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EXPONENTIAL STABILITY OF THE KIRCHHOFF PLATE
WITH THERMAL OR VISCOELASTIC DAMPING
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Abstract. The exponential stability of the semigroup associated with the Kirchhoff
plate with thermal or viscoelastic damping and various boundary conditions is proved.
This improves the corresponding results by Lagnese by showing that the semigroup is
still exponentially stable even without feedback control on the boundary. The proof is
essentially based on PDE techniques and the method is remarkable in the sense that it
also throws light on applications to other higher-dimensional problems.

1. Introduction. The purpose of this paper is to show that the semigroups associ-
ated with linear thermoelastic plates and linear viscoelastic plates of the Kirchhoff type
with various boundary conditions are exponentially stable, which further leads to the
exponential decay of energy of these plates.

Suppose a thin plate of the Kirchhoff type occupies a bounded region € R? with
smooth boundary I' = I'g UT; UTs. The plate is rigidly clamped along I'g, simply
supported along I'y, and free along I's. In addition, we assume that

fomfl 0F2=Q‘ (1.1)

If thermal damping is considered, then the vertical deflection w of the plate and the
temperature 6 satisfy the following partial differential equations (see [L]):

w’ — yAw" + A%w + aAd = 0, (1.2)
B8" — nAb + o0 — aAw' =0, (1.3)

with «, 8,n,0 > 0,7 > 0 being constants, and the prime being time derivative. Various
boundary conditions could be imposed on # depending on what is assumed about the
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temperature dynamics at the edge of the plate. We assume that the temperature is
subject to the Newton law of cooling. Therefore, we have

=(2—15:0 onTy, t>0; (1.4)
w=Aw+ (1—-p)Bijw+afd =0 only, ¢>0; (1.5)
Aw+ (1 — p)Biw+ af =0,
{ dAw - dByw  duw" 3 —o only, t>0; (1.6)
ov +A-m or Ry +a6u
5% =-M onl, t>0, (1.7)

where v = (v1,v2) is the unit outward normal to I', 7 = {—wvs,11} is the unit tan-
gent vector, A is a constant (A = 0 corresponds to the insulated temperature boundary
condition), p (3 > p > 0) is the Poisson ratio and

0w ,0%w 0%

dzdy 1 oy Y2552

Blw = 21/11/2

1.8
B = 07 o1y 8y (P 0
W= oxdy P\ oy 22 )
The initial state of the plate is

w(0) =w’(z,y), W (0)=w!(z,y), 6(0) =06,y (1.9)

with w®, w!, §° being given functions.

The energy of the thermoelastic plate is defined by
1

E(t) = S{a(w(®)) + W' @)I* + Vo' @)* + Bll6]1*} (1.10)

%w\ > w2 8w 8%w %w \°

When viscoelastic damping is considered, the vertical deflection of the plate satisfies
(o)
W (t) = vAw" (£) + A%uw(t) + A2 / §(s)w(t - s)ds = 0 (1.12)
0

with v > 0, g(0) = 1 (see [L]). The corresponding boundary conditions are

_ 0w _
w_au—-

w=B; (w(t) +/0 g (s)w(t — s)ds) =0, onIy, t>0, (1.14)

0, onIly, ¢>0, (1.13)
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and
B (w(t) +/ g (s)w(t —s) ds) =0
o S onTy t>0, (1.15)
By [ w(t) +/ g (s)w(t—s)ds) —v Y o
0 ov
where
oA OB
Biw=Aw+(1—p)Biw, Bow= —8V—“’ +(1-p) aj“’ (1.16)

with the operators Bj, By being the same as above and 7 = {—vs, 11 }.
The initial state of the plate is

w(0+) = w°, w'(04) = w?, w(—s) =wp(s) for0<s< o (1.17)

with w®, w!, wy, being given functions.
We shall assume that the relaxation function g(s) satisfies the following conditions:
(81) g € C2(0,00) N C[0, ),
(g2) g(t) >0,4'(t) <0,9"(t) >0, for t > 0,
(83) 9(o0) = goo >0,
(g4) g"(t) + kg'(t) > 0 for some k > 0.
Condition (g4) implies that g’(t) decays exponentially, and (g3) means that the material
behaves like an elastic solid at ¢ = oc.
The total energy corresponding to (1.12) is defined by

E(t) =+ /Q (gooa(w(t)) + [ ()] +~[Ve' (£)]?) d2

P (1.18)
. / / d'(s)a(w() — w(t — 5)) dds.
2Jo Ja

To study the exponential stability of a linear system is of great importance from both the
theoretical and practical point of view. First, needless to say, to show the exponential
stability of a semigroup has its own merit. Second, it is also important for the study
of the global existence of the solution to the corresponding nonlinear system with small
initial data (e.g., see [S]). Moreover, as an application, it is known from optimal control
theory (see [GRT] and the references cited there) that the exponential stability of a
linear system is a sufficient condition for the existence of optimal control for the Linear
Quadratic Regulator problem governed by such a system.

In his monograph [L], Lagnese systematically studied thin plate models, including
the above thermoelastic and viscoelastic plates, and proved exponential stability when
I'1 = @ and an appropriate feedback mechanism is implemented along the free edge I's.
Since systems (1.2)-(1.3) and (1.12) already possess dissipative mechanisms, an open
question is whether they are still exponentially stable without feedback control.

The first result in this direction was obtained by Kim [K] in 1990. He proved the ex-
ponential decay of energy of a linear thermoelastic plate (v = 0 in (1.2)—(1.3)) for rigidly
clamped and constant temperature boundary conditions, i.e., on the whole boundary T,
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w = %% = 0 = 0. More recently, Rivera and Racke [RR] obtained the same result for the
case of w = Aw = 6 = 0 on the whole boundary I'. It seems that their methods cannot
be applied to the case of more general boundary conditions (1.4)-(1.7).

Our main purpose in this paper is to give a positive answer to the above open problem
by showing the exponential stability of semigroups associated with the linear thermoe-
lastic plate equation (1.2)—(1.7) and the linear viscoelastic plate equation (1.12)—(1.16)
through a unified treatment. These results are presented in Theorem 2.2 and Theorem
3.2, respectively. We point out that the results by Kim and Racke can easily be proved
by our method. Our method of proof is still a combination of a theorem about the
necessary and sufficient conditions for a semigroup to be exponentially stable (see [H])
and a contradiction argument. This has been successfully applied to the one-dimensional
system with thermal and viscoelastic dampings (see [LZ1], [BLZ], [LZ2]). However, we
would like to emphasize that we are now dealing with two-dimensional problems. The in-
formation about a positive gap of the eigenvalues of the system, which we heavily used in
the proof in our previous papers, is not available. This information is also crucial for the
proof of the exponential stability of one-dimensional elastic systems with local damping
(see [CFNS]). To overcome this mathematical difficulty, we adopt a different approach
without using such information. Therefore, it also throws light on the applications to
other higher-dimensional problems.

2. Linear thermoelastic plate. In this section, we first prove the exponential
stability of the semigroup associated with the linear thermoelastic plate (1.2)-(1.7), then
give a brief discussion to generalize our result to other boundary conditions including the
ones treated by Kim and Racke. We set v = 0 for simplicity. The case of 7 # 0 is more
delicate and will be treated elsewhere. In what follows, we always assume that I'y # T

Let

Z=HE (QNHL(Q) x L*(Q) x L*(Q) (2.1)
be equipped with the energy-related norm which is induced by the inner product
(z,2) 7 = a(w,w) + (v,7) + 5(6,6) (2.2)

for any z = {w,v,0},% = {12},17,5} € Z. Hereafter, we denote by HI’:'J (k=1,2,j=0,1)
the subspace of H* whose elements up to k — 1 order derivatives vanish on T'; in the
trace sense. If we denote w’ by v, then the initial boundary problem (1.2)—(1.7) can be
reduced to a first-order evolution equation of the form

A0 = At), 2(0) = 2 (23)
where 2o = {w", w!,0°} and
0 I 0
A=|-A% 0 —alA ) (2.4)

0 SA L(-al+na)

{ we H Q) NHE () NHE (Q),v € HE (Q)NHE, (Q),}
2€7: ) ) . (2.5)
0 e H (), w,80 satisfy (1.4)-(1.7)
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We recall the following Green’s formula (see [L]) since it will be used extensively in the
rest of this paper:

/Q(AQw)u?dQ = a(w;ﬂ/)+/r{ [%&_Vw +(1—p 8§72_w W —[Aw+(1-— p)Blw]%} dr.

(2.6)

THEOREM 2.1. The operator A defined by (2.4)—(2.5) is the infinitesimal generator of a
Co-semigroup, T'(t), of contractions on HE () N HE () x L*(Q) x L*(Q).
Proof. Tt is clear that D(A) is dense in Z. For any z = {w,v,0} € D(A),
Re(Az, 2)z = Re{a(v,w) + (=A%w — alb,v) + (aAv — 06 +nAd,0)}
OAw 0Byw 00
= Re {a(v,w) —a(w,v) — /F { [W (1—p) o _0‘%] v

—[Aw+ (1 — p)Byw — ae]%} dl' — a(f, Av) + (aAv — 00 + nAH,O)}

= —a|l0lI* +n(20,6)

= —c|8||? — || Ve|* - /1 62dT < 0

(2.7)
where we have used Green’s formula (2.6) and the boundary conditions (1.4)—(1.7). Here-
after, we denote by || - || the usual L?(2) norm. Thus A is dissipative. It remains to
show that Range(I — A) = Z, i.e., for any F = {f1, f2, f3} € Z, we want to show that
the equation

(I-Az=F (2.8)

has a unique solution z. Instead of (2.8), we look for w € H* and § € H? satisfying

w4+ A%w+ oAl = fi + fo, (2.9)
00 — alAw + 00 —nAf = f3 — alAfi, (2.10)

and the boundary conditions (1.4)—(1.7).
Let y = {w, 0}. We associate this problem with the following bilinear form on HZ N
HII«l x H:

b(y,9) = / w dQ + a(w, W) + / (AW — OAw) d

“ ) @ ) (2.11)

+(ﬁ+a)/00dﬂ+n/VOV0d9+n/\/00d1“.
Q Q r

Then by the well-known Lax-Milgram theorem, there is a unique solution y € H%O N
H} x H' such that

by, g) = /Q[(fl + o)W+ (fs — aAf1)0)dQ, V§ € HE NHE x H'. (2.12)
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This implies that § € H! is a weak solution of the following elliptic boundary-value
problem:

(B4 0)8 —nAb = f3 — alAf +alw € L3(Q), (2.13)

0
(5 + A0> ’l‘ =0. (2.14)

By the regularity theorem (see [LM)]), § € H2.
On the other hand, (2.12) also implies that w € HE N H} is a weak solution of the
following elliptic boundary-value problem:

w+Aw=fi+fr—aAeL? inQ, (2.15)
ow
w = = 0, on Ty, (2.16)
w=0, Aw+(1-pBiw=-afe H3(Iy), onTy, (2.17)
Aw+ (1 — p)Byw = —af € H(Ty),
dAw dByw 80 . on I's. (2.18)
v +(1 “M)W =-ag- € H2(T),
Thus by the regularity theorem again, we have
w € H*NHE NHE,. (2.19)
Let
v=w-— fi € HA NH} . (2.20)

Combining (2.20) with (2.13)-(2.19) yields that z = {w, v, 0} belongs to D(A) and sat-
isfies (2.8). O

THEOREM 2.2. Suppose I'; = @. Then the semigroup T'(t) in Theorem 2.1 is exponen-
tially stable, i.e., there exist M,é > 0 such that

IT®)lczz) < Me™®, ¢ >0. (2.21)
Proof. By a result of Huang [H], the exponential stability of T'(¢) is equivalent to
sup{Re\ : A € spectrum of A} < 0 (2.22)

and
sup{||[(AI — A)"||(z,2z) : ReA > 0} = K < 0. (2.23)

Hence if the conclusion in Theorem 2.2 is false, then one of (2.22) and (2.23) must fail
to hold. Assume that (2.23) fails. There must exist a sequence of A,, € C and a sequence
of z, = {wn,vn,0,} € D(A) with Re A, >0, ||z,||z = 1 such that

(Al —A)z, -0 inZ (2.24)
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or
a(Apwy —v,) — 0, (2.25)
At + A%w, + a8, — 0 in L2(Q), (2.26)
AnB6, — aAv, + 00, —nAb, — 0 in LZ(Q). (2.27)
By (2.7), we have
Re((An — A)zn, 2n)z = Re An + 0]|0,]1* + 1| V6, |I> + A / 03 dr. (2.28)
r

Since each term on the right side of (2.28) is nonnegative, it follows from (2.24) that
Re), -0, 6,—0 in H(Q), (2.29)

which further leads to
a(wy,) + ||v||2 — 1. (2.30)

It is easy to see (e.g., [Re]) that
a(w) > cllwlys, V€ H, Q)N HE (Q) (2.31)
for some constant ¢ > 0. Therefore (2.25) implies
AW, — v, — 0 in L2(Q). (2.32)

Taking the complex conjugate of the inner product of (2.32) with v, in L?(f2), then
adding it to the inner product of (2.26) with w,, in L?(Q), we obtain

2Re A, « (v, w) + a(wn) — ||vn]l® + @{fn, Aw,) — 0. (2.33)

It follows from (2.29) that the first term in (2.33) goes to zero. The last inner product in
(2.33) also converges to zero because ||Aw,|| <1 and ||6,|| — 0. Combining (2.33) with
(2.30) yields

1 1
a(wy,) — 3 ||'un||2 =3 (2.34)

In the rest of the proof, we shall show (2.34) is a contradiction. We first claim that
[An| = € > 0 for all n large enough. Otherwise, there exists a subsequence of ), still
denoted by A,, which converges to zero. We obtain from (2.25) that

a(v,) — 0. (2.35)

Thus v, must converge to zero in L?(Q), which contradicts (2.34).
Now we divide (2.27) by A, and apply (2.25) and (2.29) to get

alw, + /\lAan —0 in L%(Q). (2.36)
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It is easy to see from (2.36) that the term |IAA—6L|| is bounded uniformly in n. Thus
A%,
An

combining this with (2.26) yields the uniform boundedness of ||
inner product of (2.36) with Aw, in L?(Q) yields

|| in n. Taking the

A6,
al|Aw,||? + 17< >
Aw, 99, 6, d(Aw,) A2w,\  (2.37)
_ 2 ’n
— o] Aw,| +n/r o ST /1A = dr+n<on, ~ >
— 0.

Now it follows from (2.29) that the last inner product of (2.37) must converge to zero.
We estimate the two boundary integrals in (2.37) as follows. By the trace theorem, we

have Aw, 36, A
/ “’"—dr‘ ‘/ “’"endr‘
r An
Aw,
<A ” “N16nllL2r) (2.38)
L2(r)
Aw,
<c- ” Nl e,
n H1(Q)

Hereafter, C is a positive constant which may vary in different places. Notice that w,
satisfies the boundary conditions (1.4)—(1.6). Thus the standard estimates for the elliptic
boundary-value problem and the trace theorem (see [LM]) lead to

lwnllzrs ) < CUIA wnll + labnll 4 )
< C(”A2wn” + Ilon“H'z(Q))
< C(IA%wn | + 1260 [| + 1105l 11(2)), (2.39)
2
‘ Wn <C “A | H% b . (2.40)
An H4(Q) An An An H(§)
Thus it follows from (2.38), (2.40), and (2.29) that
Aw,, 06,
—dl| — 2.41
/p An Ov ‘ (241)
Similarly, we have
0, O(Aw,,)
————=dI'| — 0. 2.42
/F_ An OV ’ 0 (242)
It turns out from (2.37) that
Aw, — 0 in L*(Q). (2.43)

Since 'y, = @, w, = 0 on the whole boundary I". By the estimates of the elliptic
boundary-value problem, we have

a(wp,) < C- “wn“%{?(ﬂ) < C-||Aw,|* — 0. (2.44)
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This contradicts (2.34).
Now we prove that (2.22) also holds. Because T'(t) is a Cy semigroup of contractions,
p(A) contains the set {A | ReA > 0}. For any o € [0, 5] and w € R, we have

R T e

Thus,
1

sup{Re\; A € 0(A)} < ik
Thus the proof of Theorem 2.2 is completed. O
REMARK 2.1. It is easy to see that if w = Aw = 6 = 0 on the whole boundary T,
as considered by Rivera and Racke [RR], the conclusion of Theorem 2.2 remains true
without any modifications of the proof.
If the boundary conditions are w = g—f}” = 60 = 0 on the whole boundary I, as consid-
ered by Kim [K], then we modify our proof as follows.

The proof until (2.36) still works. From (2.36), we have

aw, + ~0£ <C HA (awn + 0—n> H — 0. (2.45)
n il H2(Q) An

Combining it with (2.29) yields

w, — 0 in HY(Q). (2.46)
We divide (2.26) by A, and then take the inner product with —Aw, in L?(2) to obtain

1 2
(Vs —Awn) = 5= (A%wn, Auy) + %qunu? 0. (2.47)

Here we have also used (2.36).
Taking (2.32) into consideration and noticing that

0Aw
— 2 e n
(A%w,, Aw,) = ./1“ a0

is a real number, we obtain

Re )\, 0Aw,

Re A, - [V + 1258 (19 (8w - [
I/\nl r 8
Owing to (2.29) and (2.46), the first term on the left-hand side of (2.49) converges to
zero. Since || A;w"
the trace theorem,

- Aw, dT + |V (Aw,)|? (2.48)

Aw dP) + —||Awn||2 — 0. (2.49)

|| is bounded, by the estimates of elliptic boundary-value problems and

o (7@ [ 25 A

is also bounded. Therefore, the second term in (2. 49) also converges to zero. It turns
out that

a(wn) < C - [lwalfz0) < O« [Awn|? — 0, (2.50)

a contradiction. Thus the result by Kim [K] can also be proved by our method.
REMARK 2.2. It is still an open question whether the exponential stability remains
true if I'y # @.
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3. Linear viscoelastic plate. In this section, we turn to the exponential stability
of the semigroup associated with the linear viscoelastic plate (1.12)-(1.15). We choose
the function spaces

Z = HE ()N HE, (Q) x L*(Q) x L*(0,00;l¢'(-)|; HE, () N Hy, Q) (3.1)

equipped with the norm

0o 1/2
w0,z = (gmatw) + 1ol + [ 1o @)lalh &) (3:2)

If we introduce the variables
v=uw, h=w(t)—w(t-s), (3.3)

then the space Z is a “finite energy space” of the type first introduced for viscoelastic
problems by Dafermos ([D1], [D2]), where the norm square of the state variables is exactly
twice that of the system energy defined in (1.18).

System (1.12)—(1.15) corresponds to the abstract evolution equation

Z = Az, z(0) = 2. (3.4)

Here, 2z = {w,v,h}, 20 = {w°, w',w,} and

v
Az = | —gocD%w + [[° g'(s)A%hds |, (3.5)
v—2h
Os
with
D(A)={z€ Z | Az € Z,h|s=9 = 0, w satisfies (1.13)—(1.15)}. (3.6)

THEOREM 3.1. The operator A defined by (3.5)-(3.6) is an infinitesimal generator of a
Co-semigroup T'(t) of contractions on HZ (Q)NH} (2)x L*(Q)x L2(0, 005 g’ (+)|; HE, ()N
HL, ().

Proof. Actually, the fact that T'(t) is a Co-semigroup has already been proved in [FI]
in an abstract setting. Moreover, as in [LZ2], for any z = {w, v, h} € D(A),

Re(Az,2)z = Re {gooa(v,w) - <gooA2w + /Ooo g’(s)Azh(s),v>
[ (o 2 )
- Re{— /F [31 (w(t) + /0 g (s)w(t—s) ds)] %df
+/r [32 (w(t) +/Ooo g (s)w(t —s) ds)] vdl + /Ooo g'(s)a (%,h) ds}

1

=73 / " g(s)a(h)ds <0. O
0



EXPONENTIAL STABILITY OF THE KIRCHHOFF PLATE 561

We also refer to [L] for a slightly different framework. Lagnese [L] obtained exponential
stability for a slightly restrictive kernel g by imposing an appropriate feedback boundary
control on I'; and assuming I'y = &. He also conjectured that various asymptotic decay
rates for the solution of (1.12) may be obtained without recourse to boundary feedback,
i.e., based only on the properties of the kernel g(s). Our following theorem gives a
positive answer to his conjecture.

THEOREM 3.2. Suppose I'; # I'. Then the Cy-semigroup T'(t) in Theorem 3.1 is expo-
nentially stable, i.e., there exist constant M;é > 0 such that

IT®)|c(z,2) < Me™®, t>0. (3.8)
Proof. Suppose (2.23) is not true. Then, there exists a sequence A, € C and a

sequence of unit vectors z, = {wn,vn, hn} € D(A) with Re\, > 0 and ||z,||z = 1 such
that

(AI—A)zp, -0 inZasn— oo. (3.9)
This is equivalent to
a(Apwy, —vp) — 0, (3.10)
oo
AnUn + GooA2w, + / g (s)A%h,ds — 0 in L%(R), (3.11)
0
Anbin —vn + Lhy >0 in L*(0,005|g(s)|; HE, (Q) N HE, (2)).
s
(3.12)
On the other hand, by (g4) and (3.9), we have
—g/ g'(s)a(hn)ds < Re), + %/ g"(s)a(hy,)ds
0 0
= Re((Anl — A)zn, 22) 2 (3.13)
<A = A)zn]lz — 0.
Therefore,
oo
/ g'(s)a(hy)ds — 0, (3.14)
OOO
Re, — 0, / 9" ()a(hn) ds — 0, (3.15)
0
which implies that
Joot(wn) + ”Un”2 - 1. (316)

Since I'; # T, it follows from (3.10) that

AWy, — v, — 0 in HX(Q). (3.17)
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Taking the inner product of (3.17) with v, and (3.11) with w, in L%(Q), and applying
Green’s formula and the boundary conditions, we obtain

A (W, vp) = |lun]|? = 0, (3.18)

An(Uny Wn) + goca(wy,) + / g (s)a(hn,w,)ds — 0. (3.19)
0

The last term in (3.19) converges to zero since

‘/ a(hyn,wy,)ds

< lowa)* [ g (s)alha)] 2 ds (3.20)
0

<(1- goc)/ —g'(s)a(hy)ds — 0.
0
By adding the complex conjugate of (3.18) to (3.19), we obtain
Re A, + (U, wn) + goca(wn) — |Jvn]|* — 0. (3.21)

Now (3.16) and (3.21) imply that

1
goca(wn) - ||vn||2 - 5 (3.22)

1
5)
In what follows, we shall show that (3.22) is a contradiction. We first claim that
[An] > € > 0 for n large enough. Otherwise, there exists a subsequence, denoted by
An again for simplicity, such that A, — 0. By (3.17), v,, must converge to zero in L?(Q).
Contradiction.

Next, we divide (3.12) by Ay, then take the inner product with 5 in L?(0,00;|g'(s)];
HZ N HE (€)) to obtain

< Un v\ [, 1 o[> Ohn vy
_ — ds —
/0 sg(s)a(h )\n> ds a<)\ )/0 59(8)d8+/\n/0 sg(s)a(as W ) 0.
; (3.23)
The first and third term in (3.23) can be estimated as follows:

/0OC sg'(s)a (hn, K—:) [ ( >] —sg'( )[a(hn)]%l ds |
[ ( )} ( —s%g'(s) ds) ’ (/OOC ~g'(s)a(hy) ds) ’
c- ([~ athnas) -

:?’\:

IN
>a‘c
3|3

I/\

(3.24)
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) [ ron) ([ o)
n ( / T gs) ds>1/2 ( / g (s)a(hn) ds) v

<C- (/Ox 9" (s)a(hn) ds) v (/Ow —g'(s)a(hy) ds>1/2 —0.

Here we have used uniform boundedness of a(3*) in n by (3.17) and the condition on
g(s) as well as the convergence results in (3.14)-(3.15). Thus the second term in (3.23)
must also converge to zero, which is equivalent to

and

(3.25)

a (%) 0. (3.26)
Finally, by (3.17) again, we have
a(w,) — 0. (3.27)

This is a contradiction. Condition (2.22) can be verified by the same argument as in the
proof of Theorem 2.2. O
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