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Abstract. We address the study of the asymptotic behavior of solutions to an abstract
integrodifferential equation modeling linear viscoelasticity. Framing the equation in the
past history setting, we analyze the exponential stability of the related semigroup S(t)
with dependence on the convolution kernel, providing a more general sufficient condition
than the usual one present in the literature.

1. Introduction. Given a Hilbert space (H,(-,-),| - ||) and a strictly positive self-
adjoint linear operator A : D(A) C H — H, we consider, for ¢ > 0, the second-order
linear integrodifferential equation

Opu(t) + aAu(t) + Bopu(t) — /000 wu(s)Au(t — s)ds =0, (1.1)

where a > 0, > 0 and the convolution (or memory) kernel 4 is a summable decreasing
function defined on R* = (0, c0), hence nonnegative, of total mass

K :/ u(s)ds € (0, ).
0
Equation (LI, supplemented by the initial conditions

{u(t) =wo(t), t<0,

u(0) = wo,

with wg and vy assigned data, serves as a model to describe the dynamics of linearly
viscoelastic solids. In that case, A is the negative Laplacian with Dirichlet boundary
conditions acting on L?(Q2), where ) is the volume occupied by the viscoelastic body at
rest, and u represents the displacement field relative to the reference configuration. The
term [B0;u accounts for dynamical friction.

Introducing the Hilbert space V' = D(A'/?) continuously embedded into H and the
L2-weighted space M = Lz(R*‘; V), both endowed with their natural inner products,
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500 V. PATA

along with the linear operator T' = —ds on M (derivative in the distributional sense)
defined on the domain

D(T)={neM:dmeM, lin%n(s) =0},

we can rephrase equation ([LI]) as an abstract system of PDEs on the Hilbert space
H =H xV x M. Precisely,

Opu(t) + kwAu(t) + BOpu(t) + /OOO u(s)An'(s)ds = 0, 12)
ont =Tn' + dpu(t),

having put
a—K

w =
K

This is the so-called past history setting of (L)), for it is obtained from (), following
a brilliant intuition of Dafermos [4] [5], by introducing the supplementary variable

n'(s) = u(t) — u(t — s), t>0,s>0,

which reproduces the past history of u. Accordingly, the initial conditions for (I2]) read

where ug = wp(0) and 19(s) = wo(0) — wo(—s). We refer the reader to [12] for a detailed
presentation of the historical approach to treating integrodifferential equations of this
kind. The remarkable fact about this latter formulation is that, under quite general
assumptions on the kernel p, system ([L2) generates a linear contraction semigroup S(t)
on H.

The main question now is the following:

Is S(t) exponentially stable?
This amounts to finding constants M > 1 and € > 0 such that
ISl Ly < Me™",

where L(H) is the Banach space of bounded linear operators on H. This was indeed the
main focus of several works that have appeared over the years (e.g., [, [8, 10, 1T} 13|
14] 16]). The situation is of course more delicate for the case 3 = 0, where the entire
dissipation is given solely by the memory integral. To the best of our knowledge, all
positive results regarding exponential stability of semigroups arising from problems with
memory have been obtained assuming the following condition on p (cf. [I4]):

() + d(s) <0, (1.3)

for some § > 0 and (almost) every s € RT. In fact, if (L3]) holds, then our semigroup
S(t) is exponentially stable, even when § = 0. This result has been proved first via
Laplace transform methods [7], semigroup techniques [I3], and direct energy estimates
[11] (in the latter case, with some restrictions on the behavior of x4 in a neighborhood
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EXPONENTIAL STABILITY IN LINEAR VISCOELASTICITY 501

of zero). Although it includes many physically interesting kernels, condition (L3)) is
somehow unsatisfactory and certainly too restrictive. For instance, it does not allow u
to have flat zones, or even horizontal inflection points, when it should be conceivably
true that exponential stability should be conserved if, say, we consider a kernel which
is equal to the negative exponential, except on a small set. The recent paper [2] proves
that a necessary condition for S(t) to be exponentially stable is that there exist C' > 1
and § > 0 such that

u(t +5) < Ceu(s), (L4)

for every t > 0 and almost every s > 0, which is the same as requiring that

t
lim sup [ sup M} <1,
t—oo [ 5€(0,9) ()

where
S=sup{s € RT : pu(s) > 0}.

If C =1, then (L4) is equivalent to (I3]). Nonetheless, the gap between the necessary
condition (L4) and the sufficient condition (I3 is huge. For example, any compactly
supported kernel g fulfills (I4]), but it clearly need not satisty (I3)).

The aim of the present work is to provide a much weaker sufficient condition in order
for exponential stability to occur. Loosely speaking, our main result reads as follow.

THEOREM 1.1. Assume that the necessary condition ([4) holds. If 8 = 0, then the
semigroup S(t) is exponentially stable, provided that the set where the kernel y is flat
is sufficiently small, with respect to the measure p(s)ds. If 8 > 0, then (I4) is sufficient
as well in order to have exponential stability.

We now briefly sketch the plan of the paper. In §2 we specify the assumptions on
the memory kernel u, and we recall the construction of the semigroup S(¢). In §3 we
reformulate Theorem [[T]in a precise way, while §4, §5, and §6 are devoted to the proof
of the main result. Finally, in §7 we discuss further possible applications.

2. The contraction semigroup S(t).

Assumptions on p. Let p be a monotone (possibly not strictly) decreasing summable
function on R™ of total mass x € (0, ). Setting sqg = 0, we suppose that there exists a
strictly increasing sequence {s, } (possibly finite, or even reduced solely to sg) converging
t0 S € [0,00] such that, for all n € N, p has jumps at the point s = s,, and it is
absolutely continuous on each interval I, = (s,,—1, $n) and on the interval I, = (S0, 00),
unless I, is empty. If soo < oo, then p may or may not have a jump at s = so,. Under
these conditions, p’ is defined and is nonpositive almost everywhere. Finally, for n € N,
we denote

fin = pi(sy) — p(syy)
with g defined only if so, < 0o. Note that p can be (weakly) singular in a neighborhood
of zero.

and  poo = p(s5) — m(s%),
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502 V. PATA

As shown in [2], in the above assumptions, system (2] generates a contraction semi-
group S(t) = e on the phase space H =V x H x M, normed by
[y v, )3, = mwllll + [[ol* + 10l 34

The domain of the infinitesimal generator L of S(t) is given by
oo
D(L) = {(u,v,n) € H : u —|—/ 1(s)n(s)ds € D(A),v €V, n e D(T)}.
0

In particular, the third component of the solution S(t)(ug,vo,n0) = (u(t), dpu(t),n') has
the explicit representation formula (see [16])

tg) = u(t) —u(t — s), 0<s<t,
e {no(s—t>+u<t>—uo, 5>t 1)

For n € D(T'), we introduce the quantity

Il = Z/LnHTl(Sn)H%/,

where the sum includes the value n = 0o if so, < 00. Then, if (ug,vo,n0) € D(L), the
energy equality in H reads (see [2] [12])
d 112 2 < TP ¢
2 (@), 0eu(t), 1) |3 + 261 Gpu(t)[” + e ($)lln*(s)llvds +In]=0.  (2:2)
3. The main theorem. In order to state the result, we have to introduce some
definitions. Concerning the kernel p, in light of our purposes we give the following
DEFINITION 3.1. We say that p is an admissible kernel if it satisfies the above general

assumptions and (4]) holds.
We construct the probability measure /i on R as

for every measurable set A C RT.
DEFINITION 3.2. We define the flatness set of the kernel p as

Fu={s€eRT : pu(s) >0 and p'(s) =0},

and we call the quantity

Ru = ﬂ(fu)
the flatness rate of p.
Setting now, for w > 0,
Wl <l
M(w) — ) 2 ) b
2 w > 17

we are in a position to state
THEOREM 3.3. Let u be an admissible kernel. If 5 =0 and
Ry < M(w),
then S(t) is exponentially stable. If 5 > 0, then S(¢) is always exponentially stable.
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EXPONENTIAL STABILITY IN LINEAR VISCOELASTICITY 503

A particular instance, albeit quite interesting in view of concrete applications, is the
following

COROLLARY 3.4. Let p be an admissible kernel. If p/ < 0 almost everywhere on the
support of p, then S(t) is exponentially stable.

Theorem B3] provides an optimal result for the case 8 > 0, whereas, for 8 = 0, it
locates a threshold for the flatness rate R, above which we cannot say anything. Roughly
speaking, if w is large enough, we have a positive answer only if the measure of the flatness
set does not exceed the measure of the set where p is decreasing. Unfortunately, this
threshold seems to be sharp, at least with respect to our techniques. Clearly, it would
be interesting to say something for the case not covered by the theorem.

REMARK 3.5. The paper [2] shows that, if 3 = 0and R, = 1 (i.e., p is a step function),
then there are particular forms of p which allow the existence of periodic (hence, purely
elastic) solutions. If in addition H is a separable infinite-dimensional Hilbert space and
A has compact inverse (as in the case of linear viscoelasticity), then exponential stability
never occurs, at least for a wide class of operators A, including the negative Laplacian
on certain domains.

Thus, the question is really what happens when R, € [M(w),1). We do not have a
sensible conjecture (and there is no satisfactory numerical evidence either), so we leave
it as an open question.

4. Some preliminary results. The proof of Theorem [3.3] is based on sharp esti-
mates of certain auxiliary functionals defined for (ug,vo,n0) € D(L). We first need to
establish some notation.

o We recall the Poincaré inequality, namely,

1
ol < Sl Vo eV,

where A > 0 is the infimum of the spectrum of A.
e Given a measurable set F C R*, we consider the L*-weighted space Mz = L2 (F; V).
e We introduce the new variable

€'(s) =n"(s) —u(t).
Note that, in view of the representation formula (2I]), it holds that
5t(s):{u(ts), 0<s<t,
No(s —t) — uo, s>t
e For any fixed s, > 0, let ) = 15, : RT — [0,00) be defined as
P(s) = 1(52)X (0,51 (8) + 1(5)X (5.,00) (5)-

e Throughout the paper, ¢ > 0 will stand for a generic constant depending only on «, A,
and the kernel p. Moreover, given v € (0,1), we denote by ¢, > 0 and ¢, > 0 generic
constants depending (besides on a, A, 1) only on v, such that e, — 0 as v — 0.
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504 V. PATA

Then, paralleling some ideas of [I1], we introduce the functionals (the first depending
on the choice of s.)

B1(0) =~ [ () @rate) a5
and

Do (t) = (Dru(t), u(t))-

Observe that, since S(t) is a contraction semigroup,
sup ||@1 ()] + |@2(1)]] < c. (4.2)
t>0
In the sequel, we shall often make tacit use of the Young, the Holder, and the Poincaré
inequalities.

LEMMA 4.1. For any v € (0, 1), there exists s, = s.(v) > 0 such that, for all measurable
sets F C RT and A = R* \ F, the corresponding functional ®;(¢) fulfills the differential
inequality

d
01 < (rwpl(F) + 260(F)? + ) [ullfy — (1= )10l + (20(F) + &) lI€] 3,

s [ svas +edala, + e [ G oRds+0).

Proof. If limg_q pu(s) < oo, simply set s, = 0. Otherwise, choose s, € (0,s1) (if p has
no jumps, s, € R*) such that

/ ) u(s)ds < = (4.3)
0 2
The time-derivative of ®; is given by
d 1 [ 1 [
G0 = [ v ane)ds— ¢ [ o) @une)ds. (@44)
K Jo K Jo

We now proceed to the estimate of the two terms in the right-hand side of ([@4).
o THE FirsT TERM. Using the second equation of system (L.2), we have

1 oo
| o) @ oms)as
K Jo
1 ° 1 [
——clol? [ ws)ds = [ w) @), Tas)ds.
K 0 K Jo
Since 1(s) < p(s) and equality holds for s > s, from [@3]) we get
1 Y v 9
ol [ wts)ds < (1) ol

Integrating by parts in s, and noting that (cf. [12])

| =0,

lim pi(s) !/ (s)|| = Jim pu(s)lIn(s)
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505
we obtain
__/ Y (s)(Oyu, Tn(s)) / =" (8)(Oyu,n(s))ds + — Zun (Oru,m(sn))
< Hoal( [ = @luolds + ;unnn(sm).
Observe that 1 is continuous in s, and that
B(5) = Xon o0y (5)1(5):
Moreover, as s, < $1 (if p has jumps),
> pn < (s
Then, we get the estimate
| vl las + S wllton)
= [T—w@IENds + 3 mlin(snl
N oo oo ! 1/2 1/2
<([ e [wemers) (S S mlal?)
<SP wnoeas) ]
< IR ([ o as 0)
Therefore,
o [ e maonds < 1ol + 5 ([Tl s + )
Collecting the above inequalities yields
- % / () @ D) ds 45)

~= ol + 25 ([l as + 3.

o THE SECOND TERM. From the first equation of system (LZ), it holds that
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506 V. PATA

Let us evaluate the two terms of the above equality separately. Concerning the first one,
we have

w / T b(s) () vds = —w / " L) — () () vds + w / (), () ds
0 0 A
o [ (o) (s)vs + molF) Jul
‘7:

Due to ([@3]), we have the estimate
—w / [4(8) — a(s™)) (s m(8) s
0
< wllully / () 1n(s) v ds

KU 1/2
<w(5) " ullvinla

wy1/2 o.)Vl/Q

< kw2 ullfy + Il + —g— Il

while
w
w/f‘u(8)<u,n(8)>ds < wPwllullv Inllma < swvllullf + Elln\lfm-
Thus, we obtain

wy1/2

w / W(s) () vds < we(F) + v+ ul} + (Fo—+ ) Il

1/2

wv

T3

I3, +w /F () (s £(5)) v ds.

The remaining term is controlled as

L[ s ([ morots)nonvas s

R

< l(/AM(S)|n(s)lvds+Lu(S)lln(S)llvd$>2

K

~ 2
< (IInll s + A(F) 2 0l ane)

1+v

< — =l + O+ )P lInlie,-

Summarizing, we get

1 oo
[ v@u (o (4.6

wil/? w 1+v

< r ((F) + v+ )l + (= + =+ — ) Inllda

wrt/?
+ ()0 + 2 Yl + 0 [ o) (5w
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EXPONENTIAL STABILITY IN LINEAR VISCOELASTICITY 507

Plugging ([E3)—-(0) into (@4 and noting that
I, < 26a(F) i + 201&lRn.

we reach the desired conclusion. O

LEMMA 4.2. For any v € (0,1) and for all measurable sets 7 C RT and A =R™ \ F, it
holds that

d .
22 = (R RA(F) — &) [ullyr + l|9pul® ~ /f”(s)w’ E()vds + cullnlli., -

Proof. Using the first equation of ([2)), we have the equality

G = =+ 1) [ully + 10l = [ ) wvas = [ nts)un(s)vas.

But the last integral can be estimated by

1
- /Au(8)<u777(8)>vd8 < K&2ullv Inllm, < svllullf + E\IUII%A,
so that the claim follows. O

LEMMA 4.3. Let p be a given admissible kernel, and let F C R* be a measurable set.
Then, for every T' > 0 and every (ug, vo,10) € H, with ||(uo, vo,n0)||n < 1, it follows that

T T
/0 1€ 1P, dt < rA(F) / lu(t)|[2dt + c.

We stress that ¢ > 0 is independent of F, T, and of the choice of (ug,vg, ) in the unit
ball of H.

Proof. For every € > 0, there exists an open set O D F such that
wO) < U(F) +e.
Then O is a disjoint union of open intervals Z; C R*. Setting
Oy =0n(0,¢] and O =0n(t,x),

on account of ([@Il) we have, for every t > 0,

€3, < /o u(s) €4 (s)113 ds + /O ()€ () s
- / u(s)lult — 5)[[2 ds + / (s (s — £) — woll3ds.
O ot

Recalling that ||S(¢)(uo, vo,n0)||n < 1, in view of (L4]) we obtain

oo

el ms =) = wlfyds <2 [ u(e)lims = s +2 [

t

=2 [ttt w12 [ttt s)d
0 0
<2Ce (1 + k).
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508 V. PATA

Performing a subsequent integration on [0, 7], and since ¢ is arbitrarily small, we clearly
reach the conclusion if we prove that

/oT (/o ()t - 5>Il2vds) dt < vil(0) /O "t
But

/OT (/O () lu(t — s)ll%ds)dt = Z/OT (/I 1(5) X (0,11 () | u(t — S)|2Vd5) dt.

and, making a change of variable, it is easy to verify that
T T
[ (] stemoatolute = lipas)a < na@) [ o

Z;

Summing over j, we complete the proof. (Il

5. A sufficient condition. We first recall a general sufficient condition for exponen-
tial stability of contraction semigroups. This is really a particular instance of a famous
result due to Datko [6]. For the reader’s convenience, we provide a short proof (in this
case, much easier than Datko’s original argument).

LEMMA 5.1. Assume that there exists ¢ > 0 such that

/O 1S()CIBadt < e,

for any ¢ € D(L) with ||¢|l% < 1. Then S(¢) is exponentially stable, with a decay rate
(at least) equal to (2ce) 1.

Proof. By a density argument, it is apparent that the above inequality holds for any
¢ € H with ||¢]|» = 1. Select p € (0,1). Given ¢ of unit norm, let

t* =sup {t : [|S(1)¢lln > o, V7 €[0,1]}.
Then, it is readily seen that t, < ¢/p?. Therefore, since S(t) is a contraction semigroup,
1S Ly <o, VE> 5.

Using a standard procedure in the theory of linear semigroup (see, e.g., [I7]), we conclude
that ) ,
(£ 10g L
ISOllzon < S e (L10g)e
In particular, the best decay rate is (2ce)™!, corresponding to o = e~ 1/2, (I
With regard to our particular semigroup S(t), we can specialize the above lemma in

a more convenient form.

LEMMA 5.2. Let p be a given admissible kernel. Assume that there exists ¢ > 0 such
that

/ lu(t)|2dt < c.
0

for any (uo,vo,n0) € D(L) with ||(uo, vo,mo) |l < 1. Then S(t) is exponentially stable.
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EXPONENTIAL STABILITY IN LINEAR VISCOELASTICITY 509

Proof. Exploiting the representation formula (2.1]) and the fact that S(¢) is contractive,
we learn that

/ I3t < c.
0

Indeed,
o0 o0 o0
/O 3t < 25 / ()| dt + 2 / €13 .

and the claim follows from Lemma 3] for F = RT. In view of Lemma [E.1I] we are done
provided that we prove the further estimate

/ 102t < .
0

To this end, let us consider the functional ®;(¢) for v = 1/2 and F = (). Then, from
Lemma 1] we have

d 1 o
0 = clulf = g0l + el + e[ = nte)ds +301 ).

Setting
V(1) = cll(u(t), deu(t), ') |, + 21 (t),
by virtue of the energy equality (22]), we conclude that

d 1
20 Sl < ellull? + elnli

An integration in t on (0, 00) together with ([d2]) entails the sought inequality. a

6. Proof of Theorem [B.3l We will reach our goal by showing that Lemma [5.2]
applies. Then let (ug, v, no) € D(L), with ||(uo, vo,70)||n < 1. We shall distinguish two
cases.

6.1. The case 3 =0. For v € (0,1), F C RT and A = R* \ F to be determined later,
let us consider the functional

P(t) = 1(t) + (1 — v)Pa(t).

Combining Lemma 1] and Lemma [£.2] we have the differential inequality

d N . .

72 —(w+ (1= w)p(F) = 20(F)* = &) |ull} + (20(F) + &) €134, + collnllin,
+(w—-1+4+v) /

f

p(s)(u,&(s))vds + ¢, ( /Ooo—u’(S)lln(S)I%/dS + J[n]>~

Hence, using the straightforward estimate

[ @i < SnF )l + €l
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510 V. PATA

we end up with

%@ < —m(w+

2(1 - w)2— 1 - w|ﬂ(]—“) —20(F)? - sy) lull
1

_w‘
Eo e el

Tl m( / u’<s>|n<s>||2vds+ﬂn1).
For n € N, consider the sets

A, ={seR" : ny'(s) + p(s) < 0}.

+ (200F) +

Since

UAn:R+\(}—uUNA¢)v

where F), is given in Definition and N, is the nullset where 4 is not defined, and
since the sets A,, are increasingly nested, naming

F, =R* \ A,
it holds that
lim a(F,) =Ru. (6.1)

Choosing F = F,, and A = A, in the estimates for ®(¢), we introduce the additional
functional (depending on v € (0,1) and n € N)

V(1) = cp(1+n)ll(u(t), dpult), n") I3, + 2(2),
which, in light of {{2)), fulfills the bound

sup |¥(t)| < ne,.

>0
Note that
i 1
/0 =1/ (s)lIn(s)II-ds + In] > /A = (8)lIn()lids = —nll3n,
Thus, from (2.2)),
d

e 0wl + e, +o( [ GlnIEds+00) <o

and so we conclude that

21— w)2— L=wlm) — 2u(m)? — &) Il

N 1—w
+ (2007 + B2 el

Integrating this inequality in ¢ on the interval [0, T], with T" > 0 arbitrary, by means of
Lemma [£.3] we find the integral estimate

%\IJ < —/f(w +

T
(6 (=== wl)iF) = 4a(F) —e.) [ @)t < e,
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EXPONENTIAL STABILITY IN LINEAR VISCOELASTICITY 511

Since v € (0,1) can be chosen arbitrarily small, the theorem is proved if we show that,
for some n € N big enough,

w+ (1 —w— |1 —w|)u(F,) — 4(F,)? > 0.
This follows from (G.]) and the strict inequality
w+ (1-w-— \1—w|)RM—4Ri > 0,
that is,
Ry < M(w).

6.2. The case 3 > 0. We consider the functional ®5(t) for F = RT and v small enough,
in order to get from Lemma the differential inequality

d o0
G2 < (5wl + 10l = [ (o) (o)) v

1
< =g @+ Dluly + 10l + 1€l

K
2
Then, we define

W(t) = %H(a(t% Dyu(t), )2 + s (1),

Exploiting (22]), we obtain
d K 1
Dy < L Dl + Sl
Now we integrate in t on [0, 7], with T > 0 arbitrary. Applying Lemma for F =RT,
we conclude that

T
RW

2 @)z dt < [9(0)] + [U(T)| + e < e+ =,
0

2 B

due to (d2).

7. Further applications. In this final section, we mention some possible develop-
ments of this theory.
e It is clear that our results also apply to the linear Volterra equation

Opu(t) + aAu(t) + Boru(t) — /0 w(s)Au(t — s)ds = 0,

which is just a particular case of (IIl), obtained by choosing null past histories. In this
case, we do not talk of semigroups anymore, and the exponential stability condition reads

I(u(®), eu(t))llzrxv < M| (uo, vo)llxve™,

for some M > 1 and € > 0. However, it should be noted that the necessary condition
(T3) is used only in the proof of Lemma 3] to control the integral

L et =) = wolf s
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512 V. PATA

which disappears in the Volterra case. In fact, it is possible to show that Theorem [3.3]
holds if we replace (I4]) with

/ (o) do < Ke 9%,

for some K > x and ¢ > 0. As noted in [I], this is equivalent to requiring that p have
the exponential decay property; i.e., there exists w > 0 such that

(o)
/ p(s)e”® < oo,
0

which (at least for sufficiently regular kernels) has been shown to be necessary for expo-
nential decay of solutions [9]. In particular, this Volterra version of Theorem [B.3] extends
some results of [I5] to more general kernels.

e With the techniques introduced here, we can also establish similar results for the
following first-order linear integrodifferential equation, arising in the theory of heat con-
duction with memory:

o0
Opu(t) + yAu(t) + / p(s)Au(t — s)ds =0,
0
with v > 0 and A, p as before, supplemented by the initial condition
u(t) = wO(t)7 t < 07

where wy is an assigned datum. Here, for v > 0 we have the necessary and sufficient
condition (7)) for exponential stability, while for v = 0 we find the constraint R, < 1/2.
Again, analogous results hold for the Volterra case.

e We finally mention that the results obtained for the linear case can be exported to
the nonlinear nonhomogeneous case, providing the existence of global and exponential
attractors for the related (nonlinear) semigroup (cf. [3]).
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