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EXPONENTIAL STABILITY OF TIMOSHENKO BEAM SYSTEM
WITH DELAY TERMS IN BOUNDARY FEEDBACKS*

ZHONG-JIE HAN! AND GEN-QI XU!

Abstract. In this paper, the stability of a Timoshenko beam with time delays in the boundary input
is studied. The system is fixed at the left end, and at the other end there are feedback controllers, in
which time delays exist. We prove that this closed loop system is well-posed. By the complete spectral
analysis, we show that there is a sequence of eigenvectors and generalized eigenvectors of the system
operator that forms a Riesz basis for the state Hilbert space. Hence the system satisfies the spectrum
determined growth condition. Then we conclude the exponential stability of the system under certain
conditions. Finally, we give some simulations to support our results.
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1. INTRODUCTION

Time delay is a universal phenomenon existing in almost every engineering practices, such as electrical and
mechanical engineering, biology and so on (see [8,14,15]). Normally, the presence of delays makes the systems
less productive, less optimal and less stable (see [2,10]). However, sometimes it also can play a positive role in
the performance of the systems (see [4,16]).

Due to the effect of time delays, it is necessary to take the delays into account when we discuss the control
problem of the systems. For elastic systems, such as wave equations and beam equations, there have been
some nice results on control problem with time delays. For example, Liang et al. in [5] introduced the modified
Smith predictor to the boundary control of wave equation and Euler-Bernoulli beam equation with a delayed
boundary measurement. Xu et al. in [21,24] considered the Riesz basis property, exact controllability and
stability of the string systems with time-delayed boundary feedback control. Morgul in [9] designed a class
of dynamical controllers to robustly stabilize the wave equations against small time delays in the feedback
loop. Nicaise and Pignotti in [11] get the exponential stability of the wave equation with boundary or internal
distributed delay.

However, at present, there is few result about the stability of Timoshenko beam with time-delayed feedback
control. Timoshenko beam model constitutes a weakly coupled system. This weakly coupled property causes
that it is usually difficult to consider the control problem for this kind of system. Our aim in this paper is
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to discuss the stability of a Timoshenko beam with time delays in the boundary control. What we are interested
in is that, under the time-delayed feedback controls, whether the system is still exponentially stable, since it
can get the exponential stability without time delays (see [19]).

Let us recall the Timoshenko beam model:

pwir(x, 1) — k(wee — 0)(2,t) =0, x € (0,1), t >0, (1.1)
Lipu(x,t) — Elpge(z,t) — k(wy — @) (x,t) =0, z€(0,1), t>0, :

where p,I,, EI, k are mass density, moment of mass inertia, rigidity coefficient and shear modulus of elastic
beam, respectively. For more precise physical meanings of them, see Timoshenko’s book [17]. In the sequel, we

shall use the abbreviations w; = %_1: and w, = %.
The beam is clamped at the left end, i.e.,
w(0,t) = ¢(0,t) =0, t>0. (1.2)

The external shearing force and bending moment in which there exist time delays are applied at the right end,

k(w$ - @)(Lt) = ‘Ll,l’l)l(t) + (1 - Ml)vl(t - Tl)a t >0, (1 3)
Elp, (1,t) = pava(t) + (1 — p2)va(t — 12), t > 0, ’

where 1; € (0,1), i =1,2. vi(t —7;) := fi(t —7:), t € (0,7:), and fi(6), i = 1,2 are the given functions.

The control design (1.3) has been used in [12,24], in which the authors considered 1-d wave systems with
time delays. When u; =1, i = 1,2, Xu and Feng [19] and Kim and Renardy [3] have used the feedback control
laws

{ v1(t) = —aqwe(1,¢), t >0, oy >0, (1.4)
1 )

va(t) = —agpe(1,t), t >0, ag >0

to exponentially stabilize the system (1.1)—(1.3). However, if p; # 1, the stability of the system (1.1)-(1.3) is
unknown. In this paper, we shall discuss this case. Under certain conditions, we prove that the system is still
exponentially stable when p; # 1.

In addition, the initial conditions are given as follows:

w(z,0) = wo(z), wi(x,0) = wi (),
{ p(z,0) = 9o(x), ¢i(z,0) = @1(). (1.5)

Thus, under the feedback control laws (1.4), we get the following closed loop system:

pwi(z,t) — k(wee — 0z )(x,t) =0, x€(0,1), t >0,
Lpu(x,t) — Elpge(z,t) — k(wy — @) (x,t) =0, x€(0,1), t >0,

w(0,t) = ¢(0,t) =0, t >0,

kE(wy —@)(1,t) = —agpwe(1,t) — a1 (1 — pp)we (1,6 —71), t >0, (1.6)
Elp,(1,t) = —aguap(1,t) — as(1l — p2)e(1,t — 1), t > 0,

w(:c, 0) = wo(l‘), wt£x7 0) = wl(x)v 90(337 0) = SZO(fUl; @t(xv 0) = SZI (:L'),

wi(l,t — 1) = —a;  filt = 71), or(1,t — ) = —ay  fot =), t€(0,7), i=1,2.

Set

p(l‘,t) = wt(latfm'rl)a q(l’,t) = Sat(lat*mTQ)'
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Then the system (1.6) is equivalent to

pwi(x,t) — k(Wye — @s)(z,t) =0, x€(0,1), t >0,

Lpu(x,t) — Elpge(z,t) — k(wy — @) (x,t) =0, x€(0,1), t >0,

Tipe(2,t) + pa(,t) =0, Taqu(w,t) + qu(2,t) =0, 2 €(0,1), t>0,

w(0,t) = ¢(0,t) =0, t>0,

p(0,t) = we(1,t), ¢q(0,t) = pe(1,¢), >0, (1.7)
k(wy — p)(1,t) = —agprwe(1,6) — ar (1 — pa)p(1,¢), ¢>0,

Elp,(1,t) = —aspopi(1,t) — as(l — p2)gq(1,t), t>0,

w(IaO) = wO(I)a wt(xao) = ﬁl(x)v (p(I,O) = @0(.%), (pt(x,O) = @1(I),

p(l‘,O) = 7041—1]?1(71,7_1)’ q(:c,()) - 7042_1‘]?2(—1'7‘2), T e (07 1)'

Note that this system is too complex to construct a Lyapunov function or a multiplier to analyze its stability.
Herein we mainly employ the Riesz basis approach. For a vibrating system, the Riesz basis generation is the
most profound result. It forms a basis not only for the expansion of the solution in terms of the (generalized)
eigenvectors of the system but also for the spectrum determined growth condition. Since the spectral analysis
is a key to develop Riesz basis property, we shall have the complete spectral analysis for the system (1.7).
Based on the distribution of the spectrum of this system, we prove that there exists a sequence of (generalized)
eigenvectors of the system (1.7) that forms a Riesz basis for the state space. Hence, the spectrum determined
growth condition holds, i.e., the growth order of the system is determined wvia its spectral bound. Therefore,
we conclude the exponential stability by showing that the imaginary axis is not an asymptote of the spectrum
of the system operator.

The remaining part of this paper is organized as follows. In Section 2, the system (1.7) is formulated in a
Hilbert space setting and the well-posedness of the system is proved. Section 3 is devoted to the spectral analysis
of the system. In Section 4, the completeness as well as the Riesz basis property of the (generalized) eigenvectors
of the system operator is presented. The exponential stability of the system is discussed in Section 5. Finally,
in Section 6, some simulations are given to support our results.

2. WELL-POSEDNESS OF THE SYSTEM

In this section, we shall study the well-posedness of the closed loop system (1.7). To this end, we formulate
this system in an appropriate Hilbert space setting.
Set

Vk(oa 1) = {f € Hk(oa 1)|f(0) = O}a

where H¥(0,1) is the usual Sobolev space of order k.
Let the state space be

H = V10,1) x L*(0,1) x L?(0,1) x V*(0,1) x L?(0,1) x L*(0,1) (2.1)

endowed with an inner product: for W; = (w;, i, pi, ©i, ¥i, ¢;) € H, i =1,2

1 1 1
(Wi, Wa)y = / E(wy g — 1) (wa,p — @2)de —|—/ Elp1 P2 dx —|—/ pz1Zadx
o _ 1 P 0
S A T (22)
0 0 0
where k, p, I,, EI are all positive parameters in the system (1.7). A direct verification shows that (H, || - ||3) is

a Hilbert space.
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We define the operator A in H as follows

z
Pk (wee — 92)
-1
T —T T
A(w, z,p,0,4,q)" = 1¢p (2.3)
Ip_lEISD:cx + Ip_lk(wl‘ - 90)

_T; 1q1'
with domain

D(A) = {(w, z,p,¢,%,q)" € V*0,1) x V1(0,1) x H'(0,1
B (1) — p(1)) = —anme(1) — ar (1 — )p(1
El (1) = —aopp(1) — aa(l — p2)q(1), ¥(1)

x V2(0,1) x V1(0,1) x H'(0,1)
z(1) = p(0) }
q(0)

Consequently, the problem (1.7) can be rewritten as an evolutionary equation in H:

) X
);

LW(t) =AW (), t>0,
W (0) = W,

Where W(t) ( (f t) ($ t) (I) t)7 90(357 t)a (ID(I, t)7 q(x, t))T a'nd
WO = (607 61; _al_lﬁa @07 @17 _QQ_IE)T'

We have the following result:

Lemma 2.1. Let A and H be defined as before. Then for any c;,pu; € Ry, i = 1,2, 0 € p(A) and A~!
compact on H.

Proof. Clearly, D(A) is dense in H. Let u;, a; € Ry, i = 1,2 be given. For any F = (f1, f2, f3, f4, f5. f6) € H
we consider the solvability of equation AW = F, where W = (w, z,p, 0,1, q)” € D(A), i.e.,

2(x) = f1(z), P_lk(wm — @) (x) = f2(z),
T 'pa(2) = —fs(x), Y(@) = fi(z), (2.5)
1, Bl puo (2) + 1, k(we — @) (2) = f5(2), 75 'qe(a) = —fo(w)

with the boundary conditions

w(0) = (0) =0, p(0)==2(1), q(0) =),
k(wz (1) — (1)) = —arp12(1) — a1 (1 — p1)p(1), (2.6)
Elp: (1) = —azpat(1) — ca(l — p2)q(1).

Solving the ordinary differential equations (2.5)—(2.6) yields

p(x) = fi(1) — 711 [y fa(s)ds, q(z) = fa(1) — 72 [; fe(s)ds,
o(z) = —EI o fa(1 )$+Ef Yoo (1 — o) Tﬂfo fo(s)ds — BI™* [ [1(I,f5(r) — Gi(r))drds,

w(z) = =Bl  as fa(1 ) ) Yag (1 — po)me s fo fo(s)ds — EI' [ [5 f (I, f5(€) — G1(€))d€&drds
+k7 [y Gals
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where
610) = [~na) +aun =) [ fswras] = [ pratsras

For these p(z), ¢(z), ¢(x), w(x), which are given by (2.7), we see that W = (w, f1,p, ¢, f1,q) € D(A) C H
and A(w, f1,p,¢, fa,q) = F. Hence A~! exists. Thus, the Sobolev’s Embedding Theorem implies that A~! is
a compact operator on H. O

As a direct consequence of Lemma 2.1, we have the following result.

Corollary 2.1. Let A and H be defined as before. Then the spectrum of A only consists of isolated eigenvalues
of finite multiplicity.
Suppose that
pi>g, i=12 (2.8)
Under this condition, we shall show that A is dissipative in H. To this end, we choose the positive real
constants n;, ¢ = 1,2 such that

Ti(1 — pi)oy < mi < 1i(3ps — 1)y, i =1,2. (2.9)
These constants n;, i = 1,2 exist due to the condition (2.8). Then we introduce a new inner product in H: for
Wj = (wy, 25,05, 05,05, 45)7 €H, j=1,2,
1 - 1 L
(Wi, Wa)y = / k‘(’LUL;C - <,01)(w271~ — pg)da +/ Elpr,.$2dx +/ pz1z2dx
0 0 0

1 1 1
+/ Ip"l/)ﬂ/)le‘Jr/ nlplp_gd:ch/ N2q1q2dx. (2.10)
0 0 0

It is easy to verify that (Wi, Wa); is equivalent to the inner product (W7, Wa)y. Then we have the following
result:

Lemma 2.2. Let A and H be defined as before and the condition (2.8) be fulfilled. Then A is dissipative
in (H, || - [lh)-

Proof. For any real W = (w, z, p, v, 1%, q)” € D(A), we have

1 1
T- 7]1 T 7]2
k(we — @)zl + Elpa|y — 25—p°15 — 254§

=~ (owm = 22 ) 60 - (aanz - 2 ) (a0 - 2=

27’1 27‘2

—ar (1 = p1)p(0)p(1) — az(1 = p2)q(0)g(1)

(AW, W),

< o - g - 2O 02 g - 2 - 2021 oy
- -l e - |2 - 220 g (211)

with

~on(1 - m)pOp(D) < D 00))2 4 (p(1))7], a1~ pa)a()a(1) < 2 (g(0))2 4 (q1))7]

~om _ooca@—p) m aa(l-pi) _oma _ as(l—po) n2 _ ax(l-p2)
From (2.9), we get that aq - 5 1o T, Qoplz — g 3 and 32 5 are

all nonnegative. Hence (AW, W); < 0, which implies that A is dissipative in (H, || - ||1). O
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By Lemmas 2.1 and 2.2, the Lumer-Phillips Theorem (see Pazy [13]) asserts the following result.

Theorem 2.1. Let A and H be defined as before and the condition (2.8) be fulfilled. Then A generates a Cy
semigroup T(t) of contractions on H. Hence the closed loop system (1.7) is well-posed.

3. SPECTRAL ANALYSIS OF A

In this section, we shall discuss the asymptotic distribution of the spectrum of A. From Corollary 2.1, we
have known that the spectrum of A only consists of isolated eigenvalues of finite multiplicity. So o(A) = o, (A).
Thus we only need to discuss the eigenvalues of A. Let A € 0,,(A), (w, z,p,¢,1,q)" € D(A) be an eigenvector
of A corresponding to A. Then z(z) = Aw(z) and ¥(z) = Ap(z). Thus, w(x), ¢(x), p and ¢ satisfy the following
differential equations
pA2w — k(wew — ) =0, x€(0,1),

I, N0 — Elpg, — k(w, — @) =0, € (0,1),
TIAD+p: =0, TA¢+¢, =0, z€(0,1),

w(0) = ¢(0) =0, p(0) =Aw(1), q(0)=Ap(1),
k(we —¢)(1) = —arpAw(l) — ax (1 — pa)p(1),
Elp,(1) = —aopaAp(1) — aa(l — p2)q(1).

3.1. Fundamental matrix solution

(3.1)

In order to calculate the eigenvalues of A, we shall find the fundamental matrix solution to the following
differential equation:

pA2w — k(wee — ) =0, 2z € (0,1), (3.2)
I\ — Elpys — k(w, — ) =0, € (0,1). :
Setting
Y/ Y
Yy = (w, )7, Yo := 71, Y = [ Y; ] , (3.3)
we have
0 0 A0
dYy ~ ~ 0 0 0 A
I k k
0 FA+tex —=m 0
Under the following transformation:
1 0 1 0
0 1 0 1
V() =ToZ(x), To=| /2 0o —/Z 0 , (3.5)
I I
0 m 0 Vi
(3.4) is transformed into the following equation:
dZ(x) Y
= = 5 AT, Z (). (3.6)
A direct calculation leads to To_lgTO = )\7\1 + /~\0 + %7\,1, where
£ 0 0 0 0 0 0 0
L 0 JE& 0 0 - s 0 s 0 ;7
A1 = (AY)axa = 0 0 ! /T 0 , A= (AY))axa = 0 2 é”EI 0 2 (IJPEI
k k
00 0 —\/k 0 —smm * “nom
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and
T,k Tk
0 2/ pEIl 0 N
__kp 0 vkp 0
7\0 (ng)4><47 2,/1,EI . 2./1,EI .
0 T 2/pEl 0 2/ pEl
VEkp 0 __kp 0
2,/1,EI 2,/1,El
Therefore, we have
dZ(x) 1~
= |A;+A —A_ 3.7
A { 1+ Ao+ \ } (x) (3.7)
Set
= P_k(I)
)= E(z,\), (3.8)
where ~
E(z,\) :== exp(zAAq). (3.9)

We shall identify P_;, &k =0,1,2,... so as to get the expression of Z(z, \). Substituting (3.8) into (3.7) leads
to

> D pe )+ 30 P 50, 3) = DRL) + Ky 427K
k=0 k=

N).

k=0

Then each coefficient with the same power of A in both sides of above equation must be equal, i.e

A Py(2)A1(z) = Ay (2) Py (), (3.10)

1 : Pjz)+ P ( JA1(z) = Ay () P_y(x) + Ao Po(z), (3.11)
A1 P’ (2) + P_a(z)A1(z) = Ay (2)P_a(z) + Ao Py (z) + A_1 Py(2), (3.12)
AF PLk(x)+P (o) ()AL (2) = Ay (2) Py 1) (@) + AoPog(z) + Ay Pojyr (). (3.13)

(3.10) implies that P is a diagonal matrix. By (3.11), we have P} = diag/KO - Py(z). From the expression of Ao,

a direct calculation yields Py = I.
Iy P
— —- 14
V& 7 \/; (3.14)

Now let us calculate P_;. Assume that
Firstly, by (3.11), we get the expression of the non-diagonal entries of P_; = (Pijl)4x4 given as follows

VIok Ik
12 __ VELp 13 _ 14 __ Bl
Pfl—Tipp7 Pfl—O, Pfl_ﬁ7
Vi i)
s vk
21 __ VIpEI 23 __ VIp BT 24 _
B 7 M (o
9 o /B _9 o /&
ET E ET k
31 32 \/ﬂ 34 ¥ (3.15)
— Elp _ Elp
Pr=0. o= Loy T ()
2(VE+vE (VBT
Vok Vok
41 _ VIpEI 42 __ 3 _ v IpEI
P L= Ty 7\’ P71 =0 Pfl o i 7
70 {5
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Then, let us calculate diagP_;. From (3.12), we have

api, Lo
dil =AGP" + Z AGPLy + AT Py
v j=1.j#i
which yields that the diagonal entries of P_; are
plt 2 7\1j7\jl p22 S A§JA62 k
’ (3.16)
4 33343 4 A4d R4
PE3 =X Z 7A0 AO,, s P§4 =X Z ALA0~ — — k .
! j=1,j#3 *\/E*Aij ! J=1,544 %,AJIJ 2,/1,EI

Thus, all entries of P_; have been identified. Similarly, we can calculate P_;, i = 2,3,... by (3.13). Therefore,
the following result holds.

Lemma 3.1. Suppose that condition (3.14) is fulfilled. Under the transformationY (x) = ToZ(x), the expression

of the asymptotic fundamental matriz solution to (3.6) is given as follows

> P_k(I)
2\

E(z,)\) = E(z,\), (3.17)

k=0

where E(x,\) is defined by (3.9), Py = I, P_y are given by (3.15) and (3.16) and P_j, k=23, .. can be calculated
similarly. Thus, by the inverse transformation, the fundamental matriz solution to (3.4) is TO E(x,\).

3.2. Asymptotic spectrum of A

In this subsection, we shall consider the distribution of the spectrum of A using the Birkhoff asymptotic
technique (see [7]). According to (3.1), we have

p(1) = p(0)e ™A = dw(1)e ™, ¢(1) = q(0)e ™ = \p(1)e ™. (3.18)
Substituting (3.18) into the last two boundary conditions of (3.1) yields
bwa — @)(1) = —armdw(l) — a1 (1 - p)dw(Le ™, Bl (1) = —asuade(l) — az(l — p2)hp(De ™. (3.19)
Let Y be defined by (3.3). Together with (3.4), we translate (3.1) into the following matrix form

Y — Ay,
B1Y(0) + B,Y(1) =0

where A is given by (3.4) and

1 0 0 0 0 0 0 0
01 0 0 0 0 0
By := 0 0 0 0" By = arpy + ar (1 — pp)e ™A —§ k0
0000 0 oy + (1 — pg)e™™* 0 EI

Set
H()) := BTy + BsToE(1, \)
d

where Tj) and E(1, \) are given by (3.5) and (3.17), respectively.
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Then, similarly with the proof in [23], we get the following result:
Lemma 3.2. Let A and H be defined as before. Then X € o(A) if and only if \ satisfies
A(N) :=det H(A) = 0. (3.20)

Since all coefficients in A(X) are real constants, we have:

Corollary 3.1. Let A and H be defined as before. Then the eigenvalues of A distribute in conjugate pairs on
the complex plane, i.e., o(A) = o(A).

In order to get the spectrum of A, from Lemma 3.2, it is sufficient to identify the zeros of A(X). For
convenience, set

[B]y := B+ OO\ ™).
Then E(1,\) can be rewritten as follows

MpAVE eV HE e WVE oe W ]

O eVE 1V E e WVE [0 E

E(1,)\) = _ —
T I
0peVE heNVE e VE [0V E
T 1,
| [0 VE eV o VE (1 E
Hence,
H(\) = BiTo+ B2ToE(1,))
[ + [0V E oneE
— I
oMV E (s + 0 B
= - [Ty
[@1pn + (1 — pr)e” ™A 4 \/P_k]le)\\/% *[O]IBAV el
[0]1ex\/g [o2pz 4 a2(1 — pa)e™ 72> 4 thew%
(1] + [ole Y E [Ohefw% _
0V E (s + eV
l[aippr + a1 (1 — Ml)eiﬂ-lx - \//%]167“/g _[O]lei)\ TIE% —
[0]1e7k\/g [oaps + az (1 — pz)e” 2N — \/mheﬂ\/% ax4

Therefore, when R\ — +o0,

. AN _
Al V)| (0111 + \/pk) (aapp + /T, EI). (3.21)

Similarly, when R\ — —oo0,

lim AR
RA——o0 ef)\<\/g+\/g+n+‘r2>

Since p; < 1, i = 1,2, (3.21) and (3.22) together with the dissipativity of A imply the following result:

= 0410&2(1 — Ml)(l — ,ug). (3.22)
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Theorem 3.1. Let A and H be defined as before. Then the spectrum of A is contained in a strip parallel to
imaginary axis, i.e., there exists a sufficiently large positive constant h such that

o(A) = {A € CIAN) =0} C {A € C|—h < RA < 0}.

Thus, when [RA| < & and |A| is large enough, we have

A(N) = det(B1(0)To + B2(1)ToE(1, \))
[+ [0V E [O]lew/g B
— det 0V E s [O]w;*\/%
[arpin + a1(1 — pr)e=1> + Vpkl eV R Z[o)reV g -
[0,V E [a2u2+a2(1—u2>e”2*+\/W]le*\/%
(11 + [0V E [0]1e**\/§ B
o™V F (W + (0l VT
foasis + (L= e — VaRe NVE e N -
(o1 E (aapin + (1 — pia)e~ 2> — \/W]le’*\/% »
= A1(MNAN)+0(0H
where
A1 (A) = det { [arp + a1 (1 — ul)lrfn + VARV E i +aa(1 - m):fm _ e NE } (3.23)
and
' 1
e [ fasna + st — e + VTN E  faa + a1 = pre 2 — TN H ] ' (3.24)

According to the discussion above, we have:

Lemma 3.3. Let A and H be defined as before. Then the asymptotic values of the spectrum of A can be
determined by A1(A) =0 and Ay(N) = 0 which are given by (3.23) and (3.24).

Hence, let us discuss the zeros of Aj(A) and Ay()), which can imply the asymptotic distribution of the
spectrum of A.

Lemma 3.4. Let A and H be defined as before and the condition (3.14) be fulfilled. Then the zeros of A;(N),

1 =1,2 are at most of degree two and separated. Furthermore, if \/g/ﬁ and %/TQ are wrrational constants,
then all of the zeros of A;(\), i = 1,2 are simple.

Proof. Firstly, we consider the zeros of A;(A). A direct calculation yields

A1 (X) = —2aqpq sinh )\\/g — 24/ pk cosh)\\/% —2(1 — py)are” ™ sinh )\\/g- (3.25)

Then differentiating (3.25), we have
AN =— 2a1u1\/§cosh)\\/§ — 2psinh)\\/§ —2/2(1— p1)age” A cosh)\\/%
+2(1 — py)aye” ™A sinh )\\/g,
A(X) = =20 1 £ sinh )\\/g — 22+/pk cosh )\\/g —2(1— ul)alge_“)‘ sinh )\\/%
+4y/2(1 = pr)oarie ™  cosh A\ /2 = 2(1 — pr)agre ™  sinh A /£

(3.26)
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We shall show that the zeros of A;(\) are at most of degree two. It only needs to prove that for any Ne C, if

Ay (X) = AY(X) = 0, it must hold that AY(X) # 0.

Since Ay (\) = 0 implies sinh )\\/% # 0, we have

) hx/Z
Aq(N) :720[1#172\/[)—1{:0% \/;

sinh X \/g sinh X \/%

A’ h\/Z < cosh \y/Z
I TCY P \/Eijl 901 e \/EQ-MM
sinh)\\/% i k i

Hence, A1 (\) = 0 yields N
(1 - pm)are™ ™ = —anp — v/ph——= VL.
Then, substituting (3.29) into (3.28) leads to
A’IEX) _ 2p(cosh§\/§) 2 9 coshE\/g
sinh )\\/g i i

Thus, from A} (X) = 0, it holds that

(@)
o
wn
=
>
5

_ mVpk £ /1ipk +4p(p + Tiaim)

—2(1 — p1)ane”

+ 2(1 — Ml)Oque_

—2p — 2T i1

smhx\/g 2p
According to (3.26), we have
A”(\ A () < cosh Ay/Z
.1# = B,l# +4(1—M1)041716_ﬁ/\\/§.7~\/; _2(1—M1)0417'12
sinh )\\/g k ginh )\\/g k sinh )\\/g

P cosh X\/g

— 201 — py)agre "N 2\/7 NVE ..
( H)eaT l k/’sinh)\\/g 1]

o~

7-17\

7-1:\

(3.27)

(3.28)

(3.29)

(3.30)

Therefore, (3.30) leads to A7) # 0, which implies that the zeros of Aj(\) are at most of degree two.

sinh X\/,\E

Now, we suppose that A is a zero of Aj()) of degree two. Then (3.29) and (3.30) must hold.

From (3.30), a direct calculation yields

—p—1 (7—1\/,%+\/7—12pk+4p(p+71a1u1))
p—1 (n \/p—k+\/rl2pk+4p(p+na1#1))

T

—p— 3 (n1v/pk—\/mZ ok Ap(ptTiaii) )
p=% (TiVok—/rEpktap(ptrionm))

Substituting (3.30) into (3.29), we get

2p(1—pq) oy . .
, take + sign in (3.30),
B 72041#1pfa/pk(Tlx/pk+\/712pk+4p(p+‘r1a1p,1)) & ( )
eT1A —

20(1—pm Jon take — sign in (3.30).

)

,2allulp7\/pk(n\/pkf\/lepk+4p(p+'rl al,ul))

, take 4+ sign in (3.30),

, take —sign in (3.30).

(3.31)

(3.32)
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Set A = z+yi, z,y € R. Then by (3.31) and (3.32), we get that eﬁ:\, AWVE eR. Thus, sin 2y./2 = sinyr; =0,

which leads to
2 \/; = =
Y T nw, Ty = mm

for some integers n and m. Hence \/g /71 = 5 is a rational number. Therefore, if \/% /71 is an irrational
constant, then all zeros of Aj(\) are simple.
Let us now show the separability of the zeros of Aj()), i.e., there is a positive constant § > 0 such that

__ __ inf [A—=¢| > 0.
E#£X, EAE{A|A1(N)=0}

We shall show the separability by the following two cases:

Case 1: \/%/Tl = 5 is rational with some integers n, m.
A

3
NV E

Set z =e~w . Then A;(\) =0 is equivalent to the following equation:

(rpr +/pk)Z2" 2" 4+ (1 = pn)ar 2% = (aapn + v/ pk)2*™ — (1 — py)on = 0.

Since the number of the zeros of the above polynomial equation is at most (2m + 2n) and these zeros are
separated, the zeros of A;(\) are also separated.

Case 2: \/g/ﬁ is irrational.
From (3.25), we can get that A € {\|A;()\) = 0} implies

sinhX\/E‘ < sup sinhx\/E‘ < 00. (3.33)
Ae{A|A1(N)=0} k

(3.33) together with (3.31) and (3.32) yields that when /Z/7 is irrational, = inf |AT(N)| # 0, which
A{A| AL (A)=0}

0<_ inf
AE{A[A1(N)=0}

o

yields that the zeros of Aj(X) are separated by [20].
A similar method can be used to deal with the zeros of As(\) and the corresponding result follows. The
proof is complete. U

Applying the Rouché Theorem (see [1]), we have the following result about the asymptotic spectrum of A:
Theorem 3.2. Let A and H be defined as before and the condition (3.14) be fulfilled. Then the asymptotic

eigenvalues of A are at most of degree two and separated. Furthermore, if \/g/ﬁ and 4/ %/TQ are irrational
constants, then the asymptotic eigenvalues of A are simple.

4. RIESZ BASIS PROPERTY OF THE (GENERALIZED) EIGENVECTORS

In this section we shall discuss the Riesz basis property of the eigenvectors and generalized eigenvectors of A.
Firstly, let us establish the completeness of the eigenvectors and generalized eigenvectors of A.
To this end, we define an auxiliary operator Ag in H:

T -T T
Ao(w, z,p,0,0,q)7 = 1P (4.1)
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with domain

D(Ao) = {(w, z,p, 0,1, q)7 € V3(0,1) x V1(0,1) x H*(0,1) x V2(0,1) x V1(0,1) x H*(0,1)
kw'(1) = —arpr2(1) — a1(1 — p1)p(1), 2(1) = p(0) } .
El¢'(1) = —aouatp(1) — aa(1l — p2)q(1), v(1) = ¢(0)

Note that there is no coupled term of (w, z,p)™ and (¢, 1, q)” in Ay and D(Ap). Thus, it becomes two wave
systems, i.e.,

z P
Ab(w, z,p)7 = pflk?lﬂm : Ao, )" = | I, Bl |, (4.2)
*7—1_ Pz —T{1Qx

where

D(A(l)) = {(w,z,p)T € V2(07 1) x Vl(ov 1) x Hl(oa 1) ‘ k/’wl(l) = —alulz(l) - 041(1 - Nl)p(l)a 2(1) :p(O)}
and
D) = { (91" € VA(0,1) X V0.1) x H(0,1) | B/ (1) = ~aueat1) = a1 = (1), o(1) = 4(0)}.

From Xu et al. [24], we get the following lemma:

Lemma 4.1. Let A} and A2 be defined by (4.2). Then A} and A2 generate a Cy group on V1[0,1] x L2[0,1] x
L?(0, 1], respectively.

Therefore, we have:
Lemma 4.2. Let H and Ay be defined by (2.1) and (4.1). Then Ay generates a Cy group on H.
Now, we shall use the property of Ag to discuss the corresponding property of A. The following result holds.

Theorem 4.1. Let A and H be defined as before. Then A generates a Cy group on H. Furthermore, the
system of the eigenvectors and generalized eigenvectors of A is complete in H.

Proof. We define the transform operator P : H — H as follows:

P, z,p,0,%,q)" = (w, 2,p,0,%,q)7,

where w(x) = w(x) + zp(1). Then
wy = W + @(1).

Hence, the operator P maps D(Ap) onto D(A). Obviously, P is a bijective operator. Then, for (w, z,p, ¢,1,q)" €
D(Ap), we have

z—zp(1)
p_lk(w;cx - 90:8)
77—171279:
G
Ip_lEISD:cx +Ip_1k(’ma + 90(1) - 90)
77_271(11

PLAP

Q“@“S’UN€>
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Define the operator B on H as follows:

W —zp(1)
z —p Lk,
P _ 0
B o= 0 (4.4)
VY I, k(s + ¢(1) — )
q 0
Then,
Ao+ B =P 1AP. (4.5)
A direction calculation yields that there exists a positive constant M , such that
|B(@, z,p,,¢,q)[| < M||(@, z,p,,4,q)"||
which implies that B is a bounded linear operator. Transforming (4.5), we get
A=PAP ' +PBP . (4.6)

Thus, A is a bounded perturbation of PAyP~'. We know from Lemma 4.2 that 4, generates a Cy group on H.
Therefore, it holds that A also generates a Cy group on H due to perturbation theorem.

Now let us show the completeness of the eigenvectors and generalized eigenvectors of A. We assume that
o(A) = {\g, k € N} due to Corollary 2.1. The completeness of the eigenvectors and generalized eigenvectors
of A is that

Span(A) = {Z Yk Yk € E(AkaA)Ha >‘k S U(A)} = Ha
k
where E(\g,.A) is the Riesz projection corresponding to Ag.
Assume that Yy = (y1,92, Y3, ¥4, Y5, ¥6)” € H, YoLSpan(A). Then for A € C, R*(\, A)Y} is a H-valued entire
function. Thus for any F' = (f1, f2, f3, f4, f°, f®)™ € H, the function

G(\) = (F,R*(\, A)Yo)n, YA€C (4.7)

is an entire function. Since A generates a Cy group, we have that ml\im G(A) = 0. In particular, for A € p(A), it
—00

holds that G(\) = (R(X\, A)F, Yy)x. Then the dissipativity of A ensures that |G())| is bounded on the domain
RA > @ > 0. Since G(A) is an entire function of finite exponential type, the Phragmén-Lindel6f Theorem
(see [25]) asserts that |[G()\)| is bounded on the sectors region: € = {A € C | RA < @, SA > 0} and
Q0 ={reC | SA <0, R\ < @} due to G()) is bounded on their boundary lines R\ = @ and S\ = 0.
Therefore, |G()\)] is uniformly bounded on C, i.e., |G(\)| < M, VA € C.

Then by the Liouville’s theorem, we have G(\) = 0 since %l\iinoo G(M\) = 0. Note that G(\) = (F, R*(\, A)Yo)n

holds for any F' € H. It must be R*(\, A)Yy = 0, which means Yy = 0. Therefore, Span(.A) = H. The desired
result follows. O

In order to get the Riesz basis property of the (generalized) eigenvectors, we need the following result from [22].

Theorem 4.2. Let H be a separable Hilbert space, and A be the generator of a Cy semigroup T(t) on H.
Suppose that:
(1) o(A) = 01(A)Uo2(A), where o2(A) = { e} consists of isolated eigenvalues of A with finite multiplicity;

(2) supmq (M) < 00, where mq(A,) = dim E(Ag, A)H and E(Ax, A) is the Riesz projector associated with Ay ;
k>1

(3) There is a constant o such that sup{ReA|A € 01(A)} < a <inf{ReA|X € o2(A)} and i;lf A — Am| > 0.
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Then the following assertions are true.
(i) There exist two T (t)-invariant closed subspaces H1, Ha with the property that O'(A‘,Hl) =o01(A), 0(A|H2) =

o2(A), E(A\g, A)Ha forms a subspace Riesz basis for Ha, and H = Hi @ Ha.
(ii) If sup [|E(Ag, A)|| < oo, then D(A) C H1 & Ha C H.

k>1
(i

iii) ‘H has the decomposition H = Hy © Ha (topological direct sum) if and only if

n

sup E
| Py

E()‘ka-A)

< Q.

Applying Corollary 2.1, and Theorems 3.1, 3.2, 4.1, 4.2 to our problem, we get the following result:

Theorem 4.3. Let H and A be defined as before and the condition (2.8) be fulfilled. If (3.14) is satisfied, then
there is a sequence of the eigenvectors and generalized eigenvectors of A which forms a Riesz basis for H.

Proof. Set o1(A) =0, 02(A) = o(A). Theorems 3.1, 3.2 and Corollary 2.1 show that all hypotheses in Theo-
rem 4.2 are fulfilled. So the results of Theorem 4.2 are true. Hence, there is a sequence of the eigenvectors and
generalized eigenvectors of A that forms a subspace Riesz basis for Ha. Theorem 4.1 says that the (generalized)
eigenvectors is complete in H, i.e., Ho = H. Therefore, the sequence is also a Riesz basis for H. The proof is
complete. O

The Riesz basis property together with the uniform boundedness of multiplicities of the eigenvalues of A
implies that:

Corollary 4.1. Under the conditions (2.8) and (3.14), the closed loop system (1.7) satisfies the spectrum
determined growth condition, i.e., w(A) = S(A), where w(A) = tlim 11n|le’t|| is the growth order of eA' and

S(A) = sup{RA|X € o(A)} is the spectral bound of A.

5. STABILITY OF THE SYSTEM

In this section, the stability of the closed loop system (1.7) is discussed. Under the choice of p;, i = 1,2, the
asymptotic stability and exponential stability of the system (1.7) are gotten under certain conditions.
When p; < % or fig < %, the following result holds.

Theorem 5.1. Let A and H be defined as before. When p1 < % or o < %, the system (1.7) is always unstable.

Proof. We shall show that there always exists A € o(A) such that A > 0 when p; < % or g < %, which leads
to the instability of the system (1.7).
2(2m+1)

Let us consider the case 1 < % Set y := \;—17 Ify = a1 m € N, we set

k

1 k 1
= —— l\/jﬁJrz <n+ —) m+i2s(2n+ 1)
TV 2

with some parameter 7. Then a direct calculation yields

MWE
NG

, SEZL (5.1)

2,/ g/\ =2n+i(2n+ D)mw +ids(2n + 1)mw, A1 = 71 =011 +i(2m + )7 + ids(2m + 1)w, s € Z.
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Hence,

AR = e WEAL

— e MWik {72041,u1 sinh/\\/ng pkcosh/\\/gfﬂl *Nl)aleiTl)\SinhA\/%}

= —Vpk(l—e )~ <a1u1 —ai(l— pl)e_\/gﬁﬁ> (14 e 27

where A1()) is given by (3.23). Since AY(0) = —2(2a11 — 1) > 0 and Alirf AVYR) = —/pk — a1 < 0,
’I’]*} o0

there is at least one 7 > 0 such that AJ(7) = 0. Thus, for this 7, the complex values A given by (5.1) are the

zeros of A1(\).
2(2m+1)

Now let § be any positive real value. We can choose a sequence of rational numbers, ¥y, », 1= Tl such
that Um  @nm =Y. Set ¥ = Yn.m + En,m, in which &, ,,, — 0 when n,m — co. We compare
n,m— 00

_ 1 P
AY(N) = 3 [—2041/“ sinh )\\/% —24/pk cosh)\\/g —2(1— ul)ale_’\\/%y sinh )\\/g]

with

_ 1 _
AYm(N) = X [2a1u1 sinh A\/% — 2/ pk cosh)\\/% —-2(1- ul)ale_)‘\/gynvm sinh )\\/%] .

Suppose that A, ,, is a zero for A?"’m (A) with positive real part and given by (5.1). Then for A=\, .| < %?R)\nym,

using Taylor formula, we have
: p @\n,m,
smh)\\/;‘ < AT ()]

Hence, the Rouché theorem says that Nf””" (A) and AY()\) have the same number of zeros in IA=Anm| < 3R m.

Since AY*™()) has at least one zero with positive real part, the same is true for A?()\) which implies that Aq())
has zeros with positive real part. Let n in (5.1) be sufficiently large. By the Rouché theorem again, there exists
at least one eigenvalue of A with positive real part. Therefore, the system (1.7) is unstable.

For the case ps < %, by the similar discussion, there exists at least one eigenvalue of A with positive real
part which also lead to the instability of the system (1.7). The proof is complete. O

AV — AT (N = 2(1 — )

[ VEon — VS

Now, let us consider the stability of the system (1.7) when p; > %, i = 1, 2. Firstly, from [18], we introduce
the fundamental solution to (3.2) as follows

w(:c) = w(o)wl (l‘, )‘) + 50(0)71)2(337 >‘) + wm(O)U}B (:L'a >‘) + Px (0)71)4(1‘, )‘)a (52)
() = w(0)p1(z,A) +@(0)p2(z,A) +wz(0)ps(z, A) + 02 (0)pa(, A).
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The expressions of w;, ¢;, i =1,2,3,4 can be gotten directly from [18] and given as follows

wi (z, ) = 5122 ((51 75) cosh \/ o — (C; 75) cosh \/E:E) ,

o1 (z,N) = ﬂa—zfé ( smh\/> \/_smh (2 >,
) = h — L sinh :
wa (z, ) ( sin \/>m \/_2 sinh \/ o )
w2 (x,\) = Cl—fé ( Cl — b cosh Cg:v — (Cg — b) cosh\/> )
- (5.4)
wi (@) = o ( g G — (G —b) = cam),
w3 (x,\) = 5552 (cosh \/>xfcosh Cg >
wy (z,\) = (cosh \/>m — cosh (2 > ,
©4 (;p7 )\) = ( Cl (CQ — a) % sinh ém) 5
where
S S VI S )
B )‘ EIA T EI’ (5:5)
and &-, i = 1,2 are the two roots of the following quadratic equation:
C—(@+b+oC+ab=0. (5.6)

We have the following result:

Theorem 5.2. Let A and H be defined as before. Then,
(1) when pp > %, Lo > %, the system (1.7) is asymptotically stable;
(2) when py = 5, po > 3, if there exists k € Z such that the vectors

(wjx (17 (2k + 1)71'1) o (17 (2k + 1)71'1) o5 (17 (2k + 1)71'1) ) =34
—T1 —T1 —T1

are linearly dependent, then the system (1.7) is unstable; otherwise, this system is asymptotically stable;
(3) when pp > %, Lo = %, if there exists k € 7 such that

(wjz (17 (2k + 1)71'1) o (17 (2k + 1)71'1) s (17 (2k + 1)71'1) wy (17 (2k + 1)71'1) ) =34
—T2 —T2 —T2 —T2

are linearly dependent, the system (1.7) is unstable; otherwise, this system is asymptotically stable.

Proof. When py > %, Lo > %, from Section 2, we get that A is dissipative in H. Therefore, according to the
Lyubich and Phéng theorem [6], we only need to verify that there is no eigenvalue of .4 on the imaginary axis
to get the asymptotic stability of the system (1.7).

If there exists o € R such that A = ic is an eigenvalue of A and W = (w, Aw, p, ¢, Ap, q)
of A corresponding to A, then we have

7 is an eigenvector

0= RA(W, W)y = RAW, W)y;. (5.7)

We consider the asymptotic stability of the system (1.7) under these following cases.
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Case 1: p1 > 1, po > 3.
From (2.11) and (5.7), we get p(0) = ¢(0) = p(1) = ¢(1) = 0. Hence, according to (3.1), we have that A\ = io
satisfy
p)\wak(wxz *909:) =0, =z¢€ (Ovl)a
I,N2p — El @y, — k(w, — ) =0, € (0,1), (5.8)
w(0) = ¢(0) = w(l) = p(1) =0, wa(1) = ¢x(1) = 0.
Therefore, w(1) = (1) = wy(1) = (1) = 0 together with the fundamental solution (5.2)—(5.6) implies that

Thus, (w, Aw, p, ¢, A, q)T = 0 which contradicts the assumption that A = ic is an eigenvalue of A. So there
is no eigenvalue on the imaginary axis. The Lyubich and Phéng theorem [6] asserts that the system (1.7) is
asymptotically stable.
Case 2: j; = 3, po > 3

Similarly, if A = io is an eigenvalue of A, we can get

0 = 2RAW, W)
= 2w = ) 050 - 2 (s — 2 ) 4000 - ZppD - o)D)

2T1

—a1(1 = pa)p(0)p(1) — o (1 — 11)p(1)p(0) — (1 — 12)q(0)q(1) — 2 (1 — p12)q(1)q(0).

Since (2.9) implies that 7, = M5,

RAW, W) = =ZHp(0) +p(1)(p(0) + p(1)) -2 (Cm/m - %) 4(0)(0)
~Zg(1)a(1) ~ 02(1 ~ 12)(0)a(D) ~ ax(1 ~ p2)a(1)q(0)
< =500+ p)H0) o) -2 (s - g2 - 20 o)
-2 (2"722 - 70‘2(12_ ”2)) la(1)].
From (5.7), we get
p(0)+p(1) =0, ¢(0) =Ap(1) =0, q(1)=0. (5.9)
This implies that A\ = o is an eigenvalue if and only if the following equation has nonzero solution:
PA2W — k(Wey — pr) = x € (0,1),
Iﬂ>‘250 EI(pxm - (wx ) 07 T e Oa 1)7
T1AD(7) + po(x) = 0, T2>\Q( )+ gz (z) =0, (5.10)
w(0) = ¢(0) = ¢(1)

s — 1) = 5 Olt) + (1) =0, Hgu(1) =0
Then, using the fundamental solution to Timoshenko beam (5.2)—(5.6), we have
w = cwz(xr,\) +dws(x,N), ¢ =-cps(x, )+ dpa(x,N), (5.11)
where ¢ = w,(0) and d = ¢,(0). By (5.9) and the third equation in (5.10), a direct calculation yields
p(0)(1+e ™) =0.

From the proof in Case 1, we know that if p(0) = 0, then A = ic ¢ o(A). Hence, if A = io is an eigenvalue
of A, it must satisfy 1 4+ e~ "* = 0, which implies

ao BEEDTE g (5.12)

—T1
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Then, substituting (5.11) and (5.12) into the boundary conditions in (5.10) yields

Wiy (1’ (2k+1)7ri) Wi (1’ (2k+1)7ri)

-7 -7

pan (1, BE05) g, (1,080m) 1 0 o, (5.13)

1 —T1

¥3 (17@) 2 (15@>

—T1

Therefore, (5.10) has nonzero solution if and only if there exists k € Z such that the vectors <wjz (1, M),

—T1 —T1

Pjx (1, M) ) Pj (1, M)) , J = 3,4 are linearly dependent, which leads to the instability of the

system (1.7). Otherwise, the system (1.7) is asymptotically stable.

Case 3: j1 > 1, po = 3.

If A = io is an eigenvalue of A, we have
p(0) =p(1) =0, ¢(0)+q¢(1) = 0.

Similarly with the proof in Case 2, we have that if there exists k € Z such that (wjl. (17 M) —@; (1, M) ,

—T2 -T2
-

Oz (1, (2k_+77—12)m) ,Wj (1, (2k_+77—12)m) , j = 3,4 are linearly dependent, the system (1.7) is unstable. Otherwise,

this system is asymptotically stable. The proof is complete. O

Remark 5.1. “uy = po = %” is a critical point for the stability of the system (1.7). Under this condition, the

stability of the system (1.7) is very complicated. It can be divided into the following four cases:
(a) p(0) = ¢(0) = 0.

According to Case 1 in Theorem 5.2, the system is asymptotically stable.
(b) q(0) =1+e ™*=0.

From Case 2 in Theorem 5.2, if there exists k € Z such that vectors (wjx (1, M) ) Pz (1, M) ,

-7 -7

-
©Yj (1, @) ) , j = 3,4 are linearly dependent, the system (1.7) is unstable. Otherwise, this system is
asymptotically stable.

(c) p(0) =1+e ™A =0,
By Case 3 in Theorem 5.2, if there exists k € Z such that (wjl. (1, w> —p; (1, M) s iz (1, M) ,

T2 —T2 —T2
w; (17 QL:;“)) , j = 3,4 are linearly dependent, the system (1.7) is unstable. Otherwise, this system is
asymptotically stable.
(d) 1+e ™A =1+e ™ =0.
A direct calculation leads to A\ = ioc = 1(2”_1;1” = 1(27_”;21”, m,n € Z. From (3.1) and (5.7), we also find
that this A = io must satisfy k(wy — ¢)(1) = Elp,(1) = 0. By the fundamental solution to Timoshenko beam,
it yields

A w31(1a)‘)7503(1a)‘) w41(17>‘) 7904(17>‘)

A(N) = =0. 5.14
*) p12(1,2) P1a(1,0) (5-14)

(2m; +1)7ri)

unstable. Otherwise, this system is asymptotically Stzijle.

71

Therefore, if Z is a rational number and ﬁ( = 0 for some m; € Z, j = 1,2, the system (1.7) is

In order to discuss the exponential stability of the system (1.7), we have the following result:
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Lemma 5.1. Let H and A be defined as before and the conditions (2.8), (3.14) be fulfilled. Then the system (1.7)
is exponentially stable if and only if

)}gifR|A()\)| > 0. (5.15)

Proof. Necessity: Under the condition (2.8), we know that A generates a Cy semigroup of contractions on H,

which implies that there is no eigenvalue of A on the right half complex plane. If /\in% [A(N)| = 0, there always
€1

exists a sequence \j, j =1,2,..., RA\; — 0, I\; — oo such that [A();)] — 0, j — oo, which implies that the
imaginary axis is the asymptote of o(A). Since the system (1.7) satisfies spectrum determined growth condition,
this system is not exponentially stable, which is a contradiction. Therefore, (5.15) holds.

Sufficiency: According to the proof of Necessity, it is easy to check that (5.15) implies that the imaginary
axis is not an asymptote of o(A). Thus, the spectrum determined growth condition of the system (1.7) implies
that this system is exponentially stable. (I

Based on this lemma, we get the following result about the exponential stability of the system (1.7).

Theorem 5.3. Let A and H be defined as before and the condition (3.14) be fulfilled. If pq > %, Lo > %, then
the closed loop system (1.7) is exponentially stable.

Proof. From Theorem 5.2, we know under the conditions p; > %, Lo > %, the system (1.7) is asymptotically
stable. From Lemma 5.1, we only need to check (5.15). To this end, set £ € R. Since A(X) = A1(A\)Az(N) +
O(A71), it only needs to show that

A](Zf)#o, gHOO,j:]_,2
where A;(N), j = 1,2 are given by (3.23) and (3.24). A direct calculation leads to

Ar(N) = 2 {—oclm sin \/%5 — a1 (1 — p1) cos € sin \/%4 +2| —a1(1 — p1)sinTi€sin \/%g
—+/ pk cos \/%f] ,

. 1, . 1
Ax(N) = 2 |:—042u2 sin Epjg — az(1 — p2) cos T2€ sin EPI)E

+ 2| — az(1 — p2) sin =€ sin %{

1,
—+/1,EI cos g’}f .

Then Aq(i€) = 0 is equivalent to

a1 i1 sin \/%g—i—oq(l — p11) cosT€ sin \/gg =0, (5.16)
a1 (1 — p1) sin T Esin \/%E + +/pk cos \/gg =0. (5.17)

Similarly, As(i€) = 0 is equivalent to

. . I
Qiafig Sin E‘}{ + (1 — p2) cos T2€ sin E’}f =0, (5.18)

I )
as(1 — po) sin 72€ sin E’}f + /1, EI cos E’}f = 0. (5.19)
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Now we show A4 (i§) # 0, £ — oo in the following two cases:
Case 1: pu; = 1.

Under this condition, (5.16) and (5.17) imply that sin /2¢ = cos \/Z¢ = 0, which is a contradiction. Thus,
A (i) # 0 for any € € R, £ — oo.

Case 2: 3 < < 1.

From (5.16), we have aypuy + a1(1 — p1) cosm€ = 0 or sin \/gf = 0. It is easy to check that sin \/gg # 0.
Hence, we can get

M
1—#1

cosT € = — (5.20)

Substituting (5.20) into (5.17) leads to

2
+on(1— ) 1—(1_“;1) sm\/%g_mms@g:o.

From (5.16) and (5.17), we have cos \/Z¢ # 0. Therefore,

tan\/Egzi vk =+ vk .
k ar(1 = pp)y /1 — ()2 a1 — 21

1—pa

If % < prp < 1, ﬁ\/‘/% is an imaginary number, which contradicts the fact that tan \/%f € R for £ € R.
Therefore, A1 (i€) # 0 for any £ € R, £ — oo when py # 1.

By the similar method, we get Aq(i€) # 0 for any £ € R, £ — oo when ps > % Based on the discussion
above, by Lemma 5.1, the system (1.7) is exponentially stable. The proof is complete. U

When pq = % or [lo = %, from Theorem 5.2 and Remark 5.1, the system (1.7) can be asymptotically stable,
based on which this system is only exponentially stable under strict conditions.

Theorem 5.4. Let A and H be defined as before and the conditions (2.8), (3.14) be fulfilled. Suppose that the
system (1.7) is asymptotically stable. Then
1

if pr =3, po > % and \/g =11, the system (1.7) is exponentially stable;
if pp > %, o = % and \/% = 19, the system (1.7) is exponentially stable;
ifpn =3, p2 =% and \/E =11, 4/ % = Ty, the system (1.7) is exponentially stable.

Proof. When py = 3, from (5.16) and (5.17), A;(i§) = 0 is equivalent to

1 1
P! sin \/%f—l— P! cos T sin \/gf =0, (5.21)

1
P! sin 71£ sin \/%ng \/ pk cos \/gf =0. (5.22)

(SIS

A direct calculation yields

1 1
sin \/%g #0, P! + ! cos 1€ = sinT € = cos \/%E =0, £ eR. (5.23)

Then, if \/% = 11, we can not find a sequence &,, € R, such that sinti§, — 0, cos \/%gn — 0 simultaneously,
which leads to gin]g |A1(i€)| # 0. Similarly, when po = 3 we obtain that if \/% = Ty, then ginufg |Az(i€)| # 0.
€ €
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200

of R, = wF oxx x T ool . of . Rt ] LR L
—100F - -100
—200 - —200
—300 B —300
—-400 L L L e L L —400 L L L L L L L
-0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 -0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 o
(a) p1 =0.8, p2 =0.6 (b) p1 =0.5, u2 =0.5

FiGuRrE 1. Distribution of the spectrum.

We have known from the proof of Theorem 5.3 that if p; > %, then A;(i€) # 0, £ — oo, ¢ € R holds for
each j, 7 =1,2. Thus, if yu; = %, Lo > % and \/g: 1,
inf |AGE)| = inf | A1 (i€)Aa(i€)] > 0.

Therefore, Lemma 5.1 asserts that the system (1.7) is exponentially stable.
Similarly, we can get that if p; > %, o = % and é—” = 79, the system (1.7) is exponentially stable as well.
If w1 = %, o = %, under the conditions \/g =71, 1/ % = 79, the system (1.7) is also exponentially stable
by the similar discussion. The proof is complete. ]

6. SIMULATIONS

In this section, we shall give some simulations of the system (1.7) to support our results. Firstly, we give
each parameter in this system a numerical value as follows:

plk|I,|El| 7 | T |a|a
2713182 (05045 |6

Then let us discuss the distribution of the spectrum of A4 under the system parameters chosen above. Based
on the fundamental solution to Timoshenko beams (5.2)-(5.6) and the Matlab scientific calculation, we get
many simulations for the distribution of the spectrum of A by changing the value of p;, i« = 1,2. We find
that in these simulations the eigenvalues of A distribute in conjugate pairs in the complex plane and there are
many “vertical” lines which the eigenvalues approach. These lines are in fact the asymptotes of the eigenvalues
of A. Here we only show two figures. Figures 1(a) and 1(b) denote the distribution of the spectrum of .4 when
1 = 0.8, pz = 0.6 and g = 0.5, ps = 0.5, respectively, in which “ * 7 denotes the eigenvalues of A.

We find that if we choose p; > %, i = 1,2, the eigenvalues of A are always located in the left hand of the
complex plane and far away from the imaginary axis, which implies the exponential stability of the system. We
see in Figure 1(a) that the eigenvalues of A satisfy that 8\ < —0.1. Since the spectrum determined growth
condition holds, this system is exponentially stable when py = 0.8, po = 0.6. Furthermore, the exponential
decay rate is less than —0.1.

However, when pu; — 0.5, ¢ = 1,2, the distance between the maximum of the real part of the eigenval-
ues and the imaginary axis becomes smaller, which implies that the system (1.7) decays more slowly when
i — 0.5, ¢ = 1,2. Furthermore, when p; = 0.5, us = 0.5, we see in Figure 1(b) that there is no vertical line
to divide the spectrum and the imaginary axis, which shows that the imaginary axis may be the asymptote
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of the eigenvalues of A. Therefore, the system (1.7) is possibly asymptotically stable but not exponentially
stable when p; = 0.5, 1 =1, 2.
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