary value problems in bounded
domains G C R™, where n = 2 or n = 3 in most cases. (The results of this section may
also be extended to other dimensions.) We denote the space of functions on G with k£ weak
derivatives in £2(G) by H*(G) (often abbreviating this by H¥); i.e., H*(G) := W2(G).
The standard norms in these Sobolev spaces are denoted by || - {|g+». We denote the
L%-norm on G by || ||z2 or simply ||-||. By |-| we denote the absolute value of a number
or the length of a vector in R™. Finally, by (-,-) we denote the scalar product in £2(G),
Le., (u,v) := [,u(z)v(z)dr.

Our goal will be to describe the asymptotic behaviour of special solutions for various
boundary conditions. For u and 8 we consider Dirichlet and Neumann conditions and
for 6 we consider also a mixed boundary condition, the so-called Robin condition.

The physical meaning of these boundary conditions is shown in the following table:

Dirichlet Neumann Robin boundary condition
u body fixed on the boundary free boundary —

6 | temperature fixed on the boundary | perfect isolated boundary | heat flow on the boundary

To prove the existence of solutions to these problems we can use semigroup theory. We
only want to state the result; a proof can be found, for example, in [6].

REMARK 2.1. There exists a unique solution (u, 8) of the initial boundary value prob-
lems with v € C%([0,00),£2) N C}([0,00), H'),8 € C([0,00),L2), A8 € C([0,00), L?),
D'SDu € C([0,00), £2). (For a definition of S and D see the next subsection.)

We will assume radially symmetric initial data and therefore explicit radially symmet-
ric solutions (u, 8).

The boundary condition u |sg= 0, 8 |ac= 0 was considered by Jiang, Mufioz Rivera,
and Racke. They proved exponential decay in the case of rotation—free solutions [3]. In
the next two sections we try to find similar results for the Necumann boundary condition
in u resp. the Robin boundary condition in 8. The case u |sgc= 0, g% lac= 0 is omitted
because it is the easiest case, where the assumptions of rotation free solutions without
explicit radial symmetry is sufficient; for a proof, see [10}.

2.1. The Neumann boundary conditions for v. To investigate the Neumann boundary
conditions for u we assume explicitly radial symmetry, so we only consider discs, balls,
and annular discs and spheres as domain G with radially symmetric initial values. The
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resulting solutions u(z,t) and #(x,t) can be written as:
(3) w(z,t) = w(lzl, t)x, 6(z,t) = O(|z|,t).

We notice that under these assumptions 6(-, t) is locally constant on 3G, i.e., it is constant
on all components of 8G.

We now define some auxiliary operators to formulate the Neumann boundary condition
in the cases n =2 and n = 3.

DEFINITION 2.2. Let 7, A, g be the Lamé moduli, then define for 7 = (ny,...,n,):
o 0 ny 0O T A0
n=2: D= 0 82 y N = 0 Mo y S = AT 0 s

02 O ng M 0 0 p

g 0 0 ny 0 O T A A0 0 O

0 9 0 0 ny O AT A0 0 O

0 0 05 0 0 ng AX 7 0 0 O

- 0o a & |V 0 ng na | "] 000 400
63 0 81 ns 0 ny 0 0 0 0 12 0

82 81 0 Ny Ny 0 0 6 0 0 O 1

As a convention we denote in this context the transposed matrix D7 with D’. The
equations of thermoelasticity take the form:

(4) uy — D'SDu+D'F0 =
() 0, +cAf — fDuy, =

k)
¥

where we have defined for n = 2: § := (3,5,0)T and for n = 3: §:= (3,85,8,0,0,0)7.
We are now able to formulate the boundary conditions we want to study:

(6) N'SDu |ag=10, 6 lsc=0.
Before we start our energy estimates we need the following lemmata:
LEMMA 2.3. For v € H! we have for a.e. z € G: |Duv(z)[? > L|divv(z)[2

LEMMA 2.4. For v € H! and rot v = 0 we have for a.e. x € G: |Dv(z)[? > |[Vu(z)]? >
%le(z)P.

LEMMA 2.5. For v € H' radially symmetric we have: ||divv||? > [|Vo||? > 1||div v]|?.

Proof. One can easily check the lemmata 2.3 and 2.4 using the Cauchy-Schwarz in-
equality. The same is true for the first inequality in 2.5. For the proof of the second

inequality it is necessary to use explicit radial symmetry to show that the boundary
terms appearing by the partial integration fit together, i.e., that one gets:

i —diveii)y = — n — Dw{|z])?|z].
/M(v div v7) /BG< Dw(la])2lal

Now we are ready to state the main result of this section and to prove it:
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THEOREM 2.6 (Exponential decay). Let (u,8) be a solution of (4)-(5) with respect to
the boundary condition (6) with radially symmetric initial values (u®, u!,6°), and let

(7) E(t) =" {Z OF ()l 2= + BN + !IW)II?;z} :

k=0
Then there are constants I' > 1 and ~ > 0 such that for all £ > 0:

(8) E(t) + /Ot ¥ ||V, (s)||> ds < TE(0).
Proof. To apply an energy method we define the “energies™:
() = (Il + (Du, SDu) + ) ()
Ea(t) = (luall? + (D, SDue) +€ll6ulP) 0),
Fy(t) = % (1AW + (Duy, SDuq) + clIVOI) (8).

For Fy and F; we derive by multiplying the differential equations with suitable terms
and integrating by parts:

d - g 2 d - 2
(9) T Fi(t) = —lIVOI*. 2 Fo(t) = =xl[VE[".
For F; we get:
d oo 1 -
]. —all) = —K 2 ; —div —_—— ! 9
(10) th3(t) NI —f—ﬁ/ac Oﬁdlv wy T/é)GuttNB :

As an important tool we need the Poincaré inequality and the Korn inequality for u in
the same form as in the Dirichlet case. We have two possible attempts stated in the two
following lemmata, where we have D, := {v € (H(G))"|Dv = 0}:

LeEmMA 2.7 (Korn inequality for u). Let ug and u; € D, then:
u(t) € Dy for all t > 0, and there exists C' > 0 with: [|u|| < C||Du]].

REMARK 2.8. This is the “classical” attempt resulting from the nullspace of the dif-
ferential operator. With lemma 2.4 we get the intended type of the Poincaré inequality
for u (sce lemma 2.9).

Proof. 1t follows from the (normal) Korn inequality (scc, c.g., [9]):

veDy ||v]|=1

|ul}* < C (IIDUH2 +  sup |<’u*v>|>
On the other hand we have u € Dol, because for v € Dy we have:

(uge, v) = (D'SDu — D'30,v) = —(SDu— 36, Dv)+ | N'SDu—N'(6 = 0.
R

LEMMA 2.9 (Poincaré inequality for u). Let [ uo = 0 and [,u; = 0 (which we can
assume after appropriate normalization); then there exists a C' > 0, such that:

[lu]] < C||Vull.
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Proof. We start with the (normal) Poincaré inequality:
ull < Clvall + [ u

Under the given assumptions we have qu = 0 (using the differential equation, the
divergence theorem and the boundary condition).

With the help of lemma 2.4 we again arrive at the Korn inequality in the form of
lemma 2.7.

Of course this leads to the question whether the assumptions made for the initial
data are satisfied by the physics. Furthermore we have to find some radially symmetric
functions satisfying the assumptions to avoid an “empty” result. In the first case we
can show that for simply connected domains (i.e., balls and discs), all radially symmetric
functions are automatically in Dg (for the simple proof consider [10]). In the second
case we even have a stronger result: For radially symmetric functions we obviously have
u(—z) = —u(2), so it follows (independently of the topology of G) that f,u = 0. (This
corresponds to choosing the center of gravity of the body G in the origin.) Using (10)
we get:

d

a0
— F = - 2 —di
(11) th3(t) k|| A8)| +6/6G 6T_idlvut.

We decompose the boundary integral with the Young inequality to:

06

2
— +B£/ |divut|2.
372 a8G

=1 =15

o[ Paiva <sC
oG On € Jog

(12)

To estimate I; and I, we need two theorems. We will also apply these theorems in the
next section for the nonlinear case; for this purpose it makes sense to extend the results
needed in this section slightly and not to use the boundary condition.

THEOREM 2.10. Assume that 8 satisfies the differential equation:
(13) Cgt + kAG = hg.

Furthermore let 6 be locally constant on G and o € (CY(G))" with ¢ = @ on 8G.
(Such a o can be constructed by gluing appropriate functions with a partition of unity
argument; see [8].)

Then we have:

(14)

Kv/
oG

a

2
- =2c/ 9tav9+2n/ vevckake-n/ diva|V()|2—/ hao V6.
on G G G G

Proof. We start with (13), multiply with 0,0rv and integrate over G. 8 is locally

constant on G, so we have: % = V8. If we apply this, an elementary calculation and

partial integration leads to the theorem’s statement.
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THEOREM 2.11. Let v(x) = (v1,...,v,)(2) = w(]z|)x be a radially symmetric solution
of:
(15) vt — TAu = hy.

Let 0 € (CY(G))™ with o = 7 on JG.

Then we have:
7‘/ |div v|? +/ lvg |2 — 7'/ (n — Dw(|z|)divv
aG aaG aG

d
=2— [ vorOwv + / div ol )® — 7 / div o|div v|?

(16) +T/ div oVorOyv — 2/ hyoOkv.
G G

Proof. We start with equation (1), multiply with o,0,v and integrate over G:

1n / Vs O OLV — 7'/ Vdiv vordv.
G G

Using integration by parts we get:

d 1 1 :
% thUkak-U+ E/G|'“t|28k(7k - é/é)G |17t|2

1 .
+T/ div Vo dev — —T/ div o|div v|?
e 2 Je

1
+—T/ |div v|? ——‘r/ 0;v,0;0,0,v; = / hiokOv.
2 Jsc e G

Now we explicitly use the radial symmetry of v to “sum up” the boundary integrals.
After an elementary calculation where we use that o |sg= %7, we arrive at (16).

We can apply this theorem for thermoelasticity. It is useful to extend the equations
slightly for reasons we will see later, so we reach the following corollary:

COROLLARY 2.12. Let u and 6 be a smooth radially symmetric vector field respective a
smooth radially symmetric function. For a smooth vector ficld f we assume the differ-
ential equation:

uy — TAu+ 8Ve = f.
Furthermore we assume the Poincaré inequality:
lull* < ClIVul[*.
Then we have:

d
/ |divu|2+/ lwg? < Cd—/u,akakwC||(m,w,v0)||2+c/fakaku.
8G 8a tJa G

Proof. The proof is an immediate consequence of theorem 2.11 that we get using the
Young inequality, the Sobolev trace theorem, and the assumed Poincaré inequality.
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REMARK 2.13. We get other useful inequalities of the same type by differentiating
with respect to ¢t. For example we get:

. d
/ lle Ut|2 + / |utt|2 S CE UttO'kakut + C”(uth V’U,t, VG,:)HQ -+ C/ fta'kakut.
oG oG G G

Now we use corollary 2.12 and theorem 2.10 to estimate the terms I; and I3 to get

(18)
d 2 d 2 c 2
EFg(t) S —KHAOH + K% Utto'kakut + C(-:H(utt,Vut,VHt)I] + 6—3||(V0,V9t)|| .
G

We are now able to prove three auxiliary estimates we will need below:

(19) 4 Ul

1
i | < —gmsil|Vull® + ClI(8, we)l?,

d
—/ divugdive < —I||Au||2+CHV(9||2
dt Jg 2

d
+K1a{—/ uttgkakut+||(uttavut1vet)|l2}
G

dt
Ky, (d
(20) +=2 {——/ UO L O U + ||(ut,Vu,V0)||2} + || Vue?,
(8% dt fe}
and
T 2 T 2 1 2 B 2
—Z < —= S il .
(21) SAull < 2w - ludl? + 1196

To prove these statements we have to use the differential equation in the form (4) resp.
(1), the lemmata 2.4 and 2.5 and the corollary 2.12.
We now define the auxiliary energy

K
H(t) = ’qFl + ’I]Fg + F3 — (K + Kla)/ uttaké)kut - —;2/ u,akaku
G G

+51/4/ utu+sl/2/ div udiv ;.
G e
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Now our goal is to show the exponential decay of the auxiliary energy H(t) by using the
Gronwall inequality. For a suitably large n we estimate %H (t):

iH(t) < —C77||(Y7(9,V6't)|]2—C||A9||2+i 61/4/utu+61/2/divudivut
dt dt Je G

d
+C€||(utt,Vut,V91)||2—Kla{a/ utt(fkakut}
" JG

_K {i/ uto'kak’u,} using (9) and (18)
@t Jo

(03

IN

—Cnl|(V6,6,V8,,0,)|* — Cl|(AG, Vg, u,)|[*
p )

+— {51/4/ utu+61/2/ divudivut}-i-C5||utt||2
dt G G

d
—KlOl {2% /G Utgﬂkakut}

__Ifz 2i usorOku p using Poincaré for 6, (5) and Poincaré for u,
(8% dt G
< —CiI(V0,8,V6,,0,, AG, Vg, ug)| | + e/* {—%sl||Vu||2 +C (9,ut)||2}
T C
+el/2 {—§||Au|i2 + En(ut,w,va)H? + Cal|(uss, Vug, VO + ||Vut|{2}
+Ce|ugl)? using (19) and (20)
< —Cim|(V8.6, V6,01, A0, Vur, w)|[2 + 1/ { = L[ Vul|? + ) (6, wi)] 2}

(us, Vu, VO)||?

2
V2 L _T Al = Sl + 2o we? + €
+e2 LTl - Ll + o0 + £

+Coal|(uss, Ve, V)| + ||Vut||2} + C=||ug|? using (21).

1/8

Now we define: a := £/°, and we choose € small enough. Then using the Poincaré

inequality we get:

%H(t) < —Cu)|(V8,8,V0,,0,, A8, Vg, u)||? — CeV/4||Vu||? — Ce'/4||ul|? — Cet/?||Aul|?
"CEHUttH?-

Using the elliptic regularity property [|ul|%. < C||Au||%; (see Sec. 4), we have for large
7 constants Cy, Cp > 0, such that:

(22) C1E(t) < H(t)e" < C1E(t).

This is an immediate consequence of the definitions of E(t) and H(t). Hence we have:

9 1) < ~CE(®) - CIV0IP < ~cH@) - Ve
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Now we can use the Gronwall inequality and (22) to get:

(23) E(t)<e™ {E(O) - /Ot ||V9t||2ecrdr} )

This is the statement of theorem 2.6. O

2.2. The Robin boundary condition for 8. In this section we want to consider the Robin
boundary condition (sometimes called “third kind boundary condition”) for # combined
with the Dirichlet boundary condition for u. (It should be possible to modify these argu-
ments slightly for the Neurnann boundary condition in w.) The physical interpretation
to this problem is a thermoelastic body fixed on its boundary with heat flow through
its boundary. We normalize the constant temperature of the environment to zero. This

leads to
(24) a(x)a—e = —b(x)f on 0G,
on
where a and b describe the heat flow in z € 8G.
We assume:
OG=TpUl'nyUTEg,
a(z) =0, b(x)=1forx € T'p,
a(z) =1, b(x)=0for x € Ty,
b
(25) M > 0, (_3:) bounded for z € I'g.
a(z) a(z)

Furthermore, we assume in this section that (u,#) is a radially symmetric solution. Qur
goal is to prove the following theorem:

THEOREM 2.14 (Exponential decay for Robin boundary condition). If I'p or I's have
positive {n — 1)-measure, we have under the assumptions (25) for a radially symmetric
solution (u,#) of the equations (1), (2) together with appropriate initial conditions and
the boundary condition (24):

There exist constants I' > 1 and v > 0 with

(26) E(t) + / 7|6, (s)|12 ds < TE(0),

where

(27) E(t) = { S OFutZ e + 10D + ||0<t>1|%p} .
k=0

To prove this we need again a certain form of Poincaré inequality for #. We therefore
quote the following lemma (see [11]):

LEMMA 2.15 (Poincaré inequality for #). Let G = I'p ULy UT'g; let I'p or I'g have posi-
tive (n—1)-measure. Furthermore let § € H?(G), and 6 satisfy (24) and the assumptions
(25).

Then there is a C > 0 with: {|6]|2 < C||V9)|%.
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Proof. To prove the exponential decay we use a modification of the proofs for the
other boundary conditions. Estimating the integral |, 56 %9 we get:

p .
8—ﬁ = / d—(_j.9+ 8—€9+ -(?—9;6:—/ b()||2
r r

ac O 5 O \:6-’ ry O r, On » a(z)
=0

We put this into the equation for %Fl(t) and arrive at:

im):—ﬁnwuﬂ—/ ("iwt? x| V8IP.

dt (x
——
>0

Similarly we can estimate the other integrals on the boundary, e.g.:

06 b(z)
—0, = - 6.0
oG O ' /1"R a(x) '

( ) 2 2
gC/FR @) |9|+C/ |6s]
< ClVOI + ClIVE .

(Such a term is small if 5 (compare with the previous section) is large enough.)
The estimate of

o0 .
(28) / divup— < 8/ |div ue|? + g /
oG on oG € Jac

is the same as in Sec. 2.1. — Remember that the theorems 2.10 and 2.11 did not depend
on the boundary condition as long as u and 6 are radially symmetric!

@2
on

3. Nonlinear thermoelasticity.

3.1. Formulation of the problem. After studying the linearized equations of thermoe-
lasticity, we want to consider the nonlinear case. In general we have no global existence of
solutions. In this section, however, we will show global existence for radially symmetric
initial values and radially symmetric boundary conditions for small initial data.

First we formulate the initial boundary value problem. We start with the nonlinear
equations in the case n = 3. The case n = 2 is similar; the condition n < 4, however, is
necessary as we will see later.

We define (starting with a smooth Helmholtz potential ¥):

O?Y(Vu,0)

Ciaja(Vu.8) =

9(0u; [ 07)0(Du; /D)’
N 0%p(Vu, 0)

T (0w /014)08
9?y(Vu,0)
T
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This leads to the following differential equations:

62ui .
52 = div S(Vu, 6)
?u; ~ 08 )
(29) = Cinip(Vu, 9)&%&% Cia(Vu,G)%, 1=1,23.
8%u;
(30) a(Vu, 0)8; = —div ¢(Vu, 8, V8) + Cio(Vu, 6)

b(9) Oz, 0t

Here we have used the Einstein summation convention again.

For the functions a and b we assume: a > a9 > 0, b € C(R), b(6) = 6 + T for
0] < Tp/2, 0 < by < b(0) < by < 00, —00 < § < oo, and Ty > 0 is the reference
temperature.

For Vu = 0, # = 0 the medium should be isotropic, so we assume:

Ciajp(0,0) = Adiadjg + 1(0i;0ap + 0a;0is)
za(o O) = _ﬁéia
0¢;(0,0,0) o
a(06joz,) v
(31) a(0,0) = e

Furthermore, we assume:

ij,@(vu, 9) = ngm(Vu, 9)

0¢;(Vu,0,V0)  0q;(Vu,0,V0)
0(00/0zx;) o 0(08/0x;)
0q:(Vu,0,V0) 0
o0 B
0¢;(Vu,0.Vo) .
(32) W = 0 ,1<4,j,0,8<3.

The initial conditions are:
u(0) = ug, ue(0) = uy, 6(0) = by.

To formulate the boundary conditions we have to start with (29) and (30).

The easiest boundary condition (Dirichlet in « and é) was considered in [3]. In this
section we want to look at one of the more delicate boundary conditions: the Dirichlet
condition for @ together with the Neumann condition for u. (Some ideas to handle the
other possible boundary conditions are sketched in [10].) The difficulties we have to
handle are mainly based on the nonlinearity of this boundary condition

(33) ﬁS(VU,e) |6G: 0.

This difference to the Dirichlet case leads to some interesting technical problems.
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Now we want to reformulate the problem (29)-(33) to apply the methods of the last
section. For this aim we define the nonlinearities f and g as follows:

(34) f; = (Ciajp(Vu.0) — Cin;5(0,0)) O, + (Cia(Vu,8) — Cig (0 0))ﬁ
) a3 s tajB\Yy a.l‘a.Tg i ’ ia\Yy 837&

- 1 0¢;(Vu,0,V8) 1 0g;(0,0,0) %0
9= C{a(Vu,H)b(G) 2(00/0x;)  a(0,0)b(0) a(ae/axj)} dx,01,

Ny {Cya(vu,e) ~ ém(o,())} 82u, c 8g:(Vu, 0,V0) 86
a(Vu,8) a(0,0) [ 0x,0t  a(Vu,8)b(8) o0 Ox;

c 0q;(Vu,0,V8) 8%u,

(35) T a(Vw, 0)6(8) 0(0un/ozs) dz.0zy

With this we get from (29) and (30):

(36) U — pAu — (p+N)Vdivu + V8 = f(Vu,0,V?u,V8)
(37) ey — kAO+ Bdivu, = ¢(Vu,8,V%u, V320, Vuy).

(For (36) we will sometimes use the form uy — D'SDu+ 3V0 = f.)
For technical reasons we have to restrict the tensor Ciqa; to a special form. We assume:

a2
0%u;

:A,;j(Vu,G)Auj, 1= 1, ,n.

3.2. Global existence. We want to prove global existence of our problem for radially
symmetric initial datas and boundary conditions by applying a local existence result and
exponential decay of local solutions.

First we need the Poincaré and the Korn inequality for u, which we get in the same
way as in the last section:

LEMMA 3.1 (Poincaré and Korn inequality for u). Assume for ug, ui: (uo,1) = (w1, 1) =
0, then we have:

(39) lull < ClIDull, ]l < C||Vull.

LEMMA 3.2 (Estimate for the nonlinear boundary condition). For m =0, 1,2, 3 we have,
if u has rotation zero:

m

o ((N’sm ~ N'39) — i18(Vu, 9)) <Y 1(8iVu, 86).

i=1

Proof. We start with m = 0 and expand S(Vu,6) = (S;;(Vu,8));; around (0,0) in a
Taylor expansion. With S(0,0) = 0 we get:

S(Vu,0) = Svu(0,0)Vu+ Se(0,0)8 + O(|Vul? + 0]?)
= (Ciaj5(0,0)daup + Ci5(0.0)8):; + O(|Vul* + |6]%).
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Using the isotropy in (0,0) — see (31) — we get:
(40)
I(N/SDU — N/ﬁe) - ﬁS(VU, 9)| = |(7’LJ (C’mﬂ;(O, O)aa’U,g - éij (0, 0)9 - Sz-j(Vu, 0))1 |

=0(|Vu[*+101?)

This leads to the stated estimate.
In the case m = 1 this calculation is quite similar, so we only write down briefly

the case m = 2 (the case m = 3 indeed is again analogous). — The arguments of the
functions are omitted:
d2

yer ((N’sm — N'36) — #5(Vu, a)) ‘

= |N'SDuy — N0 — 7 (SvuViuw + Svuve ViV, + SvuoViusbs + Seby
+SvueVuibt + Sg6:6:) |
= |n;Cia;jp(0,0)0502ug — n;Ci;(0,0)8:; — 1;Cinjp(Vtt, 0)00dus — n;Cij(Vur, 6) 8y
=7 (Svuve VU Vg + SvugVuly + SvuoVut; + Speb:6:) |
< C(Vul® + 101 + |Vuel® + 1612 + | Vuse | + 10::]%).
We just mention that the second order derivatives of S(Vu,6) exist and are bounded
because we have assumed that S is smooth, and we have small Vu and small 6.

We now quote the local existence theorem. It is a special application of the theorem
given in [2].
THEOREM 3.3 (Local existence theorem). Let u; € H*,j=0,...,4,60, e H*I, j=
0,1,2, 63 € L2, where u; := & u |i=q, 0; := 076 |t=0.
Furthermore, there is a Ky < min{1, 75/2} with [Vug(z)], |ui(2)], |6o(2)|, [VOe(z)| < Ky
for all z € G. Then we have a unique solution (u,8) of (36), (37), (33) defined on a
maximal existence interval [0,T), T < co, such that for all £ € [0,T):
uweCi([0,f], H*), j=0,...,4
6eC(0,{],H*7), j=0,1,2

(41) 8ue € C°([0,1], £2) N L2([0, 1], H').
Furthermore, for all (z,t) € G x [0,T) we have:
(42) [Vu(z, t)], [ue(z, 1)],16(z, )], VE(z, t)| < Ko.
Furthermore, there is T = oo, i.e., the solution is a global solution if:
(43)
sup Z 107 ul[3a-5 + Z 10701[34-5 + 116el* | (2) +/ [ VBss:(5)||*ds < oo

te0.7) \ i=o P 0
and
(44) sup  (|Vu(z,t)], [u(z, 1), 16(z, t)],|VO(z, 1)]) < Ko.

z€G,te(0,T)

We use this to prove the following global existence theorem:
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THEOREM 3.4 (Global existence theorem). Let (u,8) be a local solution of theorem 3.3
being also radially symmetric. Then there exists a § > 0 with

4 2
(45) Dl + D 165llF-, + 116117 < &2,

j=0 3=0
such that a global solution exists, which satisfies:
w(®) 7, ]|0(8)]|g+ — 0  exponentially as t — oo.

REMARK 3.5. To get radially symmetric solutions we have to assume that for all
2 € O(n), the group of orthonormal matrices of dimension n, for all W € R"*" and all
z e G

(46) S(QTWQ, ) = QT S(W, )9 } |

9(Vu,8,V?u, V20, Vu,)(Qx) = g(Vu, 0. V3u, V20, Vi) (x)

In addition, all initial values must be radially symmetric. It follows the radial symmetry
of the solution (u,6). To see this, let (u,0) be a solution and v(z) := QTu(Qx), p(z) :=
8(Qx), then (v, ) satisfies the differential equations (36) and (37):

f(Vu,8,V*u,V8) = divS(Vu, 0)|vu=0.0=0 — div.S(Vu, )
means that for all Q2 € O(n), W € R**™ and all x € G we have:
f(Vu,0,Viu, Vo) (Qzr) = f(Vu,8,V?u, V) (x).

But (v, ¢) satisfies the same initial values like (u, 8), because they are radially symmetric
as we have assumed. Furthermore, we have:

AS(Vu, ¥)(x) = npSer(QjOmur (Q2) s, 6(02))
1, Ser (Vu)T ) (Q2), 0(Q))
1 QL S ((Vu)(Q2), 0(0))Q,;

= OTAS(Vu,8)(Qz) = 0.

f

So (v, ¢) satisfies the same boundary conditions as (u, ). Using the uniqueness we have:
(u,8) = (v, @), but that means especially that (u,#) is radially symmetric.
There exist indeed functions satisfying our assumptions; for an example see [10].
Proof. First we define:

(47)

4 . 2 . t
M(t) =" ¢ > 110]ullfa—s + D 1107613 + l6enel * 5 (1) +/0 e7°|| Ve (s)]|*ds

i=0 j=0
(48)

2
A= 258((8% + ¢ + DIPTA+ 573 Y 7%,

Jj=0
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Here T is the constant of the exponential decay theorem in Sec. 2. ' > 1 is given by the
inequalities:

1hl|3+2 < Tl AR,

(where h € HY*(G), Ah e L2, j =0,1,2),

||U||?{j+2 < f”AU”?{J +C83,

(where v € (HI*Y(G))™, 71S(v,0) = 0 on 8G, (v,1) =0, Av € (H?)™,

(49) i=0,1,2andv=wuorj=0,1and v=1u.)

(For the second one of these elliptic regularity properties, compare with Sec. 4.)

Then there exists a to € (0,7), such that M(t) < Aé? for all t € [0,5), because we
have assumed M (0) < 62, it is A > 1 (because I' > 1), and M is continuous.

Now let

(50) T* :=sup{t; > 0| M(t) < A% for t € [0, 1)},

then obviously we have 0 < T* < T.
We consider the cases T* < T and T* =T

If T' = T the solution is in £>°(G), because we can use the Sobolev imbedding theorem
H4(G) < Cy(G) having 4 > n/2. Using lemma 3.3 we therefore have T = oo, i.e., the
solution is a global solution. So it is sufficent to find a contradiction to the second case.

Let T* < T'. For t € {0,T*) we now obtain, using (50), that:

u(t),0(t) € HY(G), ue(t), 6:(t) € H*(G), uul(t),0u(t) € HX(G).

Applying the Sobolev imbedding theorem HZ(G) — L>(G) (where we use explicitly
n < 4) we get for all t € [0, T*):
There are C,~v > 0, satisfying:

(51)
[la(®)llwz.oo, [1B(E)[lwr2.o0 [luse ($) I wrs.c0 110 () lvwrr.oo s [rsze (D] oo [|Bee(B) ]| oo < Ce™ 3.

We now define an auxiliary energy similar to the energy F(t) in Sec. 2:
(52)

2
E(tiu,0) =" | > 1107 ull3r-s + 116:]1* + 1161132 (t)+/e’s||V9t(S)Il2d8-
G

=0

In contrast to the linear case we will not be able to prove exponential decay for arbitrarily
large initial data. Nevertheless, we apply the methods we have used in the linear case
to get energy estimates. But these energy estimates contain certain terms with f and g.
Utilizing the smallness of the initial data we can estimate these terms to get exponential
decay at least for small initial data.
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First we prove:

dut

—..

dx ds < TE(0;u,0) + Cet||g(t)||?

E(t;u,0) + / c”s/
G

+C/0 7 {1l + [eeell + HAu +11F1D + gl 0N + [[VO]] + [[A]] + [lgl])ds}

t t t t
+o{l [ e thunasi +1 [ et supast +1 [ e nbias +| [ @ fumdiuas)
0 0

/e’”/ IVl + /e%/ |V |4
oG

(53) réE0;u,0) + Plt;u.6, f,g), tel0,T7).

For the proof we use the energy method in the same manner as in the linear case. This
is a rather long but straightforward calculation, so we only want to mention that we can
take advantage of the generalized nature of corollary 2.10. (For a complete proof see

[10].)

Using the auxiliary energies F;(t) defined in the previous section we finally get:

d
nF+nF + Fs) < —en(|VOI + [[V6|IP) — sljA6]|?

—(
dt
+77(/ fut+/ g()-lr/ ftutt+/ 9:0¢)

/gA9 /fAu,+—j|(vu we, VO, Vg, uge, VO, )12

C d Ky d
/ftUA8k1lf+7—]E/ ILtUkakU+75aLuthkakUg
C

+E—3H(V979t)||2 + el|div ue|* + Ce||(Vug, ugt, V6y, g)||?

¢ Cy? 4 4
+=—Ilgll IVO]| + — (IVu|* + |Vul*) + Ce | frondrus
€ T JsG G

d
(54) +K1 / uttok'dkut - CE/
dt 8G

where we have used this lemma:

a2
Ouy
on

LEMMA 3.6. Let v = w(|z|)x be radially symmetric; then we have:

),
-7
2 Jog

@2
on

1
< —T/ |div1)|2+C||(1;,Vv)||2.
2 Jac

Proof. The idea is similar to the proof of the theorems 2.10 and 2.11: Here we multiply
Av = div Vv with 0,0 v, integrate by parts and calculate the boundary integrals using
explicitly the radial symmetry.
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We now define similar to the linear case the energy

K K K.
H(t) = nFy+nF + F3 — (7]—22 -+ f) / U OOk Us — (Kp’:‘ -+ 77—23 + K40é> / U Op
G G

+€1/4/ utu—i—sl/g/ div u div u;.
G G

The constants K4 and K5 will be given later.
Again like in the linear case we show three auxiliary estimates:

LEMMA 3.7. Under the given assumptions we have:

d TS
(55) —/Gmu < 1IIVUII2+C|I(97Ut)||2JrC’/MIVUI“+||f||||u||

dt = 2
d . .
G | dvucdiva < = ZIAuP + CITOR + 180l 1]+ 119
G
d
+Q{K4a/ uttakakut+||(utt,Vut,V9t)||2+/ fta'kakut}
G G

C(  d )
(56) +— < Ks— | wordu+ ||(us, Vu, Vé, fHi

« dt G

T 2 T 2 1 2 g? 2 1 2
- = < —_ - L _ .
67 - ZlAulP < —ZAulP = llual? + IVOE + 1]

Proof. The proofs correspond to the linear case in the previous section. 0
Now we can derive an energy estimate for H(¢). For this purpose we use (54), (55),
(56), and (57) to arrive at:

(58)
d

—H(t)s—nn<||ve||2+||vot||2>—n||A9||2+n{ / Fue+ / 90+ / fouge + / gtet}
dt G G G G

C
= [ 980~ [ 58u+ SUT001 + Cell(Va, e, V0, £, )|
G G
C C C
+ Slall 19811+ 1t V0,6, 1, T 9801 + S [ v

+ C’nQ/ |Vul* + Cng/ |V + Ce/ ftokOkus
oG 8G G
T81

+el/t {cuw,u»n? + 11 ]| — 7||w||2}
+ Y2 {CI|(VE, Vay)||? + [|Au]] || £]1}

+51/261/8{C||(u,t,Vut,V0t)||2+/ ftrrkakut}
G

C
+ &2 g l(ue, Vs, V0, )|

2Tl - 2 Ll + 25 wa 4 2 L g
i g s i 87
a 2
—Ce l_f
sa | Of
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Using the Poincaré inequality, Eq. (37), and lemma 2.5, we get:

(59)
— kn({IVOI1> +|V6el1?) ~ k|1 A6] | < ~Cnl|(V8, 8, V6, 6,)[|* ~ Cl| (A0, Vue, ue) || +Cllgl*.

We insert (59) into (58), choose a small £ > 0 and a large 7, such that we arrive at:

—H(t) < —C||(us,uee, Vu, Vg, Au, 8,6, V0, V6,)|12 + C||£I* + Cllgl|?

dt
+C{/Gfut+/Gg¢9+/cftutt+/cgt0t}

- / 000 — / fAu, +Cllgl 1196]] + C / froxhus
G G G

+c/ |Vu|4+C/ |Vut|4+C/ feorOnus
oG aG G

+ONAI llull + Cllaw| 1] + C /G fioxdhuy — C

2

8’U.t

on

oG

Now we can use the Gronwall inequality. To show the equivalence of £(t;u,6) and H(t)
for large 17 we have to use some kind of elliptic regularity property. For a nonlinear
Neumann boundary condition, however, there is no such analogy. Nevertheless for the
radially symmetric case we have a similar result proved in Sec. 4:

(60) ulls < ClI AU + C /6 I

Taking this all together we can prove (53).

If we consider the differential equations (36) and (37), we see that they are fulfilled
by 8lu and 86 if the nonlinearities f and g are replaced with 8. f resp. 8lg. Using this
and (53), we get:

2

t ou
£(t; O, 010) + / e / o1 9% s
0 G on
(61) < TE(0; 8w, 8'6) + P(t; 0lu, 816,08 f,0lg), 1=0,1,2.
t t

We now want to estimate P(t; 9lu, 010, 8L f, dLg) to get a priori estimates for all derivatives
of u and 8 up to order four with not more than order two in space. It is useful to divide
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P(t: lu, 016, 0! f, 8Lg) into six terms To—T:

ot
P(tzaﬁuaaiﬂ«affﬁig):C/) e * {10, f1([10¢ul] + [|0¢uel| + || Ad¢ul| + 110 £11)
(

'4

t
+[18:911(110:61] + |1V;6]] + ||A3;6)| + 13491 )ds} +C /0 e"(0,f, Ad{us)ds

::T()
=:T;
t t t
+ / (0, f, Adtuy)ds| + / (B} fr, kO Otur)ds| + / (g, 010:)ds
0 0 0
=T =T3 =T4
141 ¢
(62 + / e’s/ Volulids
) ; ; 6G| ful
=:T5
We have Ty < Ce3 + Ce? because using (38) and denoting
A:=A(Vuy,8) = (Ai;(Vu,0)— A;5(0,0))s,
é = C’(VU,@) = (C’”(VU,G) - éij (an))ija
we get:
fi = 0(A(Vu,0)Au+ A(Vu,8)Aus + 8,(C(Vu, 0))VE + C(Vu, 6)VE,

Avu(Vu,0)VuAu + Ag(Vu, 0)0:Au + A(Vu, 6)Auy,
- 4Cvu(Vu, 0)Vu, VO + Co(Vu, 0)8,V0 + C(Vu, §)V6,.

And if we differentiate this with respect to t, we get:

fio = 0:(Avy)VulAu + Ay, VupAu + AvuVu A,
+0:(Ag)0:Au + Agb Au + AgbsAuy
+ Ao Vu Aus + Al Auy + AAuy,
+0:(Cyu)Vuy VO + Cyy Vg VO + Cyy Vu, V6,
+8,(Cg)8: VO + Cy0:, VO + C0, V8,
(63) +Cvu Vu Vs + Co0, V0, + CVby,.

Using that f is continuous and applying (51), we get: [[A(Vu,0)|lo < C(||Vulleo +
116]]00) < Cde™ 2% and also ||C(V, 0)]|so < C(||Vullos +[16]]cc) < Ce™35. We therefore

are able to estimate in each of the terms all functions but one with respect to the £.,—
norm. So we can prove:

| feel| < C8%e7 2.

A similar calculation for g leads to:

Ty < C83.
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We now consider T;. Here we only want to discuss the case [ = 2. The terms of lower
order make fewer difficulties.

Using the special form (51) of f, the symmetry of A(Vw,#8), the Leibniz formula, the
mean theorem of differentiation, and the Cauchy-Schwarz inequality, we have:

T, < C&+ /0 te""s(f,t.Au“,t)ds
< 08+ /0 t(ﬂS<A(vu,e)a?Au,a;‘Aums
< 053+-;— [ 075%(A(Vu,0)8,2Au,8t2Au)ds
< %e’”’|(A(Vu,0)8t2Au,83Au)|
+% / ' 7 (A(V, 0)02 Au, 92 Au)ds
< C&. ’

To estimate To we need the following lemma for radially symmetric functions:

LEMMA 3.8. Let v = w(|z|)x be a radially symmetric function; then we have:

/ |Vol? S/
oG oG

Proof. Direct calculation and using the Sobolev trace theorem.
Now we can argue similarly to the estimate of T7. Again we use the special form of
f, integrate by parts, but now we use lemma 3.8 to estimate the boundary integrals. We

2

ov .
+ CllollF-

on

arrive at:

auttt

on

¢ 2
(64) T, < C8+0S (’73/ dxds.
0 J oG

In a similar way we also estimate T3 and get:

t
Ty, < C8&+ / eV (A(Vu,0)03Vu, 8} Vu)ds
Jo
ot R '
(65) +C<5(/ ez? OPVuduiids| .
Jo aG
The boundary integral we have to estimate, using lemma 2.5 and corollary 2.12, as
follows:
(‘)fVuafuﬁ < C {/ |(1iV '“rft{|2 + / |’lttt[p'ﬁ|2} + C”(VUttt. “tttf)||2
JOG JOG JaG

d .
< Ca / Upprt Op O Uper + C”(“tt!t- Vg, Vettt)”2
[ . G

(66) +C/ SeeeOkOkuger.
Ja
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Here we can use the estimate for T3 and get, using Leibniz formula and the mean theorem

of differentiation:
t
T3 < 063+C(52/ e“/
0 G

To estimate Ty we use a similar method utilizing that 6 vanishes on the boundary and
get:

2
dzds.

0
oo Uttt
on

T, < C8°.

To estimate the boundary terms of order four summarized in 75, we have to use a very
different and somewhat unusual method. The key observation is that in the linear and
radially symmetric case we can estimate the derivatives of a function on the boundary by
the function itself. Then we show that the nonlinear boundary condition for small data
approximates the linear one, so we can get a similar estimate using the implicit function
theorem.

For the proof we want to consider an easy case, so let G := B(0,1) C R?. Let v := 9]"u
be radially symmetric with m = 0,1,2,3 and v(z) = w(|z|)z. Then on G we have:

O = w'ri +w, Ovy = w'z 29,
Sovy = W'z 29, Dovg = w'zd + w,
where we have defined w’ := w/(1) and w := w(1).

We now consider the linear boundary condition N'SDu = 0 on 9G, e.g., in z = (0, 1),
where we have:

N'SDv — ( n1 (10101 + ABav) + na(udiva + pborn) _ 7(w 4+ w) + dw >
712(/\811)1 + 7‘821)2) + nq (;1,(911)2 + uc‘)gvl) 0 '

If v satisfies the linear boundary condition it follows:

(67) Tw' + (7 + Nw = 0.

So we could estimate w’ by w. We now want to transfer this for the nonlinear case.
Therefore we define the following functions for z = (x1,z2) € 9G:

g:R2 - RY, gla.b) == (aa:% + b, amlmg,arlxg,amg + b) ,
fi : RQ - Rv f?.(aab) = (ﬁS(g(avb)vo))i=1,2y

where 7 is the normal in x.

Obviously g is in C* and f; is also smooth, if we assume S to be smooth. We have g
defined such that g{w’, w) = Vu.

Remembering M (t) < Ad? we have: ||v(t)||3: = [[0u(t)||%. < Aé% for ¢t € [0,T).
Using the Sobolev trace theorem we get: [, [v]* < CAS2.

Using the radial symmetry of u we have |v|? locally constant on G (and constant for
G = B(0,1)), so we have:

selng lu(z,t)]? = ||8tmu(t)||%x(ac) < CA8? = K&% for te[0,T*).

Now we consider the nonlinear boundary condition f;(a,b) =0 in z = (1,0). We know:

IN'SDv — S(v,0)| = O(|Vv|?) for Vo] — 0 and 8 = 0.
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Together with (67) we get:
Ta+ (T + \b— fi(a.b) = O(a® + b?).

We calculate the derivative of f; with respect to the first argument in (0,0). Let 3(a) :=
f1(a,0), then we have:

’ : h) = (0
01f1(a,b) lomo.b=0 = ¥/(0) = lim M
2
— lim M_) =7 > 0.
h—0 h

Using f; € C*(R? R) we know that there exists a U(0) C R, such that: 8;f,(0,b) #
0 for b € U(0). Furthermore, we have: f1(0,0) = 0. So we can use the implicit function
theorem for fi, and therefore there exists a ¢ € C'(U(0),R), such that ¢(b) = a with
fi(a,b) = 0 for b € U(0). If we choose § such that [~K &2, +K§2%] C U(0), then we can
estimate T5 as follows:

2

2 2

/ o V|t = ‘/ |w'|? + 2w'w + |2w|? §C/ I W' |2 +C’/ Jw|?
oG oG oG oG
=¢(w)
2 2 5
< o|f wr +C‘ [ k] < cliorul [ < cloruly, < co.
oG 8G

One can check that this proof is also applicable for other radially symmetric domains.
Summarizing the estimates for To-T5 we get using (45):

t 2
E(t; 0lu, 816) +/ e’s/ iﬁé“u dxds
0 ac |01
t o 2
<6+ C8 + (Cs 4+ C8%) / e”/ =0 | dxds.
Jo oG | On
For small § we get with ¢ € [0,T*):
2
(68) > E(t;0tu. 918) < 3T8% + C°.

=0

So we have estimated all derivatives up to order four with order one or two in space. To
conclude we have to estimate the missing derivatives of order three and four in space.

Using the elliptic regularity property (see (49)), the differential equation (36), and
(68), we get:

luellrs < Tl|Au(t)|f3 + C°
3(82+ 1)
s (‘ = ) (lueee 31 + 11V 32 + 112l [502) + C8°
3 2 2 3T —27 52 3 2
< = 152 = 2 AS2.
(69) < 86258F(B +c2+1) r;)zf 8 = A
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Here we have also used that f(Vu,8, V2u, V) = O(|(Vu, 8, VZu, V8)|?). Using (37) we
get in a similar manner:
16134 + 116:l1F2 < D126 G2 + 1| A6:][3)
30(c2 + 4% +1)
2
Here we have used that g(Vu, 8, V2u, V26, Vu;) = O((Vu, 8, V2u, V20, Vu,)?). We now
use the inequality (69) and the definition of A to derive:

(|luel%s + 3062 + C63).

(2 2 2
1161134 + 1162113 < e+ i +l) +f 1) <3r5273(ﬂ +1) +3r52)+c53
K
(70) < 2as2ics
= 86 '

For the last term we use (49), (36), and (70) to get:

(71) lull3e < gz\éz + C3°.
Summarizing (68), (69), (70), and (71), we arrive at:
M(t) < %Aa’2 + 3092 + C83
< %Aéz + 8,
Choosing § > 0 small, we finally get:
M(t) < gAcs? < A&* forallte[0,T).

Using the continuity of M, we get the inequality M(T*) < Aé? by taking the limit
t — T*. This is a contradiction to the definition of T* in {50). So we have proved
3.4. ]

4. An elliptic regularity property. To use the elliptic regularity property for the
Neumann boundary condition in (49), we apply theorem 4.4 of [12]. In our situation we
get for j =0,1,2: For all v € H'*2(G) there exist I'>0and C > 0 with:

(72) 1ol < TlA0lIE, + ClIIN'SDU|I 41250

In the nonlinear case the boundary term is non-zero. To estimate it we use (40) in lemma
3.2 and apply the trace theorem H™*(G) « H™*1/2(3G) and Eq. 3.2 to derive:

||N'SDU||:;11+1/2(30) = ||N/SD1)‘N/B’9||111+1/2(30)

< Iy (Cisap(0,0)8aug — Cij(0a0)9_Sij(vuae))”f{jﬂ/z(ac:)

< C||gijaﬂ(0a O)Bauﬁ - Cij(o’ 0)9 - Sij(Vu, 02||§{j+1/2(3G)
=:¢(Vu,0)=0(|Vu|2+|9|2)

<

Cll¢(Vu, 0)||§1j+1(c)
J+1

(73) = CZ/ V™ ¢(Vu,6)]
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Using |¢(Vu, 8)] = O(|Vu|? +16]?) we know that ¢(0,0) = ¢'(0,0) = 0. Now we calculate
the terms of (73) utilizing (47) and (51):

For the term with m = 0 we get:
[evuor < c [ watic [ o
G G G

IN

< ClIVulZAVul? + Cl10]1%116]17
< Cllull3s|[Vull® + Cl10]32116] )2
< Cst

The cases m = 1 and m = 2 are very similar. For m = 3 we have:

/|V3¢(Vu,9)|2 < C/ |¢”’(VU,9)V2uv2uv2u|2+c/ 13¢" (Vu, ) V3uV2u|?
G G G
+c/ |¢'(Vu, ) V4u)? +C/ |¢"" (Vu, 0)VOVOVH|?
G G
+C/ 13¢" (Vu, 8)V20V0)? +C/ |6 (Vu, 0)V30?
G G
< CUV[NVRul? + CHVZul % VRul? + Clle' 2]V ul
+C|IVO|ISNVOII? + ClIVE| %1 V20112 + Cl8']12. 11V 261>
< Cllullysllullz + Cllull3allullFa + Cllul llulls + ClIO1 el s
+C10113 1160113 + ClONs 101132 + CllullFr 1161135 + ClIOIP1611s
< C&+ st

Summarizing these estimates (for small § > 0) we arrive at the following elliptic regularity
property:

[ull3i+2 < Til|Au|f3, + €% j=0,1,2.
For u; we derive in the same way:

lluellZrsee < TollAully, +C8*, j=0,1.

We now define [ := max{fl, f‘g} to get the estimates used in Sec. 3.
Now we prove (60); see Sec. 3. Starting with (72) we only have to show that in the
radially symmetric case:

||Nstu||§,1,2(BG) < C/ac |Vu)?.

We show this by explicitly parametrizing &G and calculating the H'(OG)-norm of
N'8Du.

By an extensive calculation where we use the radial symmetry of u, we obtain the
desired estimate. Together with (72), we finally arrive at:

(74) ul 2 < CJ|Aul? + C / IVl
oG

proving (60). O
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